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PREFACE.

THIS book is intended to form a companion volume to my edition of the treatise of Apollonius on Conic Sections lately
published. If it was worth while to attempt to make the work of “the great geometer” accessible to the mathematician of to-
day who might not be able, in consequence of its length and of its form, either to read it in the original Greek or in a Latin
translation, or, having read it, to master it and grasp the whole scheme of the treatise, I feel that I owe even less of an apology
for offering to the public a reproduction, on the same lines, of the extant works of perhaps the greatest mathematical genius that
the world has ever seen.

Michel Chasles has drawn an instimctive distinction between the predominant features of the geometry of Archimedes and
of the geometry which we find so highly developed in Apollonius. Their works may be regarded, says Chasles, as the origin
and basis of two great inquiries which seem to share between them the domain of geometry. Apollonius is concerned with the
Geometry of Forms and Situations, while in Archimedes we find the Geometry of Measurements dealing with the quadrature
of curvilinear plane figures and with the quadrature and cubature of curved surfaces, investigations which “gave birth to the
calculus of the infinite conceived and brought to perfection successively by Kepler, Cavalieri, Fermat, Leibniz, and Newton.”
But whether Archimedes is viewed as the man who, with the limited means at his disposal, nevertheless succeeded in
performing what are really integrations for the purpose of finding the area of a parabolic segment and a spiral, the surface and
volume of a sphere and a segment of a sphere, and the volume of any segments of the solids of revolution of the second degree,
whether he is seen finding the centre of gravity of a parabolic segment, calculating arithmetical approximations to the value of
7, inventing a system for expressing in words any number up to that which we should write down with 1 followed by 80,000
billion ciphers, or inventing the whole science of hydrostatics and at the same time carrying it so far as to give a most complete
investigation of the positions of rest and stability of a right segment of a paraboloid of revolution floating in a fluid, the
intelligent reader cannot fail to be struck by the remarkable range of subjects and the mastery of treatment. And if these are such
as to create genuine enthusiasm in the student of Archimedes, the style and method are no less irresistibly attractive. One
feature which will probably most impress the mathematician accustomed to the rapidity and directness secured by the
generality of modem methods is the deliberation with which Archimedes approaches the solution of any one of his main
problems. Yet this very characteristic, with its incidental effects, is calculated to excite the more admiration because the
method suggests the tactics of some great strategist who foresees everything, eliminates everything not immediately conducive
to the execution of his plan, masters every position in its order, and then suddenly (when the very elaboration of the scheme has
almost obscured, in the mind of the spectator, its ultimate object) strikes the final blow. Thus we read in Archimedes
proposition after proposition the bearing of which is not immediately obvious but which we find infallibly used later on; and
we are led on by such easy stages that the difficulty of the original problem, as presented at the outset, is scarcely appreciated.
As Plutarch says, “it is not possible to find in geometry more difficult and troublesome questions, or more simple and lucid
explanations.” But it is decidedly a rhetorical exaggeration when Plutarch goes on to say that we are deceived by the easiness
of the successive steps into the belief that anyone could have discovered them for himself. On the contrary, the studied
simplicity and the perfect finish of the treatises involve at the same time an element of mystery. Though each step depends upon
the preceding ones, we are left in the dark as to how they were suggested to Archimedes. There is, in fact, much truth in a
remark of Wallis to the effect that he seems “as it were of set purpose to have covered up the traces of his investigation as if he
had grudged posterity the secret of his method of inquiry while he wished to extort from them assent to his results.” Wallis
adds with equal reason that not only Archimedes but nearly all the ancients so hid away from posterity their method of Analysis
(though it is certain that they had one) that more modem mathematicians found it easier to invent a new Analysis than to seek
out the old. This is no doubt the reason why Archimedes and other Greek geometers have received so little attention during the
present century and why Archimedes is for the most part only vaguely remembered as the inventor of a screw, while even
mathematicians scarcely know him except as the discoverer of the principle in hydrostatics which bears his name. It is only of
recent years that we have had a satisfactory edition of the Greek text, that of Heiberg brought out in 1880-1, and I know of no
complete translation since the German one of Nizze, published in 1824, which is now out of print and so rare that I had some
difficulty in procuring a copy.

The plan of this work is then the same as that which I followed in editing the Conics of Apollonius. In this case, however,
there has been less need as well as less opportunity for compression, and it has been possible to retain the numbering of the
propositions and to enunciate them in a manner more nearly approaching the original without thereby making the enunciations
obscure. Moreover, the subject matter is not so complicated as to necessitate absolute uniformity in the notation used (which is
the only means whereby Apollonius can be made even tolerably readable), though I have tried to secure as much uniformity as
was fairly possible. My main object has been to present a perfectly faithful reproduction of the treatises as they have come
down to us, neither adding anything nor leaving out anything essential or important. The notes are for the most part intended to
throw light on particular points in the text or to supply proofs of propositions assumed by Archimedes as known; sometimes I
have thought it right to insert within square brackets after certain propositions, and in the same type, notes designed to bring out



the exact significance of those propositions, in cases where to place such notes in the Introduction or at the bottom of the page
might lead to their being overlooked.

Much of the Introduction is, as will be seen, historical; the rest is devoted partly to giving a more general view of certain
methods employed by Archimedes and of their mathematical significance than would be possible in notes to separate
propositions, and partly to the discussion of certain questions arising out of the subject matter upon which we have no positive
historical data to guide us. In these latter cases, where it is necessary to put forward hypotheses for the purpose of explaining
obscure points, I have been careful to call attention to their speculative character, though I have given the historical evidence
where such can be quoted in support of a particular hypothesis, my object being to place side by side the authentic information
which we possess and the inferences which have been or may be drawn from it, in order that the reader may be in a position to
judge for himself how far he can accept the latter as probable. Perhaps I may be thought to owe an apology for the length of one
chapter on the so-called vevaets, or inclinationes, which goes somewhat beyond what is necessary for the elucidation of
Archimedes; but the subject is interesting, and I thought it well to make my account of it as complete as possible in order to
round off, as it were, my studies in Apollonius and Archimedes.

I have had one disappointment in preparing this book for the press. I was particularly anxious to place on or opposite the
title-page a portrait of Archimedes, and I was encouraged in this idea by the fact that the title-page of Torelli’s edition bears a
representation in medallion form on which are endorsed the words Archimedis effigies marmorea in veteri anaglypho Romae
asservato. Caution was however suggested when I found two more portraits wholly unlike this but still claiming to represent
Archimedes, one of them appearing at the beginning of Peyrard’s French translation of 1807, and the other in Gronovius’
Thesaurus Graecarum Antiquitatum; and 1 thought it well to inquire further into the matter. I am now informed by Dr A. S.
Murray of the British Museum that there does not appear to be any authority for any one of the three, and that writers on
iconography apparently do not recognise an Archimedes among existing portraits. I was, therefore, reluctantly obliged to give
up my idea.

The proof sheets have, as on the former occasion, been read over by my brother, Dr R. S. Heath, Principal of Mason
College, Birmingham; and I desire to take this opportunity of thanking him for undertaking what might well have seemed, to any
one less genuinely interested in Greek geometry, a thankless task.

T. L. HEATH.
March, 1897.
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INTRODUCTION.

CHAPTER L.

ARCHIMEDES.

A LIFE of Archimedes was written by one Heracleides*, but this biography has not survived, and such particulars as are
known have to be collected from many various sourcest. According to Tzetzes} he died at the age of 75, and, as he perished in
the sack of Syracuse (B.c. 212), it follows that he was probably born about 287 B.c. He was the son of Pheidias the
astronomer§, and was on intimate terms with, if not related to, king Hieron and his son Gelon. It appears from a passage of
Diodorus* that he spent a considerable time at Alexandria, where it may be inferred that he studied with the successors of
Euclid. It may have been at Alexandria that he made the acquaintance of Conon of Samos (for whom he had the highest regard
both as a mathematician and as a personal friend) and of Eratosthenes. To the former he was in the habit of communicating his
discoveries before their publication, and it is to the latter that the famous Cattle-problem purports to have been sent. Another
friend, to whom he dedicated several of his works, was Dositheus of Pelusium, a pupil of Conon, presumably at Alexandria
though at a date subsequent to Archimedes’ sojourn there.

After his return to Syracuse he lived a life entirely devoted to mathematical research. Incidentally he made himself famous
by a variety of ingenious mechanical inventions. These things were however merely the “diversions of geometry at play T,” and
he attached no importance to them. In the words of Plutarch, “he possessed so high a spirit, so profound a soul, and such
treasures of scientific knowledge that, though these inventions had obtained for him the renown of more than human sagacity, he
yet would not deign to leave behind him any written work on such subjects, but, regarding as ignoble and sordid the business of
mechanics and every sort of art which is directed to use and profit, he placed his whole ambition in those speculations in
whose beauty and subtlety there is no admixture of the common needs of lifef.” In fact he wrote only one such mechanical
book, On Sphere-making§, to which allusion will be made later.

Some of his mechanical inventions were used with great effect against the Romans during the siege of Syracuse. Thus he
contrived catapults so ingeniously constructed as to be equally serviceable at long or short ranges, machines for discharging
showers of missiles through holes made in the walls, and others consisting of long moveable poles projecting beyond the walls
which either dropped heavy weights upon the enemy’s ships, or grappled the prows by means of an iron hand or a beak like
that of a crane, then lifted them into the air and let them fall again*. Marcellus is said to have derided his own engineers and
artificers with the words, “Shall we not make an end of fighting against this geometrical Briareus who, sitting at ease by the
sea, plays pitch and toss with our ships to our confusion, and by the multitude of missiles that he hurls at us outdoes the
hundred-handed giants of mythology?+”’; but the exhortation had no effect, the Romans being in such abject terror that “if they
did but see a piece of rope or wood projecting above the wall, they would cry ‘there it is again/ declaring that Archimedes
was setting some engine in motion against them, and would turn their backs and run away, insomuch that Marcellus desisted
from all conflicts and assaults, putting all his hope in a long siege §.”

If we are rightly informed, Archimedes died, as he had lived, absorbed in mathematical contemplation. The accounts of the
exact circumstances of his death differ in some details. Thus Livy says simply that, amid the scenes of confusion that followed
the capture of Syracuse, he was found intent on some figures which he had drawn in the dust, and was killed by a soldier who
did not know who he was §. Plutarch gives more than one version in the following passage. “Marcellus was most of all
afflicted at the death of Archimedes; for, as fate would have it, he was intent on working out some problem with a diagram and,
having fixed his mind and his eyes alike on his investigation, he never noticed the incursion of the Romans nor the capture of
the city. And when a soldier came up to him suddenly and bade him follow to Marcellus, he refused to do so until he had
worked out his problem to a demonstration; whereat the soldier was so enraged that he drew his sword and slew him. Others
say that the Roman ran up to him with a drawn sword offering to kill him; and, when Archimedes saw him, he begged him
earnestly to wait a short time in order that he might not leave his problem incomplete and unsolved, but the other took no notice
and killed him. Again there is a third account to the effect that, as he was carrying to Marcellus some of his mathematical
instruments, sundials, spheres, and angles adjusted to the apparent size of the sun to the sight, some soldiers met him and, being
under the impression that he carried gold in the vessel, slew him*.” The most picturesque version of the story is perhaps that
which represents him as saying to a Roman soldier who came too close, “Stand away, fellow, from my diagram,” whereat the
man was so enraged that he killed himf. The addition made to this story by Zonaras, representing him as saying wapd xepaidv
xal uf map@ ypouudv, while it no doubt recalls the second version given by Plutarch, is perhaps the most far-fetched of the
touches put to the picture by later hands.

Archimedes is said to have requested his friends and relatives to place upon his tomb a representation of a cylinder
circumscribing a sphere within it, together with an inscription giving the ratio which the cylinder bears to the spheref; from



which we may infer that he himself regarded the discovery of this ratio [On the Sphere and Cylinder, 1. 33, 34] as his greatest
achievement. Cicero, when quaestor in Sicily, found the tomb in a neglected state and restored it§.

Beyond the above particulars of the life of Archimedes, we have nothing left except a number of stories, which, though
perhaps not literally accurate, yet help us to a conception of the personality of the most original mathematician of antiquity
which we would not willingly have altered. Thus, in illustration of his entire preoccupation by his abstract studies, we are told
that he would forget all about his food and such necessities of life, and would be drawing geometrical figures in the ashes of
the fire, or, when anointing himself, in the oil on his body*. Of the same kind is the well-known story that, when he discovered
in a bath the solution of the question referred to him by Hieron as to whether a certain crown supposed to have been made of
gold did not in reality contain a certain proportion of silver, he ran naked through the street to his home shouting 0pnxa
eOprat.

According to Pappus § it was in connexion with his discovery of the solution of the problem 7o move a given weight by a
given force that Archimedes uttered the famous saying, “Give me a place to stand on, and I can move the earth (do¢ por mog ot
& xal xk1ve Ty y7v).” Plutarch represents him as declaring to Hieron that any given weight could be moved by a given force,
and boasting, in reliance on the cogency of his demonstration, that, if he were given another earth, he would cross over to it and
move this one. “And when Hieron was struck with amazement and asked him to reduce the problem to practice and to give an
illustration of some great weight moved by a small force, he fixed upon a ship of burden with three masts from the king’s
arsenal which had only been drawn up with great labour and many men; and loading her with many passengers and a full
freight, sitting himself the while far off, with no great endeavour but only holding the end of a compound pulley (zoA0omazoc)
quietly in his hand and pulling at it, he drew the ship along smoothly and safely as if she were moving through the sea§.”
According to Proclus the ship was one which Hieron had had made to send to king Ptolemy, and, when all the Syracusans with
their combined strength were unable to launch it, Archimedes contrived a mechanical device which enabled Hieron to move it
by himself, insomuch that the latter declared that “from that day forth Archimedes was to be believed in everything that he
might say||.” While however it is thus established that Archimedes invented some mechanical contrivance for moving a large
ship and thus gave a practical illustration of his thesis, it is not certain whether the machine used was simply a compound
pulley (moA0mo706) as stated by Plutarch; for Athenaeus*, in describing the same incident, says that a Aelix was used. This term
must be supposed to refer to a machine similar to the xoyA{ac described by Pappus, in which a cog-wheel with oblique teeth
moves on a cylindrical helix turned by a handle T. Pappus, however, describes it in connexion with the fapovixog of Heron,
and, while he distinctly refers to Heron as his authority, he gives no hint that Archimedes invented either the fapovixog or the
particular koyAlac on the other hand, the moAOomazoc is mentioned by Galen }, and the tplomactoc (triple pulley) by
Oribasius§, as one of the inventions of Archimedes, the p{vractoc being so called either from its having three wheels
(Vitruvius) or three ropes (Oribasius). Nevertheless, it may well be that though the ship could easily be kept in motion, when
once started, by the tpiomacroc or moAOomacrtog, Archimedes was obliged to use an appliance similar to the koyAlac to give
the first impulse.

The name of yet another instrument appears in connexion with the phrase about moving the earth. Tzetzes’ version is, “Give
me a place to stand on (za f5), and I will move the whole earth with a yapiot{wv|”; but, as in another passaged q he uses the
word pioratog, it may be assumed that the two words represented one and the same thing™*.

It will be convenient to mention in this place the other mechanical inventions of Archimedes. The best known is the water-
screw* (also called xoyAlac) which was apparently invented by him in Egypt, for the purpose of irrigating fields. It was also
used for pumping water out of mines or from the hold of ships.

Another invention was that of a sphere constructed so as to imitate the motions of the sun, the moon, and the five planets in
the heavens. Cicero actually saw this contrivance and gives a description of it T, stating that it represented the periods of the
moon and the apparent motion of the sun with such accuracy that it would even (over a short period) show the eclipses of the
sun and moon. Hultsch conjectures that it was moved by water . We know, as above stated, from Pappus that Archimedes
wrote a book on the construction of such a sphere (wepl ogaiporoliac), and Pappus speaks in one place of “those who
understand the making of spheres and produce a model of the heavens by means of the regular circular motion of water.” In any
case it is certain that Archimedes was much occupied with astronomy. Livy calls him “unicus spectator caeli siderumque.”
Hipparchus says§, “From these observations it is clear that the differences in the years are altogether small, but, as to the
solstices, I almost think (o0« @rein((w) that both I and Archimedes have erred to the extent of a quarter of a day both in the
observation and in the deduction therefrom.” It appears therefore that Archimedes had considered the question of the length of
the year, as Ammianus also states ||. Macrobius says that he discovered the distances of the planets §. Archimedes himself
describes in the Sand-reckoner the apparatus by which he measured the apparent diameter of the sun, or the angle subtended by
it at the eye.

The story that he set the Roman ships on fire by an arrangement of burning-glasses or concave mirrors is not found in any
authority earlier than Lucian*; and the so-called loculus Archi- medius, which was a sort of puzzle made of 14 pieces of ivory



of different shapes cut out of a square, cannot be supposed to be his invention, the explanation of the name being perhaps that it
was only a method of expressing that the puzzle was cleverly made, in the same way as the mpdfinua ‘Apyurideiov came to
be simply a proverbial expression for something very difficultf.

* Butocius mentions this work in his commentary on Archimedes’ Measurement of the circle, Ws ¢norv ‘Hpaxleidous e’ A prunidove Bly. He alludes to it

again in his commentary on Apollonius’ Conics (ed. Heiberg, Vol. 1L p. 168), where, however, the name is wrongly given as ‘HpdxAetog. This Heracleides is perhaps the
same as the Heracleides mentioned by Archimedes himself in the preface to his book On Spirals.

+ An exhaustive collection of the materials is given in Heiberg’s Quaestiones Archimedeae (1879). The preface to Torelli’s edition also gives the main points, and the
same work (pp. 363—370) quotes at length most of the original references to the mechanical inventions of Archimedes. Further, the article Archimedes (by Hultsch) in
Pauly-Wissowa’s Real-Encyclopddie der classischen Altertumswissenschaften gives an entirely admirable summary of all the available information. See also Susemihl’s
Geschichte der griechischen Litteratur in der Alexandrinerzeit, 1. pp. 723—733.

I Tzetzes, Chiliad., 11. 35, 105.

§ Pheidias is mentioned in the Sand-reckoner of Archimedes, 1@ mpotgpowv QotpoiBywv E0Socov... Pedla o 0% Quog mazpos (the last words being the
correction of Blass for 10§’ AxoOmazpog, the reading of the text). Cf. Schol. Clark, in Gregor. Nazianz. Or. 34, p. 355 a Morel. ®eidlac 6 pgv ygvos Mo ZvparOaiog
Qatpoloyog o > Apyufidovg worrip.

* Diodorus v. 37, 3, 00¢ [700s koyAlag] * Apywunone 6 Tvpaxoaiog 0pev, dtemapgfalev els Aiyonron

T Plutarch, Marcellus, 14.

1 ibid. 17.

§ Pappus VIIL p. 1026 (ed Hultsch). K&prog o¢ 7oV ¢now o > Avtioyelg *Apyuidn tov Zvpaxooiov &v uovov Bipriov oVVTETaY EVOL UTYOVIKOY TO xard tfy
opaipomoilay, v 5é Qhwv oll)éév r']fzcozcéval ovvtdéou. kaltor mapd T07C mOALOTG ém’ wiyaviky Soloolels xal ueyallodviic tig yevouevog 6 aviaostds grepvos,
Wate diopegvor mapd wgo Gviplmos Omepfaliovias Duvoluevos wiv te mporyoudvaov yewuetpiie kal Opibunuikie grougvav Gewplag td fpayOtoza dokg
va elvor omovdalwe wvétypaz;ﬁsv o¢ palverar tdg sl’pn,uévag émm'r'],uag oVtwg Qyarticag We ,Ltnéév éfwé’av L’)no,uévszv altoge én’smd’yezv.

* Polybius, Hist. viii. 7—S8; Livy xxiv. 34; Plutarch, Marcelluss, 15—17.

T Plutarch, Marcellus, 17.

1 ibid.

§ Livy xxv. 31. Gum multa irae, multa auvaritiae foeda exempla ederentur, Archimedem memoriae proditum est in tanto tumultu, quantum pauor captae urbis in discursu

diripientium militum ciere poterat, intentum formis, quas in puluere descripserat, ab ignaro milite quis esset interfectum; aegre id Marcellum tulisse sepulturaeque curam
habitam, et propinquis etiam inquisitis honori praesidioque nomen ac memoriam eius fuisse.

* Plutarch, Marcellus, 19.

T Tzetze, Chil. 11. 35, 135; Zonaras 1X. 5.

I Plutarch, Marcelllus, 17 ad fin.

§ Cicero, Tusc. v. 64 sq.

* Plutarch, Marcellus, 17.

T Vitruvius, Architect, IX. 3. For an explanation of the manner in which Archimedes probably solved this problem, see the note following On floating bodies, 1. 7 (p.
259 sq.).

1 Pappus VIIL. p. 1060.

§ Plutarch, Marcellus, 14.

|| Proclus, Comm. on Eucl. 1., p. 63 (ed. Friedlein).

* Athenaeus v. 207 a-b, xarackevdoac ydp é/lnca 76 tAixo rov okdgog eig Ty 0dAooav kerfyaye. wiyrog & *Apyuhidng e0pe thv g éincog xoraokevijy. To
the same effect is the statement of Eustathius ad IL. in. p. 114 (ed. Stallb.) Agyeton 5 ghié kol 11 unyavie eldog, & mprog eOpWIV 0 *Apyiundne al')éomllmyaé, daoi, 5’
aLToyg.

+ Pappus VIIL. pp. 1066, 1108 sq.

1 Galen, in Hippocr. De artic,IV. 47 (= XVIL. p. 747, ed. Kiihn).

§ Oribasius, Coll. med., XLIX. 22 (IV. p. 407, ed. Bussemaker), *A well{dovs B > Apyidovg tplomacrov, described in the same passage as having been invented
mpog tac v mholwv kabolrds.

|| Tzetzes, Chil. 1. 130.

9 Ibid., 11L. 61, 0 yijv Qvaonio unyovf 1] tpiondory foi: omo iy kal ocaieDow xhy yova.

** Heiberg compares Simplicius, Comm. in Aristot. Phys. (ed. Diels, p. 1110, 1. 2), ta0ty 3¢ mf Qvaloylo to§ xwogvros kal 1o xivovugvov kol 0§
draotiuarog to orabuictikov Spyavoy tov kaioVuevov yapiotiwva overfioag o "Apyurions Wg wgxpr mavog tij¢ Qvaloylog mpoywpolang gropumasy gkegvo 10§ p
& xal caleDowm v yav.

* Diodorus 1. 34, v. 37; Vitruvius x. 16 (11); Philo III. p. 330 (ed. Pfeiffer); Strabo XCII. p. 807; Athenaeus v. 208 f.

1 Cicero, De rep., 1. 21-22; Tusc, 1. 63; De nat. deor., 11. 88. Cf. Ovid, Fasti, V1. 277; Lactantius, Instit., I1. 5, 18; Martianus Capella, II. 212, V1. 583 sq.; Claudian,
Epigr. 18 ; Sextus Empiricus, p. 416 (ed. Bekker).

1 Zeitschrift f. Math. u. Physik (hist litt. Abth.), XXII. (1877), 106 sq.

§ Ptolemy, o0vradsg, 1. p. 153.

| Ammianus Marcell., XXVI. i. 8.

9 Macrobius, in Somn. Scip., 11. 3.

* The same story is told of Proclus in Zonaras XIV. 3. For the other references on the subject see Heiberg’s Quaestiones Archimedeae, pp. 39-41.
+ Cf. also Tzetzes, Chil. XII. 270, t3v * Apyuridove unyaviav ypelav o



CHAPTER 1L

MANUSCRIPTS AND PRINCIPAL EDITIONS—ORDER OF COMPOSITION—DIALECT—LOST WORKS.

THE sources of the text and versions are very fully described by Heiberg in the Prolegomena to Vol. hi. of his edition of
Archimedes, where the editor supplements and to some extent amends what lie had previously written on the same subject in
his dissertation entitled Quaestiones Archimedeae (1879). It will therefore suffice here to state briefly the main points of the
discussion.

The MSS. of the best class all had a common origin in a MS. which, so far as is known, is no longer extant. It is described
in one of the copies made from it (to be mentioned later and dating from some time between A.D. 1499 and 1531) as ‘most
ancient’ (zalaiotdrov;), and all the evidence goes to show that it was written as early as the 9th or 10th century. At one time it
was in the possession of George Valla, who taught at Venice between the years 1486 and 1499; and many important inferences
with regard to its readings can be drawn from some translations of parts of Archimedes and Eutocius made by Valla himself
and published in his book entitled de expetendis et fugiendis rebus (Venice, 1501). It appears to have been carefully copied
from an original belonging to some one well versed in mathematics, and it contained figures drawn for the most part with great
care and accuracy, but there was considerable confusion between the letters in the figures and those in the text. This MS., after
the death of Valla in 1499, became the property of Albertus Pius Carpensis (Alberto Pio, prince of Carpi). Part of his library
passed through various hands and ultimately reached the Vatican ; but the fate of the Valia MS. appears to have been different,
for we hear of its being in the possession of Cardinal Rodolphus Pius (Rodolfo Pio), a nephew of Albertus, in 1544, after
which it seems to have disappeared. The three most important MSS. extant are:

F (= Codex Florentinus bibliothecae Laurentianae Mediceae plutei xxviii. 4 to.).

B (= Codex Parisinus 2360, olim Mediceus).

C (= Codex Parisinus 2361, Fonteblandensis).

Of these it is certain that B was copied from the Yalla MS. This is proved by a note on the copy itself, which states that the
archetype formerly belonged to George Valla and afterwards to Albertus Pius. From this it may also be inferred that B was
written before the death of Albertus in 1531; for, if at the date of B the Valla MS. had passed to Rodolphus Pius, the name of
the latter would presumably have been mentioned. The note referred to also gives a list of peculiar abbreviations used in the
archetype, which list is of importance for the purpose of comparison with F and other MSS.

From a note on C it appears that that MS. was written by one Christophorus Auverus at Rome in 1544, at the expense of
Georgius Armagniacus (Georges d’Armagnac), Bishop of Rodez, then on a mission from King Francis 1. to Pope Paul III.
Further, a certain Guilelmus Philander, in a letter to Francis L. published in an edition of Vitruvius (1552), mentions that he was
allowed, by the kindness of Cardinal Rodolphus Pius, acting at the instance of Georgius Armagniacus, to see and make extracts
from a volume of Archimedes which was destined to adorn the library founded by Francis at Fontainebleau. He adds that the
volume had been the property of George Valla. We can therefore hardly doubt that C was the copy which Georgius
Armagniacus had made in order to present it to the library at Fontainebleau.

Now F, B and C all contain the same works of Archimedes and Eutocius, and in the same order, viz. (1) two Books de
sphaera et cylindro, (2) de dimensione circuli, (3) de conoidibus, (4) de lineis spiralibus, (5) de planis aeque ponder
antibus, (6) arenarius, (7) quadratura parabolae, and the commentaries of Eutocius on (1) (2) and (5). At the end of the
quadratura parabolae both F and B give the following lines:

e0tvyollc Agov yeustpa
moiloV0¢ elc Avi@Bavrac toic ol ¢lirate uoVoaig.

F and C also contain mensurae from Heron and two fragments zep{ otafuzv and Trept wepl ugrpwy, the order being the same
in both and the contents only differing in the one respect that the last fragment ep( ugrpwv is slightly longer in F than in C.

A short preface to C states that the first page of the archetype was so rubbed and worn with age that not even the name of
Archimedes could be read upon it, while there was no copy at Rome by means of which the defect could be made good, and
further that the last page of Heron’s de mensuris was similarly obliterated. Now in F the first page was apparently left blank at
first and afterwards written in by a different hand with many gaps, while in B there are similar deficiencies and a note attached
by the copyist is to the effect that the first page of the archetype was indistinct. In another place (p. 4 of Yol. hi., ed. Heiberg)
all three MSS. have the same lacuna, and the scribe of B notes that one whole page or even two are missing.

Now C could not have been copied from F because the last page of the fragment zep( pgrpewv is perfectly distinct in F; and,
on the other hand, the archetype of F must have been illegible at the end because there is no word at the end of F, nor any other
of the signs by which copyists usually marked the completion of their task. Again, Valla’s translations show that his MS. had
certain readings corresponding to correct readings in B and C instead of incorrect readings given by F. Hence F cannot have



been Valla’s MS. itself.

The positive evidence about F is as follows. Valla’s translations, with the exception of the few readings just referred to,
agree completely with the text of F. From a letter written at Venice in 1491 by Angelus Politianus (Angelo Poliziano) to
Laurentius Mediceus (Lorenzo de’ Medici), it appears that the former had found a MS. at Venice containing works by
Archimedes and Heron and proposed to have it copied. As G. Valla then lived at Venice, the MS. can hardly have been any
other but his, and no doubt F was actually copied from it in 1491 or soon after. Confirmatory evidence for this origin of F is
found in the fact that the form of most of the letters in it is older than the 15th century, and the abbreviations etc., while they all
savour of an ancient archetype, agree marvellously with the description which the note to B above referred to gives of the
abbreviations used in Valla’s MS. Further, it is remarkable that the corrupt passage corresponding to the illegible first page of
the archetype just takes up one page of F, no more and no less.

The natural inference from all the evidence is that F, B and C all had their origin in the Yalla MS. ; and of the three F is the
most trustworthy. For (1) the extreme care with which the copyist of F kept to the original is illustrated by a number of
mistakes in it which correspond to Valla’s readings but are corrected in B and C, and (2) there is no doubt that the writer of B
was somewhat of an expert and made many alterations on his own authority, not always with success.

Passing to other MSS., we know that Pope Nicholas V. had a MS. of Archimedes which he caused to be translated into
Latin. The translation was made by Jacobus Cremonensis (Jacopo Cas- siani*), and one copy of this was written out by
Joannes Regiomontanus (Johann Muller of Konigsberg, near Hassfurt, in Franconia), about 1461, who not only noted in the
margin a number of corrections of the Latin but added also in many places Greek readings from another MS. This copy by
Regiomontanus is preserved at Niirnberg and was the source of the Latin translation given in the editio princeps of Thomas

Gechauff Venatorius (Basel, 1544); it is called N® by Heiberg. (Another copy of the same translation is alluded to by
Regiomontanus, and this is doubtless the Latin MS. 327 of 15th c. still extant at Venice.) From the fact that the translation of
Jacobus Cremonensis has the same lacuna as that in F, B and C above referred to (Vol. hi., ed. Heiberg, p. 4), it seems clear
that the translator had before him either the Valla MS. itself or (more likely) a copy of it, though the order of the books in the
translation differs in one respect from that in our MSS., viz. that the arenarius comes after instead of before the quadratura
parabolae.

It is probable that the Greek MS. used by Regiomontanus was V (= Codex Venetus Marcianus cccv. of the 15th c.), which
is still extant and contains the same books of Archimedes and Eutocius with the same fragment of Heron as F has, and in the
same order. If the above conclusion that F dates from 1491 or thereabouts is correct, then, as V belonged to Cardinal
Bessarione who died in 1472, it cannot have been copied from F, and the simplest way of accounting for its similarity to F is to
suppose that it too was derived from Valla’s MS.

Regiomontanus mentions, in a note inserted later than the rest and in different ink, two other Greek MSS., one of which he
calls “exemplar vetus apud magistrum Paulum.” Probably the monk Paulus (Albertini) of Venice is here meant, whose date was
1430 to 1475; and it is possible that the “exemplar vetus” is the MS. of . Valla.

The two other inferior MSS., viz. A (= Codex Parisinus 2359, olim Mediceus) and D (=Cod. Parisinus 2362,
Fonteblandensis), owe their origin to V.

It is next necessary to consider the probabilities as to the MSS. used by Nicolas Tartaglia for his Latin translation of
certain of the works of Archimedes. The portion of this translation published at Venice in 1543 contained the books de centris
gravium vel de aequerepentibus I—II, tetragonismus [parabolae], dimensio circuli and de insidentibus aquae I; the rest,
consisting of Book Il de insidentibus aquae, was published with Book I of the same treatise, after Tartaglia’s death in 1557,
by Troianus Curtius (Venice, 1565). Now the last-named treatise is not extant in any Greek MS. and, as Tartaglia adds it,
without any hint of a separate origin, to the rest of the books which he says he took from a mutilated and almost illegible Greek
MS., it might easily be inferred that the Greek MS. contained that treatise also. But it is established, by a letter written by
Tartaglia himself eight years later (1551) that he then had no Greek text of the Books de insidentibus aquae, and it would be
strange if it had disappeared in so short a time without leaving any trace. Further, Commandinus in the preface to his edition of
the same treatise (Bologna, 1565) shows that he had never heard of a Greek text of it. Hence it is most natural to suppose that it
reached Tartaglia from some other source and in the Latin translation only*.

The fact that Tartaglia speaks of the old MS. which he used as “fracti et qui vix legi poterant libri,” at practically the same
time as the writer of the preface to C was giving a similar description of Valla’s MS., makes it probable that the two were
identical; and this probability is confirmed by a considerable agreement between the mistakes in Tartaglia and in Valla’s
Versions.

But in the case of the quadratura parabolae and the dimensio circidi Tartaglia adopted bodily, without alluding in any
way to the source of it, another Latin translation published by Lucas G-auricus “luphanensis ex regno Neapolitano “ (Luca
Gaurico of Gif uni) in 1503, and he copied it so faithfully as to reproduce most obvious errors and perverse punctuation, only
filling up a few gaps and changing some figures and letters. This translation by Gauricus is seen, by means of a comparison
with Valla’s readings and with the translation of Jacobus Cremonensis, to have been made from the same MS. as the latter, viz.



that of Pope Nicolas V.

Even where Tartaglia used the Valla MS. he does not seem to have taken very great pains to decipher it when it was not
easily legible—it may be that he was unused to deciphering MSS.—and in such cases he did not hesitate to draw from other
sources. In one place (de planor. equilib. 11. 9) he actually gives as the Archimedean proof a paraphrase of Eutocius somewhat
retouched and abridged, and in many other instances he has inserted corrections and interpolations from another Greek MS.
which he once names. This MS. appears to have been a copy made from F, with interpolations due to some one not unskilled in
the subject-matter; and this interpolated copy of F was apparently also the source of the Niirnberg MS. now to be mentioned.

N? (= Codex Norimbergensis) was written in the 16th century and brought from Rome to Niirnberg by Wilibald
Pirckheymer. It contains the same works of Archimedes and Eutocius, and in the same order, as F, but was evidently not copied
from F direct, while, on the other hand, it agrees so closely with Tartaglia’s version as to suggest a common origin. N? was
used by Venatorius in preparing the editio princeps, and Venatorius corrected many mistakes in it with his own hand by notes
in the margin or on slips attached thereto; he also made many alterations in the body of it, erasing the original, and sometimes
wrote on it directions to the printer, so that it was probably actually used to print from. The character of the MS. shows it to
belong to the same class as the others; it agrees with them in the more important errors and in having a similar lacuna at the
beginning. Some mistakes common to it and F alone show that its source was F, though at second hand, as above indicated.

It remains to enumerate the principal editions of the Greek text and the published Latin versions which are based, wholly
or partially, upon direct collation of the MSS. These are as follows, in addition to Gaurico’s and Tartaglia’s translations.

1. The editio princeps published at Basel in 1544 by Thomas Gechauff Venatorius under the title Archimedis opera quae
quidem exstant omnia nunc primum graece et latine in lucem edita. Adiecta quoque sunt Eutocii Ascalonitae commentaria
item graece et latine nunquam antea excusa. The Greek text and the Latin version in this edition were taken from different
sources, that of the Greek text being N?, while the translation was Joannes Regiomontanus’ revised copy (NP°) of the Latin
version made by Jacobus Cremonensis from the MS. of Pope Nicolas Y. The revision by Regiomontanus was effected by the
aid of (1) another copy of the same translation still extant, (2) other Greek MSS., one of which was probably Y, while another
may have been Yalla’s MS. itself.

2. A translation by F. Commandinus (containing the following works, circuli dirnensio, de lineis spiralibus, quadratura
parabolae, de conoidibus et sphaeroidibus, de arenae numero) appeared at Yenice in 1558 under the title Archimedis opera
nonnulla in latinum conversa et commentariis illustrata. For this translation several MSS. were used, among which was Y,
but none preferable to those which we now possess.

3. D. Rivault’s edition, Archimedis opera quae exstant graece et latine novis demonstr. et comment. illustr. (Paris,
1615), gives only the propositions in Greek, while the proofs are in Latin and somewhat retouched. Rivault followed the Basel
editio princeps with the assistance of B.

4. Torelli’s edition (Oxford, 1792) entitled * Apyiuridove 1@ ocwldusve uetd wv EOroklov > Ackalwvitov Omouvnudrov,
Archimedis quae supersunt omnia cum Eutocii Ascalonitae commentariis ex recensione J. Torelli Veronensis cum nova
versione latina. Accedunt lectiones variantes ex codd. Mediceo et Parisiensibus. Torelli followed the Basel editio princeps
in the main, but also collated V. The book was brought out after Torelli’s death by Abram Robertson, who added the collation
of five more MSS., F, A, B, C, D, with the Basel edition. The collation however was not well done, and the edition was not
properly corrected when in the press.

5. Last of all comes the definitive edition of Heiberg (Archimedis opera omnia cum commentariis Eutocii. E codice
Florentino recensuit, Latine uertit notisque illustrauit J. L. Heiberg. Leipzig 1880—1).

The relation of all the MSS. and the above editions and translations is well shown by Heiberg in the following scheme
(with the omission, however, of his own edition):

Codex Uallae saec. 1x—x

s o "
r(‘:-u;:-d. Nicolai V F Tartalea v B C
c. 1453 c. 1491 a. 1543 saec. XV e. 1500 a. 1544
| S m—— e
1 Cod. Tartaleae 11 |  Ed. Riualti
i a. 1615
N* saec. xvI =t 3 —
i A, D Commandinus
Ed. Basil. 1544 saec. xvI 1558
p | Torellius 1792
Gauricus Cremonensis ¢. 1460

et s e

Cod. Uenet. 327
saec. XV

—
Nb, ¢. 1461



The remaining editions which give portions of Archimedes in Greek, and the rest of the translations of the complete works
or parts of them which appeared before Heiberg’s edition, were not based upon any fresh collation of the original sources,
though some excellent corrections of the text were made by some of the editors, notably Wallis and Nizze. The following books
may be mentioned.

Joh. Chr. Sturm, Des unvergleichlichen Archimedis Kunstbiicher, iibersetzt und erldutert (Niirnberg, 1670). This
translation embraced all the works extant in Greek and followed three years after the same author’s separate translation of the
Sand-reckoner. It appears from Sturm’s preface that he principally used the edition of Rivault.

Is. Barrow, Opera Archimedis, Apollonii Pergaei conicorum libri, Theodosii sphaerica methodo novo illustrata et
demonstrata (London 1675).

Wallis, Archimedis arenarius et dimensio circuit, Eutocii in hanc commentarii cum versione et notis (Oxford, 1678),
also given in Wallis’ Opera, Vol. III. pp. 509—546.

Karl Friedr. Hauber, Archimeds zwei Biicher iiher Kugel und Cylinder. Ebendesselben Kreismessung. Uebersetzt mit
Anmerkungen u. 8. w. begleitet (Tiibingen, 1798).

F. Peyrard, (Euvres d’ Archimede, traduites littéralement, avec un commentaire, suivies d’un mémoire du traducteur,
sur un nouveau miroir ardent, et d’un autre memoire de M. Delambre, sur Varith-métique des Grecs . (Second edition,
Paris, 1808.)

Ernst Nizze, Archimedes von Syrakus vorhandene Werke, (aus dem Griechischen iibersetzt und mit erlduternden und
kritischen Anmer- kungen begleitet (Stralsund, 1824).

The MSS. give the several treatises in the following order.

. mepl ogalpac kal kvilvdpov a' B', two Books On the Sphere and Cylinder.
. kOxlov ugrpnoic*, Measurement of a Circle.

. mepl KWVOEI0¢®Y xal opaipeldgwv, On Conoids and Spheroids.

. gmmgowy iooppomgv a' B T, two Books On the Equilibrium of Planes.

1

2

3

4. mepl grlcwv, On Spirals.

5

6. wouultyc The Sand-reckoner.

7. tewpaywviouog wopofolic (a name substituted later for that given to the treatise by Archimedes himself, which must
undoubtedly have been zetpaywvicuog tic to§ oploywviov kWvov toudt 1), Quadrature of the Parabola.

To these should be added

8. mepl oyovugvav §, the Greek title of the treatise On floating bodies, only preserved in a Latin translation.

The books were not, however, written in the above order; and Archimedes himself, partly through his prefatory letters and
partly by the use in later works of properties proved in earlier treatises, gives indications sufficient to enable the chronological
sequence to be stated approximately as follows :

1. On the equilibrium of planes, 1.
Quadrature of the Parabola.
On the equilibrium of planes, II.
On the Sphere and Cylinder, 1, 11.
On Spirals.
On Conoids and Spheroids.
On floating bodies, 1, 11.
Measurement of a circle.
9. The Sand-reckoner.

i i

It should however be observed that, with regard to (7), no more is certain than that it was written after (6), and with regard
to (8) no more than that it was later than (4) and before (9).

In addition to the above we have a collection of Lemmas (Liber Assumptorum) which has reached us through the Arabic.
The collection was first edited by S. Foster, Miscellanea (London, 1659), and next by Borelli in a book published at Florence,
1661, in which the title is given as Liber assumptorum Archimedis interprete Thebit ben Kora et exponente doctore
Almochtasso Abilhasan. The Lemmas cannot, however, have been written by Archimedes in their present form, because his
name is quoted in them more than once. The probability is that they were propositions collected by some Greek writer* of a
later date for the purpose of elucidating some ancient work, though it is quite likely that some of the propositions were of
Archimedean origin, e.g. those concerning the geometrical figures called respectively QpBnioc T (literally ‘shoemaker’s



knife’) and edAivov (probably a ‘salt-cellar’*), and Prop. 8 which bears on the problem of trisecting an angle.

Archimedes is further credited with the authorship of the Cattle-problem enunciated in the epigram edited by Lessing in
1773. According to the heading prefixed to the epigram it was communicated by Archimedes to the mathematicians at
Alexandria in a letter to Eratosthenes*. There is also in the Scholia to Plato’s Charmides 165 E a reference to the problem
“called by Archimedes the Cattle-problem” (70 xin6¢v O’ ’ApyiuNdove Posikov mpdéfinua). The question whether
Archimedes really propounded the problem, or whether his name was only prefixed to it in order to mark the extraordinary
difficulty of it, has been much debated. A complete account of the arguments for and against is given in an article by
Krumbiegel in the Zeitschrift fiir Mathematik und Physik (Hist. litt. Abtheilung) xxv. (1880), p. 121 sq., to which Amthor
added (ibid. p. 153 sq.) a discussion of the problem itself. The general result of Krumbiegel’s investigation is to show (1) that
the epigram can hardly have been written by Archimedes in its present form, but (2) that it is possible, nay probable, that the
problem was in substance originated by Archimedes. Hultsch* has an ingenious suggestion as to the occasion of it. It is known
that Apollonius in his Wivtoxiov had calculated a closer approximation to the value of & than that of Archimedes, and he must
therefore have worked out more difficult multiplications than those contained in the Measurement of a circle. Also the other
work of Apollonius on the multiplication of large numbers, which is partly preserved in Pappus, was inspired by the Sand-
reckoner of Archimedes; and, though we need not exactly regard the treatise of Apollonius as polemical, yet it did in fact
constitute a criticism of the earlier book. Accordingly, that Archimedes should then reply with a problem which involved such
a manipulation of immense numbers as would be difficult even for Apollonius is not altogether outside the bounds of
possibility. And there is an unmistakable vein of satire in the opening words of the epigram “Compute the number of the oxen
of the Sun, giving thy mind thereto, if thou hast a share of wisdom,” in the transition from the first part to the second where it is
said that ability to solve the first part would entitle one to be regarded as “not unknowing nor unskilled in numbers, but still not
yet to be numbered among the wise,” and again in the last lines. Hultsch concludes that in any case the problem is not much
later than the time of Archimedes and dates from the beginning of the 2nd century b.c. at the latest.

Of the extant books it is certain that in the 6th century a.d. only three were generally known, viz. On the Sphere and
Cylinder, the Measurement of a circle, and On the equilibrium of planes. Thus Eutocius of Ascalon who wrote commentaries
on these works only knew the Quadrature of the Parabola by name and had never seen it nor the book On Spirals. Where
passages might have been elucidated by references to the former book, Eutocius gives explanations derived from Apollonius
and other sources, and he speaks vaguely of the discovery of a straight line equal to the circumference of a given circle “by
means of certain spirals,” whereas, if he had known the treatise On Spirals, he would have quoted Prop. 18. There is reason to
suppose that only the three treatises on which Eutocius commented were contained in the ordinary editions of the time such as
that of Isidorus of Miletus, the teacher of Eutocius, to which the latter several times alludes.

In these circumstances the wonder is that so many more books have survived t(5 the present day. As it is, they have lost to
a considerable extent their original form. Archimedes wrote in the Doric dialect®, but in the best known books (On the Sphere
and Cylinder and the Measurement of a circle) practically all traces of that dialect have disappeared, while a partial loss of
Doric forms has taken place in other books, of which however the Sand-reckoner has suffered least. Moreover in all the
books, except the Sand-reckoner, alterations and additions were first of all made by an interpolator who was acquainted with
the Doric dialect, and then, at a date subsequent to that of Eutocius, the book On the Sphere and Cylinder and the
Measurement of a circle were completely recast.

Of the lost works of Archimedes the following can be identified.

1. Investigations relating to polyhedra are referred to by Pappus who, after alluding (v. p. 352) to the five regular
polyhedra, gives a description of thirteen others discovered by Archimedes which are semi-regular, being contained by
polygons equilateral and equiangular but not similar.

2. A book of arithmetical content, entitled @pyal Principles and dedicated to Zeuxippus. We learn from Archimedes
himself that the book dealt with the naming of numbers (katovéuaéic wwv Qpifuzv) T and expounded a system of expressing

numbers higher than those which could be expressed in the ordinary Greek notation. This system embraced all numbers up to
the enormous figure which we should now represent by a 1 followed by 80,000 billion ciphers; and, in setting out the same
system in the Sand-reckoner, Archimedes explains that he does so for the benefit of those who had not had the opportunity of
seeing the earlier work addressed to Zeuxippus.

3. mepl {vyiv, On balances or levers, in which Pappus says (viii. p. 1068) that Archimedes proved that “greater circles
overpower (rxatoxpatogol) lesser circles when they revolve about the same centre.” It was doubtless in this book that
Archimedes proved the theorem assumed by him in the Quadrature of the Parabola, Prop. 6, viz. that, if a body hangs at rest
from a point, the centre of gravity of the body and the point of suspension are in the same vertical line.

4. xevipoPpix@, On centres of gravity. This work is mentioned by Simplicius on Aristot. de caelo 11. (Scholia in Arist.
508 a 30). Archimedes may be referring to it when he says (On the equilibrium of planes 1. 4) that it has before been proved
that the centre of gravity of two bodies taken together lies on the line joining the centres of gravity of the separate bodies. In the



treatise On floating bodies Archimedes assumes that the centre of gravity of a segment of a paraboloid of revolution is on the
axis of the segment at a distance from the vertex equal to §rds of its length. This may perhaps have been proved in the

kevipoPpircd, if it was not made the subject of a separate work.
Doubtless both the zep( (vyav and the xetpofopix@ preceded the extant treatise On the equilibrium of planes.

5. xatomtpixd, an optical work, from which Theon (on Ptolemy, Synt. I. p. 29, ed. Halma) quotes a remark about
refraction. Cf. Olympiodorus in Aristot Meteor., n. p. 94, ed. Ideler.

6. mepl opoupornoilac, On sphere-making, a mechanical work on the construction of a sphere representing the motions of
the heavenly bodies as already mentioned (p. XXI).

7. &poowov, a Method, noticed by Suidas, who says that Theodosius wrote a commentary on it, but gives no further
information about it.

8. According to Hipparchus Archimedes must have written on the Calendar or the length of the year (cf. p. XXI).

Some Arabian writers attribute to Archimedes works (1) On a heptagon in a circle, (2) On circles touching one another,
(3) On parallel lines, (4) On triangles, (5) On the properties of rightangled triangles, (6) a book of Data; but there is no
confirmatory evidence of his having written such works. A book translated into Latin from the Arabic by Gongava (Louvain,
1548) and entitled antiqui scriptoris de speculo comburente concavitatis parabolae cannot be the work of Archimedes, since
it quotes Apollonius.

* Tiraboschi, Storia delta Letteratura Italiana, Vol. vi. Pt. 1 (p. 358 of the edition of 1807). Cantor (Vorlesungen iib. Gesch. d. Math, 11. p. 192) gives the full name
and title as Jacopo da S. Gassiano Cremonese canonico regolare.

* The Greek fragment of Book 1., zep{ igv Odar: Ebrraugvoy 0 wepl Tigv oyovugvev, edited by A. Mai from two Vatican MSS. ( Classici auct. 1. p. 426-30 ; Vol
II. of Heiberg’s edition, pp. 356-8), seems to be of doubtful authenticity. Except for the first proposition, it contains enunciations only and no proofs. Heiberg is inclined to
think that it represents an attempt at retranslation into Greek made by some mediaeval scholar, and he compares the similar attempt made by Rivault.

* Pappus alludes (1. p. 312, ed. Hultsch) to the xkOxlov nérpnons in the words gv 7 mepl th¢ 70§ kOKAov mepigepelog.

+ Archimedes himself twice alludes to properties proved in Book I. as demonstrated &v 08¢ pnyavikogs (Quadrature of the Parabola, Props. 6, 10). Pappus (viii. p.
1034) quotes & ’Apyufidovg mepl ivoppormiyy. The beginning of Book i. is also cited by Proclus in his Commentary on Eucl. 1., p. 181, where the reading should be 7o §j
& iooppomiyv, and not tgyv Qvicoppomiyy (Hultsch).

1 The name ‘parabola’ was first applied to the curve by Apollonius. Archimedes always used the old term * section of a right-angled cone.’ Cf. Eutocius (Heiberg, vol.
IIL., p. 342) 5ééelm'az évTe mepl ¢ 1o § dpboymviov kvov tourje.

§ This title corresponds to the references to the book in Strabo I p. 54 CApyyundne gv oz mepl v xovugveov) and Pappus p. 1024 (We *Apxyunidne oxovid
voig). The fragment edited by Mai has a longer title,zep( igv Odot é’¢z(n’(x,uévcov n mepl iy §X0vyévwv, where the first part corresponds to Tartaglia’s version, de
insidentibus aquae, and to that of Commandinus, de Us quae vehuntur in aqua. But Archimedes intentionally used the more general word Uypov (fluid) instead of
Udwp,; and hence the shorter title wepl dxovyévwv, de iis quae in humido vehuntur (Torelli and Heiberg), seems the better.

* It would seem that the compiler of the Liber Assumptorum must have drawn, to a considerable extent, from the same sources as Pappus. The number of
propositions appearing substantially in the same form in both collections is, I think, even greater than has yet been noticed. Tannery (La Géométrie grecque, p. 162)
mentions, as instances, Lemmas 1, 4, 5, 6; but it will be seen from the notes in this work that there are several other coincidences.

+ Pappus gives (p. 208) what he calls an ‘ancient proposition’ (Qpyala zpotacg) about the same figure, which he describes as ywplov, d 61 kalo §ow gppniov. Cf.
the note to Prop. 6 (p. 308). The meaning of the word is gathered from the Scholia to Nicander, Theriaca, 423: &ppniot Aé’yovmz td xvidotepy oidfpia, ofc ol

OKTOTOUO1 TdHVOVOL xol Eovar td dgpuara. CE. Hesychius, Qvdppnia, Td un &eougva dgpuora Qppnior ydp d quiria.

* The best authorities appear to hold that in any case the name c@ivov was not applied to the figure in question by Archimedes himself but by some later writer.
Subject to this remark, I believe odAvov to be simply a Graecised form of the Latin word salinum. We know that a salt-cellar was an essential part of the domestic
apparatus in Italy from the early days of the Eoman Republic. “All who were raised above poverty had one of silver which descended from father to son (Hor., Carrn. n.
16, 13, Liv. xxvi. 36), and was accompanied by a silver patella which was used together with the saltcellar in the domestic sacrifices (Pers. ra. 24, 25). These two articles
of silver were alone compatible with the simplicity of Roman manners in the early times of the Republic (Plin., 7. N. XXXIII. § 153, Val. Max. iv. 4, § 3). ...In shape the
salinum was probably in most cases a round shallow bowl” [Diet, of Greek and Roman Antiquities, article salinum]. Further we have in the early chapters of
Mommsen’s History of Rome abundant evidence of similar transferences of Latin words to the Sicilian dialect of Greek. Thus (Book i., ch. XIIL.) it is shown that, in
consequence of Latino-Sicilian commerce, certain words denoting measures of weight, libra, triens, quadransy sextans, uncia, found their way into the common speech

of Sicily in the third century of the city under the forms Aizpa, tpifig, tetpds, é’é&g, oVyxlo. Similarly Latin law-terms (ch. XI.) were transferred; thus mutuum (a form of
loan) became pogrov, carcer (a prison) kdpxopov. Lastly, the Latin word for lard, arvina, became in Sicilian Greek &ppi{vy, and patina (a dish) zardvy The last word is

as close a parallel for the supposed transfer of salinum as could be wished. Moreover the explanation of cdivov as salinum has two obvious advantages in that (1) it
does not require any alteration in the word, and (2) the resemblance of the lower curve to an ordinary type of salt-cellar is evident. I should add, as confirmation of my
hypothesis, that Dr A. S. Murray, of the British Museum, expresses the opinion that we cannot be far wrong in accepting as a sal/inum one of the small silver bowls in the
Roman ministerium at the Museum which was found at Chaourse (Aisne) in France and is of a section sufficiently like the curve in the Salinon.



The other explanations of cQ4vov which have been suggested are as follows.

(1) Cantor connects it with c@log, “das Schwanken des hohen Meeres,” and would presumably translate it as wave-line. But the resemblance is not altogether
satisfactory, and the termination -zvov would need explanation.

(2) Heiberg says the word is “sine dubio ab Arabibus depravatum,” and suggests that it should be 6gZivov, parsley (“ex similitudine frondis apii”). But, whatever may

be thought of the resemblance, the theory that the word is corrupted is certainly not supported by the analogy of Qpfniog which is correctly reproduced by the Arabs, as
we know from the passage of Pappus referred to in the last note.

(3) Dr Gow suggests that c@Avov may be a ‘sieve,” comparing c@ia¢. But this guess is not supported by any evidence.
* The heading is, ITpofinuo dmep *Apyuiong &v érvpupoacy e0pWV T03C &v "Adeéavdpela mepl tagita TPAYUATEUOUEVOLS CITERY (’Xném’sz/lev & ™) 7Tpog
’Eparoa&évnv ov Kvpnvagzov émmolﬁ. Heiberg translates this as “the problem which Archimedes discovered and sent in an epigram...in a letter to Eratosthenes.” He

admits however that the order of words is against this, as is also the use of the plural émypd,u,uamv. Itis clear that to take the two expressions gv émypd,u,uamv and Qv é
miotoln as both following gmoteiZev is very awkward. In fact there seems to be no alternative but to translate, as Krumbiegel does, in accordance with the order of the
words, “a problem which Archimedes found among (some) epigrams and sent...in his letter to Eratosthenes™; and this sense is certainly unsatisfactory. Hultsch remarks
that, though the mistake zpay HOTOVUEVOIS for mpaytevopgvors and the composition of the heading as a whole betray the hand of a writer who lived some centuries after
Archimedes, yet he must have had an earlier source of information, because he could hardly have invented the story of the letter to Eratosthenes.

* Pauly-Wissowa’s Real-Encyclopddie, 1. 1, pp. 534, 5.

* Thus Eutocius in his commentary on Prop. 4 of Book II. On the Sphere and Cylinder speaks of the fragment, which he found in an old book and which appeared to
him to be the missing supplement to the proposition referred to, as “preserving in part Archimedes’ favourite Doric dialect” (£v pgper v Apywider pinu Awpido YA
aoay dnéoa)(ov). From the use of the expression & néper Heiberg concludes that the Doric forms had by the time of Eutocius begun to disappear in the books which
have come down to us no less than in the fragment referred to.

1 Observing that in all the references to this work in the Sand-reckoner Archimedes speaks of the naming of numbers or of numbers which are names or have
their names (QpiQuol KaT®VOuao vot, td évéuora rovres, v xarovouollav grovres), Hultsch (Pauly-Wissowa’s Real-Encyclopddie, n. 1, p. 511) speaks of
koovouadis v Gpifuv as the name of the work; and he explains the words Tvlg v év Qpyazg <Cpifugv> v korovouallav éx(')w(nv as meaning “some of the
numbers mentioned at the beginning which have a special name,” where “at the beginning” refers to the passage in which Archimedes first mentions tv0¢’ Qugv
KOTWVOLLATHEVOV Op1fugyy xol év&aﬁoyévwv &v rois rotl ZeO&mmov yeypopugvors. But Ly Apyagg seems a less natural expression for “at the beginning” than &y
Gpyj or kat’ Apydg would have been. Moreover, there being no participial expression except kazovoualav froviov to be taken with &v Gpyags in this sense, the
meaning would be unsatisfactory; for the numbers are not named at the beginning, but only referred to, and therefore some word like emprjvov should have been used.
For these reasons I think that Heiberg, Cantor and Susemihl are right in taking Qpyaz to be the name of the treatise.



CHAPTER III.

THE RELATION OF ARCHIMEDES TO HIS PREDECESSORS.

AN extraordinarily large proportion of the subject matter of the writings of Archimedes represents entirely new
discoveries of his own. Though his range of subjects was almost encyclopaedic, embracing geometry (plane and solid),
arithmetic, mechanics, hydrostatics and astronomy, he was no compiler, no writer of textbooks; and in this respect he differs
even from his great successor Apollonius, whose work, like that of Euclid before him, largely consisted of systematising and
generalising the methods used, and the results obtained, in the isolated efforts of earlier geometers. There is in Archimedes no
mere working-up of existing materials; his objective is always some new thing, some definite addition to the sum of
knowledge, and his complete originality cannot fail to strike any one who reads his works intelligently, without any
corroborative evidence such as is found in the introductory letters prefixed to most of them. These introductions, however, are
eminently characteristic of the man and of his work; their directness and simplicity, the complete absence of egoism and of any
effort to magnify his own achievements by comparison with those of others or by emphasising their failures where he himself
succeeded : all these things intensify the same impression. Thus his manner is to state simply what particular discoveries made
by his predecessors had suggested to him the possibility of extending them in new directions; e.g. he says that, in connexion
with the efforts of earlier geometers to square the circle and other figures, it occurred to him that no one had endeavoured to
square a parabola, and he accordingly attempted the problem and finally solved it. In like manner, he speaks, in the preface of
his treatise On the Sphere and Cylinder, of his discoveries with reference to those solids as supplementing the theorems about
the pyramid, the cone and the cylinder proved by Eudoxus. He does not hesitate to say that certain problems baffled him for a
long time, and that the solution of some took him many years to effect; and in one place (in the preface to the book On Spirals)
he positively insists, for the sake of pointing a moral, on specifying two propositions which he had enunciated and which
proved on further investigation to be wrong. The same preface contains a generous eulogy of Conon, declaring that, but for his
untimely death, Conon would have solved certain problems before him and would have enriched geometry by many other
discoveries in the meantime.

In some of his subjects Archimedes had no fore-runners, e.g. in hydrostatics, where he invented the whole science, and (so
far as mathematical demonstration was concerned) in his mechanical investigations. In these cases therefore he had, in laying
the foundations of the subject, to adopt a form more closely resembling that of an elementary textbook, but in the later parts he
at once applied himself to specialised investigations.

Thus the historian, of mathematics, in dealing with Archimedes’ obligations to his predecessors, has a comparatively easy
task before him. But it is necessary, first, to give some description of the use which Archimedes made of the general methods
which had found acceptance with the earlier geometers, and, secondly, to refer to some particular results which he mentions as
having been previously discovered and as lying at the root of his own investigations,” or which he tacitly assumes as known.

§ 1. Use of traditional geometrical methods.

In my edition of the Conics of Apollonius*, I endeavoured, following the lead given in Zeuthen’s work, Die Lehre von den
Kegelschnitten im Altertum, to give some account of what has been fitly called the geometrical algebra which played such an
important part in the works of the Greek geometers. The two main methods included under the term were (1) the use of the
theory of proportions, and (2) the method of application of areas, and it was shown that, while both methods are fully
expounded in the Elements of Euclid, the second was much the older of the two, being attributed by the pupils of Eudemus
(quoted by Proclus) to the Pythagoreans. It was pointed out that the application of areas, as set forth in the second Book of
Euclid and extended in the sixth, was made by Apollonius the means of expressing what he takes as the fundamental properties
of the conic sections, namely the properties which we express by the Cartesian equations

ygsz,
y2=pm¢§m“,

referred to any diameter and the tangent at its extremity as axes; and the latter equation was compared with the results obtained
in the 27th, 28th and 29th Props, of Euclid’s Book vi, which are eiquivalent to the solution, by geometrical means, of the
quadratic equations

amigle).

It was also shown that Archimedes does not, as a rule, connect his description of the central conics with the method of
application of areas, as Apollonius does, but that Archimedes generally expresses the fundamental property in the form of a



proportion

and, in the case of the ellipse,

.3 @
where x, x| are the abscissae measured from the ends of the diameter of reference.

It results from this that the application of areas is of much less frequent occurrence in Archimedes than in Apollonius. It is
however used by the former in all but the most general form. The simplest form of “applying a rectangle” to a given straight
line which shall be equal to a given area occurs e.g. in the proposition On the equilibrium of Planes 11. 1; and the same mode
of expression is used (as in Apollonius) for the property y? = px in the parabola, px being described in Archimedes’ phrase as
the rectangle “applied to” (zapalmmnrov mapd) a line equal to p and “having at its width” (zAdzoc gyov) the abscissa (x). Then
in Props. 2, 25, 26, 29 of the book On Conoids and Spheroids we have the complete expression which is the equivalent of
solving the equation

ax + x2= b2,

“let a rectangle be applied (to a certain straight line) exceeding by a square figure (zaparentwrgrw ywplov Oepfdiiov elder
tetpayWvw) and equal to (a certain rectangle).” Thus a rectangle of this sort has to be made (in Prop. 25) equal to what we
have above called x. x, in the case of the hyperbola, which is the same thing as x(a + x) or ax + x%, where a is the length of the

transverse axis. But, curiously enough, we do not find in Archimedes the application of a rectangle “falling short by a square
figure,” which we should obtain in the case of the ellipse if we substituted x(a — x) for x. x;. In the case of the ellipse the area

x. x1 1s represented (On Conoids and Spheroids, Prop. 29) as a gnomon which is the difference between the rectangle 4. i,
(where A, h; are the abscissae of the ordinate bounding a segment of an ellipse) and a rectangle applied to #;—4 and exceeding
by a square figure whose side is # —x; and the rectangle /. 4 is simply constructed from the sides 4, /;. Thus Archimedes
avoids* the application of a rectangle falling short by a square, using for x.x; the rather complicated form

h.hy— {(hy —h) (h—x) + (h—x)*}.
It is easy to see that this last expression is equal to x. x; for it reduces to

b= {hy (b — @) — 2 (h— @)}
"_'m(]"'.l-"' h}-‘&’.",
= ax — &°, since h, + h=a,

=&, 8.

It will readily be understood that the transformation of rectangles and squares in accordance with the methods of Euclid,
Book 11, is just as important to Archimedes as to other geometers, and there is no need to enlarge on that form of geometrical
algebra.

The theory of proportions, as expounded in the fifth and sixth Books of Euclid, including the transformation of ratios
(denoted by the terms componendo, dividendo, etc.) and the composition or multiplication of ratios, made it possible for the
ancient geometers to deal with magnitudes in general and to work out relations between them with an effectiveness not much
inferior to that of modem algebra. Thus the addition and subtraction of ratios could be effected by procedure equivalent to what
we should in algebra call bringing to a common denominator. Next, the composition or multiplication of ratios could be
indefinitely extended, and hence the algebraical operations of multiplication and division found easy and convenient
expression in the geometrical algebra. As a particular case, suppose that there is a series of magnitudes in continued proportion
(i.e. in geometrical progression) as a, a;, a,, ... a,, so that

T _ % O —1

& Oy Ay,
We have then, by multiplication,



a a\" a, "Ja,
2= —) y O — = —“.

It is easy to understand how powerful such a method as that of proportions would become in the hands of an Archimedes,
and a few instances are here appended in order to illustrate the mastery with which he uses it.

1. A good example of a reduction in the order of a ratio after the manner just shown is furnished by On the equilibrium of

Planes 11. 10. Here Archimedes has a ratio which we will call a3/b> where a?/b? = ¢/d; and he reduces the ratio between cubes
to a ratio between straight lines by taking two lines x, y such that

c x d
x d y
. e\! ¢ a
It follows from this that (E) =2= @
o
o bz’
a® e\ ¢ xzd ¢
and hence F=(§) =:_c'¢_i'§=§-‘

2. In the last example we have an instance of the use of auxiliary fixed lines for the purpose of simplifying ratios and
thereby, as it were, economising power in order to grapple the more successfully with a complicated problem. With the aid of
such auxiliary lines or (what is the same thing) auxiliary fixed points in a figure, combined with the use of proportions,
Archimedes is able to effect some remarkable eliminations.

Thus in the proposition On the Sphere and Cylinder 11. 4 he obtains three relations connecting three as yet undetermined
points, and proceeds at once to eliminate two of the points, so that the problem is then reduced to finding the remaining point by
means of one equation. Expressed in an algebraical form, the three original relations amount to the three equations

3a—w_y
2a—2x wx
a+x 2z

x  Z2a-z(
A

~ n

and the result, after the elimination of y and z, is stated by Archimedes in a form equivalent to

m+n etz 4a®
n ' a (Qa—-ax)p

Again the proposition On the equilibrium of Planes 11. 9 proves by the same method of proportions that, ifa, b, ¢, d, x, y,
are straight lines satisfying the conditions

a b

¢

b ¢ d’

d =z |
a-d 2(a-c)’

2a + 4b + 6¢ + 3d Y

and 5a+ 106+ 10c+5d a—c’

(a>b>c>d)

then T+yY =50

The proposition is merely brought in as a subsidiary lemma to the proposition following, and is not of any intrinsic importance;
but a glance at the proof (which again introduces an auxiliary line) will show that it is a really extraordinary instance of the
manipulation of proportions.

3. Yet another instance is worth giving here. It amounts to the proof that, if



y’(a a:)-i- y’(a-i—a:) 4ab’.

then a+x

A, A" are the points of contact of two parallel tangent planes to a spheroid; the plane of the paper is the plane through 44" and
the axis of the spheroid, and PP’ is the intersection of this plane with another plane at right angles to it (and therefore parallel
to the tangent planes), which latter plane divides the spheroid into two segments whose axes are AN, A'N. Another plane is
drawn through

4

the centre and parallel to the tangent plane, cutting the spheroid into two halves. Lastly cones are drawn whose bases are the
sections of the spheroid by the parallel planes as shown in the figure.

Archimedes’ proposition takes the following form [On Conoids and Spheroids, Props. 31, 32].

APP' being the smaller segment of the two whose common base is the section through PP, and x, y being the coordinates of
P, he has proved in preceding propositions that

4

(volume of) segment APP’ 22+
(volume of) cone APP" ~ a+a T «+-(a),

and half spheroid 4BB"
S T L =% svnsvannanoeso{il

and he seeks to prove that

segment A'PP’ 2a-z
cone A'PP' ~— a-x°

The method is as follows.

cone A BB’ a b a a*

We have s R
v cone APP" a-x"9y a—-z a®*—2*
If Bunl o assomanononmmen
We SUDPOSE — = ——— ..o, @)

. =
the ratio of the cones becomes p

Next, by hypothesis (a),

cone APP' a+x
segmt. APP’'™ 2a+x’

Therefore, ex aequali,

cone ABB" 2a
segmt. APP' " (a—=x)(2a+2)’

It follows from (P) that

spheroid 420
segmt. APP'  (a—) (2a+2)’




segmt. A' PP’ 4za— (a—z) (2a +x)
segmt. APP’  (a—2z)(2a+ax)

whence -
_2(2a-x)+(2a+2x)(z—a—2x)
- (a—=)(2a + ) )

Now we have to obtain the ratio of the segment A'PP’ to the cone A'PP', and the comparison between the segment APP' and the
cone A'PP' is made by combining two ratios ex aequali. Thus

segmt. APP" 2a+
s ADD = a9

and cone APP' a-z
cone A’'PP'~ a+x’

Thus combining the last three proportions, ex aequali, we have

segmt. A'PP' z(2a—a)+(2a+x)(z—a :__‘f)
cone 4'PP" a® + 20z + &

_z(2a—x)+(2a+2)(2—a—x)
N z(a-2)+(2a+x)

since a*=z(a —x), by (7).

[The object of the transformation of the numerator and denominator of the last fraction, by which z (2a — x) and z (@ — x) are

2a—x

made the first terms, is now obvious, because is the fraction which Archimedes wishes to arrive at, and, in order to

prove that the required ratio is equal to this, it is only necessary to show that

2a—x z—(a—=x) ]

a—x 2
Now 20a—a_,, o
a—x a—x
2
=1 +E= by (7}!
a+z
T oa

= z—-{—::——m_) (dividendo),

segmt. A'PP' 2a—x

so that = .
cone A'PP’ a4—x

4. One use by Euclid of the method of proportions deserves mention because Archimedes does not use it in similar
circumstances. Archimedes (Quadrature of the Parabola, Prop. 23) sums a particular geometric series

a+a(d)+a@)’+...+a (@)™

in a manner somewhat similar to that of our text-books, whereas Euclid (IX. 35) sums any geometric series of any number of
terms by means of proportions thus.

Suppose ay, a,, ... a,, a,,; to be (n+1) terms of a geometric series in which a,,, is the greatest term. Then

Bpy1_ Bpy By g Gy

Xy Uy  Gy_g @,

Ot~ 0x _ In=Faa G~

Therefore
g Ay _y ay

Adding all the antecedents and all the consequents, we have



Uy — 0y @y — by

@+ Gy + Gy + oon + @y a,

which gives the sum of n terms of the series.

§ 2. Earlier discoveries affecting quadrature and cuba-ture.

Archimedes quotes the theorem that circles are to one another as the squares on their diameters as having being proved
by earlier geometers, and he also says that it was proved by means of a certain lemma which he states as follows: “Of unequal
lines, unequal surfaces, or unequal solids, the greater exceeds the less by such a magnitude as is capable, if added [continually]
to itself, of exceeding any given magnitude of those which are comparable with one another (1av mpog Aiinia Agyougvav).”
We know that Hippocrates of Chios proved the theorem that circles are to one another as the squares on their diameters, but no
clear conclusion can be established as to the method which he used. On the other hand, Eudoxus (who is mentioned in the
preface to The Sphere and Cylinder as having proved two theorems in solid geometry to be mentioned presently) is generally
credited with the invention of the method of exhaustion by which Euclid proves the proposition in question in XII. 2. The
lemma stated by Archimedes to have been used in the original proofis not however found in that form in Euclid and is not used
in the proof of XII. 2, where the lemma used is that proved by him in X. 1, viz. that “Given two unequal magnitudes, if from the
greater [a part] be subtracted greater than the half, if from the remainder [a part] greater than the half be subtracted, and so on
continually, there will be left some magnitude which will be less than the lesser given magnitude.” This last lemma is
frequently assumed by Archimedes, and the application of it to equilateral polygons inscribed in a circle or sector in the
manner of XII. 2 is referred to as having been handed down in the Elements*, by which it is clear that only Euclid’s Elements
can be meant. The apparent difficulty caused by the mention of two lemmas in connexion with the theorem in question can,
however, I think, be explained by reference to the proof of X. 1 in Euclid. He there takes the lesser magnitude and says that it is
possible, by multiplying it, to make it some time exceed the greater, and this statement he clearly bases on the 4th definition of
Book V. to the effect that “magnitudes are said to bear a ratio to one another, which can, if multiplied, exceed one another.”
Since then the smaller magnitude in X. 1 may be regarded as the difference between some two unequal magnitudes, it is clear
that the lemma first quoted by Archimedes is in substance used to prove the lemma in X. 1 which appears to play so much
larger a part in the investigations in quadrature and cubature which have come down to us.

The two theorems which Archimedes attributes to Eudoxus by namet { are

(1) that any pyramid is one third part of the prism which has the same base as the pyramid and equal height, and

(2) that any cone is one third part of the cylinder which has the same base as the cone and equal height.

The other theorems in solid geometry which Archimedes quotes as having been proved by earlier geometers are™:

(3) Cones of equal height are in the ratio of their bases, and conversely.

(4) If a cylinder be divided by a plane parallel to the base, cylinder is to cylinder as axis to axis.

(5) Cones which have the same bases as cylinders and equal height with them are to one another as the cylinders.

(6) The bases of equal cones are reciprocally proportional to their heights, and conversely.

(7) Cones the diameters of whose bases have the same ratio as their axes are in the triplicate ratio of the diameters of
their bases.

In the preface to the Quadrature of the Parabola he says that earlier geometers had also proved that

(8) Spheres have to one another the triplicate ratio of their diameters; and he adds that this proposition and the first of
those which he attributes to Eudoxus, numbered (1) above, were proved by means of the same lemma, viz. that the difference
between any two unequal magnitudes can be so multiplied as to exceed any given magnitude, while (if the text of Heiberg is
right) the second of the propositions of Eudoxus, numbered (2), was proved by means of “a lemma similar to that aforesaid.”
As a matter of fact, all the propositions (1) to (8) are given in Euclid’s twelfth Book, except (5), which, however, is an easy
deduction from (2); and (1), (2), (3), and (7) all depend upon the same lemma [X. 1] as that used in Eucl. XII. 2.

The proofs of the above seven propositions, excluding (5), as given by Euclid are too long to quote here, but the following
sketch will show the line taken in the proofs and the order of the propositions. Suppose ABCD to be a pyramid with a
triangular base, and suppose it to be cut by two planes, one bisecting 4B, AC, AD inF, G, E respectively, and the other
bisecting BC, BD, BA in H, K, F respectively. These planes are then each parallel to one face, and they cut off two pyramids
each similar to the original pyramid and equal to one another, while the remainder of the pyramid is proved to form two equal
prisms which, taken together, are greater than one half of the original pyramid [XIIL. 3]. It is next proved [XIL. 4] that, if there
are two pyramids with triangular bases and equal height, and if they are each divided in the manner shown into two equal
pyramids each similar to the whole and two prisms, the sum of the prisms in one pyramid is to the sum of the prisms in the
other in the ratio of the bases of the whole pyramids respectively. Thus, if we divide in the same manner the two pyramids
which remain in each, then all the pyramids which remain, and so on continually, it follows on the one hand, by X. 1, that we
shall ultimately have pyramids remaining which are together less than any assigned solid, while on the other hand the sums of



all the prisms resulting from the successive subdivisions are in the ratio of the bases of the original pyramids. Accordingly
Euclid is able to use the regular method of exhaustion exemplified in XII. 2, and to establish the proposition [XII. 5] that
pyramids with the same height and with triangular bases are to one another as their bases. The proposition is then extended
[XIL 6] to pyramids with the same height and with polygonal bases. Next [XII. 7] a prism with a triangular base is divided into
three pyramids which are shown to be equal by means of XII. 5; and it follows, as a corollary, that any pyramid is one third
part of the prism which has the same base and equal height. Again, two similar and similarly situated pyramids are taken and
the solid parallelepipeds are completed, which are then seen to be six times as large as the pyramids respectively; and, since
(by XI. 33) similar parallelepipeds are in the triplicate ratio of corresponding sides, it follows that the same is true of the
pyramids [XII. 8]. A corollary gives the obvious extension to the case of similar pyramids with polygonal bases. The
proposition [XIL. 9] that, in equal pyramids with triangular bases, the bases are reciprocally proportional to the heights is
proved by the same method of completing the parallelepipeds and using XI. 34; and similarly for the converse. It is next proved
[XII. 10] that, if in the circle which is the base of a cylinder a square be described, and then polygons be successively
described by bisecting the arcs remaining in each case, and so doubling the number of sides, and if prisms of the same height as
the cylinder be erected on the square and the polygons as bases respectively, the prism with the square base will be greater
than half the cylinder, the next prism will add to it more than half of the remainder, and so on. And each prism is triple of the
pyramid with the same base and altitude. Thus the same method of exhaustion as that in XII. 2 proves that any cone is one third
part of the cylinder with the same base and equal height. Exactly the same method is used to prove [XII. 11] that cones and
cylinders which have the same height are to one another as their bases, and [ XII. 12] that similar cones and cylinders are to one
another in the triplicate ratio of the diameters of their bases (the latter proposition depending of course on the similar
proposition XII. 8 for pyramids). The next three propositions are proved without fresh recourse to X. 1. Thus the criterion of
equimultiples laid down in Def. 5 of Book V. is used to prove [XII. 13] that, if a cylinder be cut by a plane parallel to its
bases, the resulting cylinders are to one another as their axes. It is an easy deduction [XII. 14] that cones and cylinders which
have equal bases are proportional to their heights, and [XII. 15] that in equal cones and cylinders the bases are reciprocally
proportional to the heights, and, conversely, that cones or cylinders having this property are equal. Lastly, to prove that spheres
are to one another in the triplicate ratio of their diameters [XII. 18], a new procedure is adopted, involving two preliminary
propositions. In the first of these [XIL. 16] it is proved, by an application of the usual lemma X. 1, that, if two concentric
circles are given (however nearly equal), an equilateral polygon can be inscribed in the outer circle whose sides do not touch
the inner; the second proposition [XII. 17] uses the result of the first to prove that, given two concentric spheres, it is possible
to inscribe a certain polyhedron in the outer so that it does not anywhere touch the inner, and a corollary adds the proof that, if
a similar polyhedron be inscribed in a second sphere, the volumes of the polyhedra are to one another in the triplicate ratio of
the diameters of the respective spheres. This last property is then applied [XII. 18] to prove that spheres are in the triplicate
ratio of their diameters.

§ 3. Conic Sections.

In my edition of the Conics of Apollonius there is a complete account of all the propositions in conics which are used by
Archimedes, classified under three headings, (1) those propositions which he expressly attributes to earlier writers, (2) those
which are assumed without any such reference, (3) those which appear to represent new developments of the theory of conics
due to Archimedes himself. As all these properties will appear in this volume in their proper places, it will suffice here to
state only such propositions as come under the first heading and a few under the second which may safely be supposed to have
been previously known.

Archimedes says that the following propositions “are proved in the elements of conics,” i.e. in the earlier treatises of
Euclid and Aristaeus.

1. Inthe parabola
(@) if PV be the diameter of a segment and QVq the chord parallel to the tangent at P, then QV = Vg;



(b) ifthe tangent at O meet VP produced in 7, then PV = PT;
(c) iftwo chords QVq, Q'V'q" each parallel to the tangent at P meet the diameter PV in V, V" respectively,

PV:PV=QV:QV2

2. If straight lines drawn from the same point touch any conic section whatever, and if two chords parallel to the
respective tangents intersect one another, then the rectangles under the segments of the chords are to one another as the squares
on the parallel tangents respectively.

3. The following proposition is quoted as proved “in the conics.” If in a parabola p, be the parameter of the principal

ordinates, Q0" any chord not perpendicular to the axis which is bisected in V' by the diameter PV, p the parameter of the
ordinates to PV, and if OD be drawn perpendicular to PV, then

Qr*: QD’=p: p,
[On Conoids and Spheroids, Prop. 3, which see.]

The properties of a parabola, PN>=p, - AN, and QV? =p . PV, were already well known before the time of Archimedes.
In fact the former property was used by Menaechmus, the discoverer of conic sections, in his duplication of the cube.
It may be taken as certain that the following properties of the ellipse and hyperbola were proved in the Conics of Euclid.

1. For the ellipse
PN?: AN . AN=P'N?: AN' . AN' = CB? : CA4>
and OV?:PV.PV=QV?: PV .PV =CD?: CP.

(Either proposition could in fact be derived from the proposition about the rectangles under the segments of intersecting chords
above referred to.)

2. For the hyperbola
PN? : AN . AN=P'N?: AN . AN
and OV?:PV.PV=QV?: PV .PV,
though in this case the absence of the conception of the double hyperbola as one curve (first found in Apollonius) prevented
Euclid, and Archimedes also, from equating the respective ratios to those of the squares on the parallel semidiameters.

3. In a hyperbola, if P be any point on the curve and PK, PL be each drawn parallel to one asymptote and meeting the
other,

PK . PL = (const.)
This property, in the particular case of the rectangular hyperbola, was known to Menaechmus.
It is probable also that the property of the subnormal of the parabola (NG = 3p,) was known to Archimedes’ predecessors.
It is tacitly assumed, On floating bodies, 1l. 4, etc.
From the assumption that, in the hyperbola, AT < AN (where N is the foot of the ordinate from P, and T the point in which
the tangent at P meets the transverse axis) we may perhaps infer that the harmonic property
TP : TP'=PV: PV,
or at least the particular case of it,
TA:TA' = AN : A'N,
was known before Archimedes’ time.
Lastly, with reference to the genesis of conic sections from cones and cylinders, Euclid had already stated in his
Phaenomena that, “if a cone or cylinder be cut by a plane not parallel to the base, the resulting section is a section of an acute-

angled cone [an ellipse] which is similar to a Bvpedg.” Though it is not probable that Euclid had in mind any other than a right
cone, the statement should be compared with On Conoids and Spheroids, Props. 7, 8, 9.

§ 4. Surfaces of the second degree.

Prop. 11 of the treatise On Conoids and Spheroids states without proof the nature of certain plane sections of the



conicoids of revolution. Besides the obvious facts (1) that sections perpendicular to the axis of revolution are circles, and (2)
that sections through the axis are the same as the generating conic, Archimedes asserts the following.

1. Ina paraboloid of revolution any plane section parallel to the axis is a parabola equal to the generating parabola.
2. Ina hyperboloid of revolution any plane section parallel to the axis is a hyperbola similar to the generating hyperbola.

3. In a hyperboloid of revolution a plane section through the vertex of the enveloping cone is a hyperbola which is not
similar to the generating hyperbola.

4. Inany spheroid a plane section parallel to the axis is an ellipse similar to the generating ellipse.

Archimedes adds that “the proofs of all these propositions are manifest (davepal).” The proofs may in fact be supplied as
follows.

1. Section of a paraboloid of revolution by a plane parallel to the axis.

Suppose that the plane of the paper represents the plane section through the axis AN which intersects the given plane
section at right angles, and let A'O be the line of intersection. Let POP' be any double ordinate to AN in the section through the
axis, meeting A'O and AN at right angles in O, N respectively. Draw A'M perpendicular to AN.
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Suppose a perpendicular drawn from O to A'O in the plane of the given section parallel to the axis, and let y be the length
intercepted by the surface on this perpendicular.
Then, since the extremity of y is on the circular section whose diameter is PP,

y?*=PO . OP.
If /'O =x, and if p is the principal parameter of the generating parabola, we have then
y*=PN*- ON*
=PN:-A'M?
— pw,
so that the section is a parabola equal to the generating parabola.
2. Section of a hyperboloid of revolution by a plane parallel to the axis.
Take, as before, the plane section through the axis which intersects the given plane section at right angles in 4'O. Let the
hyperbola PAP' in the plane of the paper represent the plane section through the axis, and let C be the centre (or the vertex of

the enveloping cone). Draw CC' perpendicular to CA, and produce OA' to meet it in C'. Let the rest of the construction be as
before.



Suppose that
CA=0, C'A=a',CO=x,
and let y have the same meaning as before.
Then y>=PO . OP' = PN* — A'M?.
And, by the property of the original hyperbola,

PN? : CN? — CA* = AM? : CM? — CA? (which is constant).
A'M?: CM?— CA*=PN?; CN*—CA4®
Thus =PN*—A'M*: CN* - CM?
=yt:a'—a'?

whence it appears that the section is a hyperbola similar to the original one.

3. Section of a hyperboloid of revolution by a plane passing through the centre (or the vertex of the enveloping cone).

I think there can be no doubt that Archimedes would have proved his proposition about this section by means of the same
general property of conics which he uses to prove Props. 3 and 12—14 of the same treatise, and which he enunciates at the
beginning of Prop. 3 as a known theorem proved in the “elements of conics,” viz. that the rectangles under the segments of
intersecting chords are as the squares of the parallel tangents.

Let the plane of the paper represent the plane section through the axis which intersects the given plane passing through the
centre at right angles. Let CA'O be the line of intersection, C being the centre, and A" being the point where C4A'O meets the
surface. Suppose CAMN to be the axis of the hyperboloid, and POp, P'O’p’ two double ordinates to it in the plane section
through the axis, meeting CA'O in O, O’ respectively; similarly let 4’M be the ordinate from A’. Draw the tangents at 4 and A’ to
the section through the axis meeting in 7, and let QOg, Q'O'q’ be the two double ordinates in the same section which are
parallel to the tangent at A— and pass through O, O’ respectively.

Suppose, as before, that y, )" are the lengths cut off by the surface from the perpendiculars at O and O’ to OC in the plane of
the given section through C4'O, and that

CO=x,CO=x",CA=a,CA' =0a'
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Then, by the property of the intersecting chords, we have, since QO = Ogq,
PO.Op:Q0*=T4A":T4""
=P0'. 0% : Q0"
Also y:*=P0 . Op, y'*'=P'0". 0P,
and, by the property of the hyperbola,
Q0% : x?—a?=0Q07%: x?-a”
It follows, ex aequali, that
gt —a" =g Lt nninn da),

and therefore that the section is a hyperbola.

To prove that this hyperbola is not similar to the generating hyperbola, we draw CC’ perpendicular to C4, and C'4’ parallel
to CA meeting CO' in C' and Pp in U.

If then the hyperbola («) is similar to the original hyperbola, it must by the last proposition be similar to the hyperbolic
section made by the plane through C' A" U’ at right angles to the plane of the paper.

Now CO*—CA"'=(C"'U*-(C"'4")+(CC' +0U)*--CC"*
=C'U—C'4",
and PO .Op<PU. Up.
Therefore PO .Op:CO*>—CA?<PU.Up: C'U?—CA4?,
and it follows that the hyperbolas are not similar*.

4. Section of a spheroid by a plane parallel to the axis.

That this is an ellipse similar to the generating ellipse can of course be proved in exactly the same way as theorem (2)
above for the hyperboloid.

We are now in a position to consider the meaning of Archimedes’ remark that “the proofs of all these properties are
manifest.” In the first place, it is not likely that “manifest” means “known” as having been proved by earlier geometers; for
Archimedes’ habit is to be precise in stating the fact whenever he uses important propositions due to his immediate
predecessors, as witness his references to Eudoxus, to the Elements [of Euclid], and to the “elements of conics.” When we
consider the remark with reference to the cases of the sections parallel to the axes of the surfaces respectively, a natural
interpretation of it is to suppose that Archimedes meant simply that the theorems are such as can easily be deduced from the
fundamental properties of the three conics now expressed by their equations, coupled with the consideration that the sections
by planes perpendicular to the axes are circles. But I think that this particular explanation of the “manifest” character of the
proofs is not so applicable to the third of the theorems stating that any plane section of a hyperboloid of revolution through the
vertex of the enveloping cone but not through the axis is a hyperbola. This fact is indeed no more “manifest” in the ordinary
sense of the term than is the like theorem about the spheroid, viz. that any section through the centre but not through the axis is
an ellipse. But this latter theorem is not given along with the other in Prop. 11 as being “manifest”; the proof of it is included in
the more general proposition (14) that any section of a spheroid not perpendicular to the axis is an ellipse, and that parallel
sections are similar. Nor, seeing that the propositions are essentially similar in character, can I think it possible that
Archimedes wished it to be understood, as Zeuthen suggests, that the proposition about the hyperboloid alone, and not the
other, should be proved directly by means of the geometrical equivalent of the Cartesian equation of the conic, and not by
means of the property of the rectangles under the segments of intersecting chords, used earlier [Prop. 3] with reference to the
parabola and later for the case of the spheroid and the elliptic sections of the conoids and spheroids generally. This is the more
unlikely, I think, because the proof by means of the equation of the conic alone would present much more difficulty to the
Greek, and therefore could hardly be called “manifest.”

It seems necessary therefore to seek for another explanation, and I think it is the following. The theorems, numbered 1, 2,
and 4 above, about sections of conoids and spheroids parallel to the axis are used afterwards in Props. 15—17 relating to
tangent planes; whereas the theorem (3) about the section of the hyperboloid by a plane through the centre but not through the
axis is not used in connexion with tangent planes, but only for formally proving that a straight line drawn from any point on a
hyperboloid parallel to any transverse diameter of the hyperboloid falls, on the convex side of the surface, without it, and on
the concave side within it. Hence it does not seem so probable that the four theorems were collected in Prop. 11 on account of
the use made of them later, as that they were inserted in the particular place with special reference to the three propositions
(12—14) immediately following and treating of the elliptic sections of the three surfaces. The main object of the whole treatise



was the determination of the volumes of segments of the three solids cut off by planes, and hence it was first necessary to
determine all the sections which were ellipses or circles and therefore could form the bases of the segments. Thus in Props.
12—-14 Archimedes addresses himself to finding the elliptic sections, but, before he does this, he gives the theorems grouped in
Prop. 11 by way of clearing the ground, so as to enable the propositions about elliptic sections to be enunciated with the utmost
precision. Prop. 11 contains, in fact, explanations directed to defining the scope of the three following propositions rather than
theorems definitely enunciated for their own sake; Archimedes thinks it necessary to explain, before passing to elliptic
sections, that sections perpendicular to the axis of each surface are not ellipses but circles, and that some sections of each of
the two conoids are neither ellipses nor circles, but parabolas and hyperbolas respectively. It is as if he had said, “My object
being to find the volumes of segments of the three solids cut off by circular or elliptic sections, I proceed to consider the
various elliptic sections; but I should first explain that sections at right angles to the axis are not ellipses but circles, while
sections of the conoids by planes drawn in a certain manner are neither ellipses nor circles, but parabolas and hyperbolas
respectively. With these last sections I am not concerned in the next propositions, and I need not therefore cumber my book
with the proofs; but, as some of them can be easily supplied by the help of the ordinary properties of conics, and others by
means of the methods illustrated in the propositions now about to be given, I leave them as an exercise for the reader.” This
will, I think, completely explain the assumption of all the theorems except that concerning the sections of a spheroid parallel to
the axis; and I think this is mentioned along with the others for symmetry, and because it can be proved in the same way as the
corresponding one for the hyperboloid, whereas, if mention of it had been postponed till Prop. 14 about the elliptic sections of
a spheroid generally, it would still require a proposition for itself, since the axes of the sections dealt with in Prop. 14 make an
angle with the axis of the spheroid and are not parallel to it.

At the same time the fact that Archimedes omits the proofs of the theorems about sections of conoids and spheroids parallel
to the axis as “manifest” is in itself sufficient to raise the presumption that contemporary geometers were familiar with the idea
of three dimensions and knew how to apply it in practice. This is no matter for surprise, seeing that we find Archytas, in his
solution of the problem of the two mean proportionals, using the intersection of a certain cone with a curve of double curvature
traced on a right circular cylinder *. But, when we look for other instances of early investigations in geometry of three
dimensions, we find practically nothing except a few vague indications as to the contents of a lost treatise of Euclid’s
consisting of two Books entitled Surface-loci (10mor mpoc gmipavela)t. This treatise is mentioned by Pappus among other
works by Aristaeus, Euclid and Apollonius grouped as forming the so-called t0mog Gvaivdusvost. As the other works in the
list which were on plane subjects dealt only with straight lines, circles and conic sections, it is a priori likely that the surface-
loci of Euclid included at least such loci as were cones, cylinders and spheres. Beyond this, all is conjecture based upon two
lemmas given by Pappus in connexion with the treatise.

First lemma to the Surface-loci of Euclid*.

The text of this lemma and the attached figure are not satisfactory as they stand, but they have been explained by Tannery in
a way which requires a change in the figure, but only the very slightest alteration in the text, as follows . “If AB be a straight
line and CD be parallel to a straight line given in position, and if the ratio 4D - DB : DC? be [given], the point C lies on a
conic section. If now AB be no longer given in position and 4, B be no longer given but lie on straight lines AE, EB given in
positionf, the point C raised above [the plane containing AE, EB] is on a surface given in position. And this was proved.”
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According to this interpretation, it is asserted that, if 4B moves with one extremity on each of the lines AE, EB which are
fixed, while DC is in a fixed direction and AD - DB : DC? is constant, then C lies on a certain surface. So far as the first
sentence is concerned, AB remains of constant length, but it is not made precisely clear whether, when AB is no longer given in
position, its length may also vary§. If however AB remains of constant length for all positions which it assumes, the surface
which is the locus of C would be a complicated one which we cannot suppose that Euclid could have profitably investigated. It
may, therefore, be that Pappus purposely left the enunciation somewhat vague in order to make it appear to cover several
surface-loci which, though belonging to the same type, were separately discussed by Euclid as involving in each case
somewhat different sets of conditions limiting the generality of the theorem.

It is at least open to conjecture, as Zeuthen has pointed out®, that two cases of the type were considered by Euclid, namely,
(1) that in which 4B remains of constant length while the two fixed straight lines on which 4, B respectively move are parallel




instead of meeting in a point, and (2) that in which the two fixed straight lines meet in a point while AB moves always parallel
to itself and varies in length accordingly.

(1) In the first case, where the length of AB is constant and the two fixed lines parallel, we should have a surface
described by a conic moving bodilyt. This surface would be a cylindrical surface, though it would only have been called a
“cylinder” by the ancients in the case where the moving conic was an ellipse, since the essence of a “cylinder” was that it
could be bounded between two parallel circular sections. If then the moving conic was an ellipse, it would not be difficult to
find the circular sections of the cylinder; this could be done by first taking a section at right angles to the axis, after which it
could be proved, after the manner of Archimedes, On Conoids and Spheroids, Prop. 9, first that the section is an ellipse or a
circle, and then, in the former case, that a section made by a plane drawn at a certain inclination to the ellipse and passing
through, or parallel to, the major axis is a circle. There was nothing to prevent Euclid from investigating the surface similarly
generated by a moving hyperbola or parabola; but there would be no circular sections, and hence the surfaces might perhaps
not have been considered as of very great importance.

(2) In the second case, where AE, BE meet at a point and AB moves always parallel to itself, the surface generated is of
course a cone. Some particular cases of this sort may easily have been discussed by Euclid, but he could hardly have dealt
with the general case, where DC has any direction whatever, up to the point of showing that the surface was really a cone in the
sense in which the Greeks understood the term, or (in other words) of finding the circular sections. To do this it would have
been necessary to determine the principal planes, or to solve the discriminating cubic, which we cannot suppose Euclid to have
done. Moreover, if Euclid had found the circular sections in the most general case, Archimedes would simply have referred to
the fact instead of setting himself to do the same thing in the particular case where the plane of symmetry is given. These
remarks apply to the case where the conic which is the locus of C is an ellipse ; there is still less ground for supposing that
Euclid could have proved the existence of circular sections where the conic was a hyperbola, for there is no evidence that
Euclid even knew that hyperbolas and parabolas could be obtained by cutting an oblique circular cone.

Second lemma to the Surface-loci.

In this Pappus states, and gives a complete proof of the proposition, that the locus of a point whose distance from a given
point is in a given ratio to its distance from a fixed line is a conic section, which is an ellipse, a parabola, or a hyperbola
according as the given ratio is less than, equal to, or greater than unity*. Two conjectures are possible as to the application
of this theorem by Euclid in the treatise referred to.

(1) Consider a plane and a straight line meeting it at any angle. Imagine any plane drawn at right angles to the straight line
and meeting the first plane in another straight line which we will call X. If then the given straight line meets the plane at right
angles to it in the point S, a conic can be described in that plane with S for focus and X for directrix; and, as the perpendicular
on X from any point on the conic is in a constant ratio to the perpendicular from the same point on the original plane, all points
on the conic have the property that their distances from S are in a given ratio to their distances from the given plane
respectively. Similarly, by taking planes cutting the given straight line at right angles in any number of other points besides S,
we see that the locus of a point whose distance from a given straight line is in a given ratio to its distance from a given
plane is a cone whose vertex is the point in which the given line meets the given plane, while the plane of symmetry passes
through the given line and is at right angles to the given plane. If the given ratio was such that the guiding conic was an
ellipse, the circular sections of the surface could, in that case at least, be found by the same method as that used by Archimedes
(On Conoids and Spheroids, Prop. 8) in the rather more general case where the perpendicular from the vertex of the cone on
the plane of the given elliptic section does not necessarily pass through the focus.

(2) Another natural conjecture would be to suppose that, by means of the proposition given by Pappus, Euclid found ke
locus of a point whose distance from a given point is in a given ratio to its distance from a fixed plane. This would have
given surfaces identical with the conoids and spheroids discussed by Archimedes excluding the spheroid generated by the
revolution of an ellipse about the minor axis. We are thus brought to the same point as Chasles who conjectured that the
Surface-loci of Euclid dealt with surfaces of revolution of the second degree and sections of the same*. Recent writers have
generally regarded this theory as improbable. Thus Heiberg says that the conoids and spheroids were without any doubt
discovered by Archimedes himself; otherwise he would not have held it necessary to give exact definitions of them in his
introductory letter to Dositheus; hence they could not have been the subject of Euclid’s treatise 7. I confess I think that the
argument of Heiberg, so far from being conclusive against the probability of Chasles’ conjecture, is not of any great weight. To
suppose that Euclid found, by means of the theorem enunciated and proved by Pappus, the locus of a point whose distance from
a given point is in a given ratio to its distance from a fixed plane does not oblige us to assume either that he gave a name to the
loci or that he investigated them further than to show that sections through the perpendicular from the given point on the given
plane were conics, while sections at right angles to the same perpendicular were circles; and of course these facts would
readily suggest themselves. Seeing however that the object of Archimedes was to find the volumes of segments of each surface,
it is not surprising that he should have preferred to give a definition of them which would indicate their form more directly than
a description of them as loci would have done; and we have a parallel case in the distinction drawn between conics as such



and conics regarded as loci, which is illustrated by the different titles of Euclid’s Conics and the Solid Loci of Aristaeus, and
also by the fact that Apollonius, though he speaks in his preface of some of the theorems in his Conics as useful for the
synthesis of ‘solid loci’ and goes on to mention the ‘locus with respect to three or four lines,” yet enunciates no proposition
stating that the locus of such and such a point is a conic. There was a further special reason for defining the conoids and
spheroids as surfaces described by the revolution of a conic about its axis, namely that this definition enabled Archimedes to
include the spheroid which he calls ‘flat’ (émnﬂarl’) ogaipoeldfq), i.e. the spheroid described by the revolution of an ellipse
about its minor axis, which is not one of the loci which the hypothesis assumes Euclid to have discovered. Archimedes’ new
definition had the incidental effect of making the nature of the sections through and perpendicular to the axis of revolution even
more obvious than it would be from Euclid’s supposed way of treating the surfaces; and this would account for Archimedes’
omission to state that the two classes of sections had been known before, for there would have been no point in attributing to
Euclid the proof of propositions which, with the new definition of the surfaces, became self-evident. The further definitions
given by Archimedes may be explained on the same principle. Thus the axis, as defined by him, has special reference to his
definition of the surfaces, since it means the axis of revolution, whereas the axis of a conic is for Archimedes a diameter. The
enveloping cone of the hyperboloid, which is generated by the revolution of the asymptotes about the axis, and the centre
regarded as the point of intersection of the asymptotes were useful to Archimedes’ discussion of the surfaces, but need not have
been brought into Euclid’s description of the surfaces as loci. Similarly with the axis and vertex of a segment of each surface.
And, generally, it seems to me that all the definitions given by Archimedes can be explained in like manner without prejudice
to the supposed discovery of three of the surfaces by Euclid.

I think, then, that we may still regard it as possible that Euclid’s Surface-loci was concerned, not only with cones,
cylinders and (probably) spheres, but also (to a limited extent) with three other surfaces of revolution of the second degree,
viz. the paraboloid, the hyperboloid and the prolate spheroid. Unfortunately however we are confined to the statement of
possibilities; and certainty can hardly be attained unless as the result of the discovery of fresh documents.

§ 5. Two mean proportionals in continued proportion.

Archimedes assumes the construction of two mean proportionals in two propositions (On the Sphere and Cylinder 11. 1,
5). Perhaps he was content to use the constructions given by Archytas, Menaechmus®, and Eudoxus. It is worth noting,
however, that Archimedes does not introduce the two geometric means where they are merely convenient but not necessary;

%
thus, when (On the Sphere and Cylinder 1. 34) he has to substitute for a ratio (g) , where 3 > v, a ratio between lines, and it

t
is sufficient for his purpose that the required ratio cannot be greater than ('g) but may be less, he takes two arithmetic means

between B, v, as 0, g, and then assumes 1 as a known result that

g8
Y

'aa

*Apollonius of Perga, pp. cisqq.

* The object of Archimedes was no doubt to make the Lemma in Prop. 2 (dealing with the summation of a series of terms of the form a .rx+(rx)2, where r
successively takes the values 1, 2, 3,...) serve for the hyperboloid of revolution and the spheroid as well.

* On the sphere and Cylinder, 1.6

T ibid. Preface

* Lemmas placced between Props. 16 and 17 of Book i. On the Sphere and Cylinder.

* | think Archimedes is more likely to have used this proof than one on the lines suggested by Zeuthen (p. 421). The latter uses the equation of the hyperbola simply
and proceeds thus. If y have the same meaning as above, and if the coordinates of P referred to CA, CC" as axes be z, x, while those of O referred to the same axes are z,
x we have, for the point P,

x2 = K(22 - az),

where K is constant.
Also, since the angle A'CA is given, x' = az, where a is constant.

Thus y2 —x2-x2= (k— a2)22 ~ ka2,
Now z is proportional to CO, being in fact equal to ——=== , and the equation becomes
\fl—jn a®’
x_ 9
y”=1T:g. jaf SR PP - 11

2

which is clearly a hyperbola, since o~ < k.



Now, though the Greeks could have worked out the proof in a geometrical form equivalent to the above, I think that it is alien from the manner in which Archimedes
regarded the equations to central conics. These he always expressed in the form of a proportion

2 ‘2 2
_y __ ¥ [zz___!intheca.aenfthee]ﬁpﬂe}

Zi~a? 2o g?
and never in the form of an equation between areas like that used by Apollonius, viz.
Yy =px+ g z2,

Moreover the occurrence of the two different constants and the necessity of expressing them geometrically as ratios between areas and lines respectively would have
made the proof very long and complicated; and, as a matter of fact, Archimedes never does express the ratio yz/(x2 - az) in the case of the hyperbola in the form of a

ratio between constant areas like #%/a>. Lastly, when the equation of the given section through CA'O was found in the form (1), assuming that the Greeks had actually
found the geometrical equivalent, it would still have been held necessary, I think, to verify that

a_k(l4a
e

before it was finally pronounced that the hyperbola represented by the equation and the section made by the plane were one and the same thing.

* Cf. Eutocius on Archimedes (Vol. III. pp. 98-102), or Apollonius of Perga, pp. XXil.—Xxiil.

1 By this term we conclude that the Greeks meant “loci which are surfaces” as distinct from loci which are lines. Cf. Proclus’ definition of a locus as “a position of a
line or a surf ace involving one and the same property” (ypauunc § émgﬁsvavsl’ag bgors moro goa gy xol ta0tov o0urnrmua), p. 394. Pappus (pp. 660-2) gives, quoting
from the Plane Loci of Apollonius, a classification of loci according to their order in relation to that of which they are the loci. Thus, he says, loci are (1) éqﬁemz;co(, ie.
fixed, e.g. in this sense the locus of a point is a point, of a line a line, and so on; (2) diecodixol or moving along, a line being in this sense the locus of a point, a surface of

a line, and a solid of a surface; (3) @vastpodixol, turning backwards, i.e., presumably, moving backwards and forwards, a surface being in this sense the locus of a point,
and a solid of a line. Thus a surface-locus might apparently be either the locus of a point or the locus of a line moving in space.

1 Pappus, pp. 634, 636.
* Pappus, p. 1004.

+ Bulletin des sciences math., 2% Série, VI. 149.

1 The words of the Greek text are yéwymt §é TPOG Héam e00¢e3c tags AE, EB, and the above translation only requires e0felaug instead of é0feza. The figure in the
text is so drawn that ADB, AEB are represented as two parallel lines, and CD is represented as perpendicular to ADB and meeting AEB in E.

§ The words are simply “if AB be deprived of its position (atepnon mjs Ooece) and the points 4, B be deprived of their [character of] being given” (azepnon o §
dobgvrog elvau).

* Zeuthen, Die Lehre von den Kegelschnitten, pp. 425 sqq.

1 This would give a surface generated by a moving line, die¢odikog ypauune as Pappus it.

* See Pappus, pp. 1006-1014, and Hultsch’s Appendix, pp. 1270-1273; or cf. Apollonius of Perga, pp. XXXVi.—XXXViil.

* Aperc¢u historique, pp. 273, 4.

+ Litterargeschichtliche Studien iiber Euklid, p. 79.

* The constructions of Archytas and Menaechmus are given by Eutocius [Archimedes, Vol. I11. pp. 92—102]; or see Apollonius of Perga, pp. Xix—Xxiil.

+ The proposition is proved by Eutocius; see the note to On the Sphere and Cylinder 1. 34(p.42).



CHAPTERV.

ARITHMETIC IN ARCHIMEDES.

Two of the treatises, the Measurement of a circle and the Sand-reckoner, are mostly arithmetical in content. Of the Sand-
reckoner nothing need be said here, because the system for expressing numbers of any magnitude which it unfolds and applies
cannot be better described than in the book itself; in the Measurement of a circle, however, which involves a great deal of
manipulation of numbers of considerable size though expressible by means of the ordinary Greek notation for numerals,
Archimedes merely gives the results of the various arithmetical operations, multiplication, extraction of the square root, etc.,
without setting out any of the operations themselves. Various interesting questions are accordingly involved, and, for the
convenience of the reader, I shall first give a short account of the Greek system of numerals and of the methods by which other
Greek mathematicians usually performed the various operations included under the general termloyiotixr) (the art of
calculating), in order to lead up to an explanation (1) of the way in which Archimedes worked out approximations to the
square roots of large numbers, (2) of his method of arriving at the two approximate values of, /3 which he simply sets down
without any hint as to how they were obtained*.

§ 1. Greek numeral system.

It is well known that the Greeks expressed all numbers from 1 to 999 by means of the letters of the alphabet reinforced by
the addition of three other signs, according to the following scheme, in which however the accent on each letter might be
replaced by a short horizontal stroke above it, as a.

o,B,y,0,¢,¢,0,n,0" are 1,2,3,4,5,6,7,8,9 respectively.
v, v, e o, g o 10,20,30, ... 90
pLo, T, v, Dy, vy, o, 5" » 100,200, 300,... 900

Intermediate numbers were expressed by simple juxtaposition (representing in this case addition), the largest number being
placed on the left, the next largest following it, and so on in order. Thus the number 153 would be expressed by pvy’ or pvy.
There was no sign for zero, and therefore 780 was yn', and 306 1¢’ simply.

Thousands (y141&dec) were taken as units of a higher order, and 1.0, 2,000, ... up to 9,000 (spoken of as y{Ato1, dioy{Awn,
K.T.A.) were represented by the same letters as the first nine natural numbers but with a small dash in front and below the line;
thus e.g. 8" was 4.0, and, on the same principle of juxtaposition as before, 1,823 was expressed by ,awky’ or awxy, 1,007 by
al’, and so on.

Above 9,999 came a myriad (uvpdc), and 10,000 and higher numbers were expressed by using the ordinary numerals with
the substantive uvppddec taken as a new denomination (though the words uOpio1, d1—oubpior, tpioubpior, k.t.h. are also
found, following the analogy of y{Ai01, dioy{o1 and so on). Various abbreviations were used for the word uvpidg, the most
common being M or Mv; and, where this was used, the number of myriads, or the multiple of 10.000, was generally written
over the abbreviation, though sometimes before it and even after it. Thus 349,450 was ‘;& 9W,.*

Fractions (Aerrd) were written in a variety of ways. The most usual was to express the denominator by the ordinary
numeral with two accents affixed. When the numerator was unity, and it was therefore simply a question of a symbol for a
single word such as zp{zov, 1, there was no need to express the numerator, and the symbol was y"; similarly ¢" = 1, " = L,
and so on. When the numerator was not unity and a certain number of fourths, fifths, etc., had to be expressed, the ordinary
numeral was used for the numerator; thus 0’ ;" = £ 1oa"” = 19. In Heron’s Geometry the denominator was written twice in the
latter class of fractions; thus 2 (600 mgumta) was f'e" &", 23(henta terarxootrOtpiza Ky' of gikooipia TpLaxoctOTPITA) Was Ky’
Ay" Ay". The sign for §, guiov, is in Archimedes, Diophantus and Eutocius L”, in Heron C or a sign similar to a capital S*.

A favourite way of expressing fractions with numerators greater than unity was to separate them into component fractions
with numerator unity, when juxtaposition as usual meant addition. Thus 3 was written | g — 1+1; 13 was
C¥'is” =3+ 3+3+ % Eutocius writes | ”£g” or L+ for s, and so on. Sometimes the same fraction was separated into
several different sums; thus in Heron (p. 119, ed. Hultsch) 183 is variously expressed as

(@) }+3+s+rde+dn
@) F+3+S+d+ i
wmd () dried el

Sexagesimal fractions. This system has to be mentioned because the only instances of the working out of some arithmetical



operations which have been handed down to us are calculations expressed in terms of such fractions; and moreover they are of
special interest as having much in common with the modern system of decimal fractions, with the difference of course that the
submultiple is 60 instead of 10. The scheme of sexagesimal fractions was used by the Greeks in astronomical calculations and
appears fully developed in the cUvracic of Ptolemy. The circumference of a circle, and along with it the four right angles
subtended by it at the centre, are divided into 360 parts (zufjuate or poipot) or as we should say degrees, each poipa into 60
parts called (first) sixtieths, (mpgTa) Enkoota, or minutes (Aemrd), each of these again into deUtepa ¢Enkoota (seconds), and
so on. A similar division of the radius of the circle into 60 parts (zufjuaza) was also made, and these were each subdivided
into sixtieths, and so on. Thus a convenient fractional system was available for general arithmetical calculations, expressed in
units of any magnitude or character, so many of the fractions which we should represent by 1., so many of those which we
should write Eiﬁz, Eiﬁz, and so on any extent. It is therefore not surprising that Ptolemy should say in one place “In general we
shall use the method of numbers according to the sexagesimal manner because of the inconvenience of the [ordinary] fractions.”
For it is clear that the successive submultiples by 60 formed a sort of frame with fixed compartments into which any fractions
whatever could be located, and it is easy to see that e.g. in additions and subtractions the sexagesimal fractions were almost as
easy to work with as decimals are now, 60 units of one denomination being equal to one unit of the next higher denomination,
and “carrying” and “borrowing” being no less simple than it is when the number of units of one denomination necessary to
make one of the next higher is 10 instead of 60. In expressing the units of the circumference, degrees, ppipa or the symbol g
was generally used along with the ordinary numeral which had a stroke above it; minutes, seconds, etc. were expressed by
one, two, etc. accents affixed to the numerals. Thus g = 2°, poipgt puC pup" n” = 47° 42" 40". Also where there was no unit in

any particular denomination O was used, signifying 008epio poipa, 008.v ¢&nkootdv and the like; thus O o B” O =0° 1’ 2"
0”. Similarly, for the units representing the divisions of the radius the word ufpaiuote or some equivalent was used, and the
fractions were represented as before; thus unudrwv EC &' ve” = 67 (units) 4’ 55".

§ 2. Addition and Subtraction.

There is no doubt that, in writing down numbers for these purposes, the several powers of 10 were kept separate in a
manner corresponding practically to our system of numerals, and the hundreds, thousands, etc., were written in separate
vertical rows. The following would therefore be a typical form of a sum in addition;

avkd = 1424
p Y 103

MBora 12281
M X 30030
=it B0

Myod o' 43838

and the mental part of the work would be the same for the Greek as for us.
Similarly a subtraction would be represented as follows:

; i
M__?x:\r’ =93636
B
Myv & 23409
3
M oxd 70227

§ 3. Multiplication.

A number of instances are given in Eutocius’ commentary on the Measurement of a circle, and the similarity to our
procedure is just as marked as in the above cases of addition and subtraction. The multiplicand is written first, and below it the
multiplier preceded by ¢ni (= “into”). Then the highest power of 10 in the multiplier is taken and multiplied into the terms
containing the separate multiples of the successive powers of 10, beginning with the highest and descending to the lowest; after
which the next highest power of 10 in the multiplier is multiplied into the various denominations in the multiplicand in the same
order. The same procedure is followed where either or both of the numbers to be multiplied contain fractions. Two instances
from Eutocius are appended from which the whole probedure will be understood.



(1) g 780

émi Y’ x 780
8 e T
MM ¢ 490000 56000
Me v 56000 6400
MY
opot M;r,lv' sum 608400
2) gy L 30133 3 [=3013%]
&t ey L8 x 3013} }
= .
MM 6 ayr/ 9,000,000 30,000 9,000 1500 750
MpréS L 30,000 100 30 5 2}
OAa’ L LS 9,000 30 9 1} 3+1
ag'de’ L8y 1,500 5 13 3
t;f'l-",er L.," Lv”B”'-'}”is-" 750 2% %“i‘%‘ 5_ 'IlE'

[6p0d] M Brflus” (9,041,250 + 30,1374 + 9,0413 + 1506 + § + 3 + 1
+763+3+3%+ 75)
= 9,082,689 .
One instance of a similar multiplication of numbers involving fractions may be given from Heron (pp. 80, 81). It is only
one of many, and, for brevity, the Greek notation will be omitted. Heron has to find the product of 433 and 783, and proceeds
as follows:

4.7=98,
62 __ 248
4. 33 =%%
33 7_231
[y — 84
33 62 _ 20448 1 __ 31 2 1
L BL— 64 BT —8LTEL wI-

The result is accordingly
510 62 p 82 82 1
s 62 62 1
=30+ 3} +31-9¢

The multiplication of 37° 4’ 55" (in the sexagesimal system) by itself is performed by Theon of Alexandria in his
commentary on Ptolemy’s cOvta&ic in an exactly similar manner.

§ 4. Division.

The operation of dividing by a number of one digit only was easy for the Greeks as for us, and what we call “long
division” was with them performed, mutatis mutandis, in the same way as now with the help of multiplication and subtraction.

Suppose, for instance, that the operation in the first case of multiplication given above had to be reversed and that Ifi i

(608,400) had to be divided by wz' (780). The terms involving the different powers of 10 would be mentally kept separater as
in addition and subtraction, and the first question would be, how many times will 7 hundreds go into 60 myriads, due
allowance being made for the fact that the 7 hundreds have 80 behind them and that 780 is not far short of 8 hundreds? The
answer is 7 hundreds or y’, and this multiplied by the divisor wz’' (780) would give ;’i o (546,000) which, subtracted from

1.51 i (608,400), leaves the remainder gy Bv (62,400). This remainder has then to be divided by 780 or a number approaching

8 hundreds, and 8 tens or n’ would have to be tried. In the particular case the result would then be complete, the quotient being
wr' (780), and there being no remainder, since n’ (80) multiplied by wz’ (780) gives the exact figure l\ra[ B (62,400).

An actual case of long division where the dividend and divisor contain sexagesimal fractions is described by Theon. The
problem s to divide 1515 20" 15" by 25 12’ 10", and Theon’s account of the process comes to this.



Divisor Dividend Quotient

25 12' 10” 1515 20" 15" !First term 60
o 25 . 60 = 1500 |
Remainder 15 = 900"
Sum 920’
12'.60 = 720
Remainder 200"
10”.60 = 10
Remainder 190 Second term T’
25.7 = 175’
T 15'=900"
Sum 915"
j 2t 84"
Remainder 831"
107. 7 17 10™
Remainder 829”50 |Third term 33"
25. 33" 825"
Remainder 4750™ = 290"
12,33 396"

(too great by) 106

Thus the quotient is something less than 60 7' 33". It will be observed that the difference between this operation of Theon’s and
that followed in dividing Ifi i (608,400) by wr' (780) as above is that Theon makes three subtractions for one term of the

L4
quotient, whereas the remainder was arrived at in the other case after one subtraction. The result is that, though Theon’s
method is quite clear, it is longer, and moreover makes it less easy to foresee what will be the proper figure to try in the
quotient, so that more time would be apt to be lost in making unsuccessful trials.

§ 5. Extraction of the square root.

We are now in a position to see how the operation of extracting the square root would be likely to be attacked. First, as in
the case of division, the given whole number whose square root is required would be separated, so to speak, into
compartments each containing such and such a number of units and of the separate powers of 10. Thus there would be so many
units, so many tens, so many hundreds, etc., and it would have to be borne in mind that the squares of numbers from 1 to 9
would lie between 1 and 99, the squares of numbers from 10 to 90 between 100 and 9900, and so on. Then the first term of the
square root would be some number of tens or hundreds or thousands, and so on, and would have to be found in much the same
way as the first term of a quotient in a “long division,” by trial if necessary. If 4 is the number whose square root is required,
while a represents the first term or denomination of the square root and x the next term or denomination still to be found, it
would be necessary to use the identity (a + x)?> = a®> + 2ax + x? and to find x so that 2ax + x*> might be somewhat less than the
remainder 4 — a2. Thus by trial the highest possible value of x satisfying the condition would be easily found. If that value were
b, the further quantity 2ab + b*> would have to be subtracted from the first remainder 4 — a2, and from the second remainder thus
left a third term or denomination of the square root would have to be derived, and so on. That this was the actual procedure
adopted is clear from a simple case given by Theon in his commentary on the cUvracic. Here the square root of 144 is in
question, and it is obtained by means of Eucl. n. 4. The highest possible denomination (i.e. power of 10) in the square root is
10 ; 10? subtracted from 144 leaves 44, and this must contain not only twice the product of 10 and the next term of the square
root but also the square of that next term itself. Now, since 2 . 10 itself produces 20, the division of 44 by 20 suggests 2 as the
next term of the square root; and this turns out to be the exact figure required, since

2.20+22=44.

The same procedure is illustrated by Theon’s explanation of Ptolemy’s method of extracting square roots according to the
sexagesimal system of fractions. The problem is to find approximately the square root of 4500 poipar or degrees, and a
geometrical figure is used which makes clear the essentially Euclidean basis of the whole method. Nesselmann gives a
complete reproduction of the passage of Theon, but the following purely arithmetical representation of its purport will
probably be found clearer, when looked at side by side with the figure.

Ptolemy has first found the integral part of , /3500 to be 67. Now 677 = 4489, so that the remainder is 11. Suppose now that
the rest of the square root is expressed by means of the usual sexagesimal fractions, and that we may therefore put



JE500 =67+ 11 =67 +— + &

60 * 60%’
where x, y are yet to be found. Thus x must be such that 2. 67.',’"’ i1s somewhat less than 11, or sc must be somewhat less than
121 660 67 Wthh is at the same time greater than 4. On trial, it turns out that 4 will satisfy the conditions of the problem,
i
namely that (ﬁ, T %) must be less than 4500, so that a remainder will be left by means of which y may be found.
a ~ N K )
67° & | 55" |
4489 268 | 3
@
8
2=
7
& 268' 16"
e peswazl s e l ]
55" 3688” 40" | |
B Y
Now 11 — 2. g; 4 (%)2 is the remainder, and this is equal to

11.60°—2.67.4.60-16 7424
) 60°? ©60°

Thus we must suppose that 9 ( 67 + ) 6%' approximates to 7;‘0 24 or that 8048y is approximately equal to 7424. 60.

Therefore y is approximately equal to 55. We have then to subtract

(67 )55 557 442640 3025
60° ({W),’ 60° t 60’

from the remainder above found.

7424
0?

The subtraction of 442640 fom 7424 give 2800, or 46 40 ; but Theon does not go further and subtract the remaining
60° 60° 60°  60° ' 60°
3025 , instead of which he merely remarks that the square of i approximates to = 46 g 40 ' As a matter of fact, if we deduct

60¢ 602 * 60°
the 3025 from 2800 , SO as to obtain the correct remainder, it is found to be %

60¢
To show the power of this method of extracting square roots by means of sexagesimal fractions, it is only necessary to
mention that Ptolemy gives 13)3 :gﬂ 6233 as an approximation to , /3, which approximation is equivalent to 1-7320509 in

the ordinary decimal notation and is therefore correct to 6 places.

But it is now time to pass to the question how Archimedes obtained the two approximations to the value of , /3 which he
assumes in the Measurement of a circle. In dealing with this subject I shall follow the historical method of explanation

adopted by Hultsch, in preference to any of the mostly a priori theories which the ingenuity of a multitude of writers has
devised at different times.

§ 6. Early investigations of surds or incommensurables.

From a passage in Proclus’ commentary on Eucl. L.* we learn that it was Pythagoras who discovered the theory of
irrationals (j 15v aA0ywv mpayuotela). Further Plato says (Theaetetus 147 D), “On square roots this Theodorus [of Cyrene]
wrote a work in which he proved to us, with reference to those of 3 or 5 [square] feet that they are incommensurable in length
with the side of one square foot, and proceeded similarly to select, one by one, each [of the other incommensurable roots] as



far as the root of 17 square feet, beyond which for some reason he did not go.” The reason why /3 is not mentioned as an
incommensurable square root must be, as Cantor says, that it was before known to be such. We may therefore conclude that it
was the square root of 2 which was geometrically constructed by Pythagoras and proved to be incommensurable with the side
of a square in which it represented the diagonal. A clue to the method by which Pythagoras investigated the value of /5 is
found by Cantor and Hultsch in the famous passage of Plato (Rep. VIII. 546 B, C) about the ‘geometrical’ or ‘nuptial” number.
Thus, when Plato contrasts the gnty and appnrog diduerpoc 76 mepnddog, he is referring to the diagonal of a square whose
side contains five units of length; the 4ppntog di@uetpog, or the irrational diagonal, is then /50 itself, and the nearest rational
number is , /50— 1, Which is the gntj diduetpoc. We have herein the explanation of the way in which Pythagoras must have
made the first and most readily comprehensible approximation to ,/3; he must have taken, instead of 2, an improper fraction
equal to it but such that the denominator was a square in any case, while the numerator was as near as possible to a complete

square. Thus Pythagoras chose gg, and the first approximation to , /5 was accordingly %, it being moreover obvious that , /g :,E

5
. Again, Pythagoras cannot have been unaware of the truth of the proposition, proved in Eucl. II. 4, that (a + b)? = a® + 2ab +

b? where a, b are any two straight lines, for this proposition depends solely upon propositions in Book I. which precede the
Pythagorean proposition I. 47 and which, as the basis of I. 47, must necessarily have been in substance known to its author. A

slightly different geometrical proof would give the formula (a — b)> = a® — 2ab + b%, which must have been equally well known
to Pythagoras. It could not therefore have escaped the discoverer of the first approximation , /55— 1 for , /5¢ that the use of the
formula with the positive sign would give a much nearer approximation, viz. 7 4 ﬁ, which is only greater than,/5q to the

extent of (11_4)2 . Thus we may properly assign to Pythagoras the discovery of the fact represented by

1 _
7ﬁw’50}?.

The consequential result that, /3 - i 50— 1 is used by Aristarchus of Samos in the 7th proposition of his work On the
5

size and distances of the sun and moon*.
With reference to the investigations of the values of /3, /5, A/6, -+ /17 by Theodoras, it is pretty certain that, /3 was

geometrically represented by him, in the same way as it appears afterwards in Archimedes, as the perpendicular from an
angular point of an equilateral triangle on the opposite side. It would thus be readily comparable with the side of the “1 square
foot” mentioned by Plato. The fact also that it is the side of three square feet (tp{movc dUvauic) which was proved to be
incommensurable suggests that there was some special reason in Theodoras’ proof for specifying feet, instead of units of length
simply; and the explanation is probably that Theodoras subdivided the sides of his triangles in the same way as the Greek foot
was divided into halves, fourths, eighths and sixteenths. Presumably therefore, exactly as Pythagoras had approximated to /3

by putting 50 for 2, Theodoras started from the identity g — 4_? It would then be clear that
25 » 16

- 48+1 . 7
3 it ey i,
o S s, T

To investigate , /4g further, Theodorus would put it in the form , /7977, as Pythagoras put , /5 into the form , /793, and
the result would be

8 (= JUT= T T =
JEB (=49 -1) < T e
We know of no further investigations into incommensurable square roots until we come to Archimedes.

§ 7. Archimedes’ approximations to /3.

Seeing that Aristarchus of Samos was still content to use the first and very rough approximation to /5 discovered by

Pythagoras, it is all the more astounding that Aristarchus’ younger contemporary Archimedes should all at once, without a
word of explanation, give out that

ADBL B
780 ~ V77 153’
as he does in the Measurement of a circle.
In order to lead up to the explanation of the probable steps by which Archimedes obtained these approximations, Hultsch



adopts the same method of analysis as was used by the Greek geometers in solving problems, the method, that is, of supposing
?65 5 and 1351

780

the problem solved and following out the necessary consequences. To compare the two fractions = , we first divide

both denominators into their smallest factors, and we obtain
780=2.2.3.5.13,
153=3.3.17.
We observe also that 2.2.13 = 52, while 3.17 = 51, and we may therefore show the relations between the numbers thus,
780=3.5.53,
153 =3.51.

For convenience of comparison we multiply the numerator and denominator of fgg by 5 ; the two original fractions are then
1351 d 1325
15.52 0 15.51°

so that we can put Archimedes’ assumption in the form

1-:_:’%’1 >154/3 > 12? g
and this is seen to be equivalent to
26 — Ul 154/3>2 ‘36—-—1.
Now 9¢ _ rlﬁ) J 262 _1 + (5_12)5 , and the latter expression is an approximation to J26E 1
We have then 26 — 1 5> Nﬁﬁi—l.
As 9g 519 was compared w1th 15,/3, and we want an approximation to , /3 itself, we divide by 15 and so obtain
55 (26-55) = 5 VI L
But _ 1 ,\/359 ;= \/b‘b_ 1 \/,ﬁ);g = /3, and it follows

that = ( ) J3

The lower limit for , /3 was given by

sl (26 : )

51

and a glance at this suggests that it may have been arrived at by simply substituting (52 — 1) for 52.

Now as a matter of fact the following proposition is true. If a% + b is a whole number which is not a square, while a? is the
nearest square number (above or below the first number, as the case may be), then

Hultsch proves this pair of inequalities in a series of propositions formulated after the Greek manner, and there can be little
doubt that Archimedes had discovered and proved the same results in substance, if not in the same form. The following
circumstances confirm the probability of this assumption.

(1) Certain approximations given by Heron show that he knew and frequently used the formula
Jatbeoat .,
2a

(where the sign ~ denotes “is approximately equal t0”).



Thus he gives N 1

_4:
— 11
J75m8+1-6.

(2) The formula /g1 h e a + b
2a +

(Cantor, p. 719 sq.).
It can therefore hardly be accidental that the formula

1 is used by the Arabian Alkarkhl (11th century) who drew from Greek sources

b Sy b
L il g i
atg-> NJa ib}migail

gives us what we want in order to obtain the two Archimedean approximations to /3, and that in direct connexion with one
another*.

We are now in a position to work out the synthesis as follows. From the geometrical representation of /3 as the
perpendicular from an angle of an equilateral triangle on the opposite side we obtain , /577 and, as a first approximation,

2— ‘—]i- > JE
Using our formula we can transform this at once into

Gt

- 1
~"3>2—1—:~1, or 3

Archimedes would then square (2 = %), or? 37 and would obtain an which he would compare with 3, or 97 1.e. he would

put, /3= ’\/ 25_{;' 2 and would obtain

1 1 a . 26 -
§(5+5)?J3, l1.e. E:’JB.

To obtain a still nearer approximation, he would proceed in the same manner and compare (?g) g;g with 3, or g;g,
whence it
would appear that

and therefore that

that is,

The application of the formula would then give the result

1 1

that is, ]326 1 2_5_5
V3> 55T O 53
The complete result would therefore be
1351 265
780 > V3> 153
Thus Archimedes probably passed from the first apprommatlonz to ; ﬁ0m3 % and ﬁom% directly to _1__3:?1, the

780
closest approximation of all, from which again he derived the less close approximation 'l‘g‘; The reason why he did not
1351

proceed to a still nearer approximation than 50 is probably that the squaring of this fraction would have brought in numbers

much too large to be conveniently used in the rest of his calculations. A similar reason will account for his having started from



g instead of E; if he had used the latter, he would first have obtained, by the same method, e \/ 49 - 1’ and thence

16
7 “4111 > /3, or g? > /3 the squaring of gg would have given /3 _ N 9;:; 1 and the corresponding approximation would
have given *°°11 18817 , where again the numbers are inconveniently large for his purpose.

56.194

§ 8. Approximations to the square roots of large numbers.

Archimedes gives in the Measurement of a circle the following approximate values:

(1) 30132 > +/9082321,
(2) 18382 > +/3380929,
3) 10093 > /1018405,
4 20171 > /406928444,
(5) 5911 < /349450,

(6) 11721 < V137394333,
(7) 2339} < V5472132,

There is no doubt that in obtaining the integral portion of the square root of these numbers Archimedes used the method

based on the Euclidean theorem (a + b)? = a® + 2ab + b?> which has already been exemplified in the instance given above from
Theon, where an approximation to , /450 is found in sexagesimal fractions. The method does not substantially differ from that
now followed; but whereas, to take the first case, ,/Ggga3a], We can at once see what will be the number of digits in the
square root by marking off pairs of digits in the given number, beginning from the end, the absence of a sign for 0 in Greek
made the number of digits in the square root less easy to ascertain because, as written in Greek, the number . M Bt only

contains six signs representing digits instead of seven. Even in the Greek notation however it would not be difficult to see that,
of the denominations, units, tens, hundreds, etc. in the square root, the units would correspond to xa' in the original number, the
tens to ,ft, the hundreds to . o and the thousands to I‘?f Thus it would be clear that the square root of 9082321 must be of the

form
1000x + 100y + 10z + w,

where x, y, z, w can only have one or other of the values 0, 1, 2,... 9. Supposing then that x is found, the remainder N —

(1000x)2, where N is the given number, must next contain 2.1000x. 100y and (100y)%, then 2 (1000x + 100y). 10z and (10)?,
after which the remainder must contain two more numbers similarly formed.

In the particular case (1) clearly x = 3. The subtraction of (3000)? leaves 82321, which must contain 2. 3000. 100y. But,
even ify is as small as 1, this product would be 600,000, which is greater than 82321. Hence there is no digit representing
hundreds in the square root. To find z, we know that 82321 must contain

2.3000.10z + (10z)?,
and z has to be obtained by dividing 82321 by 60,000. Therefore z = 1. Again, to find w, we know that the remainder
(82321 —2.3000.10 — 10?),

or 22221, must contain 2 . 3010w + w?, and dividing 22221 by 2.3010 we see that w = 3. Thus 3013 is the integral portion of
the square root, and the remainder is 22221 —(2 . 3010. 3 + 32), or 4152.

The conditions of the proposition now require that the approximate value to be taken for the square root must not be less

than the real value, and therefore the fractional part to be added to 3013 must be if anything too great. Now it is easy to see that

the fraction to be added is greater than% because 9. 3013. l+ (é)! is less than the remainder 4152. Suppose then that the

2
number required (which is nearer to 3014 than to 3013) is 3014 — g, and g has to be if anything too small.
Now (3014)* = (3013)* + 2. 3013 + 1= (3013)" + 6027

= 9082321 — 4152 + 6027,
whence 9082321 = (3014)2 — 1875.



By applying Archimedes’ formula ,/g# 43 < a + EE’_, we obtain
- —Za

1875
3014 — g 30H=-J9082321

875 . . . P g

The required value {; has therefore to be not greater thanI It remains to be explained why Archimedes put for :

6028
1507

3 In the first place, he evidently preferred fractions with unity for numerator and some power of

value i which is equal to .

2 for denominator because they contributed to ease in working, e.g. when two such fractions, being equal to each other, had to

be added. (The exceptions, the fractions 9 and 1., are to be explained by exceptional circumstances presently to be

mentioned.) Further, in the particular case, it must be remembered that in the subsequent work 2911 had to be added to 3014 —

g and the sum divided by 780, or 2. 2. 3. 5.13. It would obviously lead to simplification if a factor could be divided out, e.g.

the best for the purpose, 13. Now, dividing 2911 + 3014, or 5925, by 13, we obtain the quotient 455, and a remainder 10, so

that 10 — g remains to be divided by 13. Therefore g has to be so chosen that 10g — p 1s divisible by 13, while g approximates

1875

to, but is not greater than, — > 503 8

The solution p = 1, ¢ =4 would therefore be natural and easy.

(2) «/3380929.
The usual process for extraction of the square root gave as the integral part of it 1838, and as the remainder 2685. As
before, it was easy to see that the exact root was nearer to 1839 than to 1838, and that

/3380929 = 1838¢ + 2685 = 1839* — 2, 1838 — 1 + 2685
=1839" — 992,
The Archimedean formula then gave

992 S
S s 29.
1839 2_1839>J33809 9

It could not have escaped Archimedes that 1 was a near approximation to 992 1984 qincel = 1:8.39; and ! would have
4 3678 7356 4 7356 4

satisfied the necessary condition that the fraction to be taken must be less than the real value. Thus it is clear that, in taking 2

as the approximate value of the fraction, Archimedes had in view the simplification of the subsequent work by the elimination
of a factor. If the fraction be denoted by g, the sum of 1839 — ‘g and 1823, or 3662 — ‘g, had to be divided by 240, i.e. by 6.40.

Division of 3662 by 40 gave 22 as remainder, and then p, ¢ had to be so chosen that 22 — g was conveniently divisible by 40,

992

while g was less than but approximately equal to Y=~ . The solutionp —2, ¢ = 11 was easily seen to satisfy the conditions.

(3) J/1018405.
The usual procedure gave 1018405 = 10092 + 324 and the ap proximation

324
1009 ove > ~/ 1018405,

324

It was here necessary that the fraction to replace === S should be greater but approximately equal to it, andé satisfied the

-

conditions while the subsequent work did not require any change in it.
(4) 4069284,
The usual process gave 4069284 1. = 2017° + 9951 ; it followed that

36.995 +1

2017 + g 5 gm,}ﬁoﬁgzserw,

and 2017 1 was an obvious value to take as an approximation somewhat greater than the left side of the inequality.



(5) ~/349450.

In the case of this and the two following roots an approximation had to be obtained which was /ess, instead of greater, than
the true value. Thus Archimedes had to use the second part of the formula

In the particular case of , /349450, the integral part of the root is 591, and the remainder is 169. This gave the result

169 169
591 + . o
T 3591 2.501+1’
and since 169 = 132, while 2.591 + 1 = 7.132, it resulted without further calculation that

/349450 > 5911,

Why then did Archimedes take, instead of this approximation, another which was not so close, viz. 5913? The answer
which the subsequent working and the other approximations in the first part of the proof suggest is that he preferred, for
convenience of calculation, to use for his approximations fractions of the form 51 only. But he could not have failed to see that
to take the nearest fraction of this form, 18, instead of 1 might conceivably affect his final result and make it less near the truth
than it need be. As a matter of fact, as Hultsch shows, it does not affect the result to take 591; and to work onwards from that
figure. Hence we must suppose that Archimedes had satisfied himself, by taking 591} and proceeding on that basis for some

distance, that he would not be introducing any appreciable error in taking the more convenient though less accurate
approximation 5911.

(6) /137394333,

In this case the integral portion of the root is 1172, and the remainder 35933, Thus, if R denote the root,
35932

172+ 1

359
2.1172

B> 117r'§..’+-2

>1172 + _'-_-l,afm‘t-tm.

Now 2.1172 + 1 = 2345; the fraction accordingly becomes 35_9, andl - 3_59_

2345 7 2513
must be approximately equal to, but not greater than, the given fraction. Here again Archimedes would have taken 11721 as the
approximate value but that, for the same reason as in the last case, 11723 was more convenient.

) satisfies the necessary conditions, viz. that it

(7) ~5472132,.
The integral portion of the root is here 2339, and the remainder 121 11_15, so that, if R is the exact root,

12117
2.2339+1

> 2339}, a fortior:.

£B>2339+

A few words may be added concerning Archimedes’ ultimate reduction of the inequalities

6671 2841
3'!"4—673%}'31'}3 +QI:'1—73
to the simpler result 3 1 >-5=3 10 .
7 71
As a matter of fact£= il so the first fraction it was only necessary to make the small change of diminishing the

7= W72y

denominator by 1 in order to obtain the simple 3 1

3
i



. 2841 1137,

As regards the lower limit for m, we see tha ; and Hultsch ingeniously suggests the method of trying the

2017 8069°
effect of increasing the denominator of the latter ﬁactlon%by 1. This produces éé?{‘) jﬁjggo and if we divide 2690 by 379, the
quotient is between 7 and 8, so that
1 379 1
7726907 8"
Now it is a known proposition (proved in Pappus VIL p. 689) that, if g:. 5 , then : > :’:;

Similarly it may be proved that
a+e o
b+d™ d’
It follows in the above case that

379 379+1 o 1
9690 ~ 2690+ 8~ 8’

which exactly gives ;_0 - % ’
du 9

and 3¢ very much nearer to than 1 is.

.4

Note on alternative hypotheses with regard to the approximations to /3.

For a description and examination of all the various theories put forward, up to the year 1882, for the purpose of explaining
Archimedes’ approximations to /3 the reader is referred to the exhaustive paper by Dr Siegmund Giinther, entitled Die
qicadratischen Irrationalitiiten der Alten und deren Entwickelungsmethoden (Leipzig, 1882). The same author gives further
references in his Abriss der Geschichte der Mathematik und der Natur-wissenschaften im Altertum forming an Appendix to
Vol. v. Pt. 1 of I wan von Muller’s Handbuch der klassischen Altertums-wissenschaft (Miinchen, 1894).

Giinther groups the different hypotheses under three general heads:

(1) those which amount to a more or less disguised use of the method of continued fractions and under which are included
the solutions of De Lagny, Mollweide, Hauber, Buzengeiger, Zeuthen, P. Tannery (first solution), Heilermann;

(2) those which give the approximations in the form of a series of fractions such as ¢ + 1 o B +...; under this
91 9 $19:93

class come the solutions of Kadicke, v. Pessl, Kodet (with reference to the CulvasUtras), Tannery (second solution);

(3) those which locate the incommensurable surd between a greater and lesser limit and then proceed to draw the limits
closer and closer. This class includes the solutions of Oppermann, Alexejetf, Schonborn, Hunrath, though the first two are also
connected by Giinther with the method of continued fractions.

Of the methods so distinguished by Giinther only those need be here referred to which can, more or less, claim to rest on a
historical basis in the sense of representing applications or extensions of principles laid down in the works of Greek
mathematicians other than Archimedes which have come down to us. Most of these quasi-historical solutions connect
themselves with the system of side- and diagonal-numbers (tigvpixoi and orougtpixoi aiBuoi) explained by Theon of Smyrna
(c. 130 A.D.) in a work which was intended to give so much of the principles of mathematics as was necessary for the study of
the works of Plato.

The side- and diagonal-numbers are formed as follows. We start with two units, and (@) from the sum of them, () from the
sum of twice the first unit and once the second, we form two new numbers; thus

1.1+1=2, 2.1+1=3.
Of these numbers the first is a side- and the second a diagonal-number respectively, or (as we may say)
a, = 2, dz =3.

In the same way as these numbers were formed froma; =1, d; = 1, successive pairs of numbers are formed from a,, d,, and so
on, in accordance with the formula

Cln+1 = an + dn, dn+1 23 + d



whence we have

a,=1.24+3=5, dy=2.24+3=1,
a,=1.54+7=12, dy=2.547=17,

and so on.
Theon states, with reference to these numbers, the general proposition which we should express by the equation

d’=2a2+1.
The proof (no doubt omitted because it was well-known) is simple. For we have

d2— 23:12:(2““—1 +d“._1)9 - 2(an - 1'*"951:-1)‘3
=2a, _12 .
= —(dp-y*~ 2a,_,?)
= +(dy_s* — 2a,-,%), and so on,

while d;> — 2a,> = — 1 ; whence the proposition is established.

Cantor has pointed out that any one familiar with the truth of this proposition could not have failed to observe that, as the
numbers were successively formed, the value of d,%a,* would approach more and more nearly to 2, and consequently the
successive fractions d,/a, would give nearer and nearer approximations to the value of /5, or in other words that

13 7 17 41
1? ‘8?2 Y 18" gt

are successive approximations to /5. It is to be observed that the third of these approximations, E, is the Pythagorean

approximation which appears to be hinted at by Plato, while the above scheme of Theon, amounting to a method of finding all
the solutions in positive integers of the indeterminate equation

2x2—y2=i1

and given in a work designedly introductory to the study of Plato, distinctly suggests, as Tannery has pointed out, the
probability that even in Plato’s lifetime the systematic investigation of the said equation had already begun in the Academy. In
this connexion Proclus’ commentary on Eucl. I. 47 is interesting. It is there explained that in isosceles right-angled triangles “it
is not possible to find numbers corresponding to the sides; for there is no square number which is double of a square except in
the sense of approximately double, e.g. 7% is double of 5% less 1.” When it is remembered that Theon’s process has for its
object the finding of any number of squares differing only by unity from double the squares of another series of numbers
respectively, and that the sides of the two sets of squares are called diagonal- and swfe-numbers respectively, the conclusion
becomes almost irresistible that Plato had such a system in mind when he spoke of gnty diduetrpog(irational diagonal) as
compared with appnrog Siduetpoc (irrational diagonal) T3¢ mepnddog (cf. p. Ixxviii above).

One supposition then is that, following a similar line to that by which successive approximations to , /5 could be obtained
from the successive solutions, in rational numbers, of the indeterminate equations 2x> —y? = +1, Archimedes set himself the
task of finding all the solutions, in rational numbers, of the two indeterminate equations bearing a similar relation to , /3, viz.

#%-3yi=1,
22—3yi= -2,

Zeuthen appears to have been the first to connect, eo nomine, the ancient approximations to /3 with the solution of these
equations, which are also made by Tannery the basis of his first method. But, in substance, the same method had been used as
early as 1723 by De Lagny, whose hypothesis will be, for purposes of comparison, described after Tannery’s which it so
exactly anticipated.

Zeuthen’s solution.

After recalling the fact that, even before Euclid’s time, the solution of the indeterminate equation x> + * = z> by means of
the substitutions



was well known, Zeuthen concludes that there could have been no difficulty in deducing from Eucl. II. 5 the identity

gy (M2-3nA\? _ (4 3nP\E
3my+ (50) = (EY,
from which, by multiplying up, it was easy to obtain the formula

32mn)? + (m? — 3n?)? = (m? + 3n>)>.

If therefore one solution m? — 3n* = 1 was known, a second could at once be found by putting

x =m?+3n?, y=2mn.

Now obviously the equation
m?—3n>=1
is satisfied by the values m =2, n = 1; hence the next solution of the equation
X2 — 3y2 =1
is X =22+3.1=7, y,=22.1=4
and, proceeding in like manner, we have any number of solutions as

2, =T043.40=97,  y,=2.7.4="56,
2y=972+3,562=18817,  y,=2.97.56=10864,

and so on.
Next, addressing himself to the other equation

Zeuthen uses the identity
(m + 3n)? — 3(m+ n)? = —(m? — 3n?).
Thus, if we know one solution of the equation 7> — 3n% = 1, we can proceet to substitute
x=m+ 3n, y=m-+n.
Suppose m =2, n =1, as before ; we then have
x1=5, y;=3.
If we put x, = x; + 3y, = 14, y, = x; + y; = 8, we obtain

&g

Y

| 2
i1

(and m =7, n =4 is seen to be a solution of m? — 3n% = 1).
Starting again from x,, y,, we have

X3 = 38, V3= 22,

and

.3:;= 19

¥y 11
(m =19, n =11 being a solution of the equation m? — 3n* = —2);
X4 = 104, Va4 = 60.

whence
x, 26

¥, 16



(and m =26, n = 15 satisfies m? — 3n*>= 1),

xs=284, ys=164.
z, 71

or sl R e
Yy 41

st ? 7 265
Similarly %6 - 27 & _ 25
y y¥; 06’ gy, 153”7

This method gives all the successive approximations to , /3, taking account as it does of both the equations

and so on.

X =3y =1,
x2 - 3y2=—2,

Tannery’s first solution.

Tannery asks himself the question how Diophantus would have set about solving the two indeterminate equations. He takes
the first equation in the generalised form

¥—a’=1,
and then, assuming one solution (p, ¢) of the equation to be known, he supposes
p'l=mx—p, ¢'=x+q.
Then p21 - aql2 = m*ix2 -2 mpx + p2 — ax2—2aqx - aq2=1,
whence, since p?> — ag?® = 1, by hypothesis,

mpiog

r=92. =
= — &

H]

sothat  guultelprieng. o _SpHil Falg
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and p,?> —aq>=1.
The values of p;, g, so found are rational but not necessarily integral; if integral solutions are wanted, we have only to put
p1 =@+ a?) p + 2auvg, q1="2puv + >+ av?) ¢,

where (u, v) is another integral solution of x> — ay? = 1.
Generally, if (p, ¢) be a known solution of the equation
x> —ay? =r,

suppose p; = ap + PBq, g; = yp + 0q, and “il suffit pour déterminer a, f3, v, 8 de connaitre les trois groupes de solutions les plus
simples et de résoudre deux couples d’équations du premier degré a deux inconnues.” Thus (1) for the eauation

x2—3y2= 1,

the first three solutions are

P=Lg=0),(p=2,9=1),(p=7,g=4),

h 2=q 7=2a+ﬁ}
whence 12}.} and 4=2y+8°
so that a=2,=3,y=1,6=2,

and it follows that the fourth solution is given by
p=2.7+3.4=26,
g=1.742.4=15;

(2) for the equation x?—3y?=-2,
the first three solutions being (1, 1), (5, 3), (19, 11), we have



S5=a-+f 19:5;:41r3;3}>
3=y—|—3} ane 11=5y+38)°’

whence a =2, =3,y =1, d =2, and the next solution is given by

p=2.19+3.11=T1,
g=1.19+42.11=41,

and so on.

Therefore, by using the two indeterminate equations and proceeding as shown, all the successive approximations to , /3 can
be found.

Of the two methods of dealing with the equations it will be seen that Tannery’s has the advantage, as compared with
Zeuthen’s, that it can be applied to the solution of any equation of the form x> — ay? =r.

De Lagny’s method.

The argument is this. If, /3 could be exactly expressed by an improper fraction, that fraction would fall between I and 2,
and the square of its numerator would be three times the square of its denominator. Since this is impossible, two numbers have
to be sought such that the square of the greater differs as little as possible from 3 times the square of the smaller, though it may
be either greater or less. De Lagny then evolved the following successive relations,

22=3,1241, 52=3.32-2, T:=3.4%3+1, 192=3.11%2-2,
26%=3.152+1, T1?*=3.41%2-2, etc.

From these relations were derived a series of fractions greater than J3 Viz. §, 3’ @3, etc., and another series of fractions
1747 15
less than J3 Viz. g, E} 7_1,, etc. The law of formation was found in each case to be that, if g was one fraction in the series
117 4
and £  the next, then
g

This led to the results
2_7_26_97_362_ 1351
173”157 56~ 206~ 780 ™

5_19 71 _265 989 3691 _ ,o.

>3,

snd 3T <a<i53<571 231"

while the law of formation of the successive approximations in each series is precisely that obtained by Tannery as the result
of treating the two indeterminate equations by the Diophantine method.

Heilennanris method.

This method needs to be mentioned because it also depends upon a generalisation of the system of side- and diagoiial-
numbers given by Theon of Smyrna.

Theon’s rule of formation was
Su=Su1 ¥ Dy1y Dy =28, + Dy
and Heilermann simply substitutes for 2 in the second relation any arbitrary number a, developing the following scheme,
Si=8+D,, D=aS;+D,,
8;=8,+D,, D,=a8+D,
8y=8,+D,, Dy=al;+D,,

S=8 1+ Dy, Dy=a8y 4+ D,,.
It follows that
aSli=aS, *+2aS, D, +aD, %
D lt=a®8, *+2a8, Dy _+ D, %



By subtraction, Da®—a8;*=(1-a)(Du_®—aS, %)
=(1—a)? (Dp—y?— aS,_,?), similarly,

=(1-a)* (Dg*-aSg).
This corresponds to the most general form of the “Pellian” equation
x% — ay* = (const.).

If now we put Dy=S,=1, we have

D,? (1—ay+1

S_,F'—_—a_i— 'Sﬂg )

from which it appears that, where the fraction on the right-hand side approaches zero as n increases, ‘_g_ﬂ is an approximate

n
value for N

Clearly in the case where a =3, Dy =2, S=1 we have

D,_14_7 D, 19 D, 52_26

5

S Tl R =0 5

1' 8,738 %, 8 4§ 11’ § 30" 15
7L Dy_194_97 D, _265

8, 41' §," 112" 58" §, 153’
and so on.
But the method is, as shown by Heilermann, more rapid if it is used to find, not /7, but b,/7, where b is so chosen as to
make b%a (which takes the place of ) somewhat near to unity. Thus suppose a —j_?, so that ‘Vrﬁﬂg’\’{& and we then have
25

(putting Dy =S, =1)

26 . 26
§=2, D _ﬁ’ and «/3:\.\3 550 °F 15

102 54452 _ 1 6 ~ 5 106 265
So=g5» Di=—55 = d "KS“’E' 102’ ° 153’
. 208 102. 27 106 5404
Si=950 Dv=355 35 * 35 ~95.95°

and ~ 04[:'!4 § i 1351
95,208 3" 780 °

This is one of the very few instances of success in bringing out the two Archimedean approximations in immediate sequence
without any foreign values intervening. No other methods appear to connect the two values in this direct way except those of
Hunrath and Hultsch depending on the formula

b b
+— >aai+ +.
@ 5 Nal+b>a Sa+1"

We now pass to the second class of solutions which develops the approximations in the form of the sum of a series of
fractions, and under this head comes

Tannery’s second method.

This may be exhibited by means of its application (1) to the case of the square root of a large number, e.g.
/349450 or 4/57 12+ 23409 the first of the kind appearing in Archimedes, (2) to the case of , /3.

(1) Using the formula
Vai+beoa+ ‘3‘% )
we try the effect of putting for /5771233409 the expression

23409

571+—1142 .



It turns out that this gives correctly the integral part of the root, and we now suppose the root to be

1
571+ 20‘—5-;; .
Squaring and regarding .L_} as negligible, we have
m*=
57124400+ 22840 + 1:}?2 + g =5T712+ 23409,
whence 1182 _ 69
h 2
1 1
and 1_168 }1}
m 11827 7
so that /349450 >591 %
(2) Bearing in mind that
Ny TP
2a+1’
we have 31212 _2
V3=4/1 +Em1+2.1+l
o1 2 or 5
T

Assuming then that 4/3 = (g + 5}), squaring and neglecting lz , we obtain
mn

25 10
5 + [ 7rria 3,
whence m = 15, and we get as the second approximation
5 1 26
5 + i’g y OT -1-“5 i

We have now 26°—3.15%=1,
and can proceed to find other approximations by means of Tannery’s first method.

2 1 142
Or we can also put R Ll V| R
P (1+3+15+ﬂ) 3,

and, neglecting - _,1_2, we get
w

262 52

5T 15:'1"3’
whence n =—15.52 =— 780, and
= 2 1 1 1351
V3o (143415~ 750 750 )

It is however to be observed that this method only connects ?7351 with 28 and not with the intermediate approximation gﬁg,
80 15

to obtain which Tannery implicitly uses a particular case of the formula of Hunrath and Hultsch.
Rodet’s method was apparently invented to explain the approximation in the CulvasUtras*

= 1 1 1
Ve ltgta g~ aaat
but, given the approximation ;, the other two successive approximations indicated by the formula can be obtained by the

method of squaring just described* without such elaborate work as that of Rodet, which, when applied to /3, only gives the
same results as the simpler method.

Lastly, with reference to the third class of solutions, it may be mentioned
(1) that Oppermann used the formula



“ b Vb > 2“’6&,
which gave successively } V3 :,
g ¥
- > V3> ]?E ;
97 168
56> V3> g7
but only led to one of the Archimedean approximations, and that by combining the last two ratios, thus
97+168 _ 265
56+97 153’

(2) that Schonborn came somewhat near to the formula successfully used by Hunrath and Hultsch when he proved 7 that

at, a }\/m”+b>a+

2@+1v"b

* In writing this chapter I have been under particular obligations to Hultsch’s articles Arithmetica and Archimedes in Pauly-Wissowa’s Real-Encyclopadie, n. 1, as
well as to the same scholar’s articles (1) Die Niherungswerthe irrationaler Quadratwurzeln bei Archimedes in the Nachrichten von der kgl. Gesellschaft der
Wissenschaften zu Gottingen (1893), pp. 367 sqq., and (2) Zur Kreismessung des Archimedes in the Zeitschrift fiir Math. u. Physik (Hist. litt. Abtheilung) XXXix.
(1894), pp. 121 sqq. and 161 sqq. I have also made use, in the earlier part of the chapter, of Nesselmann’s work Die Algebra der Griechen and the histories of Cantor
and Gow.

* Diophantus denoted myriads followed by thousands by the ordinary signs for numbers of units, only separating them by a dot from the thousands. Thus for 3,069,000
he writes 1., 0 and A.,anog for 331,776. Sometimes myriads were represented by the ordinary letters with two dots above, as g = 100 myriads (1,000,000), and myriads of
myriads with two pairs of dots, as 1 for 10 myriad- myriads (1,000,000,000).

* Diophantus has a general method of expressing fractions which is the exact reverse of modem practice; the denominator is written above the numerator, thus

a. wis ,
ol and ——— — 1,270,568/10,816. Sometimes he writes down the numerator and then introduces the denominator with &v popiy or uoplov, e.g.

E =5/3, xa=21/25"" pxi.pin
6. ,0 pop . Ay . ,ayog = 3,069,000/331,776.

* p. 65 (ed. Friedlein).

* Part of the proof of this proposition was a sort of foretaste of the first part of Prop. 3 of Archimedes’ Measurement of a circle, and the substance of it is accordingly
appended as reproduced by Hultsch.

ABEK is a square, KB a diagonal, ZHBE = é. ZKBE, ZFBE =3°,and AC is perpendicular to BF so that the triangles ACB, BEF are similar.

Aristarchus seeks to prove that AB : BC > 18 :1.
If R denote a right angle, the angles KBE, HBE, FBE are respectively R, R, &R

A K

B
e Then HE : FE > ZHBE : ZFBE.
[This is assumed as a known lemma by Aristarchus as well as Archimedes. ]
Therefore HE «FE > 151 8.......ccciniciiininmnninnaa (0

Now, by construction, BK?= ZBEZ.
Also [Eucl VI. 3] BK:BE=KH:HE;

whence KH = J 9HE.
And, since g = 80 - 1
a5
KH :KE > 17:5,
so that KR s BH = 3818 oannrasiemsiasvaas i)

From (o) and (B), ex aequali,
KE:FE > 18:1.
Therefore, since BF > BE (or KE),
BF:FE>18:1,
so that, by similar triangles,
AB:BC > 18:1.

* Most of the a priori theories as to the origin of the approximations are open to the serious objection that, as a rule, they give series of approximate values in which the
two now in question do not follow consecutively, but are separated by others which do not appear in Archimedes. Hultsch’s explanation is much preferable as being free



from this objection. But it is fair to say that the actual formula used by Hultsch appears in Hunrath’s solution of the puzzle (Die Berechnung irrationaler
Quadratwurzeln vor der Herrschaft der Decimal-briiche, Kiel, 1884, p. 21; cf. Ueber das Ausziehen der Quadrativurzel bei Griechen und Indern, Hadersleben,

1883), and the same formula is implicitly used in one of the solutions suggested by Tannery (Sur la mesure du cercle d’Archiméde in Mémoires de la société des
sciences physiques et naturelles de Bordeaux, 2° série, IV. (1882), p. 313-337).

* See Cantor, Vorlesunger iiber Gesch. d. Math. p. 600 sq
* Cantor had already pointed this out in his first edition of 1880.

+ Zeitschrift fii Math. u. Physik (Hist. litt. Abtheilung) XXVII. (1883), p. 169 sq.



CHAPTERYV.

ON THE PROBLEMS KNOWN AS NEYZEIX.

THE word vegoic, commonly inclinatio in Latin, is difficult to translate satisfactorily, but its meaning will be gathered from
some general remarks by Pappus having reference to the two Books of Apollonius entitled veUogic (now lost). Pappus says *,
“A line is said to verge (velgrv) towards a point if, being produced, it reach the point,” and he gives, among particular cases of
the general form of the problem, the following.

“Two lines being given in position, to place between them a straight line given in length and verging towards a given
point.”

“If there be given in position (1) a semicircle and a straight line at right angles to the base, or (2) two semicircles with
their bases in a straight line, to place between the two lines a straight line given in length and verging towards a corner
(ywviav) of a semicircle.”

Thus a straight line has to be laid across two lines or curves so that it passes through a given point and the intercept on it
between the lines or curves is equal to a given length 7.

§ 1. The following allusions to particular veUogic are found in Archimedes. The proofs of Props. 5, 6, 7 of the book On
Spirals use respectively three particular cases of the general theorem that, if A be any point on a circle and BC any diameter,
it is possible to draw through A a straight line, meeting the circle again in P and BC produced in R, such that the intercept
PR is equal to any given length. In each particular case the fact is merely stated as true without any explanation or proof, and

(1) Prop. 5 assumes the case where the tangent at 4 is parallel to BC,
(2) Prop. 6 the case where the points 4, P in the figure are interchanged,
(3) Prop. 7 the case where A, P are in the relative positions shown in the figure.

Again, (4) Props. 8 and 9 each assume (as before, without proof, and without giving any solution of the implied problem)
that, if AE, BC be two chords of a circle intersecting at right angles in a point D such that BD > DC, then it is possible to
draw through A another line ARP, meeting BC in R and the circle again in P, such that PR = DE.

A

R |D

E

Lastly, with the assumptions in Props. 5, 6, 7 should be compared Prop. 8 of the Liber Assumptorum, which may well be
due to Archimedes, whatever may be said of the composition of the whole book. This proposition proves that, if in the first
figure APR is so drawn that PR is equal to the radius OP, then the arc AB is three times the arc PC. In other words, if an arc
AB of a circle be taken subtending any angle at the centre O, an arc equal to one-third of the given arc can be found, i.e. the
given angle can be trisected, if only APR can be drawn through A in such a manner that the intercept PR between the circle
and BO produced is equal to the radius of the circle. Thus the trisection of an angle is reduced to a vegogic exactly similar to
those assumed as possible in Props. 6, 7 of the book On Spirals.



The vegoeic so referred to by Archimedes are not, in general, capable of solution by means of the straight line and circle
alone, as may be easily shown. Suppose in the first figure that x represents the unknown length OR, where O is the middle point
of BC, and that £ is the given length to which PR is to be equal; also let OD =a, AD = b, BC = 2¢. Then, whether BC be a
diameter or (more generally) any chord of the circle, we have

AR .RP=BR.RC,
and therefore N0+ (x—af=a' ¢

The resulting equation, after rationalisation, is an equation of the fourth degree in x; or, if we denote the length of AR by y, we
have, for the determination of x and y, the two equations

be e )

In other words, if we have a rectangular system of coordinate axes, the values of x and y satisfying the conditions of the
problem can be determined as the coordinates of the points of intersection of a certain rectangular hyperbola and a certain
parabola.

In one particular case, that namely in which D coincides with O the middle point of BC, or in which 4 is one extremity of
the diameter bisecting BC at right angles, a = 0, and the equations reduce to the single equation

Y —hky=b*+c?,

which is a quadratic and can be geometrically solved by the traditional method of application of areas; for, if u be substituted
for y — k, so that u = AP. the equation becomes

u(k+u)=b2+cz,

and we have simply “to apply to a straight line of length & a rectangle exceeding by a square figure and equal to a given area
b2+ 2.

The other vegoeic referred to in Props. 8 and 9 can be solved in the more general form where £, the given length to which
PR is to be equal, has any value within a certain maximum and is not necessarily equal to DE, in exactly the same manner; and
the two equations corresponding to (a) will be for the second figure

........................

¥ =(a—-=2)"+b")

e B)-
Here, again, the problem can be solved by the ordinary method of application of areas in the particular case where AE is

the diameter bisecting BC at right angles; and it is interesting to note that this particular case appears to be assumed in a

fragment of Hippocrates’ Quadrature of lunes preserved in a quotation by Simplicius* from Eudemus’ History of Geometry,

while Hippocrates flourished probably as early as 450 B.C.

Accordingly we find that Pappus distinguishes different classes of veUogic corresponding to his classification of
geometrical problems in general. According to him, the Greeks distinguished three kinds of problems, some being plane, others
solid, and others /inear. He proceeds thusi: “Those which can be solved by means of a straight line and a circumference of a
circle may properly be called plane (gn{ngda); for the lines by means of which such problems are solved have their origin in a
plane. Those however which are solved by using for their discovery (gDpectv) one or more of the sections of the cone have
been called solid (oteped); for the construction requires the use of surfaces of solid figures, namely, those of cones. There
remains a third kind of problem, that which is called /inear (ypappkév); for other lines [curves] besides those mentioned are
assumed for the construction whose origin is more complicated and less natural, as they are generated from more irregular
surfaces and intricate movements.” Among other instances of the /inear class of curves Pappus mentions spirals, the curves
known as quadratrices, conchoids and cissoids. He adds that “it seems to be a grave error which geometers fall into whenever
any one discovers the solution of a plane problem by means of conics or linear curves, or generally solves it by means of a
foreign kind, as is the case, for example, (1) with the problem in the fifth Book of the Conics of Apollonius relating to the
parabola §, and (2) when Archimedes assumes in his work on the spiral a vegoic of a solid character with reference to a circle;
for it is possible without calling in the aid of anything solid to find the [proof of the] theorem given by the latter [ Archimedes],
that is, to prove that the circumference of the circle arrived at in the first revolution is equal to the straight line drawn at right
angles to the initial line to meet the tangent to the spiral.”

The “solid vegoic” referred to in this passage is that assumed to be possible in Props. 8 and 9 of the book On Spirals, and
is mentioned again by Pappus in another place where he shows how to solve the problem by means of conics*. This solution
will be given later, but, when Pappus objects to the procedure of Archimedes as unorthodox, the objection appears strained if



we consider what precisely it is that Archimedes assumes. It is not the actual solution which is assumed, but only its
possibility; and its possibility can be perceived without any use of conics. For in the particular case it is only necessary, as a
condition of possibility, that DE in the second figure above should not be the maximum length which the intercept PR could
have as APR revolves about A4 from the position ADE in the direction of the centre of the circle; and that DE is not the maximum
length which PR can have is almost self-evident. In fact, if P, instead of moving along the circle, moved along the straight line
through £ parallel to BC, and if ARP moved from the position ADE in the direction of the centre, the length of PR would
continually increase, and a fortiori, so long as P is on the arc of the circle cut off by the parallel through £ to BC, PR must be
greater in length than DE; and on the other hand, as ARP moves further in the direction of B, it must sometime intercept a length
PR equal to DE before P reaches B, when PR vanishes. Since, then, Archimedes’ method merely depends upon the theoretical
possibility of a solution of the vegoic, and this possibility could be inferred from quite elementary considerations, he had no
occasion to use conic sections for the purpose immediately in view, and he cannot fairly be said to have solved a plane
problem by the use of conics.

At the same time we may safely assume that Archimedes was in possession of a solution of the vegoic referred to. But there
is no evidence to show how he solved it, whether by means of conics, or otherwise. That he would have been able to effect the
solution, as Pappus does, by the use of conics cannot be doubted. A precedent for the introduction of conics where a “solid
problem” had to be solved was at hand in the determination of two mean proportionals between two unequal straight lines by
Menaechmus, the inventor of the conic sections, who used for the purpose the intersections of a parabola and a rectangular
hyperbola. The solution of the cubic equation on which the proposition On the Sphere and Cylinder 1. 4 depends is also
effected by means of the intersections of a parabola with a rectangular hyperbola in the fragment given by Eutocius and by him
assumed to be the work of Archimedes himself*.

Whenever a problem did not admit of solution by means of the straight line and circle, its solution, where possible, by
means of conics was of the greatest theoretical importance. First, the possibility of such a solution enabled the problem to be
classified as a “solid problem”; hence the importance attached by Pappus to solution by means of conics. But, secondly, the
method had other great advantages, particularly in view of the requirement that the solution of a problem should be
accompanied by a dopiopdg giving the criterion for the possibility of a real solution. Often too the d1opiopdg involved (as
frequently in Apollonius) the determination of the number of solutions as well as the limits for their possibility. Thus, in any
case where the solution of a problem depended on the intersections of two conics, the theory of conics afforded an effective
means of investigating 510p1GpLO1.

§ 2. But though the solution of “solid problems” by means of conics had such advantages, it was not the only method open
to Archimedes. An alternative would be the use of some mechanical construction such as was often used by the Greek
geometers and is recognised by Pappus himself as a legitimate substitute for conics, which are not easy to draw in a planef.
Thus in Apollonius’ solution of the problem of the two mean proportionals as given by Eutocius a ruler is supposed to be
moved about a point until the points at which the ruler crosses two given straight lines at right angles are equidistant from a
certain other fixed point; and the same construction is also given under Heron’s name. Another version of Apollonius’ solution
is that given by loannes Philoponus, which assumes that, given a circle with diameter OC and two straight lines OD, OE
through O and at right angles to one another, a line can be drawn through C, meeting the circle again in F" and the two lines in
D, E respectively, such that the intercepts CD, FE are equal. This solution was no doubt discovered by means of the
intersection of the circle with a rectangular hyperbola drawn with OD, OF as asymptotes and passing through C; and this
supposition accords with Pappus’ statement that Apollonius solved the problem by means of the sections of the cone*. The
equivalent mechanical construction is given by Eutocius as that of Philo Byzantinus, who turns a ruler about C until CD, FE are
equalf.

Now clearly a similar method could be used for the purpose of effecting a vejo15. We have only to suppose a ruler (or any
object with a straight edge) with two marks made on it at a distance equal to the given length which the problem requires to be
intercepted between two curves by a line passing through the fixed point; then, if the ruler be so moved that it always passes
through the fixed point, while one of the marked points on it follows the course of one of the curves, it is only necessary to
move the ruler until the second marked point falls on the other curve. Some such operation as this may have led Nicomedes to
the discovery of his curve, the conchoid, which he introduced (according to Pappus) into his doubling of the cube, and by
which he also trisected an angle (according to the same authority). From the fact that Nicomedes is said to have spoken
disrespectfully of Eratosthenes’ mechanical solution of the duplication problem, and therefore must have lived later than
Eratosthenes, it is concluded that his date must have been subsequent to 200 B.C., while on the other hand he must have written
earlier than 70 B.C., since Geminus knew the name of the curve about that date; Tannery places him between Archimedes and
Apolloniusf. While therefore there appears to be no evidence of the use, before the time of Nicomedes, of such a mechanical
method of solving a vegoig, the interval between Archimedes and the discovery of the conchoid can hardly have been very
long. As a matter of fact, the conchoid of Nicomedes can be used to solve not only all the ve0ogic mentioned in Archimedes but
any case of such a problem where one of the curves is a straight line. Both Pappus and Eutocius attribute to Nicomedes the



invention of a machine for drawing his conchoid. 4B is supposed to be a ruler with a slot in it parallel to its length, FE a
second ruler at right angles to the first with a fixed peg in it, C. This peg moves in a slot made in a third ruler parallel to its
length, while this ruler has a fixed peg on it, D, in a straight line with the slot in which C moves; and the peg D can move along
the slot in AB. If then the ruler PD moves so that the peg D describes the length of the slot in AB on each side of F, the extremity
of the ruler, P, describes the curve which is called a conchoid. Nicomedes called the straight line AB the ruler (kavtdv) the
fixed point C the pole (7d;Aog), and the length PD the distance (Si&otnua); and the fundamental property of the curve, which in
polar coordinates would now be denoted by the equation» =a + b sec 0, is that, if any radius vector be drawn from C to the
curve, as CP, the length intercepted on the radius vector between the curve and the straight line 4B is constant. Thus any vegoig
in which one of the two given lines is a straight line can be solved by means of the intersection of the other line with a certain
conchoid whose pole is the fixed point to which the required straight line must verge (veUg;10). In practice Pappus tells us that
the conchoid was not always actually drawn, but that “some,” for greater convenience, moved the ruler about the fixed point
until by trial the intercept was made equal to the given length*.

§ 3. The following is the way in which Pappus applies conic sections to the solution of the veUoic referred to in Props. 8, 9
of the book On Spirals. He begins with two lemmas.

(1) If from a given point 4 any straight line be drawn meeting a straight line BC given in position in R, and if RQ be drawn
perpendicular to BC and bearing a given ratio to AB, the locus of Q is a hyperbola.

-A”
A

For draw AD perpendicular to BC, and on AD produced take A" such that
OR : RA = A'D : DA = (the given ratio).

Measure DA" along DA equal to DA’.
Then, if ON be perpendicular to AN,

(AR?> — AD?) : (OR? — A'D?) = (const.),

or ON?: A'N.A"N = (const.)
(2) If BC be given in length, and if RQ, a straight line drawn at right angles to BC from any point R on it, be such that

BR.RC=k.RO,



where £ is a straight line of given length, then the locus of O is a parabola.
Let O be the middle point of BC, and let OK be drawn at right angles to it and of such length that

oC? =k . KO.

Draw QN perpendicular to OK.
Then QN*=0R*=0C*-BR ., EC
=k. (A0 — R(Q), by hypothesis,
=i KA.
In the particular case referred to by Archimedes (with the slight generalisation that the given length £ to which PR is to be
equal is not necessarily equal to DE) we have

(1) the given ratio RQ: AR is unity, or RQ = AR, whence 4" coincides with 4, and, by the first lemma,
ON?>=AN . AN,

so that Q lies on a rectangular hyperbola.
(2) BR.RG=AR.RP=k.AR=k.RQ, and, by the second lemma, Q lies on a certain parabola.

If now we take O as origin, OC as axis of x and OK as axis of y, and if we put OD - a, AD = b, BC = 2¢, the hyperbola and
parabola determining the position of Q are respectively denoted by the equations

(@-zf=y' =¥,
o' —at = hy,

which correspond exactly to the equations (/) above obtained by purely algebraical methods.

Pappus says nothing of the dtopiopudc which is necessary to the complete solution of the generalised problem, the d10piopog
namely which determines the maximum value of k for which the solution is possible. This maximum value would of course
correspond to the case in which the rectangular hyperbola and the parabola touch one another. Zeuthen has shown* that the
corresponding value of & can be determined by means of the intersection of two other hyperbolas or of a hyperbola and a
parabola, and there is no doubt that Apollonius, with his knowledge of conics, and in accordance with his avowed object in
giving the properties useful and necessary for d1o0piopot, would have been able to work out this particular d1o0piopog by means
of conics; but there is no evidence to show that Archimedes investigated it by the aid of conics, or indeed at all, it being clear,
as shown above, that it was not necessary for his immediate purpose.

This chapter may fitly conclude with a description of (1) some important applications of veUaeig given by Pappus, and (2)
certain particular cases of the same class of problems which are plane, that is, can be solved by the aid of the straight line and
circle only, and which were (according to Pappus) shown by the Greek geometers to be of that character.

§ 4. One of the two important applications of ‘solid’ veUogic was discovered by Nicomedes, the inventor of the conchoid,
who introduced that curve for solving a vevtrts to which he reduced the problem of doubling the cube™ or (what amounts to the
same thing) the finding of two mean proportionals between two given miequal straight lines.

Let the given unequal straight lines be placed at right angles as CL, LA. Complete the parallelogram ABCL, and bisect 4B at
D, and BC at E. Join LD and produce it to meet CB produced in H. From E draw EF at right angles to BC, and take a point F on
EF such that CF is equal to AD. Join HF,, and through C draw CG parallel to HF. If we produce BC to K, the straight lines CG,
CK form an angle, and we now draw from the given point F' a straight line FGK, meeting CG, CK in G, K respectively, such
that the intercept GK is equal to AD or FC. (This is the vegoic to which the problem is reduced, and it can be solved by means
of a conchoid with F as pole.)



Join KL and produce it to meet B4 produced in M.
Then shall CK, AM be the required mean proportionals between CL, LA, or
We have, by Eucl. 11. 6,

CL:CK=CK:AM =AM : AL.
BK . KC + CE? = EK°.
If we add EF? to each side,
BK . KC + CF? = FK2.
Now, by parallels,
MA : AB=ML : LK
=BC :CK;
and, since AB = 24D, and BC = 3 HC,

MA : AD=HC : CK
= F@ : GK, by parallels,

whence, componendo,
MD : AD=FK : GK.
But GK = AD ; therefore MD = FK, and MD* = FK*

Again, MD*=BM . MA + AD?,
and FE?=BK . KC + CF?, from above,
while MD?®=FK* and AD*=CF*;
therefore BM , MA=BK . KC.
Hence CK: MA=BM : BK
=MA: AL

_IC - C’K}' by parallels,

that is, LC: CK=CK : MA=MA : AL

§ 5. The second important problem which can be reduced to a ‘solid’ vegoic is the trisection of any angle. One method of
reducing it to a vewis has been mentioned above as following from Prop. 8 of the Liber Assumptorwm. This method is not
mentioned by Pappus, who describes (1v. p. 272 sq.) another way of effecting the reduction, introducing it with the words,
“The earlier geometers, when they sought to solve the aforesaid problem about the [trisection of the] angle, a problem by
nature ‘solid,” by ‘plane’ methods, were unable to discover the solution; for they were not yet accustomed to the use of the
sections of the cone, and were for that reason at a loss. Later, however, they trisected an angle by means of conics, having used

for the discovery of it the following vegjoig.”

The vegoic is thus enunciated: Given a rectangle ABGD, let it be required to draw through 4 a straight line AQR, meeting
CD in Q and BC produced in R, such that the intercept OR is equal to a given length, & suppose.

Suppose the problem solved, OR being equal to k. Draw DP parallel to OR and RP parallel to CD, meeting in P. Then, in

the parallelogram DR, DP = OR = k.
Hence P lies on a circle with centre D and radius k.



Again, by Eucl. 1. 43 relating to the complements of the parallelograms about the diagonal of the complete parallelogram,
BC.CD=BE. QD
= PR . RB;

and, since BC . CD is given, it follows that P lies on a rectangular hyperbola with BE, BA as asymptotes and passing through
D.

Therefore, to effect the construction, we have only to draw this rectangular hyperbola and the circle with centre D and
radius equal to k. The intersection of the two curves gives the point P, and R is determined by drawing PR parallel to DC. Thus
AQR is found.

[ Though Pappus makes ABCD a rectangle, the construction applies equally if ABCD is any parallelogram.]

Now suppose ABC to be any acute angle which it is required to trisect. Let AC be perpendicular to BC. Complete the
parallelogram ADBC, and produce DA.

Suppose the problem solved, and let the angle CBE be one-third of the angle ABC. Let BE meet AC in E and DA produced
in F. Bisect EF in H, and join AH.

Then, since the angle ABE is equal to twice the angle EBC and, by parallels, the angles EBC, EFA are equal,
L ABE=2 £ AFH= £ AHB.

Therefore AB=AH = HF,
and EF=2HF
=248B.
D A F
3
H
E
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Hence, in order to trisect the angle ABC, we have only to solve the following vegoic: Given the rectangle ADBC whose
diagonal is AB, to draw through B a straight line BEF, meting AC in E and DA produced in F, such that EF may be equal to
twice AB; and this vegoig is solved in the manner just shown.

These methods of doubling the cube and trisecting any acute angle are seen to depend upon the application of one and the
same vegoic which may be stated in its most general form thus. Given any two straight lines forming an angle and any fixed
point which is not on either line, it is required to draw through the fixed point a straight line such that the portion of it
intercepted between the fixed lines is equal to a given length. If AE, AC be the fixed lines and B the fixed point, let the
parallelogram ACBD be completed, and suppose that BOR, meeting CA in O and AE in R, satisfies the conditions of the
problem, so that OR is equal to the given length. If then the parallelogram CORP is completed, we may regard P as an auxiliary
point to be determined in order that the problem may be solved; and we have seen that P can be found as one of the points of
intersection of (1) a circle with centre C and radius equal to &, the given length, and (2) the hyperbola which passes through C
and has DE, DB for its asymptotes.



It remains only to consider some particular cases of the problem which do not require conics for their solution, but are
‘plane’ problems requiring only the use of the straight line and circle.

§ 6. We know from Pappus that Apollonius occupied himself, in his two Books of veUUcgic, with problems of that type
which were capable of solution by ‘plane’ methods. As a matter of fact, the above vegoic reduces to a “plane’ problem in the
particular case where B. lies on one of the bisectors of the angle between the two given straight lines, or (in other words)
where the parallelogram ACBD is a rhombus or a square. Accordingly we find Pappus enunciating, as one of the ‘plane’ cases
which had been singled out for proof on account of their greater utility for many purposes, the following*: Given a rhombus
with one side produced, to fit into the exterior angle a straight line given in length and verging to the opposite angle; and he
gives later on, in his lemmas to Apollonius’ work, a theorem bearing on the problem with regard to the rhombus, and (after a
preliminary lemma) a solution of the vegoic with reference to a square.

The question therefore arises, how did the Greek geometers discover these and other particular cases, where a problem
which is in general ‘solid,” and therefore requires the use of conics (or a mechanical equivalent), becomes ‘plane’? Zeuthen is
of opinion that they were probably discovered as the result of a study of the general solution by means of conics 7. I do not feel
convinced of this, for the following reasons.

(1) The authenticated instances appear to be very rare in which we should be justified in assuming that the Greeks used the
properties of conics, in the same way as we should combine and transform two Cartesian equations of the second degree, for
the purpose of proving that the intersections of two conics also lie on certain circles or straight lines. It is true that we may
reasonably infer that Apollonius discovered by a method of this sort his solution of the problem of doubling the cube where, in
place of the parabola and rectangular hyperbola used by Menaechmus, he employs the same hyperbola along with the circle
which passes through the points common to the hyperbola and parabola }; but in the only propositions contained in his conics
which offer an opportunity for making a similar reduction§, Apollonius does not make it, and is blamed by Pappus for not
doing so. In the propositions referred to the feet of the normals to a parabola drawn from a given point are determined as the
intersections of the parabola with a certain rectangular hyperbola, and Pappus objects to this method as an instance of
discovering the solution of a ‘plane’ problem by means of conics*, the objection having reference to the use of a hyperbola
where the same points could be obtained as the intersections of the parabola with a certain circle. Now the proof of this latter
fact would present no difficulty to Apollonius, and Pappus must have been aware that it would not; if therefore he objects in the
circumstances to the use of the hyperbola, it is at least arguable that he would equally have objected had Apollonius brought in
the hyperbola and used its properties for the purpose of proving the problem to be ‘plane’ in the particular case.

(2) The solution of the general problem by means of conics brings in the auxiliary point P and the straight line CP. We
should therefore naturally expect to find some trace of these in the particular solutions of the vewis for a rhombus and square;
but they do not appear in the corresponding demonstrations and figures given by Pappus.

Zeuthen considers that the vegoic with reference to a square was probably shown to be ‘plane’ by means of the same
investigation which showed that the more general case of the rhombus was also capable of solution with the help of the straight
line and circle only, i.e. by a systematic study of the general solution by means of conics. This supposition seems to him more
probable than the view that the discovery of the plane construction for the square may have been accidental; for (he says) if the
same problem is treated solely by the aid of elementary geometrical expedients, the discovery that it is ‘plane’ is by no means
a simple matterf. Here, again, I am not convinced by Zeuthen’s arg ament, as it seems to me that a simpler explanation is
possible of the way in which the Greeks were led to the discovery that the particular veucrcis were plane. They knew in the
first place that the trisection of a right angle was a ‘plane’ problem, and therefore that half a right angle could be trisected by
means of the straight line and circle. It followed therefore that the corresponding vegoig, i.e. that for a square, was a plane’
problem in the particular case where the given length to which the required intercept was to be equal was double of the
diagonal of the square. This fact would naturally suggest the question whether the problem was still plane if £ had any other
value; and, when once this question was thoroughly investigated, the proof that the problem was ‘plane,” and the solution of it,
could hardly have evaded for long the pursuit of geometers so ingenious as the Greeks. This will, I think, be clear when the
solution given by Pappus and reproduced below is examined. Again, after it had been proved that the vegoic with reference to a
square was ‘plane,” what more natural than the further inquiry as to whether the intermediate case between that of the square



and parallelogram, that of the rhombus, might perhaps be a ‘plane’ problem?

As regards the actual solution of the plane veUogrg with respect to the rhombus and square, i.e. the cases in general where
the fixed point B lies on one of the bisectors of the angles between the two given straight lines, Zeuthen says that only in one of
the cases have we a positive statement that the Greeks solved the vegjoic by means of the circle and ruler, the case, namely,
where ACBD is a square*. This appears to be a misapprehension, for not only does Pappus mention the case of the rhombus as
one of the plane veUogic which the Greeks had solved, but it is clear, from a proposition given by him later, how it was
actually solved. The proposition is stated by Pappus to be “involved” (mapafgwpolugvou, meaning presumably “the subject of
concurrent investigation™) in the 8th problem of Apollonius’ first Book of veloelg, and is enunciated in the following form .
Given a rhombus AD with diameter BC produced to E, if EF be a mean proportional between BE, EC, and if a circle be
described with centre E and radius EF cutting CD in K and AC produced in H, BKH shall be a straight line. The proofis as
follows.

Let the circle cut AC in L, and join HE, KE, LE. Let LK meet BC in M.

Since, from the property of the rhombus, the angles LCM, KCM are equal, and therefore CL, CK make equal angles with the
diameter F'G of the circle, it follows that CL = CK.

Also EK = EL, and CE is common to the triangles ECK, ECL. Therefore the said triangles are equal in all respects, and
£ CKE= £ CLE= £ CHE.
Now, by hypothesis,
EB: EF=EF: EC,

or EB: EK=EK: EC (since EF = EK),

and the angle CEK is common to the triangles BEK, KEC; therefore the triangles BEK, KEC are similar, and

LCBK=:CKE
=+ CHE, from above,

Again, £ HCE= £ ACB= £ BCK.

Thus in the triangles CBK, CHE two angles are equal respectively;
therefore £ CEH= £ CRB.

But, since £ CKE = £ CHE, from above, the points K, C, E, H are concyclic.

Hence + CEH + L CKH = (two right angles).
Accordingly, since L CEH =, CKB,

¢t CKH + . CKB = (two right angles),

and BKH is a straight line.

Now the form of the proposition at once suggests that, in the 8th problem referred to, Apollonius had simply given a
construction involving the drawing of a circle cutting CD and AC produced in the points K, H respectively, and Pappus’ proof
that BKH is a straight line is intended to prove that HK verges towards B, or (in other words) to verify that the construction
given by Apollonius solves a certain vegoic requiring BKH to be drawn so that KH is equal to a given length.

The analysis leading to the construction must have been worked out somewhat as follows.



Suppose BKH drawn so that KH is equal to the given length k. Bisect KH at N, and draw NE at right angles to KH meeting
BC produced in E.

Draw KM perpendicular to BC and produce it to meet CA4 in L. Then, from the property of the rhombus, the triangles KCM,
LCM are equal in all respects.

Therefore KM = ML) and accordingly, if MN be joined, MN, LH are parallel.

Now, since the angles at M, N are right, a circle can be described about EMKN.
L CEK = . MNK, in the same segment,

= CHK, by parallels.
Hence a circle can be described about CEHK. It follows that

LBCD=:-CEK + - CKE
= CHK +. CHE
=L EHK = EKH.

Therefore

Therefore the triangles EKH, DBC are similar.
Lastly, £ CKN= £ CBK + £ BCK,
and, subtracting from these equals the equal angles EKN, BCK respectively, we have

£ EKC= £ EBK.
Hence the triangles EBK, EKC are similar, and
BE : EK=EK : EC,

or BE . EC = EK>.
But, by similar triangles, EK: KH= DC: CB,
and the ratio DC: CB is given, while KH is also given (= k).
Therefore EK is given, and, in order to find £, we have only, in the Greek phrase, to “apply to BC a rectangle exceeding by
a square figure and equal to the given area EK~”
Thus the construction given by Apollonius was clearly the following*.
If k be the given length, take a straight line p such that

p:k=AB: BC.

Apply to BC a rectangle exceeding by a square figure and equal to the area p?. Let BE. EC be this rectangle, and with E as
centre and radius equal to p describe a circle cutting AG produced in H and CD in K.

HK is then equal to k, and verges towards B, as proved by Pappus; the problem is therefore solved.

The construction used by Apollonius for the ‘plane’ vejoic with reference to the thombus having been thus restored by
means of the theorem given by Pappus, we are enabled to understand the purpose for which Pappus, while still on the subject
of the “8th problem” of Apollonius, adds a solution for the particular case of the square (which he calls a “problem after
Heraclitus”) with an introductory lemma. It seems clear that Apollonius did not treat the case of the square separately from the
rhombus because the solution for the rhombus was equally applicable to the square, and this supposition is confirmed by the
fact that, in setting out the main problems discussed in the veUogig, Pappus only mentions the rhombus and not the square. Being
however acquainted with a solution by one Heraclitus of the vegoic relating to a square which was not on the same lines as that
of Apollonius, while it was not applicable to the case of the rhombus, Pappus adds it as an alternative method for the square
which is worth noting*. This is no doubt the explanation of the heading to the lemma prefixed to Heraclitus’ problem which
Hultsch found so much difficulty in explaining and put in brackets as an interpolation by a writer who misunderstood the figure
and the object of the theorem. The words mean “Lemma useful for the [problem] with reference to squares taking the place of
the rhombus” (literally “having the same property as the rhombus™), i.e. a lemma useful for Heraclitus’ solution of the vegoic in
the particular case of a square*. The lemma is as follows.

ABCD being a square, suppose BHE drawn so as to meet CD in H and AD produced in E, and let EF be drawn
perpendicular to BE meeting BC produced in F. To prove that

CF? = BC* + HE”.
Suppose EG drawn parallel to DC meeting CF in G. Then since BEF ' is a right angle, the angles HBC, FEG are equal.



H/
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Therefore the triangles BCH, EGF are equal in all respects, and
EF=BH.

Now BF? = BE? + EF?,
or BC.BF +BF .FC=BH .BE + BE . EH + EF.
But, the angles HCF, HEF being right, the points C, H, E, F are concyclic, and therefore

BC.BF=BH . BE.

Subtracting thes equals, we have
BF.FC = BE.EH + EF*?
=BE.EH + BH*?
=BH . HE + EH® + BH*®
= EB.BH + EH*
- FB. BC + EH*.
Take away the common part BC. CF, and
CF?=BC*+ EH.

Heraclitus’ analysis and construction are now as follows.
Suppose that we have drawn BHE so that HE has a given length .

Since CF?=BC?+ EH?, or BC2+ i2,
and BC and k are both given,

CF is given, and therefore BF is given.

Thus the semicircle on BF as diameter is given, and therefore also F, its intersection with the given line ABE; hence BE is
given.

To effect the construction, we first find a square equal to the sum of the given square and the square on k. We then produce
BC to F so that CF is equal to the side of the square so found. If a semicircle be now described on BF as diameter, it will pass

above D (since CF > CD, and therefore BC . CF > CD?), and will therefore meet AD produced in some point E.
Join BE meeting CD in H.
Then HE = k, and the problem is solved.

* Pappus (ed. Hultsch) VIL. p. 670.

T In the German translation of Zeuthen’s work, Die Lehre von den Kegelschnitten im Altertum, vgfyo\g is translated by “Einschiebung,” or as we might say
“insertion,” but this fails to express the condition that the required line must pass through a given point, just as inclinatio (and for that matter the Greek term itself) fails to
express the other requirement that the intercept on the line must be of given length.

* Simplicius, Comment. in Aristot. Phys. pp. 61—68 (ed. Diels). The whole quotation is reproduced by Bretschneider, Die Geometrie und die Geometer vor
Euklides, pp. 109—121. As regards the assumed construction see particularly p. 64 and p. xxiv of Diels’ edition; cf. Bretschneider, pp. 114, 115, and Zeuthen, Die Lehre
von den Kegelschnitten im Altertum, pp. 269, 270.

T Pappus 1v. pp. 270—272.

1 Cf. Apollonius of Perga, pp. CXXviii. CXXiX.

* Pappus 1v. 298 sq.

* See note to On the Sphere and Cylinder 11. 4.

T Pappus 1L p. 54.

* Pappus 1L p. 56.

+ For fuller details see Apollonius of Perga, pp, CXXv—CXXVil.

I Bulletin des Sciences Mathématiques, 2° série VIL. p. 284.
* Pappus 1V. p. 246.



* Zeuthen, Die Lehre von den Kegelschnitten im Altertum, pp. 273—S5.

* Pappus IV. p. 242 sq. 1II. p. 58 sq.; Eutocius on Archimedes, on the sghere and Cylinder, 11. 1 (Vol. 11I. p, 114 sq.)

* Pappus VIL. p. 670.

T “Mit dieser selben Aufgabe ist ndmlich ein wichtiges Beispiel dafiir verkniipft, dass man bemiiht war solche Félle zu entdecken, in denen Aufgaben, zu deren Losung
im allgemeinen Kegelschnitte erforderlich sind, sich mittels Zirkel und Lineal 16sen lassen. Da nun das Studium der allgemeinen Losung durch Kegelschnitte das beste
Mittel gewéhrt solche Félle zu entdecken, so ist es ziemlich wahrscheinlich, dass man wirklich diesen Weg eingeschlagen hat.” Zeuthen, op. cit. p. 280.

1 Apollonius of Perga, p. CXXy, CXXVi.

§ Ibid. p. cxxviii and pp. 18?, 186 (Comcs, v. 58, 62

* Pappus Iv. p. 270. Cf. p. ciii above.

T “Die Ausfiihrbarkeit kann dann auf die zuerst angedeutete Weise gefunden sein, die den allgemeinen Fall, wo der Winkel zwischen den gegebenen Geraden beliebig
ist, in sich begreift. Dies scheint mir viel wahrscheinlicher als die Annahme, dass die Entdeckung dieser ebenen Konstruction zufillig sein sollte; denn wenn man dieselbe
Aufgabe nur mittels rein elementar-geometrischer Hiilfsmittel behandelt, so liegt die Entdeckung, dass sie eben ist, ziemlich fern.” Zeuthen, op. cit. p. 282.

* “Indessen besitzen wir doch nur in einem einzelnen hierher gehérigen Falle eine positive Angabe dariiber, dass die Griechen die Einschiebung mittels Zirkel und Lineal
ausgefiihrt haben, wenn namlich die gegebenen Geraden zugleich rechte Winkel bilden, A/BC also ein Quadrat wird.” Zeuthen, op. cit. p. 281.

+ Pappus VIL p. 778.

* This construction was suggested to me by a careful examination of Pappus’ proposition without other aid; but it is no new discovery. Samuel Horsley gives the same
construction in his restoration of Apollonii Pergaei Inclinationum libri duo (Oxford, 1770); he explains, however, that he went astray in consequence of a mistake in the
figure given in the mss., and was unable to deduce the construction from Pappus’s proposition until he was recalled to the right track by a solution of the same problem by
Hugo d’Omerique. This solution appears In a work entitled, Analysis geometrica, sive nova et vera methodus resolvendi tam problemata geometrica quam
arithmeticas quaestiones, published at Cadiz in 1698. D’Omerique’s construction, which is practically identical with that of Apollonius, appears to have been evolved by
means of an independent analysis of his own, since he makes no reference to Pappus, as he does in other cases where Pappus is drawn upon (e.g. when giving the
construction for the case of the square attributed by Pappus to one Heraclitus). The construction differs from that given above only in the fact that the circle is merely used
to determine the point K, after which BK is joined and produced to meet AC in H. Of other solutions of the same problem two may here be mentioned. (1) The solution
contained in Marino Ghetaldi’s posthumous work De Resolutione et Compositione Mathematica Libri quinque (Rome, 1630), and included among the solutions of other
problems all purporting to be solved “methodo qua antiqui utebantur,” is, though geometrical, entirely different from that above given, being effected by means of a
reduction of the problem to a simpler plane vg{joic of the same character as that assumed by Hippocrates in his Quadrature of lunes. (2) Christian Huygens (De circuli
magnitudine inventa, accedunt problematum quorundam illustrium comtructiones, Lugduni Batavorum, 1654) gave a rather complicated solution, which may be
described as a generalisation of Heraclitus’ solution in the case of a square.

* This view of the matter receives strong support from the following facts. In Pappus’ summary (p. 670) of the contents of the vgUaogig of Apollonius “two cases” of
the vggjoic with reference to the rhombus are mentioned last among the particular problems given in the first of the two Books. As we have seen, one case (that given
above) was the subject of the “8th problem” of Apollonius, and it is equally clear that the other case was dealt with in the “Oth problem.” The other case is clearly that in
which the line to be drawn through B, instead of crossing the exterior angle of the rhombus at C, lies across the angle C itself, i.e. meets CA, CD both produced. In the
former case the solution of the problem is always possible whatever be the length of k; but in the second case clearly the problem is not capable of solution if &, the given
length, is less than a certain mininum. Hence the problem requires a Swopiopdg to determine the minimum length of k. Accordingly we find Pappus giving, after the
interposition of the case of the square, a “lemma useful for the diopiopdg of the 9th problem,” which proves that, if CH = CK and B be the middle point of HK, then HK is
the least straight line which can be drawn through B to meet CH, CK. Pappus adds that the diopiopdg for the rhombus is then evident; if HK be the line drawn through B
perpendicular to CB and meeting CA, CD produced in H, K, then, in order that the problem may admit of solution, the given length &£ must be not less than HK.
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* Hultsch translates the words Aguuo xpfowvov gig 10 ¢ni TgTporyWvav molvioy Ta agTa ) Fj(’)p[}w (p. 780) thus, “Lemma utile ad problema de quadratis quorum
summa rhombo aequalis est,” and has a note in his Appendix (p. 1260) explaining what he supposes to be meant. The ‘squares’ he takes to be the given square and the
square on the given length of the intercept, and the rhombus to be one for which he indicates a construction but which is not shown in Pappus’ figure. Thus he is obliged to
translate Tz F‘,c’)uﬁ\y as “a rhombus,” which is one objection to his interpretation, while “whose squares are equal” scarcely seems a possible rendering of TowWvtwv Ta ayTa.



CHAPTER VL

CUBIC EQUATIONS.

IT has often been explained how the Greek geometers were able to solve geometrically all forms of the quadratic equation
which give positive roots; while they could take no account of others because the conception of a negative quantity was
unknown to them. The quadratic equation was regarded as a simple equation connecting areas, and its geometrical expression
was facilitated by the methods which they possessed of transforming any rectilineal areas whatever . into parallelograms,
rectangles, and ultimately squares, of equal area; its solution then depended on the principle of application of areas, the
discovery of which is attributed to the Pythagoreans. Thus any plane problem which could be reduced to the geometrical
equivalent of a quadratic equation with a positive root was at once solved. A particular form of the equation was the pure
quadratic, which meant for the Greeks the problem of finding a square equal to a given rectilineal area. This area could be

transformed into a rectangle, and the general form of the equation thus became x> = ab, so that it was only necessary to find a
mean proportional between a and b. In the particular case where the area was given as the sum of two or more squares, or as
the difference of two squares, an alternative method depended on the Pythagorean theorem of Eucl. i. 47 (applied, if necessary,
any number of times successively). The connexion between the two methods is seen by comparing Eucl. vI. 13, where the mean
proportional between a and b is found, and Eucl. 1. 14, where the same problem is solved without the use of proportions by
means of 1. 47, and where in fact the formula used is

i —
mﬂ — ﬂ.{}: (GE__; b) i ( 2:5)2

The choice between the two methods was equally patent when the equation to be solved was x* = pa®, where p is any integer;

hence the ‘multiplication’ of squares was seen to be dependent on the finding of a mean proportional. The equation x> = 24>
was the simplest equation of the kind, and the discovery of a geometrical construction for the side of a square equal to twice a
given square was specially important, as it was the beginning of the theory of incommensurables or ‘irrationals’ (&Xoyov
Ttpay/yotac) which was invented by Pythagoras. There is every reason to believe that this successful doubling of the square
was what suggested the question whether a construction could not be found for the doubling of the cube, and the stories of the
tomb erected by Minos for his son and of the oracle bidding the Delians to double a cubical altar were no doubt intended to
invest the purely mathematical problem with an element of romance. It may then have been the connexion between the doubling
of the square and the finding of one mean proportional which suggested the reduction of the doubling of the cube to the problem
of finding two mean proportionals between two unequal straight lines. This reduction, attributed to Hippocrates of Chios,
showed at the same time the possibility of multiplying the cube by any ratio. Thus, ifx, y are two mean proportionals between
a, b, we have

a:x=x:y=y:b,
and we derive at once

a:b—a’:x3,

whence a cube (x7) is obtained which bears to a3 the ratio b: a, while any fractiong can be transformed into a ratio between

lines of which one (the consequent) is equal to the side a of the given cube. Thus the finding of two mean proportionals gives
the solution of any pure cubic equation, or the equivalent of extracting the cube root, just as the single mean proportional is

equivalent to extracting the square root. For suppose the given equation to be x3 = bed. We have then only to find a mean

proportional @ between ¢ and d, and the equation becomes x> =a? . b = a’. b which is exactly the multiplication of a cube by a

[
ratio between lines which the two mean proportionals enable us to effect.

As a matter of fact, we do not find that the great geometers were in the habit of reducing problems to the multiplication of
the cube eo nomine, but to the equivalent problem of the two mean proportionals; and the cubic equation x* = @%b is not usually

stated in that form but as a proportion. Thus in the two propositions On the Sphere and Cylinder 11. 1, 5, where Archimedes
uses the two mean proportionals, it is required to find x where

a’:x’=x:b;

he does not speak of finding the side of a cube equal to a certain parallelepiped, as the analogy of finding a square equal to a
given rectangle might have suggested. So far therefore we do not find any evidence of a general system of adding and
subtracting solids by transforming parallelepipeds into cubes and cubes into parallelepipeds which we should have expected
to see in operation if the Greeks had systematically investigated the solution of the general form of the cubic equation by a



method analogous to that of the application of areas employed in dealing with quadratic equations.
The question then arises, did the Greek geometers deal thus generally with the cubic equation

WPrax?+Bx+ =0,

which, on the supposition that it was regarded as an independent problem in solid geometry, would be for them a simple
equation between Solid figures, x and a both representing linear magnitudes, B an area (a rectangle), and 7" a volume (a
parallelepiped)? And was the reduction of a problem of an order higher than that which could be solved by means of a
quadratic equation to the solution of a cubic equation in the form shown above a regular and recognised method of dealing with
such a problem ? The only direct evidence pointing to such a supposition is found in Archimedes, who reduces the problem of
dividing a sphere by a plane into two segments whose volumes are in a given ratio (On the Sphere and Cylinder 11. 4) to the
solution of a cubic equation which he states in a form equivalent to

4a’ : &* = (Ja —x) : - o SN

m+n

where a is the radius of the sphere, m: n the given ratio (being a ratio between straight lines of which m > n), and x the height
of the greater of the required segments. Archimedes explains that this is a particular case of a more general problem, to divide
a straight line (a) into two parts (x, a — x) such that one part (¢ — x) is to another given straight line (c) as a given area (which

for convenience’ sake we suppose transformed into a square, 5?) is to the square »?) the other part (x?), i.e. so that

(@a—x):c = BN s e e s e s (2).

He further explains that the equation (2) stated thus generally requires a Stopiopc, i.e. that the limits for the possibility of a
real solution, etc., require to be investigated, but that the particular case (with the conditions obtaining in the particular
proposition) requires no dopioudc, i.e. the equation (1) will always give a real solution. He adds that “the analysis and
synthesis of both these problems will be given at the end.” That is, he promises to give separately a complete investigation of
the equation (2), which is equivalent to the cubic equation

ol B B s i (3)

and to apply it to the particular case (1).

Wherever the solution was given, it was temporarily lost, having apparently disappeared even before the time of
Dionysodorus and Diodes (the latter of whom lived, according to Cantor, not later than about 100 B.C.); but Eutocius describes
how he found an old fragment which appeared to contain the original solution of Archimedes, and gives it in full. It will be
seen on reference to Eutocius’ note (which I have reproduced immediately after the proposition to which it relates, On the
Sphere and Cylinder 11. 4) that the solution (the genuineness of which there seems to be no reason to doubt) was effected by
means of the intersection of a parabola and a rectangular hyperbola whose equations may respectively be written thus,

59
b
al=— 9
(a—x)y=ac.

The d10piopdc takes the form of investigating the maximum possible value of x> (@ — x), and it is proved that this maximum

value for a real solution is that corresponding to the value x =§ a. This is established by showing that, if b’c =% a?, the
curves touch at the point for which x = g a. If on the other hand b?%c < % a?, it is proved that there are two real solutions. In the

=4

particular case (1) it is clear that the condition for a real solution is satisfied, for the expression in (1) corresponding to bc in
(2)is 4a*, and it is only necessary that

m+

m

4
- 3 3 3
7 ﬂ4a, }27{33),01' 4a®,

which is obviously true.

Hence it is clear that not only did Archimedes solve the cubic equation (3) by means of the intersections of two conics, but
he also discussed completely the conditions under which there are 0, 1 or 2 roots lying between 0 and a. It is to be noted
further that the d1opiopdg is similar in character to that by which Apollonius investigates the number of possible normals that

can be drawn to a conic from a given point*. Lastly, Archimedes’ method is seen to be an extension of that used by
Menaechmus for the solution of the pure cubic equation. This can be put in the form



which can again be put in Archimedes’ form thus,

and the conics used by Menaechmus are respectively
x*=ay, xy = ab,
which were of course suggested by the two mean proportionals satisfying the equations
a:x=x:y—y:b.

The case above described is not the only one where we may assume Archimedes to have solved a problem by first
reducing it to a cubic equation and then solving that. At the end of the preface to the book On Conoids and Spheroids he says
that the results therein obtained may be used for discovering many theorems and problems, and, as instances of the latter, he
mentions the following, “from a given spheroidal figure or conoid to cut off, by a plane drawn parallel to a given plane, a
segment which shall be equal to a given cone or cylinder, or to a given sphere.” Though Archimedes does not give the
solutions, the following considerations may satisfy us as to his method.

(1) The case of the ‘right-angled conoid’ (the paraboloid of revolution) is a ‘plane’ problem and therefore does not
concern us here,

(2) In the case of the spheroid, the volume of the whole spheroid could be easily ascertained, and, by means of that, the
ratio between the required segment and the remaining segment; after which the problem could be solved in exactly the same
way as the similar one in the case of the sphere above described, since the results in On Conoids and Spheroids, Props.
29—32, correspond to those of On the Sphere and Cylinder 1. 2. Or Archimedes may have proceeded in this case by a more
direct method, which we may represent thus. Let a plane be drawn through the axis of the spheroid perpendicular to the given
plane (and therefore to the base of the required segment). This plane will cut the elliptical base of the segment in one of its
axes, which we will call 2y. Let x be the length of the axis of the segment (or the length intercepted within the segment of the
diameter of the spheroid passing through the centre of the base of the segment). Then the area of the base of the segment will
vary as y? (since all sections of the spheroid parallel to the given plane must be similar), and therefore the volume of the cone
which has the same vertex and base as the required segment will vary as y?x. And the ratio of the volume of the segment to that
of the cone is (On Conoids and Spheroids, Props. 29—32) the ratio (3a — x): (2a — x), where 2a is the length of the diameter
of the spheroid which passes through the vertex of the segment. Therefore
, da-x

yx

‘Y-z

where C is a known volume. Further, since x, y are the coordinates of a point on the elliptical section of the spheroid made by
the plane through the axis perpendicular to the cutting plane, referred to a diameter of that ellipse and the tangent at the

extremity of the diameter, the ratio y*:x(2a—x) is given. Hence the equation can be put in the form
¥ (3a —x) = b,

and this again is the same equation as that solved in the fragment given by Eutocius. A d1opiopOg is formally necessary in this
case, though it only requires the constants to be such that the volume to which the segment is to be equal must be less than that
of the whole spheroid.

(3) For the ‘obtuse-angled conoid’ (hyperboloid of revolution) it would be necessary to use the direct method just
described for the spheroid, and, if the notation be the same, the corresponding equations will be found, with the help of On
Conoids and Spheroids, Props. 25. 26, to be

3a+ x
Qe+

y'x

and, since the ratio y*: x (2a + x) is constant,
x% (3a +x) = bc.

If this equation is written in the form of a proportion like the similar one above, it becomes



b*:x2=Ba+x):c.

There can be no doubt that Archimedes solved this equation as well as the similar one with a negative sign, i. e. he solved
the two equations

¥+ ax? Fb2c=0,

obtaining all their positive real roots. In other words, he solved completely, so far as the real roots are concerned, a cubic
equation in which the term in x is absent, although the determination of the positive and negative roots of one and the same
equation meant for him two separate problems. And it is clear that all cubic equations can be easily reduced to the type which
Archimedes solved.

We possess one other solution of the cubic equation to which the division of a sphere into segments bearing a given ratio to
one another is reduced by Archimedes. This solution is by Dionysodorus, and is given in the same note of Eutocius*.
Dionysodorus does not generalise the equation, however, as is done in the fragment quoted above; he merely addresses himself
to the particular case,

m
m+n

40’ 1 &' = (3@ —1x) :

a,

thereby avoiding the necessity for a d1opiopdg. The curves which he. uses are the parabola

2
= na(?xa-—m):y
and the rectangular hyperbola
-
== 2a° = wy.

When we turn to Apollonius, we find him emphasising in his preface to Book1v. of the Conics* the usefulness of
investigations of the possible number of points in which conics may intersect one another or circles, because “they at all events
afford a more ready means of observing some things, e.g. that several solutions are possible, or that they are so many in
number, and again that no solution is possible”; and he shows his mastery of this method of investigation in Book v., where he
determines the number of normals that can be drawn to a conic through any given point, the condition that two normals through
it coincide, or (in other words) that the point lies on the evolute of the conic, and so on. For these purposes he uses the points
of intersection of a certain rectangular hyperbola with the conic in question, and among the cases we find (v. 51, 58, 62) some
which can be reduced to cubic equations, those namely in which the conic is a parabola and the axis of the parabola is parallel
to one of the asymptotes of the hyperbola. Apollonius however does not bring in the cubic equation ; he addresses himself to
the direct geometrical solution of the problem in hand without reducing it to another. This is after all only natural, because the
solution necessitated the drawing of the rectangular hyperbola in the actual figure containing the conic in question; thus, e.g. in
the case of the problem leading to a cubic equation, Apollonius can, so to speak, compress two steps into one, and the
introduction of the cubic as such would be mere surplusage. The case was different with Archimedes, when he had no conic in
his original figure; and the fact that he set himself to solve a cubic somewhat more general than that actually involved in the
problem made separate treatment with a number of new figures necessary. Moreover Apollonius was at the same time dealing,
in other propositions, with cases which did not reduce to cubics, but would, if put in an algebraical form, lead to biquadratic
equations, and these, expressed as such, would have had no meaning for the Greeks ; there was therefore the less reason in the
simpler case to introduce a subsidiary problem.

As already indicated, the cubic equation, as a subject of systematic and independent study, appears to have been lost sight
of within a century or so after the death of Archimedes. Thus Diodes, the discoverer of the cissoid, speaks of the problem of
the division of the sphere into segments in a given ratio as having been reduced by Archimedes “to another problem, which he
does not solve in his work on the sphere and cylinder”; and he then proceeds to solve the original problem directly, without in
any way bringing in the cubic. This circumstance does not argue any want of geometrical ability in Diodes; on the contrary, his
solution of the original problem is a remarkable instance of dexterity in the use of conics for the solution of a somewhat
complicated problem, and it proceeds on independent lines in that it depends on the intersection of an el/ipse and a rectangular
hyperbola, whereas the solutions of the cubic equation have accustomed us to the use of the parabola and the rectangular
hyperbola. I have reproduced Diodes’ solution in its proper place as part of the note of Eutocius on Archimedes’ proposition;
but it will, I think, be convenient to give here its equivalent in the ordinary notation of analytical geometry, in accordance with
the plan of this chapter. Archimedes had proved [ On the Sphere and Cylinder 11. 2] that, if k be the height of a segment cut oft
by a plane from a sphere of radius a, and if /# be the height of the cone standing on the same base as that of the segment and
equal in volume to the segment, then



Ba—k):2a—k)=h:k.
Also, if &’ be the height of the cone similarly related to the remaining segment of the sphere,
(athk):k=hn":Q2a—k).
From these equations we derive
(h—k):k=a:Qa—k),
and (W —=2a+k): 2a—k)=a: k.
Slightly generalising these equations by substituting for a in the third term of each proportion another length b, and adding

the condition that the segments (and therefore the cones) are to bear to each other the ratio m: n, Diodes sets himself to solve
the three equations

(W—-2a+k): (2a-k)=b:k
h:hM=m:n

(}l—k}:k—b:(Qa!}:)}

Suppose m > n, so that k > a. The problem then is to divide a straight line of length 2a into two parts k& and (2a — k) of
which k is the greater, and which are such that the three given equations are all simultaneously satisfied.

Imagine two coordinate axes such that the origin is the middle point of the given straight line, the axis of y is at right angles
to it, and x is positive when measured along that half of the given straight line which is to contain the required point of
division. Then the conics drawn by Diodes are

(1) the ellipse represented by the equation
(y+a—a) == {(a+ by =2,

and (2) the rectangular hyperbola
(x+a)(y+b)=2ab.

One intersection between these conics gives a value of x between 0 and a, and leads to the solution required. Treating the
equations algebraically, and eliminating y by means of the second equation which gives
a—=ax

Y = —,
g e

we obtain from the first equation
(@-a (1+ =) = 2 {(a+ b ~at)

that is, (a + z)? (a + b — @) == (@ = 2)* (@ + b+ ) ..oocenes (B).

In other words Diodes’ method is the equivalent of solving a complete cubic equation containing all the three powers of x and
a constant, though no mention is made of such an equation.

To verify the correctness of the result we have only to remember that, x being the distance of the point of division from the
middle point of the given straight line,

k—a+x,2a—h—a—x.
Thus, from the first two of the given equations (A) we obtain respectively

a+x

h=a+x+——.b,
@—x
a—x

K=a-z+——.0
a+x

whence, by means of the third equation, we derive
(m+m)2(a+b—m)=$(a—x)”(¢z+ b +x),

which is the same equation as that found by elimination above (B).



I have purposely postponed, until the evidence respecting the Greek treatment of the cubic equation was complete, any
allusion to an interesting hypothesis of Zeuthen’s* which, if it could be accepted as proved, would explain some difficulties
involved in Pappus’ account of the orthodox classification of problems and loci. I have already quoted the passage in which
Pappus distinguishes the problems which are plane (gnineda), those which are solid (ctepe®) and those which are linear
(ypappucd) 1. Parallel to this division of, problems into three orders or classes is the distinction between three classes of loci
I. The first class consists of plane loci (1Omot gningdot) which are exclusively straight lines and circles, the second of solid
loci (tOmot 61epeol) which are conic sections§, and the third of linear loci (tOmot ypoppikdi). It is at the same time clearly
implied by Pappus that problems were originally called plane, solid or linear respectively for the specific reason that they
required for their solution the geometrical loci which bore the corresponding names. But there are some logical defects in the
classification both as regards the problems and the loci.

(1) Pappus speaks of its being a serious error on the part of geometers to solve a plane problem by means of conics (i.e.
‘solid loci”) or ‘linear’ curves, and generally to solve a problem “by means of a foreign kind” (2§ Qvolkeiov ygvovg). If this
principle were applied strictly, the objection would surely apply equally to the solution of a ‘solid’ problem by means of a
‘linear’ curve. Yet, though e.g. Pappus mentions the conchoid and the cissoid as being ‘linear’ curves, he does not object to
their employment in the solution of the problem of the two mean proportionals, which is a ‘solid’ problem.

(2) The application of the term ‘solid loci’ to the three conic sections must have reference simply to the definition of the
curves as sections of a solid figure, viz. the cone, and it was no doubt in contrast to the ‘solid locus’ that the ‘plane locus’ was
so called. This agrees with the statement of Pappus that ‘plane’ problems may properly be so called because the lines by
means of which they are solved “have their origin in a plane.” But, though this may be regarded as a satisfactory distinction
when ‘plane’ and ‘solid’ loci are merely considered in relation to one another, it becomes at once logically defective when the
third or ‘linear’ class is also brought in. For, on the one hand, Pappus shows how the ‘quadratrix’ (a ‘linear’ curve) can be
produced by a construction in three dimensions (“by means of surface-loci,” 81a t5v npog gmpaveiog tOmwv); and, on the other
hand, other ‘linear’ loci, the conchoid and cissoid, have their origin in a plane. If then Pappus’ account of the origin of the
terms ‘plane’ and ‘solid’ as applied to problems and loci is literally correct, it would seem necessary to assume that the third
name of ‘linear’ problems and loci was not invented until a period when the terms ‘plane’ and ‘solid loci’ had been so long
recognised and used that their origin was forgotten.

To get rid of these difficulties, Zeuthen suggests that the terms ‘plane’ and ‘solid’ were first applied to problems, and that
they came afterwards to be applied to the geometrical loci which were used for the purpose of solving them. On this
interpretation, when problems which could be solved by means of the straight line and circle were called ‘plane,’ the term is
supposed to have had reference, not to any particular property of the straight line or circle, but to the fact that the problems
were such as depend on an equation of a degree not higher than the second. The solution of a quadratic equation took the
geometrical form of application of areas, and the term ‘plane’ became a natural one to apply to the class of problems so soon
as the Greeks found themselves confronted with a new class of problems to which, in contrast, the term ‘solid’ could be
applied. This would happen when the operations by which problems were reduced to applications of areas were tried upon
problems which depend on the solution of a cubic equation. Zeuthen, then, supposes that the Greeks sought to give this equation
a similar shape to that which the reduced ‘plane’ problem took, that is, to form a simple equation between solids
corresponding to the cubic equation

x3+ax2+Bx+F=0;

the term ‘solid’ or ‘plane’ being then applied according as it had been reduced, in the manner indicated, to the geometrical
equivalent of a cubic or a quadratic equation.

Zeuthen further explains the term ‘linear problem’ as having been invented afterwards to describe the cases which, being
equivalent to algebraical equations of an order higher than the third, would not admit of reduction to a simple relation between
lengths, areas and volumes, and either could not be reduced to an equation at all or could only be represented as such by the
use of compound ratios. The term ‘linear’ may perhaps have been applied because, in such cases, recourse was had to new
classes of curves, directly and without any intermediate step in the shape of an equation. Or, possibly, the term may not have
been used at all until a time when the original source of the names ‘plane’ and ‘solid’ problems had been forgotten.

On these assumptions, it would still be necessary to explain how Pappus came to give a more extended meaning to the term
‘solid problem,” which according to him equally includes those problems which, though solved by the same method of conics
as was used to solve the equivalent of cubics, do not reduce to cubic equations but to biquadratics. This is explained by the
supposition that, the cubic equation having by the time of Apollonius been obscured from view owing to the attention given to
the method of solution by means of conics and the discovery that the latter method was one admitting of wider application, the



possibility of solution by means of conics came itself to be regarded as the criterion determining the class of problem, and the
name ‘solid problem’ came to be used in the sense given to it by Pappus through a natural misapprehension. A similar
supposition would account, in Zeuthen’s view, for a circumstance which would otherwise seem strange, viz. that Apollonius
does not use the expression ‘solid problem,” though it might have been looked for in the preface to the fourth Book of the
Conics. The term may have been avoided by Apollonius because it then had the more restricted meaning attributed to it by
Zeuthen and therefore would not have been applicable to all the problems which Apollonius had in view.

It must be admitted that Zeuthen’s hypothesis is in several respects attractive. I cannot however feel satisfied that the
positive evidence in favour of it is sufficiently strong to outweigh the authority of Pappus where his statements tell the other
way. To make the position clear, we have to remember that Menaechmus, the discoverer of the conic sections, was a pupil of
Eudoxus who flourished about 365 B.C.; probably therefore we may place the discovery of conics at about 350 B.c. Now
Aristaeus ‘the elder’ wrote a book on solid loci (cTepeoi tOmot) the date of which Cantor concludes to have been about 320
B.C. Thus, on Zeuthen’s hypothesis, the ‘solid problems’ the solution of which by means of conics caused the latter to be called
‘solid loci’ must have been such as had been already investigated and recognised as solid problems before 320 B.c., while the
definite appropriation, so to speak, of the newly discovered curves to the service of the class of problems must have come
about in the short period between their discovery and the date of Aristaeus’ work. It is therefore important to consider what
particular problems leading to cubic equations appear to have been the subject of speculation before 320 B.c. We have
certainly no ground for assuming that the cubic equation used by Archimedes (On the Sphere and Cylinder 11. 4) was one of
these problems; for the problem of cutting a sphere into segments bearing a given ratio to one another could not have been
investigated by geometers who had not succeeded in finding the volume of a sphere and a segment of a sphere, and we know
that Archimedes was the first to discover this. On the other hand there was the duplication of the cube, or the solution of a pure
cubic equation, which was a problem dating from very early times. Also it is certain that the trisection of an angle had long
exercised the minds of the Greek geometers. Pappus says that “the ancient geometers” considered this problem and first tried to
solve it, though it was by nature a solid problem (rpOPAnua 15 dUcet oTepedv Umapyov), by means of plane considerations (8w
15V emumedv) but failed; and we know that Hippias of Elis invented, about 420 B.C., a transcendental curve which was capable
of being used for two purposes, the trisection of an angle, and the quadrature of a circle*. This curve came to be called the
Quadratrixf, but, as Deinostratus, a brother of Menaechmus, was apparently the first to apply the curve to the quadrature of the
circlef we may no doubt conclude that it was originally intended for the purpose of trisecting an angle. Seeing therefore that
the Greek geometers had used their best efforts to solve this problem before the invention of conics, it may easily be that they
had succeeded in reducing it to the geometrical equivalent of a cubic equation. They would not have been unequal to effecting
this reduction by means of the figure of the vegoic given above on p. cxii. with a few lines added. The proof would of course
be the equivalent of eliminating x between the two equations

ay = ab

{x—a)2+(y—6)2:4(a“‘+52)}"""' szl )
where x = DF,y=FP=EC, a= DA, b= DB.
The second equation gives

(x+a) (x=3a)=(y+b) 3b~y).
From the first equation it is easily seen that
(x+a):(y+b)=a:y,
and that x—3a)y=a((b—3y);
-3y =2 (Bb—y)eririirriiinrnnnse. B)

[or 3 —3by* —3a’y + a’h =0].

If then the trisection of an angle had been reduced to the geometrical equivalent of this cubic equation, it would be natural for
the Greeks to speak of it as a solid problem. In this respect it would be seen to be similar in character to the simpler problem
of the duplication of the cube or the equivalent of a pure cubic equation; and it would be natural to see whether the
transformation of volumes would enable the mixed cubic to be reduced to the form of the pure cubic, in the same way as the
transformation of areas enabled the mixed quadratic to be reduced to the pure quadratic. The reduction to the pure cubic would
soon be seen to be impossible, and the stereometric line of investigation would prove unfruitful and be abandoned accordingly.

The two problems of the duplication of the cube and the trisection of an angle, leading in one case to a pure cubic equation
and in the other to a mixed cubic, are then the only problems leading to cubic equations which we can be certain that the
Greeks had occupied themselves with up to the time of the discovery of the conic sections. Menaechmus, who discovered
these, showed that they could be successfully used for finding the two mean proportionals and therefore for solving the pure



cubic equation, and the next question is whether it had been proved before the date of Aristaeus’ Solid Loci that the trisection
of an angle could be effected by means of the same conics, either in the form of the vegoic above described directly and without
the reduction to a cubic equation, or in the form of the subsidiary cubic (f). Now (1) the solution of the cubic would be
somewhat difficult in the days when conics were still a new thing. The solution of the equation (f) as such would involve the
drawing of the conics which we should represent by the equations

xy =d?,

bx =3a*+ 3by —y?,

and the construction would be decidedly more difficult than that used by Archimedes in connexion with his cubic, which only
requires the construction of the conics

b

:—‘;y’
(a-2)y=ac;

hence we can hardly assume that the trisection of an angle in the form of the subsidiary cubic equation was solved by means of
conics before 320 B.C. (2) The angle may have been trisected by means of conics in the sense that the vegoic referred to was
effected by drawing the curves (a), i.e. a rectangular hyperbola and a circle. This could easily have been done before the date
of Aristaeus; but if the assignment of the name ‘solid loci’ to conics had in view their applicability to the direct solution of the
problem in this manner without any reference to the cubic equation, or simply because the problem had been before proved to
be ‘solid’ by means of the reduction to that cubic, then there does not appear to be any reason why the Quadratrix, which had
been used for the same purpose, should not at the time have been also regarded as a ‘solid locus,” in which case Aristaeus
could hardly have appropriated the latter term, in his work, to conics alone. (3) The only remaining alternative consistent with
Zeuthen’s view of the origin of the name ‘solid locus’ appears to be to suppose that conics were so called simply because they
gave a means of solving one ‘solid problem,” viz. the doubling of the cube, and not a problem of the more general character
corresponding to a mixed cubic equation, in which case the justification for the general name ‘solid locus’ could only be
admitted on the assumption that it was adopted at a time when the Greeks were still hoping to be able to reduce the general
cubic equation to the pure form. I think however that the traditional explanation of the term is more natural than this would be.
Conics were the first curves of general interest for the description of which recourse to solid figures was necessary as distinct
from the ordinary construction of plane figures in a plane*; hence the use of the term ‘solid locus’ for conics on the mere
ground of their solid origin would be a natural way of describing the new class of curves in the first instance, and the term
would be likely to remain in use, even when the solid origin was no longer thought of; just as the individual conics continued to
be called “sections of a right-angled, obtuse-angled, and acute-angled” cone respectively.

While therefore, as I have said, the two problems mentioned might naturally have been called ‘solid problems’ before the
discovery of ‘solid loci,” I do not think there is sufficient evidence to show that ‘solid problem’ was then or later a technical
term for a problem capable of reduction to ar cubic equation in the sense of implying that the geometrical equivalent of the
general cubic equation was investigated for its own sake, independently of its applications, and that it ever occupied such a
recognised position in Greek geometry that a problem would be considered solved so soon as it was reduced to a cubic
equation. If this had been so, and if the technical term for such a cubic was ‘solid problem,” I find it hard to see how
Archimedes could have failed to imply something of the kind when arriving at his cubic equation. Instead of this, his words
rather suggest that he had attacked it as res integra. Again, if the general cubic had been regarded over any length of time as a
problem of independent interest which was solved by means of the intersections of conics, the fact could hardly have been
unknown to Nicoteles who is mentioned in the preface to Book 1v. of the Conics of Apollonius as having had a controversy
with Oonon respecting the investigations in which the latter discussed the maximum number of points of intersection between
two conics. Now Nicoteles is stated by Apollonius to have maintained that no use could be made of the discoveries of Conon
for 81opiopol; but it seems incredible that Nicoteles could have made such a statement, even for controversial purposes, if
cubic equations then formed a recognised class of problems for the discussion of which the intersections of conics were
necessarily all-important.

I think therefore that the positive evidence available will not justify us in accepting the conclusions of Zeuthen except to the
following extent.

1. Pappus’ explanation of the meaning of the term ‘plane problem’ (2nledov npOPAnua) as used by the ancients can hardly
be right. Pappus says, namely, that “problems which can be solved by means of the straight line and circle may properly be
called plane (Agyorr av gicOtoW gingda); for the lines by means of which such problems are solved have their origin in a
plane.” The words “may properly be called” suggest that, so far as plane problems were concerned, Pappus was not giving the



ancient definition of them, but his own inference as to why they were called ‘plane.” The true significance of the term is no
doubt, as Zeuthen says, not that straight lines and circles have their origin in a plane (which would be equally true of some
other curves), but that the problems in question admitted of solution by the ordinary plane methods of transformation of areas,
manipulation of simple equations between areas, and in particular the application of areas. In other words, plane problems
were those which, if expressed algebraically, depend on equations of a degree not higher than the second.

2. When further problems were attacked which proved to be beyond the scope of the plane methods referred to, it would be
found that some of such problems, in particular the duplication of the cube and the trisection of an angle, were reducible to
simple equations between volumes instead of equations between areas; and it is quite possible that, following the analogy of
the distinction existing in nature between plane figures and solid figures (an analogy which was also followed in the distinction
between numbers as ‘plane’ and ‘solid’ expressly drawn by Euclid), the Greeks applied the term ‘solid problem’ to such a
problem as they could reduce to an equation between volumes, as distinct from a ‘plane problem’ reducible to a simple
equation between areas.

3. The first ‘solid problem’ in this sense which they succeeded in solving was the multiplication of the cube, corresponding
to the solution of a pure cubic equation in algebra, and it was found that this could be effected by means of curves obtained by
making plane sections of a solid figure, namely the cone. Thus curves having a solid origin were found to solve one particular
solid problem, which could not but seem an appropriate result; and hence the conic, as being the simplest curve so connected
with a solid problem, was considered to be properly termed a ‘solid locus,” whether because of its application or (more
probably) because of its origin.

4. Further investigation showed that the general cubic equation could not be reduced, by means of stereometric methods, to
the simpler form, the pure cubic; and it was found necessary to try the method of conics directly either (1) upon the derivative
cubic equation or (2) upon the original problem which led to it. In practice, as e.g. in the case of the trisection of an angle, it
was found that the cubic was often more difficult to solve in that manner than the original problem was. Hence the reduction of
it to a cubic was dropped as an unnecessary complication, and the geometrical equivalent of a cubic equation stated as an
independent problem never obtained a permanent footing as the ‘solid problem’ par excellence.

5. It followed that solution by conics came to be regarded as the criterion for distinguishing a certain class of problem, and,
as conics had retained their old name of ‘solid loci,” the corresponding term ‘solid problem’ came to be used in the wider
sense in which Pappus interprets it, according to which it includes a problem depending on a biquadratic as well as a problem
reducible to a cubic equation.

6. The terms ‘linear problem’ and ‘linear locus’ were then invented on the analogy of the other terms to describe
respectively a problem which could not be solved by means of straight lines, circles, or conics, and a curve which could be
used for solving such a problem, as explained by Pappus.

* Cf. Apollonius of Perga, p. 168 sqq.

* On the Sphere and Cylinder 11. 4 (note at end).

* Apollonius of Perga, p. Ixxiii.

* Die Lehre von den Kegelsclmitten, p. 226 sqq.

T p. ciii.

i Pappus VIL pp. 652, 662.

§ It is true that Proclus (p. 394, ed. Friedlein) gives a wider definition of “solid lines” as those which arise “from some section of a solid figure, as the cylindrical helix
and the conic curves”; but the reference to the cylindrical helix would seem to be due to some confusion.

* Proclus (ed. Friedlein), p. 272.

+ The character of the curve may be described as follows. Suppose there are two rectangular axes Oy, Ox and that a straight line OP of a certain length («) revolves
uniformly from a position along Oy to a position along Ox, while a straight line remaining always parallel to Ox and passing through P in its original position also moves
uniformly and reaches Ox in the same time as the moving radius OP. The point of intersection of this line and OP describes the Quadratrix, which may therefore be
represented by the equation

i Pappus Iv. pp. 250—2.

* It is true that Archytas’ solution of the problem of the two mean proportionals used a curve of double curvature drawn on a cylinder; but this was not such a curve as
was likely to be investigated for itself or even to be regarded as a locus, strictly speaking; hence the solid origin of this isolated curve would not be likely to suggest
objections to the appropriation of the term ‘solid locus’ to conies.



CHAPTER VII.

ANTICIPATIONS BY ARCHIMEDES OF THE INTEGRAL CALCULUS.

IT has been often remarked that, though the method of exhaustion exemplified in Euclid x11. 2 really brought the Greek
geometers face to face with the infinitely great and the infinitely small, they never allowed themselves to use such conceptions.
It is true that Antiphon, a sophist who is said to have often had disputes with Socrates, had stated* that, if one inscribed any
regular polygon, say a square, in a circle, then inscribed an octagon by constructing isosceles triangles in the four segments,
then inscribed isosceles triangles in the remaining eight segments, and so on, “until the whole area of the circle was by this
means exhausted, a polygon would thus be inscribed whose sides, in consequence of their smallness, would coincide with the
circumference of the circle.” But as against this Simplicius remarks, and quotes Eudemus to the same effect, that the inscribed
polygon will never coincide with the circumference of the circle, even though it be possible to carry the division of the area to
infinity, and to suppose that it would is to set aside a geometrical principle which lays down that magnitudes are divisible ad
infinitumt. The time had, in fact, not come for the acceptance of Antiphon’s idea, and, perhaps as the result of the dialectic
disputes to which the notion of the infinite gave rise, the Greek geometers shrank from the use of such expressions as infinitely
great and infinitely small and substituted the idea of things greater or less than any assigned magnitude. Thus, as Hankel says
i, they never said that a circle is a polygon with an infinite number of infinitely small sides; they always stood still before the
abyss of the infinite and never ventured to overstep the bounds of clear conceptions. They never spoke of an infinitely close
approximation or a limiting value of the sum of a series extending to an infinite number of terms. Yet they must have arrived
practically at such a conception, e.g., in the case of the proposition that circles are to one another as the squares on their
diameters, they must have been in the first instance led to infer the truth of the proposition by the idea that the circle could be
regarded as the limit of an inscribed regular polygon with an indefinitely increased number of correspondingly small sides.
They did not, however, rest satisfied with such an inference; they strove after an irrefragable proof, and this, from the nature of
the case, could only be an indirect one. Accordingly we always find, in proofs by the method of exhaustion, a demonstration
that an impossibility is involved by any other assumption than that which the proposition maintains. Moreover this stringent
verification, by means of a double reduciio ad absurdum, is repeated in every individual instance of the use of the method of
exhaustion; there is no attempt to establish, in lieu of this part of the proof, any general propositions which could be simply
quoted in any particular case.

The above general characteristics of the Greek method of exhaustion are equally present in the extensions of the method
found in Archimedes. To illustrate this, it will be convenient, before passing to the cases where he performs genuine
integrations, to mention his geometrical proof of the property that the area of a parabolic segment is four-thirds of the triangle
with the same base and vertex. Here Archimedes exhausts the parabola by continually drawing, in each segment left over, a
triangle with the same base and vertex as the segment. If 4 be the area of the triangle so inscribed in the original segment, the
process gives a series of areas

4, 34, (34, ...
and the area of the segment is really the sum of the infinite series
AL 3+ @Pr@P+. b

But Archimedes does not express it in this way. He first proves that, if 4;, 4,)...4, be any number of terms of such a series,
SO that Al = 4A2, A2 = 4A3, ces then

A+ A, + 4+ ...+ A, + 34, =44,

of  A{l @ @Y =44
Having obtained this result, we should nowadays suppose n to increase indefinitely and should infer at once that (El)n*2

becomes indefinitely small, and that the limit of the sum on the left-hand side is the area of the parabolic segment, which must
therefore be equal to ¢ A. Archimedes does not avow that he inferred the result in this way; he merely states that the area of the

segment is equal to 4 4, and then verifies it in the orthodox manner by proving that it cannot be either greater or less than 4.4

I pass now to the extensions by Archimedes of the method of exhaustion which are the immediate subject of this chapter. It
will be noticed, as an essential feature of all of them, that Archimedes takes both an inscribed figure and a circumscribed
figure in relation to the curve or surface of which he is investigating the area or the solid content, and then, as it were,
compresses the two figures into one so that they coincide with one another and with the curvilinear figure to be measured; but
again it must be understood that he does not describe his method in this way or say at any time that the given curve or surface is
the limiting form of the circumscribed or inscribed figure. I will take the cases in the order in which they come in the text of



this book.
1.Surface of a sphere or spherical segment.

The first step is to prove (On the Sphere and Cylinder 1. 21, 22) that, if in a circle or a segment of a circle there be
inscribed polygons, whose sides 4B, BC, CD, ... are all equal, as shown in the respective figures, then

(a) for the circle
(BB'+CC'+...): AA' = A'B : BA,
(b) for the segment
(BB'+CC'+ ...+ KK+ LM) : AM = A'B : BA.

Next it is proved that, if the polygons revolve about the diameter A4°, the surface described by the equal sides of the
polygon in a complete revolution is [1. 24, 35]

(a) equal to a circle withradius ,JAB (BB +CC" + ... + Y ¥')

or (b) equal to a circle withradius .,/AB (BB + CC’ + ... + Lif).
Therefore, by means of the above proportions, the surfaces described by the equal sides are seen to be equal to

(a) acircle with radius JH A'B,,
and (b) acircle withradius /437 4B
they are therefore respectively [1. 25, 37] less than

(@) acircle with radius A4°,

(b) acircle with radius AL.

Archimedes now proceeds to take polygons circumscribed to the circle or segment of a circle (supposed in this case to be
less than a semicircle) so that their sides are parallel to those of the inscribed polygons before mentioned (cf. the figures on pp.
38, 51); and he proves by like steps [1. 30, 40] that, if the polygons revolve about the diameter as before, the surfaces
described by the equal sides during a complete revolution are greater than the same circles respectively.

Lastly, having proved these results for the inscribed and circumscribed figures respectively, Archimedes concludes and
proves [1. 33, 42, 43] that the surface of the sphere or the segment of the sphere is equal to the first or the second of the circles
respectively.

In order to see the effect of the successive steps, let us express the several results by means of trigonometry. If, in the
figures on pp. 33, 47 respectively, we suppose 47 to be the number of sides in the polygon inscribed in the circle and 27 the
number of the equal sides in the polygon inscribed in the segment, while in the latter case the angle AOL is denoted by o, the
proportions given above are respectively equivalent to the formulae™

. . 3x - T T
SIn — +8in — +...+s8n(2n—-1) — =cot —
In In (2 )2?'& 4n’
‘?{sina+sin2a+ +sin{n—1)=1 4 s
2 - —+ . +8in{n-1)- sina
and 1 " :]'Jf!. * i a
=cot— .
l-cosa 2n

Thus the two proportions give in fact a summation of the series
sinf+sin20+ ... +sin(n—1)0

both generally where n6 is equal to any angle a less than 7, and in the particular case where 7 is even and 8 = z/n.

Again, the areas of the circles which are equal to the surfaces described by the revolution of the equal sides of the
inscribed polygons are respectively (if a be the radius of the great circle of the sphere)

2
. ki . T y T . ™ w
4mra’ sin —- {sm - +sing—+ ... +8in (2n—1) —¢, or 4ma’cos—
n 2n 2n

4n 2 n’



and

5]

. @ .o . ~ . o .
—.m’.?mn:—[ﬁ F'sm—+sm -+ ... +sin(n—1) -} +sina |,
2n 1% 7 n

or i}a’.2cos%(1—ooc3a).

The areas of the circles which are equal to the surfaces described by the equal sides of the circumscribed polygons are
obtained from the areas of the circles just given by dividing them by cos?n/4n and cos?a/2n respectively.

Thus the results obtained by Archimedes are the same as would be obtained by taking the limiting value of the above
trigonometrical expressions when # is indefinitely increased, and when therefore cos n/4n and cos a/2n are both unity.

But the first expressions for the areas of the circles are (when 7 is indefinitely increased) exactly what we represent by the
integrals

4ra®. } f " sin 6.6, or dxa’,
i)

and ma’. f “ 9 sin 6db, or 2za®(1 — cos a).
0

Thus Archimedes’ procedure is the equivalent of a genuine integration in each case.
2. Volume of a sphere or a sector of a sphere.

The method does not need to be separately set out in detail here, because it depends directly on the preceding case. The
investigation proceeds concurrently with that of the surface of a sphere or a segment of a sphere. The same inscribed and
circumscribed figures are used, the sector of a sphere being of course compared with the solid figure made up of the figure
inscribed or circumscribed to the segment and of the cone which has the same base as that figure and has its vertex at the centre
of the sphere. It is then proved, (1) for the figure inscribed or circumscribed to the sphere, that its volume is equal to that of a
cone with base equal to the surface of the figure and height equal to the perpendicular from the centre of the sphere on any one
of the equal sides of the revolving polygon, (2) for the figure inscribed or circumscribed to the sector, that the volume is equal
to that of a cone with base equal to the surface of the portion of the figure which is inscribed or circumscribed to the segment
of the sphere included in the sector and whose height is the perpendicular from the centre on one of the equal sides of the

polygon.

Thus, when the inscribed and circumscribed figures are, so to speak, compressed into one, the taking of the limit is
practically the same thing in this case as in the case of the surfaces, the resulting volumes being simply the before-mentioned
surfaces multiplied in each case by 1 a.

3. Area of an ellipse.

This case again is not strictly in point here, because it does not exhibit any of the peculiarities of Archimedes’ extensions
of the method of exhaustion. That method is, in fact, applied in the same manner, mutatis mutandis, as in Eucl. xi1. 2. There is
no simultaneous use of inscribed and circumscribed figures, but only the simple exhaustion of the ellipse and auxiliary circle
by increasing to any desired extent the number of sides in polygons inscribed to each (On Conoids and Spheroids, Prop. 11).

4. Volume of a segment of a paraboloid of revolution.

Archimedes first states, as a Lemma, a result proved incidentally in a proposition of another treatise (On Spirals, Prop.
11), viz. that, if there be n terms of an arithmetical progression 4, 24, 34, ..., then

h+2h+3h+...+nh> én‘%} —

and h+2h+3h+...+(n—1)k<}nih

Next he inscribes and circumscribes to the segment of the paraboloid figures made up of small cylinders (as shown in the
figure of On Conoids and Spheroids, Props. 21, 22) whose axes lie along the axis of the segment and divide it into any number
of equal parts. If ¢ is the length of the axis AD of the segment, and if there are n cylinders in the circumscribed figure and their
axes are each of length A, so that ¢ = nh, Archimedes proves that

qylinder K nih

M inscribed fig. &+ 2h+ 3h+ ..+ (n= 1)k
> 2, by the Lemma,
and (2 cylinder CE  nth
and (B) roecribed A~ K+ 2h+3h 4 ...+ b
< 2.

k2



Meantime it has been proved [Props. 19, 20] that, by increasing » sufficiently, the inscribed and circumscribed figure can
be made to differ by less than any assignable volume. It is accordingly concluded and proved by the usual rigorous method that

(Cylinder CE) = 2 (segment),
so that (segment ABC) = $ (cone ABC).

The proof is therefore equivalent to the assertion, that if / is indefinitely diminished and » indefinitely increased, while nA
remains equal to c,

limitof h {h+2h+34+ ...+ (n—1) h} = }c%

that is, in our notation,
3 2
L zdx =}
Thus the method is essentially the same as ours when we express the volume of the segment of the paraboloid in the form

(4
B f Y da,
0

where « is a constant, which does not appear in Archimedes’ result for the reason that he does not give the actual content of the
segment of the paraboloid but only the ratio which it bears to the circumscribed cylinder.

5. Volume of a segment of a hyperboloid of revolution.

The first step in this case is to prove [On Conoids and Spheroids, Prop. 2] that, if there be a series of n terms,
ah+h%, a.2h+ Q2h)%, a . 3h+ (3h)?, ... a . nh+ (nh)?,
andif (ah+h)?+ {a.2h + (2h)*} + ...+ {a. nh + (nh)*} = S,,

then n{a. nh + (nh)?}/S, < (a + nh) / (g + ’%&) @
and nia.nh+ (nh)}/S,_, > (@ + nk) / (’; + 3‘3{-")

Next [Props. 25, 26] Archimedes draws inscribed and circumscribed figures made up of cylinders as before (figure on p.
137), and proves that, if AD is divided into n equal parts of length 4, so that nh = AD, and if A4’ = a, then

cylinder £B"  na.nh+ (nh)

inscribed tigure = S,_,
/ (*z' ‘ff‘:‘f’")
}(c&%—nh)f 5T3 )

cylinder £B"  n{a.nh+ (nh)’
circumscribed fig. By

and
a uh

<(a+nh ..-"(—-1-._ 5

The conclusion, arrived at in the same manner as before, is that

cylinder 8" a nh
segment A BB’ ot nh).,.-'/(ﬁ b ?) '

This is the same as saying that, if nh = 6, and if 4 be indefinitely diminished while # is indefinitely increased,

limit of n (ab + 5)/S, = (a + b) / (5+ %),

o e i a b
or limit ofhbnzbz(éJrg).

Now S, =a(h+2h+ ...+ nh) + {h* + (2h)> + ... + (nh)?},



so that 1S, = ah(h + 2h+...+ nh) + h {h* + (2h)* + ... + (nh)*}.
The limit of the last expression is what we should write as
b
f (ax + o*) dx,
0
which is equal to B (%’ " g) ;
and Archimedes has given the equivalent of this integration.

6. Volume of a segment of a spheroid.
Archimedes does not here give the equivalent of the integration

[: (az —a),

presumably because, with his method, it would have required yet another lemma corresponding to that in which the results (f5)
above are established.

Suppose that, in the case of a segment less than half the spheroid (figure on p. 142), 44’ = a, CD = }c, AD = b; and let AD
be divided into n equal parts of length 4.

The gnomons mentioned in Props. 29, 30 are then the differences between the rectangle ch + b*> and the successive
rectangles

ch+h? ¢.2h+Q2h)? ...c.(n—1) h+ {(n—1)h}?

and in this case we have the conclusions that (if S, be the sum of n terms of the series representing the latter rectangles)

_cylinder £B"  n(ch+¥7)
inscribed figure ~ n (cb + b°) — S,
:—(c—kfl),"/(g—ﬂ-%),
cylinder £ B’ n (cb + b%)

circumscribed fi g, T n (cb+ 8-S,

<(c+ b)}f;(% + 2;) ’

and in the limit ~ cylnder £B' (E 426
' segment 4 BB’ {6 b)j'/ 3t 3)
Accordingly we have the limit taken of the expression
n(baB)-8, 8,
n(ch + 6%) ’ n(ch + 5%’

and

and the integration performed is the same as that in the case of the hyperboloid above, with ¢ substituted for a.

Archimedes discusses, as a separate case, the volume of half a spheroid [Props. 27, 28]. It differs from that just given in
that ¢ vanishes and b = a, so that it is necessary to find the limit of

B+ (2R)° + (30)* + ... + (mh)*
T @by

and this is done by means of a corollary to the lemma given on pp. 107—9 [On Spirals, Prop. 10] which proves that
B+ (2R)° + ... + (nh)* > In (nh)?,

and R+ (207 + ...+ {(n—1)}* < In (nk)

The limit of course corresponds to the integral

b
f wda= L5
0

7. Area of a spiral.



(1) Archimedes finds the area bounded by the first complete turn of a spiral and the initial line by means of the proposition
just quoted, viz.

R+ (2Rh) + ... + (nh)? > kn(nh)?,
B2+ (2h) + ... + {(n—1) A} < bn (k)2

He proves [Props. 21, 22, 23] that a figure consisting of similar sectors of circles can be circumscribed about any arc of a
spiral such that the area of the circumscribed figure exceeds that of the spiral by less than any assigned area, and also that a
figure of the same kind can be inscribed such that the area of the spiral exceeds that of the inscribed figure by less than any
assigned area. Then, lastly, he circumscribes and inscribes figures of this kind [Prop. 24]; thus e.g. in the circumscribed figure,
if there are n similar sectors, the radii will be # lines forming an arithmetical progression, as A, 2k, 34, ... nh, and nh will be
equal to a, where a is the length intercepted on the initial line by the spiral at the end of the first turn. Since, then, similar
sectors are to one another as the square of their radii, and » times the sector of radius n/ or a is equal to the circle with the
same radius, the first of the above formulae proves that

(circumscribed fig.) > }wa’.
A similar procedure for the inscribed figure leads, by the use of the second formula, to the result that
(inscribed fig.) < ima®.
The conclusion, arrived at in the usual manner, is that
(area of spiral) = Iwa®;
and the proof'is equivalent to taking the limit of
- {Iﬁ +(20)° + ... + {(n - 1) A}]

r.-’d,

orof 7 U8+ @Ry ok {(n= 1) A,
which last limlt we should express as

T

z f " #*du = yra?
0

4]

[t is clear that this method of proof equally gives the area bounded by the spiral and any radius vector of length b not being
greater than a; for we have only to substitute th/a for m, and to remember that in this case nh = b. We thus obtain for the area

k1

b
- f a'dz, or inb*la.]
@ Jo

(2) To find the area bounded by an arc on any turn of the spiral (not being greater than a complete turn) and the radii

vectores to its extremities, of lengths b and ¢ say, where ¢ > b, Archimedes uses the proposition that, if there be an arithmetic
progression consisting of the terms

b,b+h,b+2h,..b+mn—1)h,
andif S, =b>+(b+h)?>+(b+2h)>+..+{b+(n—1)h}>,

(n=1){b+(n—~1)A)" {5+ (n—1) A}
then Sab “{pe(n=T)Alb+} (=)’
and (R=DP+(n=-DAF = {p+(n-1)AP

o G+ (n-1) A} b+ {(n— )i

[On Spirals, Prop. 11 and note.]

Then in Prop. 26 he circumscribes and inscribes figures consisting of similar sectors of circles, as before. There are n — 1
sectors in each figure and therefore n radii altogether, including both  and ¢, so that we can take them to be the terms of the
arithmetic progression given above, where {b + (n — 1) h) = c. It is thus proved, by means of the above inequalities, that

~_sector OB'C {b+(n-1)Ap _ sector OB C
circumscribed fig. {b+{n 1)h} b-t-%{(n—l}i&}’ “inser. fig. ’

and it is concluded after the usual manner that



sector OB'C {b+ (n—1)Ap

spiral 0BC ~ {b+(n—1)h}b+}{(n—1) A}

o2

Remembering thatn — 1 = (¢ — b)/h, we see that the result is the same thing as proving that, in the limit, when n becomes
indefinitely great and / indefinitely small, while b+ (n— 1) h=c,

limit of &[0+ (b +A)* + ... + {b+ (n — 2) A}*]
=(c—b){ch +%(c—0)%}
=3 -¥);

that is, with our notation,

Lcm”c&n=§-(c3—bg).

(3) Archimedes works out separately [Prop. 25], by exactly the same method, the particular case where the area is that
described in any one complete turn of the spiral beginning from the initial line. This is equivalent to substituting (n — 1) a for b
and na for ¢, where a is the radius vector to the end of the first complete turn of the spiral.

It will be observed that Archimedes does not use the result corresponding to
¢ ¢ b
f o e — f e = f o da.
0 b 0
8. Area of a parabolic segment.

Of the two solutions which Archimedes gives of the problem of squaring a parabolic segment, it is the mechanical solution
which gives the equivalent of a genuine integration. In Props. 14, 15 of the Quadrature of the Parabola it is proved that, of
two figures inscribed and circumscribed to the segment and consisting in each case of trapezia whose parallel sides are
diameters of the parabola, the inscribed figure is less, and the circumscribed figure greater, than one-third of a certain triangle
(EqQ in the figure on p. 242). Then in Prop. 16 we have the usual process which is equivalent to taking the limit when the
trapezia become infinite in number and their breadth infinitely small, and it is proved that

(area of segment) =1 A EqQ.
The result is the equivalent of using the equation of the parabola referred to Qg as axis of x and the diameter through Q as
axis of'y, viz.
py =x(2a—x),
which can, as shown on p. 236, be obtained from Prop. 4, and finding

2a
[
0

where y has the value in terms of x given by the equation; and of course

4a?

20
i [* (200~ o) du= -

p o

The equivalence of the method to an integration can also be seen thus. It is proved in Prop. 16 (see figure on p. 244) that, if
qE be divided into n equal parts and the construction of the proposition be made, Qg is divided at Oy, O,, ... into the same

number of equal parts. The area of the circumscribed figure is then easily seen to be the sum of the areas of the triangles

QqF, ORF, OR)F, -
that 1s, of the areas of the triangles

QqF7 QOIRD Q02D1 o
Suppose now that the area of the triangle OgF is denoted by A, and it follows that



n?, nt T nt

(circumseribed fig.) = A {1 s (r—1F + (feer 2)2+ o l}

= ar 1T 2AT 4 L st

Similarly we obtain

(inscribed fig.) = A{A%4+ 22A% 4 .+ (n—1)A%.

.n'zaz '

Taking the limit we have, if 4 denote the area of the triangle EqQ, so that 4 = nA,
1 ;4
(area of segment)= Ve f AlA
0

= }4.

If the conclusion be regarded in this manner, the integration is the same as that which corresponds to Archimedes’ squaring
of the spiral.

* Bretschneider, p. 101.

+ Bretschneider, p. 102.

i Hankel, Zur Geschichte der Mathematik im Alterthum und Mittelalter, p. 123.

* These formulae are taken, with a slight modification, from Loria, I/ periodo aureo della geometria greca, p. 108.



CHAPTER VIIL

THE TERMINOLOGY OF ARCHIMEDES.

So far as the language of Archimedes is that of Greek geometry in general, it must necessarily have much in common with
that of Euclid and Apollonius, and it is therefore inevitable that the present chapter should repeat many of the explanations of
terms of general application which I have already given in the corresponding chapter of my edition of Apollonius’ Conics*.
But I think it will be best to make this chapter so far as possible complete and selfcontained, even at the cost of some slight
repetition, which will however be relieved (1) by the fact that all the particular phrases quoted by way of illustration will be
taken from the text of Archimedes instead of Apollonius, and (2) by the addition of a large amount of entirely different matter
corresponding to the great variety of subjects dealt with by Archimedes as compared with the limitation of the work of
Apollonius to the one subject of conics.

One element of difficulty in the present case arises out of the circumstance that, whereas Archimedes wrote in the Doric
dialect, the original language has been in some books completely, and in others partially, transformed into the ordinary dialect
of Greek. Uniformity of dialect cannot therefore be preserved in the quotations about to be made; but I have thought it best,
when explaining single words, to use the ordinary form, and, when illustrating their use by quoting phrases or sentences, to
give the latter as they appear in Heiberg’s text, whether in Doric or Attic in the particular case. Lest the casual reader should
imagine the paroxytone words e2fcia1, Siau€tpor, meOital, me00UTML, ¢00¢e(tal, duvavio, grréral, KaAgloOm, keioOor and
the like to be misprints, I add that the quotations in Doric from Heiberg’s text have the unfamiliar Doric accents.

I shall again follow the plan of grouping the various technical terms under certain general headings, which will enable the
Greek term corresponding to each expression in the ordinary mathematical phraseology of the present day to be readily traced
wherever such a Greek equivalent exists.

Points and lines.

A point i1s Onueiov, the point B 10 B Onueiov or 10 B simply ; a point on (a line or curve) OnueiOv gni (with gen.) or gv ;
a point raised above (a plane) OnueiOv pet€wpOv any two points whatever being taken 500 Onpgiov AapPavopgrov g
TOWVOV.

At a point (e.g. of an angle) npog (with dat.), having its vertex at the centre of the sphere kOpvgv éywv mpog T KEVIP® T
7S Ogpalpac; of lines meeting in a point, touching or drviding at a point, etc., kard (with acc.), thus AE is bisected at Z is § AE
S{ya rguv€rar kara 0 Z ; of a point falling on or being placed on another gri or kard (with acc.), thus Z will fall on T, 106 pév
Z ni 10 I mg0Ogitau, so that E lies on A, 301e 10 pév E, Katd 10 A kel 06ai.

Particular points are extremity m€pag, vertex kOpvol], centre k€vipOv, point of division dialpe0ic, point of meeting
O0urtew0ig, point of section t0uf, point of bisection diy0t0oula, the middle point t0 u€aov; the points of division H, 1, K,
18 T SrupeCimv Oapeio @ H, 1, K ; let B be its middle point HgO0Y 8¢ agtag 0t 0B ; the point of section in which (a
circle) cuts g Toud, kad’ go TgVel.

A line is ypauun}, a curved line kounOAn ypauun), a straight line g20€ia with or without ypouuri. The straight line ®IKA,
& OIKA g30¢;a ; but sometimes the older expression is used, the straight line On which (gni with gen. or dat. of the pronoun)
are placed certain letters, thus let it be the straight line M, é0tw g0’ g 10 M, other straight lines K, A, oAANow ypouual, ¢o’
av 1& K , A. The straight lines between the points a1 uetall 150 Onugiov geiot, of the lines which have the same
extremities the straight line is the least tgv tdard mgpota OvO Gy ypauugy hayiamy siva v gfciav, Straight lines
cutting one another g0cior guvoU0a1 AAAdAag.

For points in relation to lines we have such expressions as the following: the points I', 0, M are on a straight line ¢’ e}
leiag tag,A 0, u Ooucio, the point of bisection of the straight line containing the centres of the middle magnitudes g
diyoroula as egbeiog 1as &0U0ag d KEVIpo. TGy uéOmv ueyebéwv utomv ugyeb¢mv. A very characteristic phrase for at a
point which divides the straight line in such a proportion that... is ¢ri 1@ eg0eiog diaipeleiOog gOte...) similarly gni tag xe
wwalbeioac ogrwe, gote. A certain point will be on the straight line... dividing it so that... §00¢iai...01a1pg0v dlaipéov og
t¢ W gifsion, J0Te...

The middle point of a line is often elegantly denoted by an adjective in agreement; thus at the middle point of the segment
&l 11400V 105 uduazog, (a line) drawn from T to the middle point of @n6 104 , T ¢nl ug0av 1@v EB §x9€i00, drawn to the
middle point of the base gl ugoav 1Qv ALY gyouéva.

A straight line produced is the (straight line) in the same straight line with it I} gt’ e 0¢iag oty In the same straight



line with the axis gni 153G a2 teeiog 15 aovi. Of a straight line falling on another line xotd (with gen.) is used, e.g. w{nTOVOI
Kot agtic; gni (with acc.) is also used of a straight line placed on another, thus if en be placed on BA, wefi0ag 136 EH ol v
BA.

For lines passing through points we find the following expressions: will pass through v, n&ei $1& 105 v; will pass through
the centre 810 105 KéLTPOV TOPEVCETON KgvTpOV mOpelTgtai, will fall through O meOgitar 1& 105 0, verging towards B ve
Vovoa ¢nl © 6 B, pass through the same point gui 6 até OauciovgpX the diagonals of the parallelogram fall (i.e. meet) at
0, kat@ 8¢ 10 8¢ 10 © w AidugrpOr 10y apaAAnAoypGuuov nimrov; EZ (passes) through the points bisecting AB, TA, 8¢
10, diy0t0ulav 103 AB, T'A 4 EZ. The verb €ipi is also used of passing through, thus go0gitoun 81 oytd S1& 1o 6.

For lines in relation to other lines we have perpendicular to kQ0er0O¢ gni (with acc.), parallel to rapAdAAnAog with dat.
or mapd. (with acc.); let KA be (drawn) from K parallel to TA, gm0 K wopd tév TA gm6 KA.

Lines meeting one another Ovurintovoai 3AANAaic the point in which ZH, MN produced meet one another and Al ti
onueiov kb’ § w6,0nuciov OvuBpaAAovow gkBaAAduevt ZH, MN gAAAAwg € ko’ AT; so as to meet the tangent Z3OTe ¢
unte let straight lines be drawn parallel to AT to meet the section of the cone dyOwv givel mapd t@v AI" é0te marl tdo
KWVOV Toudv, to draw a straight line to meet its circumference moti 10y mepipepeiay agtog, the line drawn to meet §
rourenoymo, let AE, AA be drawn from the point A to meet the spiral and produced to meet the circumference of the circle
ronumutOviwy 476 05 A OauelOv motl edv éAka a1 AE, AA kol gemmntéviwv motl 1oy kOKAOV mepipgpeiav; until it meets
OA in g, €0te ka Ovpunéon 1@ 6A xatd ¢ (of a circle).

(The straight line) will fall outside (i.e. will extend beyond) P, gxt0g to5 P meOeit; will fall within the section of the
figure évtoc meO0UVTAL T4¢ T0 5 Oy HatOg Toul)z6.

The (perpendicular) distance between (two parallel lines) AZ, BH, 16 did0iuo t105v AZ, BH. Other ways of expressing
distances are the following: the magnitudes equidistant from the middle one @ 100v 3méyOvra gri 105 ooV ueygbea, are
at equal distances from one another iOo g’ gAAdAwv d1g0raxev; the segments (lengths) on An equal to v, 1z Ta €v An
tuduora tg v; greater by one segment évl tu@uott uellwv.

The word £001a itself is also often used in the sense of distance; cf. the terms mpWzy €00ia etc. in the book On Spirals,
also g €00ia KEvIpOL KEvipOv 140 46 the distance between the centre of the sun and the centre of the earth.

The word for join is gmcevleyvOm or mcevleyvvut the straight line joining the points of contact 31 ¢ag gmievyv00OvOQ
g001a, PA when joined g BA glevyeioa BA let EZ join the points of bisection of AA, BT, g 8¢ EZ gmcevleyvio dyyoroulog tg
v AA, BI'. In one case the word seems to be used in the sense of drawing simply, &i ka gfelo gmlevyOy.

Angles.

An angle is ywvla, the three kinds of angles are right 6p0r} , acute 6Ceia, obtuse gupPAcio; right-angled etc. 5pOOyWVLIOC,
OEVYWIVOC, g UPAVYWVI0G equiangular 100yWvViOG ; with an even number of angles zptidAwOg or gpT10AWOC.

At right angles to épOdc npOc (with acc.) or mpdg 6p0dc (with dat. following); thus if a line be erected at right angles to
the plane 6p0dg wotl 10 gnlmedOv, the planes are at right angles to one another wpt’ dp0 dg ayyoyaig , being at right angles
to ABT, mpdg 6p0dc Wv t 5 ABT; KI', EA are at right angles to one another mot’ 6p8dc ot ZAAGAwug KT, EA, to cut at
right angles tguverv téuvew mpéc opOds. The expression making right angles with is also used, e.g. 6pOAs ywviag mOti T@v
AB.

The complete expression for the angle contained by the lines AH, AT is g yovia § mepieyOugvoc Onh twv AH, AT'; but
there are a great variety of shorter expressions, yovia itself being often understood; thus the angles A, E, A, B, m A, E, A, B
yovior; the angle at 0, yovion 0; the angle contained by AA, AZ, 3 yovia § AA, AZ; the angle AHT, A gnd tgu AHT yovia, g
76 AHT (with or without yovia,).

Making the angle K equal to the angle ©, ywviav 0010500 tdv K i0ov 1g ©; the angle into which the sun fits and
ivhich has its vertex at the eye yovia, €1g 5 4MOG apuoLel TAV KOPLOAV £xOVOVOaY TOT{ T & Oyl of the sides subtending
the right angle (hypotenuses) T gv gna tQv zpBQv yoviav ;nOTEw0104e, they subtend the same angle gvtl v gma tdv
yovliav.

If a line through an angular point of a polygon divides it exactly symmetrically, the opposite angles of the polygon,al g
TevavTiov yovior 105 TOAVYWVOV, are those answering to each other on each side of the bisecting line.

Planes and plane figures.



A plane gminedov; the plane through BA, t0 gmimedOv BA, or 1 aid ¢ B4, plane of the base ¢ninedO0V 3¢ Bdoswe,
plane (i.e. base) of the cylinder tguvov kvAivopOv; cutting plane g0i OedOv 14uvOV, tangent plane ¢0i0ed0V ¢O1ya g0v; the
intersection of planes is their common section xoiwrj Touf.

In the same plane as the circle g 1§ oitg gmnédg kUrA g,

Let a plane be erected on 11Z at right angles to the plane in which AP, TA are 3m6 tac 11Z ¢g0i0ed0v gveOtokitm, spBiv
001 ¢0i0e60V Ti ¢v g gviL ot AB, I'A.

The plane surface 1] ¢ nlned0g (guipdvia), a plane segment 1) ¢ nlnedOg Tupua, a plane figure Oyjua 1) ¢ nlnedoc.

A rectilineal figure 500ypappov(Oyzua), a side tAcvpd, perimeter 1 neplustpOg, similar Ou010g, similarly situated g
uoiwg keluevog.

To coincide with (when one figure is applied to another), gdvpuolew followed by the dative or gnl (with acc.); one part
coincides with the other pvpudlerv; the plane through vZ coincides with the plane through AT, 16 gninedov 16 kotd v
VZ govppolew 15 Koea gdm g kat@ t@v AT. The passive is also used; if equal and similar plane figures coincide with one
another tgv i0wv xal gundewv Oynudtwy gulmedov gpopuolouévwv g’ dAAaa.

Triangles.

A triangle is plywvov, the triangles bounded by (their three sides) t& mepigyOueva tplywva (no.... A right-angled
triangle tplywvov gpOoyWviov, one of the sides about the right angle pla 1gv mepi trjv sp0nv. The triangle through the axis
(of a cone) i 518 &5 0EOVG 10 814 105 AEOVOGTPIywVOY.

Quadrilaterals.

A quadrilateral is a four-sided figure (zetpQmAevpov) as distinguished from a four-angled figure, tetpQyovov, which
means a square. A trapezium, tpam{CiOv, is in one place more precisely described as a trapezium having its two sides
parallel pangliov 1dg 500 TAevpAg éxov mapaAAGAOvg gAAGA a.

A parallelogram mopaAAnAOypouuov; for a parallelogramon a straight line as base gni (with gen.) is used, thus the
parallelograms on them are of equal height ¢oviv i000yn ta mapaAAnAQypauua ta gv’. A diagonal of a parallelogram is
818 petpOc, the opposite sides of the parallelogram ai kat” gvatiov mapaAAnAOypauuov rAevpal.

Rectangles.

The word generally used for a rectangle is ywp(Ov (space or area) without any further description. As in the case of
angles, the rectangles contained by straight lines are generally expressed more shortly than by the phrase ta mepieyOueva
yoplo yopiov either ywp{ov may be omitted or both ywpl0Ov and mepieyOuevov, thus the rectangle AT, TE may be any of the
following, 0 3pd tgt AL, TE, 10 Opo AT, TE, 10 Opd ATE, and the rectangle under 0K, AH is 10 Opo 0K koi t7¢ AH.
Rectangles 0,1, K, A, yowpla gv 016 td (or ¢gd Wvékaotov tgv) 0, [ K, A.

To apply a rectangle to a straight line (in the technical sense) is mapafdAAerv, and maparinrw is generally used in place
of the passive; the participle mapaxeluevog is also used in the sense of applied to. In each case applying fo a straight line is
expressed by mapd (with acc.). Examples are, areas which we can apply to a given straight line (i.e. which we can transform
into a rectangle of the same area) ywpla, g SvwQueba mapd tdv 00ei0av ¢gbeiav mopomentwrétm, let a rectangle be
applied to each of them mopamemrwrkgiew mop’ gcdOTv aytgy ywplov; if there be applied to each of them a rectangle
exceeding by a square figure, and the sides of the excesses exceed each other by an equal amount (i.e. form an arithmetical
progression) &i ko map’ gkdOtav mapangon 1 ywplov 1, i0w gAAAAay grepey0l0a.

The rectangle applied is mopdpAnua.

Squares.

A square is tetpQywvOv, a square on a straight line is a square (erected) from it (gmd). The square on I'Z, 10 4md 3¢ ['=
tetpAywvOv, is shortened into 10 3mo 156 ['Z, or 10 gnd I'E simply. The square next in order to it (when there are a number of
squares in a row) is 10 map’ TG e dy@vOV O T0 FOUEVOV Tl dy@VOV.

With reference to squares, a most important part is played by the word d0vauic and the various parts of the verb d0vauaz,
dUvauig expresses a square (literally a power); thus in Diophantus it is used throughout as the technical term for the square of



the unknown quantity in an algebraical equation, i.e. for x. In geometrical language it is the dative singular dovdus: which is
mostly used; thus a straight line is said to be potentially equal, Svv@uer i00v, to a certain rectangle where the meaning is that
the square on the straight line is equal to the rectangle; similarly for the square on BA is less than double the square on AK
we have } BA ]AQOOCwv (00w N dimAd0iwv duvAuer T35 AK. The verb d0vaofai (with or without i0Ov) has the sense of
being dvvduer i0a., and, when 6Uva08ou is used alone, it is followed by the accusative; thus the square (on a straight line) is
equal to the rectangle contained by... is (g0&la) S0vatar T TEPEOUEVE gd...; let the square on the radius be equal to the
rectangle BA, AZ, ] ¢k 105 KgvipOv Sovd 00w 10 gm0 1T BAZ, (the difference) by which the square on ZI is greater than
the square on half the Other diameter g peiCOv sovarar g 7T Tag Auoetog Tag grepus oL gTpov.

A gnomon is yvWuwv, and its, breadth (tA&r0¢) is the breadth of each end; a gnomon of breadth equal to Bl, yvuwv
mAdrOg v io0v g Bl, (a gnomon) whose breadth is greater by one segment than the breadth of the gnomon last taken

away 00 TAQr0g gvi uluan ueil0v 105 TAdte0¢ 105 pi ajT05 GharpOvUéVOY YVIUOVOC.

Polygons.

A polygon is tOADywvOv, an equilateral polygon is 10inmAevpOv , a polygon of an even number of sides or angles g
nTinAgvpOv or gnTiiywvov; a polygon with all its sides equal except BA, AA, i0ag éx0v 1A nAevrdc yopic T4 BAA; a
polygon with its sides, excluding the base, equal and even in number 1d¢ nAevpdc gOv tic fATcws 100G Kou gpTIOVG; an
equilateral polygon the number of whose sides is measured by four tOADywvOv 10iTAevpOV, OV ot TAevpoi gri, tepdd0g
pepOgvrai, let the number of its sides be measured by four Ti TAevpai wetpddog. A chiliagon yiAidywvoy.

The straight lines subtending two sides of the polygon (i.e. joining angles next but one to each other) au gri 00 TAgvpAg
105 TOAVYWVOL UrtOtelvOvOau the straight line subtending one less than half the number of the sides 1} jnOteivovOa 1Ag
uz eAAOCOvog TGV uoeWy.

Circles.

A circle is kUxA0Og, the circle v is 0 y kOkAOg or 0 kUkAOg gv @ V, let the given circle be that drawn below é0tw o
KUKAOg 0 $mOKeiuevog.
The centre is kgvtpOv, the circumference mepio gpeia, the former word having doubtless been suggested by something

stuck in and the latter by something, e.g. a cord stretched tight, carried round the centre as a fixed point and describing a circle
with its other extremity. Accordingly mepipgpeia is used for a circular arc as well as for the whole circumference; thus the arc

BA; is | BA mepipgpeia, the (part of the) circumference of the circle cut off by the same (straight line) 1] kUkAOv mepipg
peia 1 w0 156 ogric amOteuvouévy . Though the circumference of a circle is also sometimes called its perimeter (1}

nepluetpog) in the treatises On the Sphere and Cylinder and on the Measurement of a Circle, the word does not seem to have
been used by Archimedes himself in this sense; he speaks, however, in the Sand-reckoner of the perimeter of the earth

(wepluetpog 1ac 759)-

The radius is 1] gk 105 kgvipOv simply, and this expression without the article is used as a predicate as if it were one
word; thus the circle whose radius is OF is 0 kOkAOg o1 gk k&vipOv g OF; BE is a radius of the circle 8¢ BE gk 105 KgvTpOv
01 105 KUKAOv.

A diameter is 01Quetp0g, the circle on AE as diameter o nepi SiQuetpov tHv AE kOxA0g.

For drawing a chord of a circle there is no special technical term, but we find such phrases as the following: ¢&v &g 101
kUKAOV ggfcio ypauul] guméon if in a circle a straight line be placed, and the chord is then the straight line so placed I ¢
ume00500 , or quite commonly f} v 15 kUkAw (gifcia) simply. For the chord subtending one 656th part of the
circumference of a circle we have the following interesting phrase, 4 gnOteivOvOa ¢év tugpa Sonpedeloac 1ag 105 ABI
kOxA0v meprpepelac é¢ yve .

A segment of a circle is tpjuo kOkAOv ; sometimes, to distinguish it from a segment of a sphere, it is called a plane
segment TUZILO. gninedOv . A semicircle is NukOKAOV ; a segment less than a semicircle cut off by AB, TAuo EAonmTov
AuikOKA10V 0 grotéuvel | AB. The segments on AB, EB (as bases) are 1 éni 14t AB, EB wrjuata; but the semicircle on
ZH as diameter is 1i siQuetpov ZH or té meni t@v ZH simply. The expression the angle of the semicircle, § 105 NuikOKA OV
(ywvlia), is used of the (right) angle contained by the diameter and the arc (or tangent) at one extremity of it.

A sector of a circle is tOueUg or, when it is necessary to distinguish it from what Archimedes calls a ‘solid sector,” ¢



Tuned0g T0pel kUKkAOV a plane sector of a circle. The sector including the right angle (at the centre) is 5 t0Opelg g T@v g
pO&v yoviav mepirgyov. Either of the radii bounding a sector is called a side of it, mAevpQ; each of the sectors (is) equal to
the sector which has a side common (with it) éxa 010G 15V T0ugwV éx0vtL TAgpAy TOUET ; a sector is sometimes regarded as
described on one of the bounding radii as a side, thus similar sectors have been described on all (the Straight lines) g
vayeymadQror gmo maogy guolor T0uges.

Of polygons inscribed in or circumscribed about a circle gyypQdew or go and wepiypdperv mepl (with acc.) are used ; we
also find wepryeypayyrgvog used with the simple dative, thus € mepiyeypauugy Oyzuo tg TONEl is the figure circumscribed to
the sector. A polygon is said to be inscribed in a segment of a circle when the base of the segment is one side and the other
sides subtend arcs making up the circumference; thus let a polygon be inscribed on Al in the segment ABI, gmi tju AT
TOADywvov eyyeypdpbom i 1 ABI Tujua. A regular polygon is said to be inscribed in a sector when the two radii are two
of the sides and the other sides are all equal to one another, and a similar polygon is said to be circumscribed about a sector
when the equal sides are formed by the tangents to the arc which are respectively parallel to the equal sides of the inscribed
polygon and the remaining two sides are the bounding radii produced to meet the adjacent tangents. Of a circle circumscribed
to a polygon mepiAoufdvery is also used; thus 7OAOywvov kUxkAOg TEPLYEYPOLgvOC TEPIAauflavgte mepl 10 oy T0 KgVTpOy
y1vOuevog, as we might say let a circumscribed circle be drawn with the same centre going round the polygon. Similarly the
circle ABT'A containing the polygon 3 ABI'A kUxA0Og éxowv OAUywvOv.

When a polygon is inscribed in a circle, the segments left over between the sides of the polygon and the subtended arcs are
nepiAeimOueva uljuota; when a polygon is circumscribed to the circle, the spaces between the two are variously called td&
meplAeimOueva the meprypagdpe qurjpota, 1& epiAeinOueva OxNuata, T nepiAelupota or 1@ gmOAgippara.

Spheres, etc.

In connexion with a sphere (Ogdipa) a number of terms are used on the analogy of the older and similar terms connected
with the circle. Thus the centre is kevipOv, the radius I} gk 105 kgvipOv, the diameter Ij iduetpOg. Two segments, wuljpoto
Ogalpac or tufuara Opaipixd, are formed when a sphere is cut by a plane; a hemisphere is uOpalpiOv; the segment of
the sphere at T, T xatQ ti I' tujpo w56 Opalpag; the segment on the side of ABT, 10 gno ABT tpjua the segment including
the circumference BAA, 10 xat@ Bv BAA mepipgpeiav tuzpo. The curved surface of a sphere or segment is goupQveo ; thus
of spherical segments bounded by equal surfaces the hemisphere is greatest is T i10M gnpav mepLeyOugvwy Opaipicv
tunudrov. The terms base (BA01g), vertex (kOpven) and height (gy0c) are also used with reference to a segment of a sphere.

Another term borrowed from the geometry of the circle is the word sector (toueU¢) qualified with the adjective Orepedc
(solid). A solid sector (tOueU¢s Otepelc) is defined by Archimedes as the figure bounded by a cone which has its vertex at the
centre of a sphere and the part of the surface of the sphere within the cone. The segment of the sphere included in the sector is
€ TUHHA TRGOOIPaG TO ¢V T TONET Or TO katd oV Topéa.

A great circle of a sphere is g ugy10t0¢ kKOKAOC 14v ¢v Ty Oponpa and often g ugy1010¢ kUkAO¢ alone.

Let a sphere be cut by a plane not through the centre zezurjofw odaipa pr) S1& 107 KGOV gmumédw a sphere cut by a
plane through the centre in the circle EZHO, Odorpo gmumedw teunugvn 01a 107 kUkAOg EZHO kUKAOv.

Prisms and pyramids.

A prism is npiopa, apyramid mvpouls. As usual, gvoyp@dewv 3no is used of describing a prism or pyramid on a
rectilineal figure as base; thus let a prism be described on the rectilineal figure (as base) gvoyeypAdriow zmo exfivypduuov
mpiOua , on tlie polygon circumscribed about the circle A let a pyramid be set up 300 10 Ogpt 1OV A kUkAOV mepiyeypauu
&vov TOAVYWIVOD Ovpop s gvedtdtm gvayeopopnévn. A pyramid with an equilateral base ABI is Ovpauic 100mAgvpOv
ABT.

The surface is, as usual, 301pQveio, and, when any particular face or a base is excluded, some qualifying phrase has to be
used. Thus the surface of the prism consisting of the parallelograms (i.e. excluding the bases) ] gmddvein
mapaAAnAOypQuuwyv Ovykeiugvy; the surface (of a pyramid) excluding the base or the triangle AET, i} ¢01pQvewn xwpg T4G
Ba0cws or 103 AET 1p1ywdvov.

The triangles bounding the pyramid 1@ mepigyovia plywva mv tropoulde (as distinct from the base, which may be
polygonal).

Cones and solid rhombi.



The Elements of Euclid only introduce right cones, which are simply called cones without the qualifying adjective. A cone
is there defined as the surface described by the revolution of a rightangled triangle about one of the sides containing the right
angle. Archimedes does not define a cone, but generally describes a right cone as an isosceles cone (kgvOg 1000keANS),

though once he calls it right (gpriog). J. H. T. Miiller rightly observes that the term isosceles applied to a cone was suggested
by the analogy of the isosceles triangle, but I doubt whether such a cone was thought of (as he supposes) as one which could be
described by making an isosceles triangle revolve about the perpendicular from the vertex on the base; it seems more natural to

connect it with the use of the word side (mAsvpd) by which Archimedes designates a generator of the cone, a right cone being
thus directly regarded as a cone having all its legs equal. The latter supposition would also accord better with the term scalene

cone (kgvog OxaAnvOg) by which Apollonius denotes an oblique circular cone; such a cone could not of course be described
by the revolution of a scalene triangle. An oblique circular cone is simply a cone for Archimedes, and he does not define it;
but, while he speaks of finding a cone with a given vertex and passing through every point on a given ‘section of an acute-
angled cone’ [ellipse], he regards the finding of the cone as being equivalent to finding the circular sections, and we may
therefore conclude that he would have defined the cone in practically the same way as Apollonius does, namely as the surface
described by a straight line always passing through a fixed point and moving round the circumference of any circle not in the
same plane with the point.

The vertex of a cone is, as usual, kOpveH, the base fA01G, the axis aEwv and the height OyOc ; the cones are of the same
height OyOc. A generator is called a side (tAevpQ); if a cone be cut by a plane meeting all the generators of the cone &1 ko
Kk GvOG gmiméddw tpaby Ovunlmrovn ndOaig taic 105 KWvOV OAgvpoag.

The surface of the cone excluding the base ] 3Oipdveia 103 KWVOV ywpic t5c fACewe; the conical surface between
(two generators) AA, AB, kwvikl} 301¢Qveia N uetcV AA B.

There is no special name for what we call a frustum of a cone or the portion intercepted between two planes parallel to
the base; the surface of such a frustum is simply the surface of the cone between the parallel planes 1j ¢gm$Qveia 103 kIvOV
uetalO 15y mapoAAnAwy grinédwv.

A curious term is segment of a cone (300tuaua x)vov), which is used of the portion of any circular cone, right or
oblique, cut off towards the vertex by any plane which makes an elliptic and not a circular section. With reference to a segment
of a cone the axis (alwv) is defined as the straight line drawn from the vertex of the cone to the centre of the elliptic base.

As usual, gtoyp@dew o’ 00 is used of describing a cone on a circle as base. Similarly, a very common phrase is a’70 105
KVKAOV kgvOg let there be a cone on the circle (as base).

A solid rhombus (poufOg Orepedc) is the figure made up of two cones having their base common, their vertices on
opposite sides of it, and their axes in one straight line. A rhombus made up of isosceles cones poufov ¢ 1kOxreA gy kvawy
Ovykeluevog, and the two cones are spoken of as the cones bounding the rhombus Ot kgvOi Ot wepigyOVIeg TOV pouSOv.

Cylinders.

A right cylinder is kOAvdpOg gpbdg, and the following terms apply to the cylinder as to the cone: base fATig, one base
or the other 1j grépa fAOIG, of which the circle AB is a base and TA opposite to it Ov fd0ic uév § AB kUxAOg, gneavtiov
8¢ g TA) axis alnv, height Owog, generator mAevpd. The cylindrical surface cut off by (two generators) AT, BA, N g
netepovopévn kvAwdpkr] gmddueia jno tgr AL, BA; the surface of the cylinder adjacent to the circumference ABT, 1 ¢
mpAven 105 kvAivdpov N kat@ tv ABI mepipgpeiav denotes the surface of the cylinder between the two generators drawn
through the extremities of the arc.

A frustum of a cylinder t0u0¢ kvAivépOv is a portion of a cylinder intercepted between two parallel sections which are
elliptic and not circular, and the axis (aEwv) of it is the straight line joining the centres of the two sections, which is in the
same straight line with the axis of the cylinder.

Conic Sections.

General terms are kwviky, otoryeo elements of conics, Ty kwvikd. (the theory of) conics. Any conic section KWvov Touy g
moiaogv. Chords are simply eyfeiar ¢v 1@ tog k@vov toug gyuévor. Archimedes never uses the word axis (g8wv) with
reference to a conic; the axes are with him diameters (diougtpor), and dicuegrpog, when it has reference to a complete conic, is
used in this sense exclusively. A tangent is gmyonoc or gpomtopgvn (with gen.).

The separate conic sections are still denoted by the old names; a parabola is a section of a right-angled cone zpBoywviov
K®vov Toun, a hyperbola a section of an obtuse-angled cone gupivyoviov xdvov topn, and an ellipse a section of an acute-
angled cone g&vymviov kdvov toun.



The parabola.

Only the axis of a complete parabola is called a diameter, and the other diameters are simply lines parallel to the
diameter. Thus parallel to the diameter or itself the diameter is nopy T3V S10UETPOV 3 03Ty, didugtpos; AZ s parallel to the
diameter § AZ napy tv SipetpOv goti. Once the term principal or original (diameter) is used, gpy, (sc. diGuetpog).

A segment of a parabola is Tugpo, which is more fully described as the segment bounded by a straight line and a section
of a rightangled cone tpgpa 10 TepleyOuevov 50 te ggbelag xoy gooywviov kdvou topgc. The word Siipetpog is again used
with reference to a segment of a parabola in the sense of our word axis; Archimedes defines the diameter of any segment as
the line bisecting all the straight lines (chords) drawn parallel to its base tyv dlya uvoveay T3¢ eglelac mdoag t5¢ faory o
$703 4YOL geaq.

The part of a parabola included between two parallel chords is called a frustum tOpog (gm0 gpOoywviov; kKdVOL TopgS &

darpupevog), the two chords are its /esser and greater base (ghdccov and pgliémv Béoic) respectively, and the line joining the
middle points of the two chords is the diameter (d1duerpog) of the frustum.

What we call the latus rectum of a parabola is in Archimedes the line which is double of the line drawn as far as the axis
& OwmAdoto Tzg péxpLy g&ovog. In this expression the axis (g&wv) is the axis of the right-angled cone from which the curve
was originally derived by means of a section perpendicular to a generator*. Or, again, the equivalent of our word parameter
(Bop® gv Suvavton of 7o TopgG) is used by Archimedes as by Apollonius, meaning the straight line to which the rectangle
which has its breadth equal to the abscissa of a point and is equal to the square of the ordinate must be applied as base. The
full phrase states that the ordinates have their squares equal to the rectangles applied to the line equal to N (or the
parameter) which have as their breadth the lines which they (the ordinates) cut off from AZ (the diameter) towards the

extremity A, dovavror Ty mapy Tyv goov 1@ N nopaninrovra TAGTOG zrovto, g6 gty gborapfavovit gmo 156 AZ Boty 0 A
TEPOC.

Ordinates are the lines drawn from the section to the diameter (of the segment) parallel to the base (of the segment) o &
TO TzG TOMgG ¢my TV AZ gyopgvan AE, or simply af gamt 156 topgc. Once also the regular phrase drawn ordinate-wise te
Taypévag katnyuevn is used to describe an ordinate, as in Apollonius.

The hyperbola.

What we call the asymptotes (at o govumntor in Apollonius) are in Archimedes the lines (approaching) nearest to the
section of the obtuse-angled cone og zyy10t0. 153G 104 supAvywlov kdVoL TopC.

The centre is not described as such, but it is the point at which the livies nearest (to the curve) meet 10, GOLg;0V KOG & 0
ryy1ota cvuninrovr.

This is a property of the sections of obtuse-angled cones 10§10 Yap goTV ¢v TozG 105 gUPAVYOVIOV KOVOV TOpOES
GUOUTTOLCL.

The ellipse.

The major and minor axes are the greater and lesser diameters ngilwv and ghaccwv S1GeTpoc. Let the greater diameter
be AT, 810petpog 8¢ (03T30) & Hav HelEwv zotm ¢’ 36 Ty A, I. The rectangle contained by the diameters (axes) 10 ngplexOpe
vov 510 TzV owpEtpov. One axis is called conjugate (ovluync) to the other: thus let the straight line N be equal to half of the
other diameter which is conjugate to AB, g 8¢ N gyfe;0 7060 20T® 1@ IICER TG ETLPUG SWAUETPOV, g @OTL GLLYEG Ta AB.

The centre is here kévtpov.

Conoids and Spheroids.

There is a remarkable similarity between the language in which Archimedes describes the genesis of his solids of
revolution and that used by Euclid in defining the sphere. Thus Euclid says: when, the diameter of a semicircle remaining
fixed, the semicircle revolves and retwrns to the same position from which it began to move, the included figure is a sphere
oPogpd OTV, FTAV ﬁulKUKX(OD HevoLoNG TS d10ETPOL TePleVyBev TO HUIKUKAIOV g7 TO 0310 Tl grokatactady, g0ev #
pEato dpEpectH au, 1O TepUnGByv Oxzua ; and he proceeds to state,that the axis of the sphere is the fixed straight line about
which the semicircle turns gEwv 6¢ T3G odalpog gpryv 7 LEVovon g€bgho, Tepy v mikOKAOV g10 oTpépetan. Compare with
this e.g. Archimedes’ definition of the right-angled conoid (paraboloid of revolution): if a section of a right-angled cone,
with its diameter (axis) remaining fixed, revolves and returns to the position from which it started , the figure included by
the section of the right-angled cone is called a right-angled conoid, and its axis is defined as the diameter which has
remavwed fixed, gy Ko gpHOY®OOV KOVOL TOpy HeVOVSUS T5G SHETPOL TgplevexBzo0 gnokatactabg miAw, gev gpuacev, T
TephadOgv oxFua 570 Tog gpboywviov KdVov Topy HOVODGOS, TG SIKOVIKAUETPOL TepleVeyDe;00 gmoKoTacTads; ToA, gV
@PHOCEV, TO TePAaPDLV OYFHO FTO T4G TO spBoyaviov kdvov topgg spBoydVIoV kavoetdys kakeicBot, Koy gEova pgv 0tog
T3V Hellevakogoov dudpeTpov kaigicOot, and it will be seen that the several phrases used are practically identical with those of



Euclid, except that gppoocev takes the place of gpSato ¢p&pecOar; and even the latter phrase occurs in Archimedes’ description
of the genesis of the spiral later on.

The words conoid xwvogdy and spheroid chapogidys (oyzue) are simply adapted from kgvog and cpazpa, meaning that
the respective figures have the appearance (g00g) of, or resemble, cones and spheres; and in this respect the names are
perhaps more satisfactory than paraboloid, hyperboloid and ellipsoid, which can only be said to resemble the respective
conics in a different sense. But when xwvogidéc is qualified by the adjective right-angled spBoymviov to denote the paraboloid
of revolution, and by guprvymviov obtuse-angled to denote the hyperboloid of revolution, the expressions are less logical, as
the solids do not resemble rightangled and obtuse-angled cones respectively; in fact, since the angle between the asymptotes
of the generating hyperbola may be acute, a hyperboloid of revolution would in that case more resemble an acute-angled cone.
The terms right-angled and obtuse-angled were merely transferred to the conoids from the names for the respective conics
without any more thought of their meaning.

It is unnecessary to give separately the definition of each conoid and spheroid; the phraseology is in all cases the same as
that given above for the paraboloid. But it may be remarked that Archimedes does not mention the conjugate axis of a
hyperbola or the figure obtained by causing a hyperbola to revolve about that axis; the conjugate axis of a hyperbola first
appears in Apollonius, who was apparently the first to conceive of the two branches of a hyperbola as one curve. Thus there is
only one obtuse-angled conoid in Archimedes, whereas there are two kinds of spheroids according as the revolution takes
place about the greater diameter (axis) or lesser diameter of the generating section of an acuteangled cone (ellipse); the
spheroid is in the former case oblong (napapzKeg cpapogdng) and in the latter case flat (gmurhoty, GOAPOELONG).

A special feature is, however, to be observed in the description of the obtuse-angled conoid (hyperboloid of revolution),
namely that the asymptotes of the hyperbola are supposed to revolve about the axis at the same time as the curve, and
Archimedes explains that they will include an isosceles cone (kgvov jcockehéa mgptrayovvron), which he thereupon defines
as the cone enveloping the conoid (wgpiéywv TO KVOgWEC). Also in a spheroid the term diameter (d10gTpoC) 1S appropriated
to the straight line drawn through the centre at right angles to the axis (g o1y 05 Kévipov o gp0yc gyouéva). The centre
of a spheroid is the middle point of the axis t0 péoov to3 gcovog.

The following terms are used of all the conoids and spheroids. The vertex (kopvon) is the point at which the axis meets
the surface 10, Gopg;ov, Kog g gmtétar § xEmv 156 gmdaveiog the spheroid having of course two vertices. A segment (Tugppa,)
is a part cut off by a plane, and the base (faoic) of the segment is defined as the plane (figure) included by the section of the
conoid (or spheroid) in the cutting plane 10 ¢rlmgdov 10 megpriadOyy §mo 15¢ 105 Kwvogidéocbody> (Or cPaIPogIdEDS) TONEG ¢V
T gmotépvovtl. The vertex of a segment is the point at which the tangent plane parallel to the base of the segment meets the
surface, 10, cOpg;OV Kog g gnrétar 10 gnimgdov 10 gmyogov (o5 kwvogidéog). The axis (g&wv) of a segment is differently
defined for the three surfaces ; () in the paraboloid it is the straight line cut off within the segment from the line drawn
through the vertex of the segment parallel to the axis of the conoid § gvamoladOgo0 ez0e;¢v T TuopaTI 70 T3¢ 41 Oeloag
Ol TzC KOPLPgS T05 TUALUOTOS TTopy, abova kwvogloéog,(b) in the hyperboloid it is the straight line cut off within the segment
from the line drawn through the vertex of the segment and the vertex of the cone enveloping the conoid §no gzxOelooc dyy T3¢
axOeloagc d1y, KOpLPZG TOF TUANATOG TOf KOVOL TO TgPEOVTOG TO KOVOgWES, (¢) in the spheroid it is the part similarly cut off
from the straight line joining the vertices of the two segments into which the base divides the spheroid, 3m0 156 e50eeioc T4 T
a5 KopuPaG 03TEV(Tev THOPATOV) TIELYVVOVGG.

Archimedes does not use the word centre with respect to the hyperboloid of revolution, but calls the centre the vertex of
the enveloping cone. Also the axis of a hyperboloid or a segment is only that part of it which is within the surface. The
distance between the vertex of the hyperboloid or segment and the vertex of the enveloping cone is the line adjacent to the
axis & TOTgOZoU Tg HEOVL.

The following are miscellaneous expressions. The part intercepted within the conoid of the intersection of the planes & g
VOTOAUDE OO0 ¢V T KOVOgWe; Ty YeVOHEVOS TOHgG Tgv gmmédav, (the plane) will have cut the spheroid through its axis e
THOKOG, ¢OCgITOL TO OPOLPOgIdG O1y TOg FEOVOG, SO that the section it makes will be a conic section GoTg TgV TOUZV TOW|Cgl
KoOvov topdv, let two segments be cut off in any manner jroteTpidcfm dvo TpapaTa 4G 2TUYEv Of by planes drawn in any
manner guuedolg gmOCOZV &YHEVOIC.

Half the spheroid 0 guloeov o5 opaipogidéos, half the line joining the vertices of the segments (of a spheroid), i.e.
what we should call a semi-diameter, g juicéa agrzC 156 gmileLyVIag T3C KOPLYYS TV TUAUATOV.

The spiral.

We have already had, in the conoids and spheroids, instances of the evolution of figures by the motion of curves about an
axis. The same sort of motion is used for the construction of solid figures inscribed in and circumscribed about a sphere, a
circle and an inscribed or circumscribed polygon being made to revolve about a diameter passing through an angular point of
the polygon and dividing it and the circle symmetrically. In this case, in Archimedes’ phrase, the angular points of the



polygon will move along the circumferences of circles , ag ywviai Koty KbkAwv meldepelgy ¢vexOiiovar (or ojoovton) and the
sides will move on certain cones, or on the surface of a cone Kotd TV KOVOV gvexdnoovtor or ko, gmidaveiog kwvov ; and
sometimes the angular points or the points of contact of the sides of a circumscribed polygon are said to describe circles
Ypapovot kokhove. The solid figure so formed is 10 yevnOyv yevnOyv otepeov oypua, and let the sphere by its revolution
make a figure nepieveyOe;00. 5 0Pap0. TOIEITM TYHUG. TL.

For the construction of the spiral, however, we have a new element introduced, that of time, and we have two different
uniform motions combined; if a straight line in a plane turn uniformly about one extremity which remains fixed, and return
to the position from which it started and if, at the same time as the line is revolving, a point move at a uniform rate along
the line starting from the fixed extremity, the point will describe a spiral in the plane , g7 K0 e50g;0. ..gv gmmEd®. . . LEVOVTOG
03 §TEPOL TMEPOTOG TEPUTOG, 05TzG FOOTONEMS TePleveXeDzou gnokotactaby, ndlw, sbev gppoocev, gHo O TE YPOUUE Te
ploryopEve GepfiTon Ti GOUe OV ;0OTAXEMS O5TO §0VTH KOty TS epbelog gpEajevov 030 To5 HEVOVTOG TEPOTOG, TO COLEZOV g
Auca ypaPet ¢v 15 gmimédm.

The spiral (described) in the first, second, orany turn is g gM& g ¢v T&, TPETE 3,6VTEPQ OF STOIFOZV TePPOPe Ye
ypappéve, and the turns other than any particular ones are the other spirals og gAhon ZAKeS.

The distance traversed by the point along the line in any time is g e30ega g 610vvG0g;60, and the times in which the point
moved over the distances , 0; YpOVOL, gV 03G TO COUE;OV TgG YPOUULS gmope0ON; in the time in which the revolving line
reaches AT from AB, gvv g XpOvs & TeploryopLEVOL YpUiLy 410 AB gmg AT yducveiton.

The origin of the spiral is gpyy T4 2MKG, the initial line gpyy T3S mepupopzs. The distance described by the point along
the line in the first complete revolution is g50g;0 mpéta (first distance), that described during the second revolution the second
distance g30e;0 dgvTépa, and so on, the distances being called by the number of the revolutions FLwVON®G T0LG TePIPOPULC.
The first area, yoplov mpgrov, is the area bounded by the spiral described in the first revolution and by the ‘first distance’
70 yplov 10 mgpiiadOyy $TO Tg TgS FAIKOS T5G ¢V T TPWTQ TgPLPOOF Ypageiong Koy 156 eylelag, g ¢gonv mpara | the second
area is that bounded by the spiral in the second turn and the ‘second distance,” and so on. The area added by the spiral in
any turn is w0 ywplov 10 rouladOyy §mo 15¢ 2AiKkog 2v Tivi TgpIPOpg.

The first circle, kOxhog mpgrog, is the circle described with the ‘first distance’ as radius and the origin as centre, the
second circle that with the origin as centre and twice the ‘first distance’ as radius, and so on.

Together with as many times the whole of the circumference of the circle as (is represented by) the nwmber less by one
than (that of) the revolutions ueg 3Aoc 3¢ 105 KDKAOV TEPlPepelac T0CAVTAKIS AOUPOVOUEVAS, Z0OC ¢oTyY ¢ &V AboowV §
p10uog tzv mepigopgv, the circle called by the number corresponding to that of the revolutions § kbkiog g katy 0V 3p10uov
AeyOLigvog Touc mepidopas.

With reference to any radius vector, the side which is in the direction of the revolution is forward ty npoayovugva, the
other backward ty gmdpgva.

Tangents, etc.

Though the word gnttopon is sometimes used in Archimedes of a line fouching a curve, its general meaning is not to touch
but simply to meet; e.g. the axis of a conoid or spheroid meets (gntretet) the surface in the vertex. (The word is also often used
elsewhere than in Archimedes of points /ying on a locus; e.g. in Pappus, p. 664, the point will lie on a straight line given in
position gyetal 10 ong;0v Oéogl dedopevng eglelag.)

To touch a curve or surface is generally gpdntecOon or gmuyadety (with gen.). A tangent is gdantopévn or gnryovovsa (sc.
ey0e;0) and a tangent plane gmiyagov gnlmedov. Let tangents be drawn to the circle ABI, toy ABI" kbklov gpomtOugvar B
x0wac2v ; if straight lines be drawn touching the circles gyv gxOeolv tives gmwabovoar 15v kdxiwv. The full phrase of
touching without cutting is sometimes found in Archimedes; if a plane touch (any of) the conoidal figures without cutting
the conoid g1 ka TgV KWVOgIOEWY TYNuaTWY GYuUaTOY dTlTedv dpomtital Uy TEpvov 10 Kwvogldég. The simple word yadgrv is
occasionally used (participially), the tangent planes ty gnimedo Ty wovovra.

To touch at a point is expressed by xaza (with acc.); the points at which the sides ...touch (or meet) the circle onpg;a, Ka

gmrovtal KOk ov og TAevpol.... Let them touch the circle at the middle points of the circumferences cut off by the sides of
the inscribed polygon miyavétwoay T0g KOKAOD Koty HECH TGV GTOTEVUVOUEVY FTO §YVeVE)POUIUEVOD TOAVYWDOVOD TAVP GV .

The distinction between gnnyodew and gnropon is well brought out in the following sentence; but that the plomes touching
ike spheroid meet its surface at one point only we shall prove gt 8¢ Ty gnuyonovta gnlnedo 105 cpapogd£og kag gv nOvov
gntOvton oalegov 156 gadaveios 0ytog SelEosLles.

The point of contact 1.

Tangents drawn from (a point) gypévon gno ; we find also the elliptical expression gno 10¢ = gdpantéco 4 OEIL let OEIT



be the tangent from E, where, in the particular case, = is on the circle.

Constructions.

The richness of the Greek language in expressions for constructions is forcibly illustrated by the variety of words which
may be used (with different shades of meaning) for drawing a line. Thus we have in the first place gyo and the compounds
o1y (of drawing a line through a figure, with g or ;v following, of producing a plane beyond a figure, or of drawing a line
in a plane), katayw (used of drawing an ordinate down from a point on a conic), zpooadyw (of drawing a line to meet another).

As an alternative to mpoodyw, nposPaiiw is also used; and mpoorlnrew may take the place of the passive of either verb. To
produce is gkPéArm, and the same word is also used of a plane drawn through a point or through a straight line; an alternative
for the passive is supplied by gxnint®. Moreover mpOokeiuar is an alternative word for being produced (literally being
added).

In the vast majority of cases constructions are expressed by the elegant use of the perfect imperative passive (with which
may be classed such forms as yeyovéto from ylyvopor, zot® fromgui, and xeicOw from keipon), or occasionally the aorist
imperative passive. The great variety of the forms used will be understood from the following specimens. Let BI" be made (or
supposed) equal to A, xgicbo 1§ A yoov 10 BL'; let it be drawn §x0w, let a straight line be drawn in it (a chord of a circle)
SuixBm TG e3s eyBeya, ler KM be drawn equal to... yon koaybw o KM, let it be joined gnglevybo, let KA be drawn to meet
TpocPeIicBm o KA, let them be produced gPePricBmoav, suppose them found ggpricbmoay, let a circle be set out gkkgicHm
KOKAog, let it be taken ggANn¢bw, let K, H be taken gotwoav eghnuuévor a; K, H, let a circle y be taken /gldpOw kvKi.og ¢v ¢ T0
w, let it be cut tetunobw, let it be divided oiaipnobw (dvnpnobw); let one cone be cut by a plane parallel to the base and
produce the section EZ, unOijto s gtepos kgvos gmimede mopailijip ty Bdoer Koy motgitw touyy wyv EZ, let TZ be cut off §
noiglopOw g TZ, let uch an angle) be left and let it be NHI', Aelgi¢Ow kay gotw + gmo NHI let a figure be made yeyevnobo
oxua, let the sector he made 010 Yeyevnueévog s Topelc, lef cones be described on the circles (as bases) gvuyeydpbocav §
7O TGV KVKA®V KGVOol 310, T05 KOKAOV KgGvol, 2o let it be inscribed or circumscribed gyyeypadOw (Ot gyyeypoupévy 20tw), e
pryeypdplo ; letan area (equal to that) of AB be applied to TH, napafePiiicOw mopy t5v AH 10 yoplov o5 AB;let a
segment of a circle be described on OK, gmy ti¢ OK k0xAov Tpsu0 ¢decTécHW, let the circle be completed gvamemAnpdcho ¢
KOKAoG, let NE (a parallelogram) be completed cvumgminpocBm 10 NH, let it be made mgmoinobw, let the rest of the
construction be the same as before ty giio kateokgvdolw 10V OTOV 1056 TPOTepov. Suppose it done ygyovétm.

Another method is to use the passive imperative of voéw (et it be conceived). Let straight lines be conceived to be drawn
vogicOwoav egbezon ypévan, let the sphere be conceived to be cut voglobw + ohozpa TeTunuévn, ilet a figure (generated)
from the inscribed polygon be conceived as inscribed in the sphere gno 105 TOAVY(HOVOL T05 &YYPUPOLEVOV VOglcHm Tiglc TV
cdogpav gyypadgv oxjuo. Sometimes the participle for drawn is left out; thus g, agtog vogicbw gmdévewn let a surface be
conceived (generated) from it.

The active is much more rarely used; but we find (1) gyv with subjunctive, if we cut gyv tépopev, if we draw gyv gydyope
v, if you produce g&v gPorgs ; (2) the participle, it is possible to inscribe...and (ultimately) to leave dvvatlv goTwv ¢
yyadovta... Aginegtv, if we continually circumscribe polygons, bisecting the remaining circumferences and drawing tangents,
we shall (ultimately) leave e 33 TeptypapovTes TOLOYWVE SY0L TeIVOLEVOV TGV TlePIAEIMOUEVOV TgPLPePeldY KOy gYOUEVEMV ¢
damtopévav Aewyopev, it is possible, if we take the area..., to inscribe AafOvra (or lopPavovia) 1o yawplov...ovwatOv ¢
otév... grypdyai; (3) the first person singular, I take two straight lines hapBavo dvo g50eiag, I took a straight line ZAaBdv tva
epOesav; [ draw OM from O parallel to AZ, yyo gno 105 O 4v OM mapdiiniov g AZ, having drawn T'K perpendicular, 1
cut off AKequal to TK gyayov xdbetov 13v TK 1@ T'Kyoov gnéhaBov tqv AK, I inscribed a solid figure...and
circumscribed another gvéypoy . YL GTePeOA. .. KO FALO TegplEyponyaL.

The genitive of the passive participle is used absolutely, egpefévroc it being supposed found, gyypagévros o (the figure)
being inscribed.

To make a figure similar to one (and equal to another) guoiwoai, to find experimentally gpyuvixgs, to cut into unequal
parts gxs Voo Téa VLY.

Operations (addition, subtraction, etc.).

1. Addition, and sums, of magnitudes.
To add is mpootiOnui, for the passive of which zpOo xeiuai is often used; thus one segment being added gvdg TPANOTOS
nottgdévtoc, the added (straight line) g motikgwévo, let the common HA, ZI" be added xow; ttpookgicOocov af HA, ZI ;

the words are generally followed by mpO¢ (with acc. of the thing added t0), but sometimes by the dative, that to which the
addition was made & moted.



For being added together we have ovvtl0/c0a thus being added to itself ovwtiOéplvov 0510, added together & OETO
cuvtghévto, added to itself (continually) gmiocvTiféuevy gpvte.

Sums are commonly expressed for two magnitudes by ovvapngOtepog used in the following different ways; the sum of BA,
AN ovwoupOtepog j BAA, the sum of AT, I'B ovwapgOtepog 5 A, T'B, the sum of the area and the circle 10 ovvappOtepov g
e KO;kA0G Koy T ywplov. Again for sums in general we have such expressions as the line which is equal to both the radii j 1
0N GUPOTEPAIS TOGS gk TOF KEVTPOU, the line equal to (the sum of) all the lines joining j yon TAo0IG T0EG ¢MEELYVLOVCOIG.
Also all the circles oy mavt(c kOKhot means the sum of all the circles; and ovyk{Qron gk is used for is equal to the sum of (two
other magnitudes).

To denote plus uerd (with gen.) and oOv are used; together with the bases pgty 1gv Péoewv, together with half the base of
the segment o3V 1 yuiceée TUNHOTOG PaCewS; Te and kal also express the same thing, and the participle of mpochopBéveo
gives another way of describing having something added to it; thus the squares on (all) the lines equal to the greatest together
with the square on the greatest... is Ty TeTpdy®Va Ty 470 TzV 05V T& uey( mothapBavovra 1o Te ymo0 peylotag teTpdymvoy ...

2. Subtraction and differences.

To subtract from is gdoupegv ¢no ; if (the rhombus) be conceived as taken away gv vonbg gdypnuévog, let the segments
be subtracted 3dopebévtov Tpunuata. Terms common to each side in an equation are kowd;, the squares are common to both
(sides) KOwa gvTL gkatépwv Ty TeTpaywva. Then let the common area be subtracted is kowov gdypnobo 10 yoplov, and so
on; the remainder is denoted by the adjective loin0g, e.g. the conical surface remaining AOITY of KOVIKy gTIPOVELQ.

The difference or excess is gngpoyn, or more fully the excess by which (one magnitude) exceeds (another) §mepoyN, 4 §7e
pExel... Or 5Tepoyd, & HelEwv ¢otl.... The excess is also expressed by means of the verb goepéyewv alone; let the difference by
which the said triangles exceed the triangle AAI" be ©, § by §Tepéyel Ty epPNHEVYL tplyova tog AAT tplyovov zote 10 O, 0
exceed by less than the excess of the cone y over the half of the spheroid gnep€ye€v ghoccoVi§ @ (or sMKo) smepéel § v kg
VoG 105 Mécg0g 105 oparpogdcos (where g gmepéyet may also be omitted). Again the excess may be g pecov ¢oti. The
opposite to mepExet 1s Agimgron (with gen.).

Equal to twice a certain excess y60. 606}V §Tep0O)0;G, With which equal to one excess, yoa pug 5mepoyg, is contrasted.

The following sentence practically states the equivalent of an algebraical equation; the rectangle under ZH, EA exceeds
the rectangle under ZE, EA by the (sum of) the rectangle contained by ZA, EH and the rectangle under ZE, EE, gnepéyet 10
$70 1@v ZH, EA 105 510 1av ZE, EA 1 1 §70 1av EA, EH mgpiexouéve ko g §70 ZE, EE. Similarly twice PH together with
[12 is (equal to) the sum of P, PI1, 800 pgv o5 PH pety IIE cuvopeOtepOs gotwv g PIL

3. Multiplication.

To multiply is moAhanroc18lw); multiply one another (of numbers) molhomlacialetv gAhdAovg ; to multiply by a number
is expressed by the dative; let A be multiplied by © mgmolAamiaciacOow 54 15 6.

Multiplied into is sometimes gl (with acc.); thus the rectangle HO®, OA into OA (i.e. a solid figure) is 10 510 tgv HO,
OA ¢, Thv OA.

4. Division.

To divide diaupeyv ; let it be divided into three equal parts at the points K, ©, dinpijofw g tpla yoa 15 K, © cauga ; to
be divisible by ugtpe;o0oi1 gmo.

Proportions.

A ratio is A0yog, proportional is expressed by the phrase in proportion gvéhoyov, and a proportion is gveroyla. We find
in Archimedes some uses of the verb Aéym which seem to throw light on the definition found in Euclid of the relation or ratio
between two magnitudes. One passage (On Conoids and Spheroids, Prop. 1) says if the terms similarly placed have, two and
two, the same ratio and the first magnitudes are taken in relation to some other magnitudes in any ratios whatever g Ko K0Ty
300 1OV atOV Adyov grovi Ty grolog tetaypéva, Aeyiton 88 Ty mpgra teyebea moTt Tvar gAha peyébea. .. v AOYols gmototcos
v, if A, B... be in relation to N, Z... but Z be not in relation to anything (i.e. has no term corresponding to it) g K0... Ty HeV
A, B, ... dgyovton oty Ty N, Z, ... 10 ¢ Z undy mog £v Agynro.

A mean proportional between is péon gvaloyov..., is a mean proportional between pégov 1.6yov Loyov gyel T5¢...Kay T4
S..., two mean proportionals dévo uéoor gval.oyov with or without xaty 10 ovveyes in continued proportion.

If three straight lines be proportional gyv tpe;G egOe;n gvodoyov goi, a fourth proportional terdpta gvéloyov, if four



straight lines be proportional in continued proportion g ko. T€00GpgS YPOLUR GVEAOYOV ZOVTL &V TE OVVEXE; avaloyla, at the
point dividing (the line) in the said proportion katy TV §vaA0yoV TOUyV TG P PUEVR.

The ratio of one straight line to another is e.g. 5 T3¢ PA npog AX AOY0g or 5 (MOyoq), gv zxet | PA mpog v AX; the ratio
of the bases §t1gv Paclov Aoyog; has the ratio of 5 to 2 MOyov zyet, gv TéEVTe TPOG 300.

For having the same ratio as we find the following constructions. Have the same ratio to one another as the bases t0v oy
0V grovu L0yov mot’ gAAdlovg tas Pdoeotv, as the squares on the radii gv oy gk 1gv kévipwv dvvauer; TA has to PZthe
(linear) ratio which the square on TA has to the square on H, gv zyet LOyov 5 TA mpog tyv H dvvapet, TogTov zxet OV Lbyov
7 TA mpog PZ pnket. Is divided in the same ratio gig tov agtov AOyov tétumron, or simply spolwg ; will divide the diameter in
the proportion of the successive odd numbers, unity corresponding to the (part) adjacent to the vertex of the segment t3v d1ipe
TPOV TgHOFVTL €3G TOHG TV GG MeploG gV P0Gy L6yovg, &VOG AgYOUEVOL TTOTy TE KOPLOE TOF THAUOTOG,

To have a less (or greater) ratio than is zyev AOyov ghéocova (or peilova) with the genitive of the second ratio or a
phrase introduced by §; o have a less ratio than the greater magnitude has to the less, gew AOyov ghdocova # 10 peSov
néyebog moo0G 10 FAOCCOV.

For duplicate, triplicate etc. ratios we have the following expressions: has the triplicate ratio of the same ratio
wpimhaclova AGyov gret 105 agroy A0you, has the duplicate ratio of EA to AK dirdaciova AGyov gyet #7ep o EA moog AK, are
in the triplicate ratio of the diameters in the bases gv pimi.oclovi Aoyy €joy 1gv ¢v Tagc Padeot diapétpwv, sesquialterate
ratio ,ﬁméﬂzog; A0yog. With these expressions must be contrasted the use of double, quadruple etc. ratio in the sense of a
simple multiple by 2, 4 etc., e.g. if any number of areas be placed in order, each being four times the next gt ko ywplo we0¢
WVt ¢¢ gmooaogy ¢v 16 Tetpaniaclovi A0yg.

The ordinary expression for a proportion is as A is to Bso is I' to A, 6 5 A mpog v B, 0gteg B, mpog t4v I' moodg t4v
A. Let AE be made so that AE is to TE as the sum of ®A, AE is to AE, memotijofw, ¢ covaugOtepOg 7 ©A, AE 100G T3¢
AE, ogtog 4 AE moog T'E. The antecedents are ty 4yobueva, the consequents smOugva.

For reciprocally proportional the parts of gvtuménovOa are used ; the bases are reciprocally proportional to the heights
gvumenOvhooty a; fdoelc tayc Gyeoty, to be reciprocally in the same proportion gvuimovOéuev katy T0v agtov AOyov.

A ratio compounded of is A0yo¢ cvvnuuévog (Or GVYKeinegVog) ZK Te TOg... K0y T05... ; the ratio of PA to Ay is equal to
that compounded of § t3¢c PA AX L 6yog ovvpmral ¢K... Two other expressions for compounded ratios are ;5 tog gno A® Tpog

10 430 BO kay 5 (or mposraBav T0v) T35 A® Tpog OB, the ratio of the square on A® to the square on BO multiplied by the
ratio of A® to OB.

The technical terms for transforming such a proportionas a : b =c : d are as follows :
1. gvalldé alternately (usually called permutando or alternando) means transforming the proportionintoa : c=b: d.
2.3varmalry reversely (usually invertendo), b: a=d : c.

3.00v0eoic .Oyov is composition of a ratio by which the ratio a : b becomes a + b : b. The corresponding Greek term to
componendo 1is ovov@évti, which means no doubt literally “to one who has compounded,” i.e. “if we compound,” the ratios.
Thus covOévn denotes the inference thata + b : b =c +d : d. katy cOvBeov is also used in the same sense by Archimedes.

4.01alpeocic AOyov signifies the division of a ratio in the sense of separation or subtraction by which a : b becomes a — b : b.
Similarly dgdOvri (or katy S1alpeotv) denotes the inference that a—b : b =c —d : d. The translation dividendo is therefore
somewhat misleading.

5.10yov conversion of a ratio and gvactpEavti correspond respectively to the ratio a : @ — b and to the inference thata : a — b
=c:c—d.

6. 03 7000V ex aequali (sc. distantia) is applied e.g. to the inference from the proportions
a:b:c:detc.=A:B:C:Detc.

that a:d=A:D.

When this dividing-out of ratios takes place between proportions with corresponding terms placed crosswise, it is
described as 83 300V ¢v 14 TeTOpOYUEVN, ex aequali in disturbed proportion or avopolag tgv MOywv tetaypévav the ratios
being dissimilarly placed; this is the case e.g. when we have two proportions

a:d=B:C,



b:c=A4:B,
and we inferthat a:c=4: C,
Arithmetical terms.

Whole multiples of any magnitude are generally described as the double of, the triple of etc., § dimidoiog, § wpimAdoiog
K.T.A., following the gender of the particular magnitude; thus the (surface which is) four times the greatest circle in the

sphere tetpamhacia tog peylotov kukhov Tgv 3 odalpa ; five times the sum of AB, BE together with ten times the sum of
AB, BA, ¢ mevtaniac(a ovvapeotépov 136 AB, BE pety 156 dexomhaclog cvvappotépov 1z B, BA. The same multiple as
toooviamioclwy... goomlaclwy o, or yodkic moldamioolwy... kal. The general word for a multiple of is moAAamAdo10g or
nolomlac{mv, which may be qualified by any expression denoting the number of times multiplied; thus multiplied by the
same number woALomAGo10¢ 16 ogte gp10ue, multiples according to the successive numbers TOALOTAGOIO K0Ty TOFS &S &
p101oig.

Another method is to use the adverbial forms twice 8{c, thrice 1plc, etc., which are either followed by the nominative, e.g.
twice EA 81¢ 45 EA, or constructed with a participle, e.g. twice taken &g LopPavOpevog or 8yg eypnuévos ; together with twice
the whole circumference of the circle pegd’ ghag t4¢ 105 KOKAOV Tep1Pepeiog 636 AapPavopévag. Similarly the same number of
times (the said circumference) as is expressed by the number one less than (that of) the revolutions tocavtdkig Aappovollg
VOG, g50G gOTyV 4 ¢V eMoowv gp1Opog TV mepipopgv An interesting phrase is the following, as many times as the line IA is
contained (literally added together) in YA, so many times let the time ZA be contained in the time AH, godxig ovykegiton §
LA yp2upg v 1@ AA, tooavtdkic ovykeiobo § xpOvos s ZH gv 16 xpOve 16 AH.

Submultiples are denoted by the ordinal number followed by pépoc; one-seventh is 2foouov uépog and so on, one-half
bging however guiovg. When the denominator is a large number, a circumlocutory phrase is used; thus less than (i th part
of a right angle g.attwv 3 diaipebeioog T3¢ §p0z¢ eis SO TOVTWY 2V 1EPOS.

When the numerator of a fraction is not unity, it is expressed by the ordinal number, and the denominator by a compound
substantive denoting such and such a submultiple; e.g. two-thirds o tpiraulpia, three-fifths tpla mgunraudpia.

There are two improper fractions which have special names, thus one-and-a-half of is ,;:ulc')hog, one-and-a-third of ¢
nltprroc. Where a number is partly integral and partly fractional, the integer is first stated and the fraction follows introduced
by koy ztL or kal and besides. The phrases used to express the fact that the circumference of a circle is less than 3} but
greater than 339 times its diameter deserve special notice; (1) mavtog kiKov 4 mepllgTpoc ¢ d1auéTpov tpimdaclwv ol
KOy, 211 §TEPENEL gLA000VI LUgV 3 §POOue uépel Srouétpou, ugilovi TG SIAUETPOV, HeiCOVL By 7 dexa éBdounxoctopdvorg and (2)
pimhaclwy oty Koy ghaooove gy ? §POOue tépet, ugiwv oy # | od ugidwv. We also have the phrase for the first part ghdccwv
# imhaolov Koy gfo0ue uéper pgilwv.

To measure ugtpe;v, common measure ko1vov uétpov, commensurable, incommensurable oOuugtpog, obuueTPOS.

Mechanical terms.

Mechanics Ty unyavikd, weight Bdpog; centre of gravity kévipov oy Bdpeog with another genitive of the body or
magnitude; in the plural we have either 13 kévipa ayrgy Tog fdpeog or Ty kévipa tgy Papéwv. kévipov is also used alone.

A lever {vyOg or (Oytov, the horizon & Spl{wv; in a vertical line is represented by perpendicularly xaty k60gtov, thus the
point of suspension and the centre of gravity of the body suspended are in a vertical line xaty kd0etOv ¢oti 16 1 011 10 Ké
OO Lg;0V TO} KPEUAOTO Koy TO KEVIPOV 103 Bdpeog 03 kpeuauevov. Of suspension from or at gk or kard (with acc.) is used. Let
the triangle be suspended from the points B, T, kpgucoOw 10 tplywvov gk tgv B, T caugiov; if the suspemion of the
triangle BAT" at B, I be set free, and it be suspended at E, the triangle remains in its position g ko 1oy BAI' tpiycovov g uév
xotd ta B, T kpépaocic vy, katd o¢ 10 E kpepaocly, uével wo mpiywvov, ¢ vitv el

To incline towards gémgrv émi (acc.); to be in equilibrium icopponeiv, they will be in equilibrium with A held fast kote
youévoo tou A ioopponnogl, they will be in equilibrium at A (i.e. will balance about A) kaza to A ioppornootivt ; AB is too
great to balance I' ugiCov éou 10 AB 1} wotg iooppomeiv g I. The adjective for in equilibrium is icopperniis; let it be in
equilibrium with the triangle TAH, icopperés gote) g TAH tprycdve. To balance at certain distances (from the point of
support or the centre of gravity of a system) is azo vV uakémv icoppomelv.

Theorems, problems, etc.



A theorem Ogcdpnua (from Oecdpeiv to investigate) ; a problem mp Ofinua, with which the following expressions may be
compared, the (questions) propounded concerning the figures td mpofefinuévo mepi tgv oynuatwv, these things are
propounded for investigation mpofaliérar t6de Ogwprioar; also mpOxeiuor takes the place of the passive, which it was
proposed (or required) to find Omep mpoekéito glipgiv.

Another similar word is direction or requirement; thus the theorems and directions necessary for the proofs of them ta 0
EOPIUOTA KO TG EMITAYUATO TC Ypeloy ZYovTa glS TS Amoglollag auitgy, in order that the requirement may be fulfilled gmcag
yévntai 1o émtayOév (or émitayua). To satisfy the requirement 1s moigiv 70 émitayua (either e.g. of lines in a figure, or of the
person solving the problem).

After the setting out (2x0go1g) in any proposition there follows the short statement of what it is required to prove or to do.
In the former case (that of a theorem) Archimedes uses one of three expressions dgixzéov it is required to prove, Aéym or dpopi
oM I assert or say ; and in the second case (that of a problem) dei 07 it is required (to do so and so).

In a problem the analysis avaivais and synthesis odvOeoic are distinguished, the latter being generally introduced with the
words the synthesis of the problem will be as follows ovvieQijogtar 10 mpOPinua ograg. The parts of the verb dvaliigry are
similarly used ; thus the analysis and synthesis of each of these (problems) will be given at the end éxdatepa 0¢ taiito Tl
avaivbnogtal € kal ovvighnogtai.

A notable tem in connexion with problems is the diopiouO¢ (determination), which means the determination of the limits
within which a solution is possible*. If a solution is always possible, the problem does not involve a 1opiou0g, ok zyel
d1op1ou0v; otherwise it does involve it, zyet diopioudv.

Data and hypotheses.

For given some part of the verb d{dwu is used, generally the participle 609fg, but sometimes dgdouévos and once or twice
0100ugvog. Let a circle be given 5ed0c0w Kbrlog, given two unequal magnitudes dvo ugyedgv dviodv sobéviamv, each of the
two lines TA, EZ is given éotiv dolgico. éxatépa tgv TA, EZ the same ratio as the given one AOyog 6 avtOg g dobéva.

Similar expressions are the assigned ratio 6 tayOgic AOyog, the given area 10 npoteév (or mpokegiugvov) ywplov.
Given in position Oéagr simply (sc. dgdouév).

Of hypotheses the parts of the verb umotifepon and (for the passive) undkeon are used; with the same suppositions tgv
UtV UTOKgLUEVQY, let the said suppositions be made imoxgioOw 16 gipnuéva, we make these suppositions umotiO¢ugho. 6.0
E.

Where in a reductio ad absurdum the original hypothesis is referred to, and generally where an earlier step is quoted, the
past tense of the verb is used; but it was not (so) oux nv 6¢, for it was less nv yap élaoowv, they were proved equal dmede
ixOnoayv iooi, for this has been proved to be possible dgdgixtol ydp totito dvvarov éov. Where a hypothesis is thus quoted, the
past tense of umdkglpon has various constructions after it, (1) an adjective or participle, AZ, BH were supposed equal 3con
unékevto ai AZ, BH, it is by hypothesis a tangent inékerto émyotivoa, (2) an infinitive, for by hypothesis it does not cut
UmEKELTO Yap Un téuvelv, the axis is by hypothesis not at right angles to the parallel planes unéxgito 0 gov un giugv opBog
moti 16 mopaliaita Emimgoan, (3) the plane is supposed to have been drawn through the centre 10 émimedov UndOKgimal 00G TOU
KEVTpov gylal.

Supposing it found gupeb-£vtoc absolutely. Suppose it done yeyovérw.

The usual idiomatic use of gl 6¢ un after a negative statement may be mentioned; it will not meet the surface in another
point, otherwise... ot yop QWETOL KAT gALO dougiov TAS ETLPavelog gl 0¢ Ul ....

Inferences, and adaptation to different cases.

The usual equivalent for therefore is gpo; ouv and tolvuv are generally used in a somewhat weaker sense to mark the
startingpoint of an argument, thus émei olv may be translated as since, then. Since is émgi, because 6101.

ToAg WAAAOV much more then is apparently not used in Archimedes, who has mollg alone; thus much less then is the
ratio of the circumscribed figure to the inscribed than that of K to H nolAg ¢po 10 Teptyppadév mpog 10 £yypodev £yaccova
Loyov zyet Tol, gv 2xet | K mpog H.

o1a with the accusative is a common way of expressing the reason why; because the cone is isosceles 616 10 1I60GKAN givan
KgVov, for the same reason 510 TauTd.



016 with the genitive expresses the means by which a proposition is proved; by means of the construction o6, 3¢ kata.oKe
vjis, by the same means 516 tgv autgV, by the same method 316,700 ontog 7pOmov.

Whenever this is the case, the surface is greater grav touto 4, ugiwv ylverar 1 émavela..., if this is the case, the angle
BA® is equal..., ¢l 8¢ 10010, Y00 £01iv 6 UNd BA® yowvla..., which is the same thing as showing that... § taitov o1t ¢ O¢
igan, gri....

Similarly for the sector ouoiwg 6é koi éxi toll Touéwg, the proof is the same as (that used to show) that ¢ autd, 6wodellig
amep Kol g, the proof that... is the same ¢ outd 6nddelic évn kai 0., the same argument holds for all rectilineal
figures inscribed in the segments in the recognised manner (see p. 204) éni maviwv enBvypdupuwy gy Eyypodoucvmo & ta
tuéuato yvopluome 6 autog AOyog; it will be possible, having proved it for a circle, to transfer the same argument in the
case of the sector gotou émi kUKAov dgilovto ugtayoyelv T0v guoiov A0yov kai émi toil Touéws; the rest will be the same, but
it will be the lesser of the diameters which will be intercepted within the spheroid (instead of the greater) 1o uév ghio ta
outa ¢oogital, v 0¢ OlOUETPY G ELdoowa éoogital o évamolaglgioa &v tg opaipoeldel; it will make no difference
whether-...or...010(cgl 8¢ 0UBEV, gyTe. . .€7Te. ...

Conclusions.

The proposition is therefore obvious, or is proved dgi.ov ouv éot (ot dédgiictar) o mpotelév; similarly gavepov ouv éotry,
g 20g1 Ogicau, and 20g1 O¢ voiito dgidar. Which is absurd, or impossible gngp gTomov or GouvoTov.

A curious use of two negatives is contained in the following: ot gpa ogk éoti kévipov ol Papéog toit AEZ tpryOvov 10 N
oougiov. 2oT1v gpa, therefore it is not possible that the point N should not be the centre of gravity of the triangle AEZ. It
must therefore be so.

Thus a rhombus will have been formed gotou o1 yeyovas poufog; two unequal straight lines have been found satisfying the
requirement gupnuévol giciv gpa 60 gubgion gvicol Totolcon TO Emitary Lol

Direction, concavity, convexity.

In the same direction éni wé. anid, in the other direction émi 16 zrepa, concave in the same direction émi v autd kolly;
in the same direction as éri to. outa with the dative or £’ g, thus in the same direction as the vertex of the cone émi ta. outa.
@ 01 KVoV Kopupg, drawn in the same direction as (that of) the convex side of it £émi mé aUTd gyouévan, £ g vt T4 KVPTa
autol. For on the same side of éni té autd is followed by the genitive, they fall on the same side of the line émi ta auta
T{TOVOL T3 YPOLFS.

On each side of £¢° éxdrgpa (with gen.); on each side of the plane of the base £é¢’ éxatgpa. Totl Emimedon T3¢ Bdogg.

Miscellaneous.

Property oburtmuo. Proceeding thus continually, degl tolito T0101iVTgS, gl TOVTOV Ygv OUEVOD, OF TOUTOV ECHE YIVOUEVOY.
In the elements ¢v T3 oTo1)ELCO0EL.

One special difference between our terminology and the Greek is that whereas we speak of any circle, any straight line
andi the like, the Greeks say every circle, every straight line, etc. Thus any pyramid is one third part of the prism with the
same base cbs the pyramid and equal height mdoa wopoauis tpltov uépog éoti toi mplouatog ol Tdv antdy Paoiv goviog q
mvpould kol gyog yoov. I define the diameter of any segment as di6pgTpov kaléw movrOg wuduazos. To exceed any assigned
(magnitude) of those which are comparable with one another uingpéyglv movtog toll Tpotediviog 1gv mpog gAANAC Agyousvav.

Another noteworthy difference is illustrated in the last sentence. The Greeks did not speak as we do of a given area, a
given ratio etc., but of the given area, the given ratio, and the like. Thus It is possible...to leave certain segments less than a
given area SvvarOv éoniv... elmely tiva quijpata, gnep zotol $hdocove Tol mpokgpévov yoplov; to divide a given sphere by a
plane so that the segments have to one another an assigned ratio tav doGgicav odoipayv EMTEI® TeUelV, FOTe TG TUAUOTO QUTAS
mot’ gAlodo 1oV TuduaTa AOYOV Zglv.

Magnitudes in arithmetical progression are said to exceed each other by an equal (amount), if there be any number of
magnitudes in arithmetical progression gf ko 2ovu ugyifgo Omoo00UY 16 0@ GALaLWY umgpeyovta. The common difference

is the excess timgpoyd, and the terms collectively are spoken of as the magnitudes exceeding by the equal (difference) wd 1
105 umgpéyovra. The least term is 10 EMGyoTOV, the greatest term 1o uéyiotov. The sum of the terms is expressed by wavza ta
¢ 70 UTEPEYOVTOL.



Terms of a geometrical progression are simply in (continued) proportion évdhoyov, the series is then 1| avoloyia, the
proportion, and a term of the series is tig tTgv &v 1§ autg dvaroyio. Numbers in geometrical progression beginning from
unity are apifuoi avaioyov amo uovaoog. Let the term A of the progression be taken which is distant the same number of
terms from © as A is distant from unity AeldpOw éx dg dvaloyiog 6 A dréywv éro toii O toc0vTOVS, F00VS O A GO HLOVAJIOS
ATEyel.

* Apollonius of Perga, pp. clvii—clxx.
*Cf Apollonius of Perga, pp. XXiv, XXv.
* Cf. Apollonius of Perga, p. Ixx, note.



ON THE SPHERE AND CYLINDEB.

BOOK L.

“ARCHIMEDES to Dositheus greeting.

On a former occasion I sent you the investigations which I had up to that time completed, including the proofs, showing that
any segment bounded by a straight line and a section of a right-angled cone [a parabola] is four-thirds of the triangle which has
the same base with the segment and equal height. Since then certain theorems not hitherto demonstrated (dvedgyrrewv) have
occurred to me, and I have worked out the proofs of them. They are these: first, that the surface of any sphere is four times its
greatest circle (zog ueylotov kUxAov); next, that the surface of any segment of a sphere is equal to a circle whose radius (1} &K
tog K¢vipov) is equal to the straight line drawn from the vertex (kopvén)) of the segment to the circumference of the circle
which is the base of the segment; and, further, that any cylinder having its base equal to the greatest circle of those in the
sphere, and height equal to the diameter of the sphere, is itself [i.e. in content] half as large again as the sphere, and its surface
also [including its bases] is half as large again as the surface of the sphere. Now these properties were all along naturally
inherent in the figures referred to (aUtg 74§ pUcer movrfipyev mepi wd. eipnugva oxfuoza), but remained unknown to those who
were before my time engaged in the study of geometry. Having, however, now discovered that the properties are true of these
figures, I cannot feel any hesitation in setting them side by side both with my former investigations and with those of the
theorems of Eudoxus on solids which are held to be most irrefragably established, namely, that any pyramid is one third part of
the prism which has the same base with the pyramid and equal height, and that any cone is one third part of the cylinder which
has the same base with the cone and equal height. For, though these properties also were naturally inherent in the figures all
along, yet they were in fact unknown to all the many able geometers who lived before Eudoxus, and had not been observed by
any one. Now, however, it will be open to those who possess the requisite ability to examine these discoveries of mine. They
ought to have been published while Conon was still alive, for I should conceive that he would best have been able to grasp
them and to pronounce upon them the appropriate verdict; but, as I judge it well to communicate them to those who are
conversant with mathematics, I send them to you with the proofs written out, which it will be open to mathematicians to
examine. Farewell.

I first set out the axioms* and the assumptions which I have used for the proofs of my propositions.

DEFINITIONS.

1. There are in a plane certain terminated bent lines (xaurOior ypauual nemepaopugvar)t, which either lie wholly on the
same side of the straight lines joining their extremities, or have no part of them on the other side.

2. I apply the term concave in the same direction to a line such that, if any two points on it are taken, either all the
straight lines connecting the points fall on the same side of the line, or some fall on one and the same side while others fall on
the line itself, but none on the other side.

3. Similarly also there are certain terminated surfaces, not themselves being in a plane but having their extremities in a
plane, and such that they will either be wholly on the same side of the plane containing their extremities, or have no part of
them on the other side.

4. I apply the term concave in the same direction to surfaces such that, if any two points on them are taken, the straight
lines connecting the points either all fall on the same side of the surface, or some fall on one and the same side of it while some
fall upon it, but none on the other side.

5. T use the term solid sector, when a cone cuts a sphere, and has its apex at the centre of the sphere, to denote the figure
comprehended by the surface of the cone and the surface of the sphere included within the cone.

6. Iapply the term solid rhombus, when two cones with the same base have their apices on opposite sides of the plane of
the base in such a position that their axes lie in a straight line, to denote the solid figure made up of both the cones.

ASSUMPTIONS.
1. Ofall lines which have the same extremities the straight line is the least™.

2. Of other lines in a plane and having the same extremities, [any two] such are unequal whenever both are concave in
the same direction and one of them is either wholly included between the other and the straight line which has the same
extremities with it, or is partly included by, and is partly common with, the other; and that [line] which is included is the lesser
[of the two].



3. Similarly, of surfaces which have the same extremities, if those extremities are in a plane, the plane is the least [in
area].

4. Of other surfaces with the same extremities, the extremities being in a plane, [any two] such are unequal whenever
both are concave in the same direction and one surface is either wholly included between the other and the plane which has the
same extremities with it, or is partly included by, and partly common with, the other; and that [surface] which is included is the
lesser [of the two in area].

5. Further, of unequal lines, unequal surfaces, and unequal solids, the greater exceeds the less by such a magnitude as,
when added to itself, can be made to exceed any assigned magnitude among those which are comparable with [it and with] one
another*.

These things being premised, if a polygon be inscribed in a circle, it is plain that the perimeter of the inscribed polygon
is less than the circumference of the circle; for each of the sides of the polygon is less than that part of the circumference of

the circle which is cut off by it.”

Proposition 1.

If a polygon be circumscribed about a circle, the perimeter of the circumscribed polygon is greater than the perimeter
of the circle.

Let any two adjacent sides, meeting in 4, touch the circle at P, O respectively.

Then [Assumptions, 2]
PA+ AQ > (arc PQ).

A

A similar inequality holds for each angle of the polygon; and, by addition, the required result follows.

Proposition 2.

Given two unequal magnitudes, it is possible to find two unequal straight lines such that the greater straight line has to
the less a ratio less than the greater magnitude has to the less.

Let AB, D represent the two unequal magnitudes, 4B being the greater.

Suppose BC measured along B4 equal to D, and let GH be any straight line.

Then, if CA be added to itself a sufficient number of times, the sum will exceed D. Let AF be this sum, and take £ on GH
produced such that GH is the same multiple of HE that AF is of AC.
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Thus EH: HG=AC : AF

But, since AF > D (or CB),
AC: AF < AC: CB.

Therefore, componendo,
EG: GH<AB: D.

Hence EG, GH are two lines satisfying the given condition.

Proposition 3.

Given two unequal magnitudes and a circle, it is possible to inscribe a polygon in the circle and to describe another
about it so that the side of the circumscribed polygon may have to the side of the inscribed polygon a ratio less than that of
the greater magnitude to the less.

Let A4, B represent the given magnitudes, 4 being the greater.
Find [Prop. 2] two straight lines F, KL, of which F is the greater, such that

Draw LM perpendicular to LK and of such length that KM = F.

In the given circle let CE, DG be two diameters at right angles. Then, bisecting the angle DOC, bisecting the half again, and
so on, we shall arrive ultimately at an angle (as NOC) less than twice the angle LKM.

Join NC, which (by the construction) will be the side of a regular polygon inscribed in the circle. Let OP be the radius of
the circle bisecting the angle NOC (and therefore bisecting NC at right angles, in H, say), and let the tangent at P meet OC, ON
produced in S, T respectively.

Now, since LCON<2 £ LKM,

ZHOC< £ LKM,
and the angles at H, L are right;
therefore MK : LK >0C : OH

>0P : OH.



Hence ST:CN< MK : LK
<F:LK,
therefore, a fortiori, by (1),
ST: CN<A:B.
Thus two polygons are found satisfying the given condition.

Proposition 4.

Again, given two unequal magnitudes and a sector, it is possible to describe a polygon about the sector and to inscribe
another in it so that the side of the circumscribed polygon may have to the side of the inscribed polygon a ratio less than
the greater magnitude has to the less.

[The “inscribed polygon” found in this proposition is one which has for two sides the two radii bounding the sector, while
the remaining sides (the number of which is, by construction, some power of 2) subtend equal parts of the arc of the sector; the
“circumscribed polygon” is formed by the tangents parallel to the sides of the inscribed polygon and by the two bounding radii
produced.]
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In this case we make the same construction as in the last proposition except that we bisect the angle COD of the sector,
instead of the right angle between two diameters, then bisect the half again, and so on. The proof is exactly similar to the
preceding one.

Proposition 5.

Given a circle and two unequal magnitudes, to describe a polygon about the circle and inscribe another in it, so that
the circumscribed polygon may have to the inscribed a ratio less than the greater magnitude has to the less.

Let 4 be the given circle and B, C the given magnitudes, B being the greater.

o
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Take two unequal straight lines D, E, of which D is the greater, such that D : E <B : C [Prop. 2], and let ' be a mean
proportional between D, E, so that D is also greater than F.

Describe (in the manner of Prop. 3) one polygon about the circle, and inscribe another in it, so that the side of the former
has to the side of the latter a ratio less than the ratio D : F.

Thus the duplicate ratio of the side of the former polygon to the side of the latter is less than the ratio D?: F2.



But the said duplicate ratio of the sides is equal to the ratio of the areas of the polygons, since they are similar;

therefore the area of the circumscribed polygon has to the area of the inscribed polygon a ratio less than the ratio D? : F2,
or D: E, and a fortiori less than the ratio B : C.

Proposition 6.

“Similarly we can show that, given two unequal magnitudes and a sector, it is possible to circumscribe a polygon about
the sector and inscribe in it another similar one so that the circumscribed may have to the inscribed a ratio less than the
greater magnitude has to the less.

And it is likewise clear that, if a circle or a sector, as well as a certain area, be given, it is possible, by inscribing
regular polygons in the circle or sector, and by continually inscribing such in the remaining segments, to leave segments of
the circle or sector which are [together] less than the given area. For this is proved in the Elements [Eucl. xi. 2].

But it is yet to be proved that, given a circle or sector and an area, it is possible to describe a polygon about the circle
or sector, such that the area remaining between the circumference and the circumscribed figure is less than the given
area.”

The proof for the circle (which, as Archimedes says, can be equally applied to a sector) is as follows.
Let 4 be the given circle and B the given area.

Now, there being two unequal magnitudes 4 + B and 4, let a polygon (C) be circumscribed about the circle and a polygon
(/) inscribed in it [as in Prop. 5], so that

The circumscribed polygon (C) shall be that required. For the circle (4) is greater than the inscribed polygon (/).

Therefore, from (1), a fortiori,

C:A<A+B: A,

whence C<A+B,
or C—-A<B.

Proposition 7.

If in an isosceles cone [i.e. a right circular cone] a pyramid be inscribed having an equilateral base, the surface of the
pyramid excluding the base is equal to a triangle having its base equal to the perimeter of the base of the pyramid and its
height equal to the perpendicular drawn from the apex on one side of the base.

Since the sides, of the base of the pyramid are equal, it follows that the perpendiculars from the apex to all the sides of the
base are equal; and the proof of the proposition is obvious.

Proposition 8.

If a pyramid be circumscribed about an isosceles cone, the surface of the pyramid excluding its base is equal to a



triangle having its base equal to the perimeter of the base of the pyramid and its height equal to the side [i.e. a generator]
of the cone.

The base of the pyramid is a polygon circumscribed about the circular base of the cone, and the line joining the apex of the
cone or pyramid to the point of contact of any side of the polygon is perpendicular to that side. Also all these perpendiculars,
being generators of the cone, are equal; whence the proposition follows immediately.

Proposition 9.

If in the circular base of an isosceles cone a chord be placed, and from its extremities straight lines be drawn to the
apex of the cone, the triangle so formed will be less than the portion of the surface of the cone intercepted between the
lines drawn to the apex.

Let ABC be the circular base of the cone, and O its apex.
Draw a chord 4B in the circle, and join OA, OB. Bisect the arc ACB in C, and join AC, BC, OC.
Then A OAC + AOBC > AOAB.

Let the excess of the sum of the first two triangles over the third be equal to the area D.

Then D is either less than the sum of the segments AEC, CF'B, or not less.

I. Let D be not less than the sum of the segments referred to.

We have now two surfaces

(1) that consisting of the portion OAEC of the surface of the cone together with the segment AEC, and

(2) the triangle OAC;

and, since the two surfaces have the same extremities (the perimeter of the triangle OAC), the former surface is greater than the
latter, which is included by it [Assumptions, 3 or 4].

Hence (surface OAEG) + (segment AEG) > A OAC.
Similarly (surface OCFB) + (segment CFB) > A\ OBC.
Therefore, since D is not less than the sum of the segments, we have, by addition,
(surface OAECFB) + D > AOAC + AOBC
> AOAB + D, by hypothesis.
Taking away the common part D, we have the required result.
I. Let D be less than the sum of the segments AEC, GFB.

If now we bisect the arcs AC, CB, then bisect the halves, and so on, we shall ultimately leave segments which are together
less than D. [Prop. 6]

Let AGE, EHC, CKF, FLB be those segments, and join OF, OF.
Then, as before,



(surface OAGE) + (segment AGE) > A OAE

and (surface OEHC) + (segment EHC) > A OEC.
Therefore (surface OAGHC) + (segments AGE, EHG)

> AOAE + AOEC
> AOAC, a fortiori.
Similarly for the part of the surface of the cone bounded by OC, OB and the arc CFB.

Hence, by addition,
(surface OAGEHCKFLB)+ (segments AGE, EHC, CKF, FLB)

> AOAC + AOBC
> AOAB + D, by hypothesis.

But the sum of the segments is less than D, and the required result follows.

Proposition 10.

If in the plane of the circular base of an isosceles cone two tangents be drawn to the circle meeting in a point, and the
points of contact and the point of concourse of the tangents be respectively joined to the apex of the cone, the sum of the
two triangles formed by the joining lines and the two tangents are together greater than the included portion of the surface
of the cone.

Let ABC be the circular base of the cone, o its apex, AD, BD the two tangents to the circle meeting in D. Join OA, OB: OD.
Let ECF be drawn touching the circle at C, the middle point of the arc ACB, and therefore parallel to 4B. Join OE, OF.
Then ED + DF > EF,
and, adding AE + FB to each side,
AD + DB > AE + EF + FB.

Now 04, OC, OB, being generators of the cone, are equal, and they are respectively perpendicular to the tangents at 4, C,
B.

It follows that

AOAD + AODB > AOAE + AOEF + AOFB.
Let the area G be equal to the excess of the first sum over the second.

G is then either less, or not less, than the sum of the spaces EAHC, FCKB remaining between the circle and the tangents,
which sum we will call L.



I. Let G be not less than L.

We have now two surfaces

(1) that of the pyramid with apex O and base AEFB, excluding the face OA4B,

(2) that consisting of the part OACB of the surface of the cone together with the segment ACB.

These two surfaces have the same extremities, viz. the perimeter of the triangle OA4B, and, since the former includes the
latter, the former is the greater [Assumptions, 4].

That is, the surface of the pyramid exclusive of the face OAB is greater than the sum of the surface OACB and the segment
ACB.

Taking away the segment from each sum, we have
A OAE + AOEF + AOFB + L > the surface OAHCKB.
And G is not less than L.

It follows that
AOAE + AOEF + AOFB + G,

which is by hypothesis equal to A O4AD + A ODB, is greater than the same surface.
II. Let G be less than L.

If we bisect the arcs AC, CB and draw tangents at their middle points, then bisect the halves and draw tangents, and so on,
we shall lastly arrive at a polygon such that the sum of the parts remaining between the sides of the polygon and the
circumference of the segment is less than G.

Let the remainders be those between the segment and the polygon APORSB, and let their sum be M. Join OP, OQ, etc.
Then, as before,
AOAE + AOEF + AOFB > AOAP + AOPQ + ... +AOSB.
Also, as before,
(surface of pyramid O4APQRSB excluding the face OAB)
> the part OAGB of the surface of the cone together with the segment ACB.

Taking away the segment from each sum,

AOAP + AOPQ + ... + M > the part OACB of the
surface of the cone.

Hence, a fortiori,
AOAE + AOEF + AOFB + G,

which is by hypothesis equal to
AOAD + AODB,

is greater than the part OACB of the surface of the cone.

Proposition 11.

If a plane parallel to the axis of a right cylinder cut the cylinder, the part of the surface of the cylinder cut off by the
plane is greater than the area of the parallelogram in which the plane cuts it.

Proposition 12.

If at the extremities of two generators of any right cylinder tangents be drawn to the circidar bases in the planes of
those bases respectively, and if the pairs of tangents meet, the parallelograms formed by each generator and the two
corresponding tangents respectively are together greater than the included portion of the surface of the cylinder between
the two generators.



[The proofs of these two propositions follow exactly the methods of Props. 9, 10respectively, and it is therefore
unnecessary to reproduce them. ]

“From the properties thus proved it is clear (1) that, if a pyramid be inscribed in an isosceles cone, the surface of the
pyramid excluding the base is less than the surface of the cone [excluding the base], and (2) that, if a pyramid be
circumscribed about an isosceles coney the surface of the pyramid excluding the base is greater than the surface of the
cone excluding the base.

“It 1s also clear from what has been proved both (1) that, if a prism be inscribed in a right cylinder, the surface of the
prism made up of its parallelograms [i.e. excluding its bases] is less than the surface of the cylinder excluding its bases,
and (2) that, if a prism be circumscribed about a right cylinder, the surface of the prism made up of its parallelograms is
greater than the surface of the cylinder excluding its bases.”

Proposition 13.

The surface of any right cylinder excluding the bases is equal to a circle whose radius is a mean proportional between
the side [i.e. a generator] of the cylinder and the diameter of its base.

Let the base of the cylinder be the circle 4, and make CD equal to the diameter of this circle, and EF equal to the height of
the cylinder.
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Let H be a mean proportional between CD, EF and B a circle with radius equal to H.
Then the circle B shall be equal to the surface of the cylinder (excluding the bases), which we will call S.

For, if not, B must be either greater or less than S.

I. Suppose B <S.

Then it is possible to circumscribe a regular polygon about B, and to inscribe another in it, such that the ratio of the former
to the latter is less than the ratio S : B.

Suppose this done, and circumscribe about 4 a polygon similar to that described about B; then erect on the polygon about 4
a prism of the same height as the cylinder. The prism will therefore be circumscribed to the cylinder.

Let KD, perpendicular to CD, and FL, perpendicular to EF, be each equal to the perimeter of the polygon about A. Bisect
CD in M, and join MK.

Then A KDM = the polygon about A.

Also L7 EL = surface of prism (excluding bases).

Produce FE to N so that FE = EN and join NL.

Now the polygons about 4, B, being similar, are in the duplicate ratio of the radii of 4, B.



Thus

A KDM : (polygon about B) = MD*: H*
=MD':CD.EF
=MD:NF
=AKDM: ALFN

Therefore (polygon about B)=A LFN
=7 EL
= (surface of prism about 4),
from above.

But (polygon about B) : (polygonin B) <S§: B.

Therefore
(surface of prism about 4) : (polygoninB) <S: B,
and, alternately,
(surface of prism about 4) : S < (polygonin B) : B;
which is impossible, since the surface of the prism is greater than S, while the polygon inscribed in B is less than B.

Therefore B 4 S.
II. Suppose B > S.

Let a regular polygon be circumscribed about B and another inscribed in it so that
(polygon about B) : (polygonin B) <B: S.

Inscribe in 4 a polygon similar to that inscribed in B, and erect a prism on the polygon inscribed in A4 of the same height as
the cylinder.

Again, let DK, FL drawn as before, be each equal to the perimeter of the polygon inscribed in A.

Then, in this case,
A KDM > (polygon inscribed in A)

(since the perpendicular from the centre on a side of the polygon is less than the radius of 4).

Also A LFN = 7 EL = surface of prism (excluding bases).

Now
(polygon in A4) : (polygon in B)= MD*: H?,
= AKDM : ALFN, as before.
And A KDM > (polygon in 4).
Therefore

A LFN, or (surface of prism) > (polygon in B).
But this is impossible, because

(polygon about B) : (polygon in B)< B : S,
< (polygon about B) : S, a fortiori,
so that (polygon in B) > §,
> (surface of prism), a fortiori.

Hence B is neither greater nor less than S, and therefore
B=S.



Proposition 14.
The surface of any isosceles cone excluding the base is equal to a circle whose radius is a mean proportional between
the side of the cone [a generator] and the radius of the circle which is the base of the cone.

Let the circle 4 be the base of the cone; draw C equal to the radius of the circle, and D equal to the side of the cone, and let
E be a mean proportional between C, D.

Draw a circle B with radius equal to E.
Then shall B be equal to the surface of the cone (excluding the base), which we will call S.

If not, B must be either greater or less than S.

I. Suppose B <S.

Let a regular polygon be described about B and a similar one inscribed in it such that the former has to the latter a ratio less
than the ratio S : B.

Describe about 4 another similar polygon, and on it set up a pyramid with apex the same as that of the cone.

Then (polygon about 4) : (polygon about B)

0B -
=C:D
= (polygon about 4) : (surface of pyramid excluding base).

Therefore
(surface of pyramid) = (polygon about B).

Now (polygon about B) : (polygonin B) <S§: B.

Therefore
(surface of pyramid) : (polygonin B) <S§: B,

which is impossible, (because the surface of the pyramid is greater than S, while the polygon in B is less than B).
Hence B 4S.

II. Suppose B > S.

Take regular polygons circumscribed and inscribed to B such that the ratio of the former to the latter is less than the ratio B
. S.

Inscribe in 4 a similar polygon to that inscribed in B, and erect a pyramid on the polygon inscribed in 4 with apex the same
as that of the cone.

In this case

(polygon in A) : (polygon in B) =C*: E*
=C:D

> (polygon in A) : (surface of pyramid excluding base).



This is clear because the ratio of C to D is greater than the ratio of the perpendicular from the centre of 4 on a side of the
polygon to the perpendicular from the apex of the cone on the same side*.

Therefore
(surface of pyramid) > (polygon in B).
But  (polygon about B) : (polygoninB) <B: S

Therefore, a fortiori,
(polygon about B) : (surface of pyramid) <B: S ;

which is impossible.

Since therefore B is neither greater nor less than S,
B=S.

Proposition 15.

The surface of any isosceles cone has the same ratio to its base as the side of the cone has to the radius of the base.

By Prop. 14, the surface of the cone is equal to a circle whose radius is a mean proportional between the side of the cone
and the radius of the base.

Hence, since circles are to one another as the squares of their radii, the proposition follows.

Proposition 16.

If an isosceles com be cut by a plane parallel to the base, the portion of the surface of the cone between the parallel
planes is equal to a circle whose radius is a mean proportional between (1) the portion of the side of the cone intercepted
by the parallel planes and (2) the line which is equal to the sum of the radii of the circles in the parallel planes.

Let OAB be a triangle through the axis of a cone, BE its intersection with the plane cutting off the frustum, and OFC the axis
of the cone.

Then the surface of the cone OAB is equal to a circle whose radius is equal to ,/() 4~ A (.- [Prop. 14.]
Similarly the surface of the cone ODE is equal to a circle whose radius is equal to VOD . DF.

o

o F—E\

A (o] B

And the surface of the frustum is equal to the difference between the two circles.

Now
OA .AC—-OD.DF=DA.AC+ OD. AC — OD. DF.
But OD . AC= OA. DF,
since OA4: AC= 0D : DF.

Hence OA.AC ~ OD.DF=DA.AC+ DA .DF
= DA.(AC + DF).

And, since circles are to one another as the squares of their radii, it follows that the difference between the circles whose radii



are J()A"_"jﬁ’ N OD. DF respectively is equal to a circle whose radius is 4/ D4 . (4 g+ﬂ?}
Therefore the surface of the frustum is equal to this circle.
Lemmas.
“l. Cones having equal height have the same ratio as their bases,; and those having equal bases have the same ratio as
their heights*.
2. If acylinder be cut by a plane parallel to the base, then, as the cylinder is to the cylinder, so is the axis to the axisT.
3. The cones which have the same bases as the cylinders [and equal height] are in the same ratio as the cylinders.

4. Also the bases of equal cones are reciprocally proportional to their heights ; and those cones whose bases are
reciprocally proportional to their heights are equali.

5. Also the cones, the diameters of whose bases have the same ratio as their axes, are to one another in the triplicate
ratio of the diameters of the bases §.

And all these propositions have been proved by earlier geometers.”

Proposition 17.

If there be two isosceles cones, and the surface of one cone be equal to the base of the other, while the perpendicular
from the centre of the base [of the first cone] on the side of that cone is equal to the height [of the second], the cones will
be equal.

Let OAB, DEF be triangles through the axes of two cones respectively, C, G the centres of the respective bases, GH the
perpendicular from G on FD; and suppose that the base of the cone OAB is equal to the surface of the cone DEF, and that OC =
GH.
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Then, since the base of OAB is equal to the surface of DEF’,
(base of cone OAB) : (base of cone DEF)

= (surface of DEF') : (base of DEF)

=DF : FG [Prop. 15]
= D@ : GH, by similar triangles,
=DG : OC.

Therefore the bases of the cones are reciprocally proportional to their heights; whence the cones are equal. [Lemma 4.]

Proposition 18.

Any solid rhombus consisting of isosceles cones is equal to the cone which has its base equal to the surface of one of
the cones composing the rhombus and its height equal to the perpendicular drawn from the apex of the second cone to one
side of the first cone.



Let the thombus be OABD consisting of two cones with apices O, D and with a common base (the circle about AB as
diameter).
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Let FHK be another cone with base equal to the surface of the cone OAB and height FG equal to DE, the perpendicular
from D on OB.

Then shall the cone FHK be equal to the rhombus.
Construct a third cone LMN with base (the circle about MN) equal to the base of O4B and height LP equal to OD.
Then, since LP =00,

LP:CD=0D:CD.

But [Lemma 1 ] OD : CD = (rthombus OADB) : (cone DAB),
and LP : CD = (cone LMN) : (cone DAB).

It follows that
(rhombus OADB)=(cone LMN).......c.ccuun....... (1).

Again, since 4B = MN, and
(surface of OAB) = (base of FHK),
(base of FHK) : (base of LMN)
= (surface of OAB): (base of O4B)
=0B: BC [Prop. 15]
= OD : DE, by similar triangles,
= LP : FG, by hypothesis.

Thus, in the cones FHK, LMN, the bases are reciprocally proportional to the heights.
Therefore the cones FHK, LMN are equal, and hence, by (1), the cone FHK is equal to the given solid rhombus.

Proposition 19.

If an isosceles cone be cut by a plane parallel to the base, and on the resulting circular section a cone be described
having as its apex the centre of the base [of the first cone], and if the rhombus so formed be taken away from the whole
cone, the part remaining will be equal to the cone with base equal to the surface of the portion of the first cone between the
parallel planes and with height equal to the perpendicular drawn from the centre of the base of the first cone on one side
of that cone.

Let the cone OAB be cut by a plane parallel to the base in the circle on DE as diameter. Let C be the centre of the base of
the cone, and with C as apex and the circle about DFE as base describe a cone, making with the cone ODE the rhombus ODCE.

Take a cone FGH with base equal to the surface of the frustum DABE and height equal to the perpendicular (CK) from C on
AO.



Then shall the cone FGH be equal to the difference between the cone OA4B and the rhombus ODCE.
Take (1) a cone LMN with base equal to the surface of the cone OA4B, and height equal to CK,
(2) a cone POR with base equal to the surface of the cone ODE and height equal to CK.
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Now, since the surface of the cone OA4B is equal to the surface of the cone ODE together with that of the frustum DABE, we
have, by the construction,

(base of LMN) = (base of FGH) + (base of POR)
and, since the heights of the three cones are equal,
(cone LMN) = (cone FGH) + (cone POR).
But the cone LMN is equal to the cone OAB [Prop. 17], and the cone POR is equal to the rhombus ODCE [Prop. 18].
Therefore (cone OAB) = (cone FGH) + (rhombus ODCE), and the proposition is proved.

Proposition 20.

If one of the two isosceles cones forming a rhombus be cut by a plane parallel to the base and on the resulting circular
section a cone be described having the same apex as the second cone, and if the resulting rhombus be taken from the whole
rhombus, the remainder will be equal to the cone with base equal to the surface of the portion of the cone between the

parallel planes and with height equal to the perpendicular drawn from the apex of the second™ cone to the side of the first
cone.

Let the rhombus be OACB, and let the cone OAB be cut by a plane parallel to its base in the circle about DE as diameter.
With this circle as base and C as apex describe a cone, which therefore with ODE forms the rhombus ODCE.
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Take a cone FGH with base equal to the surface of the frustum DABE and height equal to the perpendicular (CK) from C on
OA.



The cone FGH shall be equal to the difference between the rhombi OACB, ODCE.
For take (1) a cone LMN with base equal to the surface of OA4B and height equal to CK,
(2) a cone POR, with base equal to the surface of ODE, and height equal to CK.

Then, since the surface of OAB is equal to the surface of ODE together with that of the frustum DABE, we have, by
construction,

(base of LMN) = (base of POR) + (base of FGH),

and the three cones are of equal height;
therefore (cone LMN) = (cone POR) + (cone FGH).

But the cone LMN is equal to the rhombus OACB, and the cone POR is equal to the rhombus ODCE [Prop. 18].
Hence the cone F'GH is equal to the difference between the two rhombi OACB, ODCE.

Proposition 21.

A regular polygon of an even number of sides being inscribed in a circle, as ABC...A'...C'B'A, so that AA'is a diameter,
if two angular points next but one to each other, as B, B', be joined, and the other lines parallel to BB' and joining pairs of
angular points be drawn, as CC', DD'..., then

(BB'"+CC'+...): AA'= A'B : BA.
Let BB, CC', DD',... meet AA"inF, G, H,...;and let CB’, DC",... be joined meeting A4"in K, L,... respectively.

!;fo G/L Hl /

/
Slﬁ;ﬁf?’

Then clearly CB', DC',... are parallel to one another and to 4B.

Hence, by similar triangles,

BF :FA=BF:FK

=CG: GK
=C'G: GL
=E'T:TA’

and, summing the antecedents and consequents respectively, we have

(BB'+CC' +...): AA’=BF : FA
=A'B: BA.

Proposition 22.



If a polygon be inscribed in a segment of a circle LAL' so that all its sides excluding the base are equal and their
number even, as LK...A...K'L', A being the middle point of the segment, and if the lines BB' CC',... parallel to the base LL'
and joining pairs of angular points be drawn, then

(BB'"+CC'+...+LM): AM=A'B : BA
where M is the middle point of LL' and AA' is the diameter through M.
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Joining CB', DC',...LK’, as in the last proposition, and supposing that they meet AM in P, Q,...R, while BB', CC’,..., KK’
meet AM in F, G,... H, we have, by similar triangles,
Bif: FA=B'F: FP
=(CG : PG
=0'G: GQ

= -L.IT'I : RJ.M,

and, summing the antecedents and consequents, we obtain
(BB'+CC"+...4+LM): AM=BF : FA
=A'B: BA.
Proposition 23.

Take a great circle ABC... of a sphere, and inscribe in it a regular polygon whose sides are a multiple of four in number.
Let AA', MM' be diameters at right angles and joining opposite angular points of the polygon.



Then, if the polygon and great circle revolve together about the diameter 44, the angular points of the polygon, except 4, A',
will describe circles on the surface of the sphere at right angles to the diameter 4 A". Also the sides of the polygon will
describe portions of conical surfaces, e.g. BC will describe a surface forming part of a cone whose base is a circle about CC’
as diameter and whose apex is the point in which CB, C'B' produced meet each other and the diameter A4".

Comparing the hemisphere MAM' and that half of the figure described by the revolution of the polygon which is included in
the hemisphere, we see that the surface of the hemisphere and the surface of the inscribed figure have the same boundaries in
one plane (viz. the circle on MM’ as diameter), the former surface entirely includes the latter, and they are both concave in the
same direction.

Therefore [Assumptions, 4] the surface of the hemisphere is greater than that of the inscribed figure; and the same is true of
the other halves of the figures.

Hence the surface of the sphere is greater than the surface described by the revolution of the polygon inscribed in the
great circle about the diameter of the great circle.

Proposition 24.

If a regular polygon AB...A'...B' A, the number of whose sides is a multiple of four, be inscribed in a great circle of a
sphere, and if BB' subtending two sides be joined, and all the other lines parallel to BB' and joining pairs of angular points
be drawn, then the surface of the figure inscribed in the sphere by the revolution of the polygon about the diameter AA' is
equal to a circle the square of whose radius is equal to the rectangle

BA(BB'+CC'+ ...).

The surface of the figure is made up of the surfaces of parts of different cones.

Now the surface of the cone ABB' is equal to a circle whose radius is ¥/ B4 . %B Vg8 [Prop. 14]



The surface of the frustum BB'C'C is equal to a circle of radius ¥/ BC'. (BB’ + C'C"), [Prop. 16]
and so on.

It follows, since BA = BC = ..., that the whole surface is equal to a circle whose radius is equal to

NVBA(BB +CC"+ ...+ MM+ ..+ YY)

Proposition 25.

The surface of the figure inscribed in a sphere as in the last propositions, consisting of portions of conical surfaces, is
less than four times the greatest circle in the sphere.

Let AB...A" ...B'A be a regular polygon inscribed in a great circle, the number of its sides being a multiple of four.
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As before, let BB’ be drawn subtending two sides, and CC"... YY" parallel to BB'.

Let R be a circle such that the square of its radius is equal to
AB(BB'+ CC'+ ... + YY),

so that the surface of the figure inscribed in the sphere is equal to R. [Prop. 24]
Now
(BB'"+CC+...+YY): AA'=A'B : AB, [Prop. 21]
whence  AB(BB'+CC'+ ... +YY')=AA'. A'B.
Hence (radius of R)>=AA' . A'B
<AA”.

Therefore the surface of the inscribed figure, or the circle R, is less than four times the circle AMA'M'.

Proposition 26.

The figure inscribed as above in a sphere is equal [in volume] to a cone whose base is a circle equal to the surface of
the figure inscribed in the sphere and whose height is equal to the perpendicular drawn from the centre of the sphere to
one side of the polygon.

Suppose, as before, that AB...A"... B'A is the regular polygon inscribed in a great circle, and let BB', CC', ... be joined.
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With apex O construct cones whose bases are the circles on BB, CC',... as diameters in planes perpendicular to A4".

Then OBAB' is a solid rhombus, and its volume is equal to a cone whose base is equal to the surface of the cone ABB' and
whose height is equal to the perpendicular from O on 4B [Prop. 18]. Let the length of the perpendicular be p.

Again, if CB, C'B' produced meet in 7, the portion of the solid figure which is described by the revolution of the triangle
BOC about A4’ is equal to the difference between the rhombi OCTC' and OBTB’, i.e. to a cone whose base is equal to the
surface of the frustum BB'C'C and whose height is p [Prop. 20].

Proceeding in this manner, and adding, we prove that, since cones of equal height are to one another as their bases, the
volume of the solid of revolution is equal to a cone with height p and base equal to the sum of the surfaces of the cone BAB', the
frustum BB'C'C, etc., i.e. a cone with height p and base equal to the surface of the solid.

Proposition 27.
The figure inscribed in the sphere as before is less than four times the cone whose base is equal to a great circle of the
sphere and whose height is equal to the radius of the sphere.

By Prop. 26 the volume of the solid figure is equal to a cone whose base is equal to the surface of the solid and whose
height is p, the perpendicular from O on any side of the polygon. Let R be such a cone.

Take also a cone S with base equal to the great circle, and height equal to the radius, of the sphere.

Now, since the surface of the inscribed solid is less than four times the great circle [Prop. 25], the base of the cone R is
less than four times the base of the cone S.

Also the height (p) of R is less than the height of S.

Therefore the volume of R is less than four times that of S; and the proposition is proved.

Proposition 28.

Let a regular polygon, whose sides are a multiple of four in number, be circumscribed about a great circle of a given
sphere, as AB...A" ...B'A; and about the polygon describe another circle, which will therefore have the same centre as the great
circle of the sphere. Let 44" bisect the polygon and cut the sphere ina, a’.
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If the great circle and the circumscribed polygon revolve together about A4, the great circle will describe the surface of a
sphere, the angular points of the polygon except 4, 4’ will move round the surface of a larger sphere, the points of contact of the
sides of the polygon with the great circle of the inner sphere will describe circles on that sphere in planes perpendicular to A4’
and the sides of the polygon themselves will describe portions of conical surfaces. The circumscribed figure will thus be
greater than the sphere itself.

Let any side, as BM, touch the inner circle in K, and let K” be the point of contact of the circle with B'M'.
Then the circle described by the revolution of KK’ about 44" is the boundary in one plane of two surfaces
(1) the surface formed by the revolution of the circular segment KaK' and

(2) the surface formed by the revolution of the part KB...A...B'’K' of the polygon.

Now the second surface entirely includes the first, and they are both concave in the same direction;
therefore [Assumptions, 4] the second surface is greater than the first.

The same is true of the portion of the surface on the opposite side of the circle on KK’ as diameter.

Hence, adding, we see that the surface of the figure circumscribed to the given sphere is greater than that of the sphere
itself.
Proposition 29.

In a figure circumscribed to a sphere in the manner shown in the previous proposition the surface is equal to a circle
the square on whose radius is equal to AB(BB'+ CC'+...).

For the figure circumscribed to the sphere is inscribed in a larger sphere, and the proof of Prop. 24 applies.

Proposition 30.

The surface of a figure circumscribed as before about a sphere is greater than four times the great circle of the sphere.



Let AB...A" ...B'A be the regular polygon of 4n sides which by its revolution about A4" describes the figure circumscribing
the sphere of which ama'm’is a great circle. Suppose aa’, 44" to be in one straight line.

Let R be a circle equal to the surface of the circumscribed solid.
Now (BB'+CC'+...): AA'=A'B : BA, [as in Prop. 21 ]

5o that AB(BB'+CC'+...)=AA". A'B.
Hence (radius of R) =A/AA". A’'B  [Prop. 29]
> A'B

But A'B =20P, where P is the point in which AB touches the circle ama'm’.

Therefore (radius of R) > (diameter of circle ama'm’);
whence R, and therefore the surface of the circumscribed solid, is greater than four times the great circle of the given sphere.

Proposition 31.
The solid of revolution circumscribed as before about a sphere is equal to a cone whose base is equal to the surface of
the solid and whose height is equal to the radius of the sphere.

The solid is, as before, a solid inscribed in a larger sphere; and, since the perpendicular on any side of the revolving
polygon is equal to the radius of the inner sphere, the proposition is identical with Prop. 26.

CoR. The solid circumscribed about the smaller sphere is greater than four times the cone whose base is a great circle
of the sphere and whose height is equal to the radius of the sphere.

For, since the surface of the solid is greater than four times the great circle of the inner sphere [Prop. 30], the cone whose
base is equal to the surface of the solid and whose height is the radius of the sphere is greater than four times the cone of the
same height which has the great circle for base. [Lemma 1.]

Hence, by the proposition, the volume of the solid is greater than four times the latter cone.

Proposition 32.

If a regular polygon with 4n sides be inscribed in a great circle of a sphere, as ab...a'...b'a, and a similar polygon AB...
A'...B'A be described about the great circle, and if the polygons revolve with the great circle about the diameters aa', AA'
respectively, so that they describe the surfaces of solid figures inscribed in and circumscribed to the sphere respectively,
then

(1) the surfaces of the circumscribed and inscribed figures are to one another in the duplicate ratio of their sides, and
(2) the figures themselves [i.e. their volumes] are in the triplicate ratio of their sides.

(1) Let AA4’, aa'be in the same straight line, and let MmOm'M’ be a diameter at right angles to them.
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Join BB', CC'... and bb', cc’,... which will all be parallel to one another and MM".

Suppose R, S to be circles such that
R = (surface of circumscribed solid),

S = (surface of inscribed solid).
Then (radius of R)>=AB(BB'+ CC' + ...) [Prop. 29]
(radius of S)> =ab (bb'+cc'+ ...). [Prop. 24]
And, since the polygons are similar, the rectangles in these two equations are similar, and are therefore in the ratio of
AB? : ab®.
Hence
(surface of circumscribed solid) : (surface of inscribed solid)
= AB? : ab.

(2) Take a cone V" whose base is the circle R and whose height is equal to Oa, and a cone W whose base is the circle S and
whose height is equal to the perpendicular from O on ab, which we will call p.

Then V, W are respectively equal to the volumes of the circumscribed and inscribed figures. [Props. 31, 26]

Now, since the polygons are similar,
AB:ab=0a:p
= (height of cone V) : (height of cone W) ;
and, as shown above, the bases of the cones (the circles R, S) are in the ratio of AB? to ab?.

Therefore V:W=AB3: ab’.

Proposition 33.

The surface of any sphere is equal to four times the greatest circle in it.

Let C be a circle equal to four times the great circle.

Then, if C is not equal to the surface of the sphere, it must either be less or greater.
I. Suppose C less than the surface of the sphere.

It is then possible to find two lines S, y, of which f is the greater, such that
L .y <(surface of sphere) : C. [Prop. 2]
Take such lines, and let 6 be a mean proportional between them.

Suppose similar regular polygons with 4n sides circumscribed about and inscribed in a great circle such that the ratio of
their sides is less than the ratio f : 6. [Prop. 3]



nt

MF
Let the polygons with the circle revolve together about a diameter common to all, describing solids of revolution as before.

Then (surface of outer solid) : (surface of inner solid)
= (side of outer)? : (side of inner)? [Prop. 32]
<p*:%orpf:y
< (surface of sphere) : C, a fortiori.

But this is impossible, since the surface of the circumscribed solid is greater than that of the sphere [Prop. 28], while the
surface of the inscribed solid is less than C [Prop. 25].

Therefore C is not less than the surface of the sphere.

II. Suppose C greater than the surface of the sphere.

Take lines f, y, of which S is the greater, such that
p:y<C: (surface of sphere).

Circumscribe and inscribe to the great circle similar regular polygons, as before, such that their sides are in a ratio less
than that of f§ to , and suppose solids of revolution generated in the usual manner.

Then, in this case,

(surface of circumscribed solid) : (surface of inscribed solid)
< C': (surface of sphere).

But this is impossible, because the surface of the circumscribed solid is greater than C [Prop. 30], while the surface of the
inscribed solid is less than that of the sphere [Prop. 23].

Thus C is not greater than the surface of the sphere.

Therefore, since it is neither greater nor less, C is equal to the surface of the sphere.

Proposition 34.
Any sphere is equal to four times the cone which has its base equal to the greatest circle in the sphere and its height
equal to the radius of the sphere.
Let the sphere be that of which ama'm'is a great circle.

If now the sphere is not equal to four times the cone described, it is either greater or less.

I. Ifpossible, let the sphere be greater than four times the cone.

Suppose V' to be a cone whose base is equal to four times the great circle and whose height is equal to the radius of the
sphere.

Then, by hypothesis, the sphere is greater than V; and two lines f, y can be found (of which f is the greater) such that



S .y > (volume of sphere) : V.
Between f and y place two arithmetic means J, €.

As before, let similar regular polygons with sides 4z in number be circumscribed about and inscribed in the great circle,
such that their sides are in a ratio less than 8 : o.

Imagine the diameter aa’ of the circle to be in the same straight line with a diameter of both polygons, and imagine the latter
to revolve with the circle about aa’, describing the surfaces of two solids of revolution. The volumes of these solids are
therefore in the triplicate ratio of their sides. [Prop. 32]

Thus (vol. of outer solid) : (vol. of inscribed solid)
< 3 : 3, by hypothesis,
<Py, a fortiori (since B : y > 3 : $)*,
< (volume of sphere) : V, a fortiori.

But this is impossible, since the volume of the circumscribed solid is greater than that of the sphere [Prop. 28], while the
volume of the inscribed solid is less than V' [Prop. 27].
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Hence the sphere is not greater than V, or four times the cone described in the enunciation.

II. Ifpossible, let the sphere be less than V.

In this case we take B, v (B being the greater) such that
Sy <V:(volume of sphere).

The rest of the construction and proof proceeding as before, we have finally
(volume of outer solid) : (volume of inscribed solid)
<V (volume of sphere).

But this is impossible, because the volume of the outer solid is greater than V' [Prop. 31, Cor.], and the volume of the
inscribed solid is less than the volume of the sphere.

Hence the sphere is not less than V.
Since then the sphere is neither less nor greater than V, it is equal to V, or to four times the cone described in the

enunciation.

Cor. From what has been proved it follows that every cylinder whose base is the greatest circle in a sphere and whose
height is equal to the diameter of the sphere is % of the sphere, and its surface together with its bases is % of the surface of
the sphere.

For the cylinder is three times the cone with the same base and height [Eucl. x11. 10], i.e. six times the cone with the same
base and with height equal to the radius of the sphere.

But the sphere is four times the latter cone [Prop. 34]. Therefore the cylinder is § of the sphere.



Again, the surface of a cylinder (excluding the bases) is equal to a circle whose radius is a mean proportional between the
height of the cylinder and the diameter of its base [Prop. 13].

In this case the height is equal to the diameter of the base and therefore the circle is that whose radius is the diameter of the
sphere, or a circle equal to four times the great circle of the sphere.

Therefore the surface of the cylinder with the bases is equal to six times the great circle.

And the surface of the sphere is four times the great circle [Prop. 33]; whence
(surface of cylinder with bases) = &+ (surface of sphere).

Proposition 35.

LL'is one side, while the other sides are 2n in number and all equal, and if the polygon revolve with the segment about the
diameter AM, generating a solid figure inscribed in a segment of a sphere, then the surface of the inscribed solid is equal
to a circle the square on whose radius is equal to the rectangle

LL’)

AB(BB'+UC’+...+KK’+ 5 )

The surface of the inscribed figure is made up of portions of surfaces of cones.

If we take these successively, the surface of the cone BAB' is equal to a circle whose radius is
vAB.}BBE' [Prop. 14]

The surface of the frustum of a cone BCC'B' is equal to a circle whose radius is

\/ AB. :BB\:Q‘“EQ- : [Prop. 16]

and so on.

Proceeding in this way and adding, we find, since circles are to one another as the squares of their radii, that the surface of
the inscribed figure is equal to a circle whose radius is

,\/AB (BB"+C'C’+ +EE'+ LEL--').

Proposition 36.

The surface of the figure inscribed as before in the segment of a sphere is less than that of the segment of the sphere.



This is clear, because the circular base of the segment is a common boundary of each of two surfaces, of which one, the
segment, includes the other, the solid, while both are concave in the same direction [Assumptions, 4].

Proposition 37.
The surface of the solid figure inscribed in the segment of the sphere by the revolution of LK...A...K'L' about AM is less
than a circle with radius equal to AL.
Let the diameter AM meet the circle of which LAL'is a segment again in A". Join A'B.

As in Prop. 35, the surface of the inscribed solid is equal to a circle the square on whose radius is
AB (BB'+ CC'+ ... + KK'+ LM).

But this rectangle =A'B. AM [Prop. 22]
<A'A.AM
<AL
A
B - Y

Hence the surface of the inscribed solid is less than the circle whose radius is AL.

Proposition 38.

The solid figure described as before in a segment of a sphere less than a hemisphere, together with the cone whose base
is the base of the segment and whose apex is the centre of the sphere, is equal to a cone whose base is equal to the surface
of the inscribed solid and whose height is equal to the perpendicular from the centre of the sphere on any side of the

polygon.
Let O be the centre of the sphere, and p the length of the perpendicular from O on 4B.
Suppose cones described with O as apex, and with the circles on BB', CC’, ... as diameters as bases.

Then the rhombus OBAB' is equal to a cone whose base is equal to the surface of the cone B4AB’, and whose height is p.
[Prop. 18]

Again, if CB, C'B' meet in 7, the solid described by the triangle BOC as the polygon revolves about AO is the difference
between the rhombi OCTC' and OBTB’, and is therefore equal to a cone whose base is equal to the surface of the frustum
BCC'B' and whose height is p. [Prop. 20]

Similarly for the part of the solid described by the triangle COD as the polygon revolves ; and so on.



Hence, by addition, the solid figure inscribed in the segment together with the cone OLL' is equal to a cone whose base is
the surface of the inscribed solid and whose height is p.

COR. The cone whose base is a circle with radius equal to AL and whose height is equal to the radius of the sphere is
greater than the sum of the inscribed solid and the cone OLL'.

For, by the proposition, the inscribed solid together with the cone OLL' is equal to a cone with base equal to the surface of
the solid and with height p.

This latter cone is less than a cone with height equal to OA4 and with base equal to the circle whose radius is AL, because
the height p is less than OA, while the surface of the solid is less than a circle with radius AL. [Prop. 37]

Proposition 39.

Let /al’ be a segment of a great circle of a sphere, being less than a semicircle. Let O be the centre of the sphere, and join
Ol, Ol'. Suppose a polygon circumscribed about the sector Olal’ such that its sides, excluding the two radii, are 2n in number
and all equal, as LK, ... BA, AB' ... K'L'"; and let OA be that radius of the great circle which bisects the segment /al'.

The circle circumscribing the polygon will then have the same centre O as the given great circle.

Now suppose the polygon and the two circles to revolve together about OA4. The two circles will describe spheres, the
angular points except 4 will describe circles on the outer sphere, with diameters BB’ etc., the points of contact of the sides with
the inner segment will describe circles on the inner sphere, the sides themselves will describe the surfaces of cones or frusta of
cones, and the whole figure circumscribed to the segment of the inner sphere by the revolution of the equal sides of the polygon
will have for its base the circle on LL'as diameter.

Ly

The surface of the solid figure so circumscribed about the sector of the sphere [excluding its base] will be greater than
that of the segment of the sphere whose base is the circle on ll' as diameter.

For draw the tangents /7, /'T" to the inner segment at/, /". These with the sides of the polygon will describe by their
revolution a solid whose surface is greater than that of the segment [Assumptions, 4].

But the surface described by the revolution of /7 is less than that described by the revolution of L7, since the angle 7/L is a
right angle, and therefore LT > [T.

Hence, a fortiori, the surface described by LK...4...K'L'is greater than that of the segment.

CoR. The surface of the figure so described about the sector of the sphere is equal to a circle the square on whose
radius is equal to the rectangle



AB(BB'+ CC'+ ...+ KK'+ 3LL").

For the circumscribed figure is inscribed in the outer sphere, and the proof of Prop. 35 therefore applies.

Proposition 40.

The surface of the figure circumscribed to the sector as before is greater than a circle whose radius is equal to al.

Let the diameter AaO meet the great circle and the circle circumscribing the revolving polygon againina’, A". Join A'B, and
let ON be drawn to N, the point of contact of AB with the inner circle.

a«‘

Now, by Prop. 39, Cor., the surface of the solid figure circumscribed to the sector O/A!" is equal to a circle the square on
whose radius is equal to the rectangle

AB(BB'+CC'+...+ KK'+§LL").

But this rectangle is equal to A'B. AM [as in Prop. 22].
Next, since AL, al' are parallel, the triangles AML', aml' are similar. And AL' > al’; therefore AM > am.
Also A'B=20N=aa'.
Therefore A'B AM > am . aa’
> al”.
Hence the surface of the solid figure circumscribed to the sector is greater than a circle whose radius is equal to al’, or al.

CoR. 1. The volume of the figure circumscribed about the sector together with the cone whose apex is O and base the
circle on LL' as diameter, is equal to the volume of a cone whose base is equal to the surface of the circumscribed figure
and whose height is ON.

For the figure is inscribed in the outer sphere which has the same centre as the inner. Hence the proof of Prop. 38 applies.

CoR. 2. The volume of the circumscribed figure with the cone OLL'is greater than the cone whose base is a circle with
radius equal to al and whose height is equal to the radius (Oa) of the inner sphere.

For the volume of the figure with the cone OLL' is equal to a cone whose base is equal to the surface of the figure and
whose height is equal to ON.

And the surface of the figure is greater than a circle with radius equal to a/ [Prop. 40], while the heights Oa, ON are equal.

Proposition 41.



Let /al' be a segment of a great circle of a sphere which is less than a semicircle.

Suppose a polygon inscribed in the sector Olal’ such that the sides /k,... ba, ab’,... k'l" are 2n in number and all equal. Let a
similar polygon be circumscribed about the sector so that its sides are parallel to those of the first polygon; and draw the circle
circumscribing the outer polygon.

Now let the polygons and circles revolve together about Oa4, the radius bisecting the segment /a/’.

Then (1) the surfaces of the outer and inner solids of revolution so described are in the ratio of AB? to ab’, and (2)
their volumes together with the corresponding cones with the same base and with apex O in each case are as AB’ to ab’.

(1) For the surfaces are equal to circles the squares on whose radii are equal respectively to

AB (BB'+0C"+... +KK'+%),

[Prop. 89, Cor.]

r
and ab (B 40 4 oo K 455 ). [Prop. 35]
But these rectangles are in the ratio of AB? to ab®. Therefore so are the surfaces.

(2) Let OnN be drawn perpendicular to ab and 4B; and suppose the circles which are equal to the surfaces of the outer
and inner solids of revolution to be denoted by S, s respectively.

Now the volume of the circumscribed solid together with the cone OLL' is equal to a cone whose base is S and whose
height is ON [Prop. 40, Cor. 1].

And the volume of the inscribed figure with the cone OI/" is equal to a cone with base s and height On [Prop. 38].
But S :s=AB%* ab?,
and ON:On=A4B: ab.

Therefore the volume of the circumscribed solid together with the cone OLL’ is to the volume of the inscribed solid together
with the cone Oll' as AB is to ab’ [Lemma 5].

Proposition 42.

If lal' be a segment of a sphere less than a hemisphere and. Oa the radius perpendicular to the base of the segment, the
surface of the segment is equal to a circle whose radius is equal to al.

Let R be a circle whose radius is equal to al. Then the surface of the segment, which we will call S, must, if it be not equal
to R, be either greater or less than R.
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I. Suppose, if possible, S > R.

Let /al’ be a segment of a great circle which is less than a semicircle. Join O/, O!l’, and let similar polygons with 2»n equal
sides be circumscribed and inscribed to the sector, as in the previous propositions, but such that

(circumscribed polygon) : (inscribed polygon)< S : R.
[Prop. 6]

Let the polygons now revolve with the segment about OaA, generating solids of revolution circumscribed and inscribed to the
segment of the sphere.

Then

(surface of outer solid) : (surface of inner solid)
= AB®: ab® [Prop. 41]
= (circumscribed polygon) : (inscribed polygon)
< 8 : R, by hypothesis.
But the surface of the outer solid is greater than S [Prop. 39].
Therefore the surface of the inner solid is greater than R; which is impossible, by Prop. 37.
I. Suppose, if possible, S <R.

In this case we circumscribe and inscribe polygons such that their ratio is less than R : S; and we arrive at the result that
(surface of outer solid) : (surface of inner solid)

<R:S.

But the surface of the outer solid is greater than R [Prop. 40]. Therefore the surface of the inner solid is greater than S : which
is impossible [Prop. 36].

Hence, since S is neither greater nor less than R,
S=R.

Proposition 43.
Even if the segment of the sphere is greater than a hemisphere, its surface is still equal to a circle whose radius is
equal to al.

For let lal'a’ be a great circle of the sphere, aa’ being the diameter perpendicular to //’; and let /a'l’ be a segment less than a
semicircle.

Then, by Prop. 42, the surface of the segment /a'l’ of the sphere is equal to a circle with radius equal to a'l.



a-l'

;/\z'

(7]
Also the surface of the whole sphere is equal to a circle with radius equal to aa’ [Prop. 33].

But aa” — a'l? = al” and circles are to one another as the squares on their radii.

Therefore the surface of the segment /al’, being the difference between the surfaces of the sphere and of /a'l’, is equal to a
circle with radius equal to al.

Proposition 44.

The volume of any sector of a sphere is equal to a cone whose base is equal to the surface of the segment of the sphere
included in the sector, and whose height is equal to the radius of the sphere.

Let R be a cone whose base is equal to the surface of the segment /a/’ of a sphere and whose height is equal to the radius of
the sphere; and let S be the volume of the sector Olal’.

<2 a o ®

Then, if S is not equal to R, it must be either greater or less.

I. Suppose, if possible, that S > R.
Find two straight lines f, y, of which f is the greater, such that

p:y>S:R;
and let 9, € be two arithmetic means between £, .

Letlal' be a segment of a great circle of the sphere. Join O/, Ol', and let similar polygons with 2n equal sides be
circumscribed and inscribed to the sector of the circle as before, but such that their sides are in a ratio less than 3 : 3. [Prop.
4].

Then let the two polygons revolve with the segment about OaA, generating two solids of revolution.
Denoting the volumes of these solids by V, v respectively, we have

(V+cone OLL") : (v + cone Oll') = AB3 : ab® [Prop. 41]
<ﬂ3 . 53

<p:v,a fortiori*,



< S§': R, by hypothesis.

Now (V+cone OLL") > S.

Therefore also (v+cone Oll"y > R

But this is impossible, by Prop. 38, Cor. combined with Props. 42, 43.
Hence S3 R

I. Suppose, if possible, that § < R.

In this case we take B, y such that
p:y<R:S,
and the rest of the construction proceeds as before.

We thus obtain the relation
(V+cone OLL") : (v+cone Oll"y <R : S.

Now (v +cone Oll") < S.
Therefore (V' +cone OLL") <R,
which is impossible, by Prop. 40, Cor. 2 combined with Props. 42, 43.

Since then S is neither greater nor less than R,
S=R.

* Though the word used is &1 pato, the “axioms” are more of the nature of definitions; and in fact Eutocius in his notes speaks of them as such (8pot).

1 Under the term bent line Archimedes includes not only curved lines of continuous curvature, but lines made up of any number of lines which may be either straight or
curved.

* This well-known Archimedean assumption is scarcely, as it stands, a definition of a straight line, though Proclus says [p. 110 ed. Eriedlein] “Archimedes defined
(Wploaro) the straight line as the least of those [lines] which have the same extremities. For because, as Euclid’s definition says, & {oov keitai tois é’¢ ’ éavrﬁs onueloss,
it is in consequence the least of those which have the same extremities.” Proclus had just before [p. 109] explained Euclid’s definition, which, as will be seen, is different
from the ordinary version given in our textbooks; a straight line is not “that which lies evenly between its extreme points,” but “that which e’f loov keiron Tois é¢ é(xvrﬁs
onueloig Kkgitar” The words of Proclus are, “He [Euclid] shows by means of this that the straight line alone [of all lines] occupies a distance (ko gxerv didotnua) equal to
that between the points on it. For, as far as one of its points is removed from another, so great is the length (,uéys@os) of the straight line of which the points are the
extremities; and this is the meaning of 7o e’f loov keirou Tois é¢ ’ é(xvrﬁs onuelos. But, if you take two points on a circumference or any other line, the distance cut off
between them along the line is greater than the interval separating them; and this is the case with every line except the straight line.” It appears then from this that Euclid’s
definition should be understood in a sense very like that of Archimedes’ assumption, and we might perhaps translate as follows, “A straight line is that which extends
equally (8 loov ketrar) with the points on it,” or, to follow Proclus’ interpretation more closely, “A straight line is that which represents equal extension with [the distances
separating] the points on it.”

* With regard to this assumption compare the Introduction, chapter III. § 2.

* This is of course the geometrical equivalent of saying that, if a,  be two angles each less than a right angle, and o > f3, then sin o > sin f3.

* Euclid xm. 11. “Cones and cylinders of equal height are to one another as their bases.”

Euclid x11. 14. “Cones and cylinders on equal bases are to one another as their heights.”

+ Euclid x11. 13. “If a cylinder be cut by a plane parallel to the opposite planes [the bases], then, as the cylinder is to the cylinder, so will the axis be to the axis.”

1 Euclid xu1. 15. “The bases of equal cones and cylinders are reciprocally proportional to their heights; and those cones and cylinders whose based are reciprocally
proportional to their heights are equal.”

§ Euclid x11. 12. “Similar cones and cylinders are to one another in the triplicate ratio of the diameters of their bases.”

* There is a slight error in Heiberg’s translation “prioris coni” and in the corresponding note, p. 93. The perpendicular is not drawn from the apex of the cone which is
cut by the plane but from the apex of the other.

*ThatB:y > [33 :83 is assumed by Archimedes. Eutocius proves the property in his commentary as follows.

Take x such that B:6=0:x.

Thus B-0d:y=y—-x:5
and, since p >3, —6 >3 —x.

But, by hypothesis, p-0=0-¢.

Therefore d—€>0—x,
or x >e.

Again, suppose d:x=x:y,
and, as before, we have d—x>x-y,
so that, a fortiori, d—e>x—y,

Therefore e-8>x-y,

and, since x > &,y > v.
Now, by hypothesis, B, 9, x, y are in continued proportion;
therefore [33 .53 =B:y
<B 9.
* Cf. note on Prop. 34, p. 42..



ON THE SPHERE AND CYLINDER.

BOOK 1L

” ARCHIMEDES to Dositheus greeting.

On a former occasion you asked me to write out the proofs of the problems the enunciations of which I had myself sent to
Conon. In point of fact they depend for the most part on the theorems of which I have already sent you the demonstrations,
namely (1) that the surface of any sphere is four times the greatest circle in the sphere, (2) that the surface of any segment of a
sphere is equal to a circle whose radius is equal to the straight line drawn from the vertex of the segment to the circumference
of its base, (3) that the cylinder whose base is the greatest circle in any sphere and whose height is equal to the diameter of the
sphere is itself in magnitude half as large again as the sphere, while its surface [including the two bases] is half as large again
as the surface of the sphere, and (4) that any solid sector is equal to a cone whose base is the circle which is equal to the
surface of the segment of the sphere included in the sector, and whose height is equal to the radius of the sphere. Such then of
the theorems and problems as depend on these theorems I have written out in the book which I send herewith; those which are
discovered by means of a different sort of investigation, those namely which relate to spirals and the conoids, I will endeavour
to send you soon.

The first of the problems was as follows: Given a sphere, to find a plane area equal to the surface of the sphere.

The solution of this is obvious from the theorems aforesaid. For four times the greatest circle in the sphere is both a plane
area and equal to the surface of the sphere.

The second problem was the following.”

Proposition 1. (Problem.)

Given a cone or a cylinder, to find a sphere equal to the cone or to the cylinder.

If ¥ be the given cone or cylinder, we can make a cylinder equal to §. Let this cylinder be the cylinder whose base is the
circle on 4B as diameter and whose height is OD.

Now, if we could make another cylinder, equal to the cylinder (OD) but such that its height is equal to the diameter of its
base, the problem would be solved, because this latter cylinder would be equal to § ¥, and the sphere whose diameter is equal
to the height (or to the diameter of the base) of the same cylinder would then be the sphere required [I. 34, Cor.].

e

Suppose the problem solved, and let the cylinder (CG) be equal to the cylinder (OD), while EF, the diameter of the base, is
equal to the height CG.

Then, since in equal cylinders the heights and bases are reciprocally proportional,

AB*: EF*=0CG: 0D



Suppose MN to be such a line that
EP = AB . MN ...xiininimvisee (2).

Hence AB : EF = EF : MN,
and, combining (1) and (2), we have
AB: MN=EF : OD,
or AB : EF =MN : OD.
Therefore AB : EF=EF : MN=MN : OD,
and EF, MN are two mean proportionals between AB, OD.

The synthesis of the problem is therefore as follows. Take two mean proportionals EF, MN between AB and OD, and
describe a cylinder whose base is a circle on EF as diameter and whose height CG is equal to EF.

Then, since
AB: EF=EF : MN=MN : OD,
EF2=AB . MN,
and therefore AB%* EF? = AB : MN
=FEF: 0D
=CG: OD;

whence the bases of the two cylinders (OD), (CG) are reciprocally proportional to their heights.

Therefore the cylinders are equal, and it follows that
cylinder (CG) =% V.

The sphere on EF as diameter is therefore the sphere required, being equal to V.

Proposition 2.

If BAB' be a segment of a sphere, BB' a diameter of the base of the segment, and O the centre of the sphere, and if AA'
be the diameter of the sphere bisecting BB'in M, then the volume of the segment is equal to that of a cone whose base is the
same as that of the segment and whose height is h, where

h:AM=0OA"+ A'M : A'M.
Measure MH along MA equal to 4, and MH' along MA' equal to /', where
h': A'M = OA+ AM : AM.

Suppose the three cones constructed which have O, H, H' for their apices and the base (BB') of the segment for their
common base. Join 4B, A'B.

Let C be a cone whose base is equal to the surface of the segment BAB' of the sphere, i.e. to a circle with radius equal to
AB [1. 42], and whose height is equal to OA.

Then the cone C is equal to the solid sector OBAB' [I. 44].
Now, since HM : MA=OA’' + A'M : A'M,



dividendo, HA: AM=0OA : A'M,
and, alternately, HA: AO =AM : MA',
so that

HO:04=4A4":A'M
=ARB*: BM*
= (base of cone () : (circle on BB’ as diameter).
But OA4 is equal to the height of the cone C; therefore, since cones are equal if their bases and heights are reciprocally

proportional, it follows that the cone C (or the solid sector OBAB') is equal to a cone whose base is the circle on BB’ as
diameter and whose height is equal to OH.

And this latter cone is equal to the sum of two others having the same base and with heights OM, MH, i.e. to the solid
rhombus OBHB'.

Hence the sector OBAB'is equal to the rhombus OBHB'.

Taking away the common part, the cone OBB',
the segment BAB' = the cone HBB'.
Similarly, by the same method, we can prove that
the segment BA'B' = the cone H'BB'.
Alternative proof of the latter property.
Suppose D to be a cone whose base is equal to the surface of the whole sphere and whose height is equal to OA.
Thus D is equal to the volume of the sphere. [I. 33, 34]
Now, since OA' + A'M : A'M = HM : MA,
dividendo and alternando, as before,
OA: AH=A'"M : MA.
Again, since H'M : MA'= OA+ AM : AM,
H'A": OA=A'M : MA
= 04 : AH, from above.
Componendo, H'O:04=0H:HA................. .. (D).
Alternately, H'O:0H=0A4:A4H.................. (2),
and, componendo, HH': HO=0H : HA,
= H'0 : 04, from (1),
whence HE' 04 =H'Q,0H.......oonnsasens (3).

Next, since

H'O:0H=0A4: AH, by (2),
=A'M: MA,
(H'O+ OH)?: HO . OH= (A'M + MA)? : A'M . MA,
whence, by means of (3),
HH"”: HH' . OA=AA" : A'M . MA,
or HH' : OA= AA"? : BM?.

Now the cone D, which is equal to the sphere, has for its base a circle whose radius is equal to A4, and for its height a line
equal to OA.

Hence this cone D is equal to a cone whose base is the circle on BB’ as diameter and whose height is equal to HH";
therefore the cone D = the rhombus HBH'B’,
or the rhombus HBH'B' = the sphere.
But the segment BAB' = the cone HBB';



therefore the remaining segment BA'B' = the cone H'BB'.
COR. The segment BAB'is to a cone with the same base and equal height in the ratio of OA' + A'M to A'M.

Proposition 3. (Problem.)

To cut a given sphere by a plane so that the surfaces of the segments may have to one another a given ratio.

Suppose the problem solved. Let 44’ be a diameter of a great circle of the sphere, and suppose that a plane perpendicular
to AA' cuts the plane of the great circle in the straight line BB', and 44" in M, and that it divides the sphere so that the surface of
the segment BA'B’ has to the surface of the segment BA'B’ the given ratio.

H| K

g
Now these surfaces are respectively equal to circles with radii equal to AB, A'B [1. 42, 43].
Hence the ratio AB> : A'B? is equal to the given ratio, i.e. AM is to MA'in the given ratio.
Accordingly the synthesis proceeds as follows.
If H: K be the given ratio, divide A4"in M so that
AM : MA'=H K.
Then AM : MA' = AB*: A'B?
= (circle with radius 4B) : (circle with radius 4'B)
= (surface of segment BAB') : (surface of segment BA'B’).

Thus the ratio of the surfaces of the segments is equal to the ratio H : K.

Proposition 4. (Problem.)

To cut a given sphere by a plane so that the volumes of the segments are to one another in a given ratio.

Suppose the problem solved, and let the required plane cut the great circle ABA' at right angles in the line BB'. Let AA' be
that diameter of the great circle which bisects BB’ at right angles (in M), and let O be the centre of the sphere.

Hl
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Take H on OA produced, and H' on OA' produced, such that

and OA+AM:AM=H'M:MA' ........... ).
Join BH, B'H, BH', B'H'.



Then the cones HBB', H'BB' are respectively equal to the segments BAB', BA'B' of the sphere [Prop. 2].

Hence the ratio of the cones, and therefore of their altitudes, is given, i.e.
HM : H'M = the given ratio............... (3).

We have now three equations (1), (2), (3), in which there appear three as yet undetermined points M, H, H'; and it is first
necessary to find, by means of them, another equation in which only one of these points (/) appears, i.e. we have, so to speak,
to eliminate H, H'.

Now, from (3), it is clear that HH': H'M is also a given ratio; and Archimedes’ method of elimination is, first, to find
values for each of the ratios A’'H' : H'M and HH' : H'A' which are alike independent of H, H', and then, secondly, to equate the
ratio compounded of these - two ratios to the known value of the ratio HH' : H'M.

(@) To find such a value for A’'H' : H'M.

It is at once clear from equation (2) above that
AH :HM=04:04+AM............ (4).
(b) To find such a value for HH' : A'H'. From (1) we derive

AM: MA=0A"+A'M: HM

R O T 17 OPSE b Rokiny el (3);
and, from(2), A'M:MA=HM:0A+ AM
o R . (6).
Thus HA: AO=0A': A'H',
whence OH : OA'=OH'": A'H',
or OH: OH'=0A4'": A'H'.

It follows that
HH': OH'=OH': A'H',

or HH'.H'A'=OH'?

Therefore HH': H'A'=OH"”: H'A"®

=AA": A'M? by means of (6)

(¢) To express the ratios A’'H' : H'M and HH' : H'M more simply we make the following construction. Produce O4 to D so
that O4 = AD. (D will lie beyond H, for A'M > MA, and therefore, by (5), OA4 > AH.)

Then AH :HM=04A:04+AM

Now divide 4D at E so that
HE s HEM o AT b DB s sonsvivminio (8).
Thus, using equations (8), (7) and the value of HH' : H'A" above found, we have
AD: DE=HH': HM
=(HH': H'A").(A'H': H'M)
=(AA": A’'M*).(AD : DM).
But AD : DE = (DM : DE). (AD : DM).

Therefore MD:DE=AA%®: A'M*.....cccvuu.... (9).
And D is given, since AD = OA. Also AD : DE (being equal to HH': H'M) is a given ratio. Therefore DE is given.



Hence the problem reduces itself to the problem of dividing A'D into two parts at M so that
MD : (a given length) = (a given area) : A'M>.

Archimedes adds: “If the problem is propounded in this general form, it requires a diopioudg [i.e. it is necessary to
investigate the limits of possibility], but, if there be added the conditions subsisting in the present case, it does not require a
010p1oU0G.”

In the present case the problem is:

Given a straight line A'A produced to D so that A'A 2 = 2 AD, and given a point E on AD, to cut AA'in a point M so that
AA? : A’M? =MD : DE.

“And the analysis and synthesis of both problems will be given at the end*.”

The synthesis of the main problem will be as follows. Let R : S be the given ratio, R being less than S. A4’ being a diameter
of a great circle, and O the centre, produce OA to D so that O4 = AD, and divide AD in E so that

AE : ED=R: §S.
Then cut 44’ in M so that
MD : DE = AA"? : A'M?.

Through M erect a plane perpendicular to A4"; this plane will then divide the sphere into segments which will be to one
another as R to S.

Take H on A'A produced, and H' on AA’ produced, so that
OA"+ A'M : A’M=HM : MA,.............(1),
OA+AM: AM=HM:MA'............ (2).

We have then to show that
HM : MH' =R : S, or AE : ED.
(a) We first find the value of HH' : H'A' as follows.

As was shown in the analysis (b),
HH' . H'A'= OH",

or HH' : HA'=0H": H'A"
=AA%: A'M*
=MD : DE, by construction.
(#) Next we have
HA-HM=04:04+AM
=AD: DM.
Therefore HH': HHM=(HH': H'A".(H'A': H'M)
=(MD : DE).(AD : DM)
=AD: DE,
whence HM : MH' = AE : ED
=18 Q. E. D.

Note. The solution of the subsidiary problem to which the original problem of Prop. 4 is reduced, and of which
Archimedes promises a discussion, is given in a highly interesting and important note by Eutocius, who introduces the subject
with the following explanation.

“He [Archimedes] promised to give a solution of this problem at the end, but we do not find the promise kept in any of the
copies. Hence we find that Dionysodorus too failed to light upon the promised discussion and, being unable to grapple with the
omitted lemma, approached the original problem in a different way, which I shall describe later, Diocles also expressed in his



work mepi mvplwv the opinion that Archimedes made the promise but did not perform it, and tried to supply the omission
himself. His attempt I shall also give in its order. It will however be seen to have no relation to the omitted discussion but to
give, like Dionysodorus, a construction arrived at by a different method of proof. On the other hand, as the result of unremitting
and extensive research, I found in a certain old book some theorems discussed which, although the reverse of clear owing to
errors and in many ways faulty as regards the figures, nevertheless gave the substance of what I sought, and moreover to some
extent kept to the Doric dialect affected by Archimedes, while they retained the names familiar in old usage, the parabola being
called a section of a right-angled cone, and the hyperbola a section of an obtuse-angled cone; whence I was led to consider
whether these theorems might not in fact be what he promised he would give at the end. For this reason I paid them the closer
attention, and, after finding great difficulty with the actual text owing to the multitude of the mistakes above referred to, I made
out the sense gradually and now proceed to set it out, as well as I can, in more familiar and clearer language. And first the
theorem will be treated generally, in order that what Archimedes says about the limits of possibility may be made clear; after
which there will follow the special application to the conditions stated in his analysis of the problem.”

The investigation which follows may be thus reproduced. The general problemis:
Given two straight lines AB, AC and an area D, to divide AB at M so that

AM : AC=D : MB>.
Analysis.

Suppose M found, and suppose AC placed at right angles to 4B. Join CM and produce it. Draw EBN through B parallel to
AC meeting CM in N, and through C draw CHE parallel to AB meeting EBN in E. Complete the parallelogram CENF, and
through M draw PMH parallel to AC meeting FN in P.

Measure EL alone: EN so that
CE .EL (or AB . EL)=D.

Then, by hypothesis,
AM : AC= CE . EL : MB>.
And
AM : AC=CE : EN,

by similar triangle
=CE.EL:EL.EN.

It follows that PN? = MB? = EL. EN.
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Hence, if a parabola be described with vertex E, axis EN, and parameter equal to EL, it will pass through P; and it will be
given in position, since EL is given.

Therefore P lies on a given parabola.

Next, since the rectangles FH, AE are equal,
FP. PH=AB . BE.

Hence, if a rectangular hyperbola be described with CE, CF, as asymptotes and passing through B, it will pass through P.
And the hyperbola is given in position.

Therefore P lies on a given hypérbola.

Thus P is determined as the intersection of the parabola and hyperbola. And since P is thus given, M is also given.



diopiroudec.
Now, since AM : AC=D : MB?,
AM . MB*>= AC . D.

But AC.D is given, and it will be proved later that the maximum value of AM. MB? is that which it assumes when BM =
2AM.

Hence it is a necessary condition of the possibility of a solution that AC.D must not be greater than (34.B . (34 B)* or
#AB"

Synthesis.

If O be such a point on AB that BO = 240, we have seen that, in order that the solution may be possible,
AC.D % A0 . OB?

Thus AC. D is either equal to, or less than, AO0.OB2.
(1) IfAC.D = AO. OB? then the point O itself solves the problem.
(2) Let AC.D be less than AO. 0B>.

Place AC at right angles to 4B. Join CO and produce it to R. Draw EBR through B parallel to AC meeting CO in R and
through C draw CE parallel to AB meeting EBR in E. Complete the parallelogram CERF and through O draw QOK parallel to
AC meeting FR in Q and CE in K.
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Then, since
AC .D<A40 . OB,
measure RQ' along RQ so that
AC.D=A40. Q'R

or AO: AC=D: Q'R%.
Measure EL along ER so that
D=CE .EL (or AB . EL).
Now, since AO : AC=D : Q'R by hypothesis,
=CE.EL: Q'R?,
and AO : AC= CE : ER, by similar triangles,

=CE .EL : EL . ER,
it follows that

O'R*=EL . ER.
Describe a parabola with vertex E, axis ER and parameter equal to EL. This parabola will then pass through O’
Again, rect.’K = rect. AE,
or FQ.QK=A4B . BE;

and, if we describe a rectangular hyperbola with asymptotes CE, CF and passing through B, it will also pass through Q.

Let the parabola and hyperbola intersect at P, and through P draw PMH parallel to iC meeting AB in M and CE in H, and
GPN parallel to AB meeting CF in G and ER in N.



Then shall M be the required point of division.
Since PG .PH=AB . BE,
rect. GM = rect. ME,

and therefore CMN is a straight line.

Thus AB.BE=PG.PH=AM.EN........... (1).
Again, by the property of the parabola,

or MB = EL.EN ..cousasiviiinsiiis (2).

From (1) and (2)

AM : EL=AB . BE : MB?,
or AM . AB : AB . EL=AB . AC : MB>.
Alternately,
AM . AB: AB . AG=AB . EL : MB?,

or AM : AC=D: MB.

Proofofdtopiou0e.

It remains to be proved that, if AB be divided at O so that BO = 2A0, then AO.OB? is the maximum value of AM.MB?,
or AO . OB*> > AM . MB?,
where M is any point on AB other than O.

Suppose that 4O : AC= OE . EL' : OB,

so that AO0. OB*>=CE . EL". AC.
Join CO and produce it to N; draw EBN through B parallel to AC and complete the parallelogram CENF.

Through O draw POH parallel to AC meeting N in P and CE in H.

With vertex E axis EN and parameter EL' describe a parabola. This will pass through P, as shown in the analysis above,
and beyond P will meet the diameter CF of the parabola in some point.
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Next draw a rectangular hyperbola with asymptotes CE, CF and passing through B. This hyperbola will also pass through
P, as shown in the analysis.

Produce NE to T so that TE = EN. Join TP meeting CE in Y, and produce it to meet CF in W. Thus TP will touch the
parabola at P.

Then, since BO =240,
TP =2PW.

And TP =2PY.

Therefore PW=2PY.

Since, then, WY between the asymptotes is bisected at P, the point where it meets the hyperbola,
WY is a tangent to the hyperbola.

Hence the hyperbola and parabola, having a common tangent at P, touch one another at P.

Now take any point M on AB, and through M draw QMK parallel to AC meeting the hyperbola in Q and CE in K. Lastly,
draw GqQOR through Q parallel to AB meeting CF in G, the parabola in ¢, and EN in R.

Then, since, by the property of the hyperbola, the rectangles GK, AE are equal, CMR is a straight line.
By the property of the parabola,
gR>=EL' . ER,
so that OR*><EL'. ER.
Suppose OR>=EL . ER,



and we have AM: AC=CFE : KR
=CFE.EL : EL.ER

=CE.EL : QR*
=CE.EL: MB?,
or AM MB?=CE . EL . AC.
Therefore AM . MB*< CE. EL' . AC
<AO . OB’

If AC.D < AO.OB? there are two solutions because there will be two points of intersection between the parabola and the
hyperbola.

For, if we draw with vertex E and axis EN a parabola whose parameter is equal to EL, the parabola will pass through the
point O (see the last figure); and, since the parabola meets the diameter CF beyond Q, it must meet the hyperbola again (which
has CF for its asymptote).

[If we put AB = a, BM = x, AC = ¢ and D = b? the proportion
AM : AC=D : MB?
is seen to be equivalent to the equation
x% (a —x) = b,
being a cubic equation with the term containing x omitted.
Now suppose EN, EC to be axes of coordinates, EN being the axis of y.

Then the parabola used in the above solution is the parabola

b?
2 —
& = =30
and the rectangular hyperbola is
y(a—x)=ac.

Thus the solution of the cubic equation and the conditions under which there are no positive solutions, or one, or two positive
solutions are obtained by the use of the two conics.]

[For the sake of completeness, and for their intrinsic interest, the solutions of the original problem in Prop. 4 given by
Dionysodorus and Diodes are here appended.

Dionysodorus’ solution.

Let A A’ be a diameter of the given sphere. It is required to find a plane cutting 4 A" at right angles (in a point M suppose) so
that the segments into which the sphere is divided are in a given ratio, as CD : DE.

Produce A'4 to F so that AF' = OA, where O is the centre of the sphere.
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Draw AH perpendicular to A A” and of such length that
FA:AH=CE : ED,
and produce AH to K so that

AR =FA . AH .oooooveceeeann. (a).

With vertex F axis F'4 and parameter equal to AH describe a parabola. This will pass through K by the equation («).

Draw 4" K’ parallel to AK and meeting the parabola in K’; and with A'F, A'K’ as asymptotes describe a rectangular
hyperbola passing through H. This hyperbola will meet the parabola at some point, as P between K and K'.

Draw PM perpendicular to 4 A" meeting the great circle in B, B' and from H, P draw HL, PR both parallel to A4" and
meeting A" K" in L, R respectively.

Then, by the property of the hyperbola,
PR .PM=AH . HL,

ie. PM . MA'=HA . A4,
or PM : AH=AA": A'M,
and PM? : AH? = 44" : A'M>.
Also, by the property of the parabola,
PM?=FM . AH,
i.e. FM : PM=PM : AH,
or FM : AH= PM? : AH?

= AA"? : A'M?, from above.

Thus, since circles are to one another as the squares of their radii, the cone whose base is the circle with A" M as radius
and whose height is equal to FM, and the cone whose base is the circle with 4 4" as radius and whose height is equal to AH
have their bases and heights reciprocally proportional.

Hence the cones are equal; i.e., if we denote the first cone by the symbol ¢ (4" M), FM and so on,
c(A'M), FM = c (44", AH.
Now ¢ (44"), FA: c (AA"), AH=FA: AH
= CE : ED, by construction.

Therefore

¢(AA’), FA :c(A'M), FM=CE : ED ...... M)

But ¢(4A4"), FA = the sphere. [1. 34]

(2) (A" M), FM can be proved equal to the segment of the sphere whose vertex is A’ and height 4" M.
For take G on 4 A’ produced such that

GM: MA"=FM: MA
=04+ A4AM : AM.

Then the cone GBB' is equal to the segment A" BB' [Prop. 2].
And FM : MG =AM : MA’, by hypothesis,
=BM®: A'M*
Therefore
(circle with rad. BM) : (circle with rad. A'M)

=FM: MG,



so that ¢c(A’M), FM =c¢(BM), MG
= the segment A'BB'.

We have therefore, from the equation (f) above,
(the sphere) : (segmt. A'BB") = GE : ED,

whence (segmt. ABB") : (segmt. A'BB") = CD : DE.
Diodes’ solution.

Diodes starts, like Archimedes, from the property, proved in Prop. 2, that, if the plane of section cut a diameter 4 A" of the
sphere at right angles in M and if H, H' be taken on OA, OA' produced respectively so that

OA"+ A'M : A’'M = HM : MA,
OA+ AM : AM =H'M : MA',
then the cones HBB' H' BB' are respectively equal to the segments ABB', A'BB' .
Then, drawing the inference that
HA : AM=0A4": A'M,
H'A : A’M=04: AM,

B
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he proceeds to state the problem in the following form, slightly generalising it by the substitution of any given straight line for
OA or OA":

Given a straight line AA', its extremities A, A', a ratio C: D, and another straight line as AK, to divide A A" at M and to
find two points H, H on A' A and A A' produced respectively so that the following relations may hold simultaneously

C:D=HM:MH'y ................(a),
HA :AM=AK :A'M } oooven...., (8),
HA :AM=AK :AM ) oo (7).

Analysis.
Suppose the problem solved and the points M, H, H' all found.

Place 4K at right angles to 4 A" and draw 4’ K’ parallel and equal to AK. Join KM, K' M, and produce them to meet K" 4’,
KA respectively in E, F. Join KK', draw EG through E parallel to 4" A meeting KF' in G, and through M draw QMN parallel to
AK meetine EG in O nnd K" in V.

Now HA : AM = A'K' : A’M, by (B),

= FA : AM, by similar triangles,

whence HA =FA.
Similarly H'A'=A'E.
Next,

FA+AM: AK' + AM=AM: A'M
=A4dK+AM : EA’ + A’M, by similar triangles,

Therefore



(FA+ AM).(EA' + A'M) = (KA + AM).(K'A" + A'M).
Take AR along AH and A" R' along A" H' such that
AR = AR'= 4K
Then, since FA + AM = HM, EA' + A'M = MH', we have

HM . MH =RM . MR ....c...ceeu.n.. (9).

(Thus, if R falls between 4 and H, R’ falls on the side of H’' remote from A’ and vice versa.)
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Now C':D=HM: MH' by hypothesis,
=HM.MH' : MH"”
= RM.MR': MH", by (8).
Measure MV along MN so that MV =A" M. Join A" V and product it both ways. Draw RP, R' P' perpendicular to R R’ meeting A’
V produced in P,P’ respectively. Then, the angle MAV being half a right angle, PP’ is given in position, and, since R,R" are
given, so are P,P'.

And, by paralles,

PV :PV=RM: MR
Therefore ~ PV.P'V : PV? =RM . MR': RM?.
But PV?=2RM-.

Therefore PV.PV =2RM MR’
And it was shown that
RM.MR': MH”? =C : D.

Hence PV.P': MH? =2C : D.
But MH =AM+ AE=VM+ MQ = QV.
Therefore QV? : PV.P'V =D : 2C, a given ratio.

Thus, if we take a line p such that
D:2C=p:PP",

and if we describe an ellipse with PP’ as a diameter and p as the corresponding parameter [= DD'/PP’ in the ordinary notation
of geometrical conics], and such that the ordinates to PP' are inclined to it at an angle equal to half a right angle, i.e. are
parallel to OV or AK, then the ellipse will pass through Q.

Hence Q lies on an ellipse given in position.

Again, since EK is a diagonal of the parallelogram GK’,



GO.ON = AA' AK'

If therefore a rectangular hyperbola be described with KG, KK’ as asymptotes and passing through 4’, it will also pass
through Q.

Hence Q lies on a given rectangular hyperbola.

Thus Q is determined as the intersection of a given ellipse and a given hyperbola, and is therefore given. Thus M is given,
and H, H' can at once be found.

Synthesis.
Place AA4', AK at right angles, draw A’ K’ parallel and equal to 4K, and join KK'.

Make AR (measured along A" A produced) and 4’ R’ (measured along AA4" produced) each equal to AK, and through R R’
draw perpendiculars to RR'.

Then through A" draw PP’ making an angle (44" P) with 4 A" equal to half a right angle and meeting the perpendiculars just
drawn in P, P’ respectively.

Take a length p such that
D:2C=p:PP",

and with PP" as diameter and p as the corresponding parameter describe an ellipse such that the ordinates to PP" are inclined to
it at an angle equal to A4'P, i.e. are parallel to AK.

With asymptotes KA, KK’ draw a rectangular hyperbola passing through A4".

Let the hyperbola and ellipse meet in O, and from Q draw OMVN perpendicular to 44" meeting A4' in M, PP" in V" and KK’
in N. Also draw GQEF parallel to 44" meeting AK, A" K’ respectively in G, E.

Produce K4, K'M to meet in F.
Then, from the property of the hyperbola,
GQO.ON=A44"AK’,
and, since these rectangles are equal, KME is a straight line.
Measure AH along AR equal to AF, and A'H’ along A'R' equal to A'E.
From the property of the ellipse,

QP PV . P V=5 PP
=D:2C.

And, by parallels,
PV:P'V=RM:RM,

or PV.PYV:PV?=RM.MR': RM,
while P' V2 =2R'M?, since the angle RA'P is halp a right angle.
Therefore PV .P'V=2RM.MR/,
whence QOV? : 2RM. MR' =D : 2C.
But QV=EA"+ AM = MH".
Therefore RM. MR': MH? = C : D.
Again, by similar triangles,

FA+AM KA+ AM=AM:A'M
=KA4+AM:EA + A'M.
Therefore

(FA+AM) .(EA'+ A'M) = (KA + AM) . (K'A' + A'M)
or HM. MH' = RM. MR'.



It follows that
HM. MH' : MH”? = C:D,
or HM: MH' =C:D
Also HA: AM=FA:AM,
=A'K’: A’M, by similar

triangles...(8),
and HA :AM=EA:A'M B o

Hence the points M, H, H' satisfy the three given relations.]

Proposition 5. (Problem.)

To construct a segment of a sphere similar to one segment and equal in volume to another.

Let ABB' be one segment whose vertex is 4 and whose base is the circle on BB’ as diameter; and let DEF be another
segment whose vertex is D and whose base is the circle on EF as diameter. Let A4', DD’ be diameters of the great circles
passing through BB', EF respectively, and let O, C be the respective centres of the spheres.

Suppose it required to draw a segment similar to DEF and equal in volume to 4BB'.

Analysis. Suppose the problem solved, and let def be the required segment, d being the vertex and ef the diameter of the
base. Let dd’ be the diameter of the sphere which bisects ef at right angles, ¢ the centre of the sphere.
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Let M, G, g be the points where BB’, EF, ef are bisected at right angles by A4" DD, dd' respectively, and produce OA4, CD,
cd respectively to H, K, k, so that
OA'"+ A'M: A’M=HM: MA
CD'+D'G:D'G=KG:GD },
cd’+d'g:d'g=kg:gd
and suppose cones formed with vertices H, K, k and with the same bases as the respective segments. The cones will then be
equal to the segments respectively [Prop. 2].

Therefore, by hypothesis,
the cone HBB' = the cone kef.
Hence
(circle on diameter BB') : (circle on diameter ef) = kg : HM
sothat BBZ:ef*=Fkg: HM ......ccvvvrrene. (1).



But, since the segments DEF, def are similar, so are thé cones KEF, kef.
Therefore KG:EF-kg: ef

And the ratio KG : EF is given. Therefore the ratio kg : ef'is given.
Suppose a length R taken such that

s = BT 5 B yianywain vnisine oo (2)
Thus R is given.
Again, since kg : HM = BB'*: ef*> = ef:R by (1) and (2), suppose a length S taken such that
ef> =BB'S,
or BB”: ef’ = BB':S.
Thus BB':ef=ef:S=S:R,

and ef, S are two mean proportionals in continued proportion between BB', R.

Synthesis. Let ABB’', DEF be great circles, A4, DD' the diameters bisecting BB', EF at right angles in M, G respectively,
and O, G the centres.

Take H, K in the same way as before, and construct the cones HBB', KEF, which are therefore equal to the respective
segments ABB', DEF.

Let R be a straight line such that
KG: EF=HM:R,

and between BB', R take two mean proportionals ef, S.

On ef as base describe a segment of a circle with vertex d and similar to the segment of a circle DEF. Complete the circle,
and let dd' be the diameter through d and ¢ the centre. Conceive a sphere constructed of which def is a great circle, and through
ef draw a plane at right angles to dd’'.

Then shall def be the required segment of a sphere.
For the segments DEF,, def of the spheres are similar, like the circular segments DEF,, def.
Produce cd to k so that
cd'+d'g:d'g=kg:gd
The cones KEF', kef are then similar.

Therefore kg :ef=KG:EF=HM : U,
whence kg : HM =ef : R.

But, since BB/, ef, S, R are in continued proportion,
BB™: ¢f*=BB’: 8
=ef: R
=kg : HM.
Thus the bases of the cones HBB', kef are reciprocally proportional to their heights. The cones are therefore equal, and def
is the segment required, being equal in volume to the cone kef [Prop. 2]
Proposition 6. (Problem.)

Given two segments of spheres, to find a third segment of a sphere similar to one of the given segments and having its
surface equal to that of the other.

Let ABB' be the segment to whose surface the surface of the required segment is to be equal, ABA'B’ the great circle whose
plane cuts the plane of the base of the segment ABB' at right angles in BB'. Let A4’ be the diameter which bisects BB’ at right
angles.

Let DEF be the segment to which the required segment is to be similar, DED'F the great circle cutting the base of the



segment at right angles in EF. Let DD’ be the diameter bisecting EF’ at right angles in G.

Suppose the problem solved, def being a segment similar to DEF and having its surface equal to that of ABB’; and complete
the figure for def as for DEF corresponding points being denoted by small and capital letters respectively.
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Join AB, DF, df.
Now, since the surfaces of the segments def ABB' are equal, so are the circles ondf, AB as
diameters; [1. 42, 43]
that is, df = AB.
From the similarity of the segments DEF, def we obtain
d'd:dg+D'D: DG,

and dg : df = DG : DF;
whence dd:df=D'D: DF,
or dd:AB =D'D : DF.

But AB, D'D, DF are all given;
therefore d'd is given.

Accordingly the synthesis is as follows.
Take d'd such that

d'd: AB=D'D : DF...rcuernn..... (1).

Describe a circle on d'd as diameter, and conceive a sphere constructed of which this circle is a great circle.
Divide d'd at g so that
d'g:gd=D'G: GD,
and draw through g a plane perpendicular to d'd cutting off the segment def of the sphere and intersecting the plane of the great
circle in ef. The segments def, DEF are thus similar,
and dg : df=DG : DF.
But from above, componendo,
d'd:dg=D'D: DG.
Therefore, ex aequali, d'd : df= D'D : DF,
whence, by (1), df = AB.

Therefore the segment def has its surface equal to the surface of the segment ABB' [I. 42, 43], while it is also similar to the
segment DEF'.



Proposition 7. (Problem.)
From a given sphere to cut off a segment by a plane so that the segment may have a given ratio to the cone which has
the same base as the segment and equal height

Let AA" be the diameter of a great circle of the sphere. It is required to draw a plane at right angles to 44’ cutting off a
segment, as ABB' such that the segment ABB' has to the cone ABB' a given ratio.

Analysis.

Suppose the problem solved, and let the plane of section cut the plane of the great circle in BB’, and the diameter 44" in M.
Let O be the centre of the sphere.
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Produce OA to H so that
QA’+ A'M : A’M=HM : MA.............(1).

Thus the cone HBB' is equal to the segment ABB'. [Prop. 2]
Therefore the given ratio must be equal to the ratio of the cone HBB' to the cone ABB’, i.¢. to the ratio HM: MA.
Hence the ratio OA4' + A'M : A'M is given; and therefore A'M is given.

010p1OoUOO.

Now OA":A'M < OA': A'A,
OA"+ A'M: A’'M>04"+ AA:4'A
so that
>8:2

Thus, in order that a solution may he possible, it is a necessary condition that the given ratio must be greater than 3 :
2.

The synthesis proceeds thus.

Let A A’ be a diameter of a great circle of the sphere, O the centre.

Take a line DE, and a point F on it, such that DE : EF is equal to the given ratio, being greater than 3 : 2.

Now, since OA'+A'4A: A'A=3:2,

DE : EF > OA"+ A'A : A4,

so that DF : FE > OA': A'A.
Hence a point M can be found on 44’ such that

DF:FE=0A4" : A'M. ..o e(2).
Through M draw a plane at right angles to A4’ intersecting the plane of the great circle in BB’ and cutting off from the
sphere the segment ABB'.
As before, take H on OA4 produced such that
OA'+ A'M : A'M = HM : MA.
Therefore HM: MA = DE: EF by means of (2).
It follows that the cone HBB' or the segment ABB', is to the cone ABB' in the given ratio DE: EF.



Propostion 8.

If a sphere be cut by a plane not passing through the centre into two segments A'BB', ABB', of which A'BB’ is the
greater, then the ratio

(segmt. A’BB’) : (segmt. ABB')
< (surface of A’BB')* : (surface of ABB'):
but > (surface of A’BB’)}: (surface of ABB')*.
Let the plane of section cut a great circle A'BAB’ at right angles in BB' and let A A" be the diameter bisecting BB’ at right
angles in M.
Let O be the centre of the sphere.
Join A'B, AB.

As usual, take H on OA produced, and H' on OA' produced, so that
QA"+ AM:-AAM=HM:MA.............(1),
OA+AM:AM=HM:MA'............(2),

and conceive cones drawn each with the same base as the two segments and with apices H, H' respectively. The cones are then
respectively equal to the segments [Prop. 2], and they are in the ratio of their heights HM, H'M.

Also

(surface of 4'BB’): (surface of ABBY=A'B*: AB* [L 42, 43]
=A'M: AM.

We have therefore to prove
(a) that H M:MH<AM?: MA?2
(b) that H'M:MH<AMS : MA%
(@) From (2) above,
AM:AM=HM: 04 +AM
=H'A": 04’ since 04 =04".
Since A'/M > AM, H'A > OA’; therefore, if we take K on H'A’ so that OA' = A'K, K will fall between H' and A'.
And, by (1), A'M : AM = KM : MH.
Thus KM :MH = H'A': AK, since A'K = OA’,
> H'M : MK.
Therefore H'M . MH < KM?,

It follows that
HM. M H: MH? < KM? : MH?,



or HM: MH<KM:: MA*?
< A'M* : AM?* by (1).

(b) Since OA'= OA,
AM . MA < A0 . OA,
or A'M:04"<04: AM
< H'A’: A’M, by means of (2).
Therefore A'M*<H'A". OA’
< H'A'" A'K.
Take a point N on A'A such that
AN’ =HA'. AK.
Thus HA: A’ K A'N*: AK?Y iiiiviciiivai (3).
Also HA': AN = A'N: AK,
and, componendo
H'N: AN=NK : AK,
whence A'N%: A’K?=HN% N K2
Therefore, by (3),
H'A: AK = HN?: NK°.
Now H'M: MK < H'N : NK.
Therefore HM . MK*>HA : A'K
>H'A": 04’
>A'M: MA, by (2), as above,
> 04"+ A’'M : MH, by (1),
>KM: MH.
Hence H'M*: MH*=(H'M*: MK*).(KM*: MH?)
>(KM: MH).(KM*®: MH?).
It follows that

H'M: MH>KM}: MHt
>A'M% . AME, by (1).

[The text of Archimedes adds an alternative proof of this proposition, which is here omitted because it is in fact neither
clearer nor shorter than the above.]

Proposition 9.

Of all segments of spheres which have equal surfaces the hemisphere is the greatest in volume.

Let ABA'B' be a great circle of a sphere, A4’ being a diameter, and O the centre. Let the sphere be cut by a plane, not
passing through O, perpendicular to 44’ (at M), and intersecting the plane of the great circle in BB'. The segment ABB’ may then
be either less than a hemisphere as in Fig. 1, or greater than a hemisphere as in Fig. 2.

Let DED'E' be a great circle of another sphere, DD’ being a diameter and C the centre. Let the sphere be cut by a plane
through C perpendicular to DD’ and intersecting the plane of the great circle in the diameter EE'.

Suppose the surfaces of the segment ABB' and of the hemisphere DEE' to be equal.
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Since the surfaces are equal, 4B = DE. (1. 42, 43]
Now, inFig. 1, AB? < 2AM? and < 2A0°.

and, in Fig. 2, AB? < 2AM? and > 240°.
Hence, if R be taken on A4’ such that

R will fall between O and M.
Also, since AB®> = DE?, AR = CD.
Produce OA' to K so that OA' = A'K, and produce A'4 to H so that
AK : A'M = HA : AM,
or, componendo, A'K+A'M:AM=HM:MA............ (1).

Thus the cone HBB' is equal to the segment ABB'.
[Prop. 2]

Again, produce CD toF so thatCD =DF and the cone FEE' will be equal to the hemisphere
DEE'. [Prop. 2]

Now ARRA'< AM . MA',
and AR’ = 1A4B’ = JAM.AA' = AM. AK.
Hence
AR . RA'+ RA"™ < AM. MA' + AM . AK,
or AA". AR>AM.MK
>HM.A'M, by (1).

Therefore AA' : A'M > HM : AR,

or AB’: BM? > HM : AR,

ie. AR®: BM*>HM.: 2AR, since AB* =24 R?,
>HM:CF.

Thus, since AR = CD or CE,
(circle on diam. EE") : (circle on diam. BB') >; HM: CF.
It follows that
(the cone FEE'") > (the cone HBB')
and therefore the hemisphere DEE' is greater in volume than the segment ABB’

OV2:PV.P'V=PP':p,
whereas the two latter terms should be reversed, the correct property of the ellipse being



OV2:PV.P V=p:PP. [Apollonius 1. 21]

The mistake would appear to have originated as far back as Eutocius, but I think that Eutocius is more likely to have made the slip than Diodes himself, because any
intelligent mathematician would be more likely to make such a slip in writing out another man’s work than to overlook it if made by another.

* See the note following this proposition.

* Here too the Greek text repeat the same error as that noted on p.77.

* This is expressed in Archimedes’ phrase by saying that the greater segment has to the lasser a ratio “less than the duplicate (SutAdciov) of that which the surface of
the greater segment has to the surface of the lesser, but greater than the sesquialterate (Fdtov [of the ratio.]”

* There is a mistake in the Greek text here which seems to have escaped the notice of all the editors up to the present. The words are ééw &ba noujcopev, Wthv A
npds v Suthaciav 4 T, oiitws thv Tr mpos AAnv tva Ws v @, i, e. (with the lettering above) « If we take a length p such that D 2C = PP": p.” This cannot be right,
because we should then have



MEASUREMENT OF A CIRCLE.

Proposition 1.

The area of any circle is equal to a right-angled triangle in which one of the sides about the right angle is equal to the
radius, and the other to the circumference, of the circle.

Let ABCD be the given circle, K the triangle described.
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Then, if the circle is not equal to K, it must be either greater or less.
I. Ifpossible, let the circle be greater than K.

Inscribe a square ABCD, bisect the arcs AB, BC, CD, DA then bisect (if necessary) the halves, and so on, until the sides of
the inscribed polygon whose angular points are the points of division subtend segments whose sum is less than the excess of the
area of the circle over K.

Thus the area of the polygon is greater than K.
Let AE be any side of'it, and ON the perpendicular on AE from the centre O.

Then ON is less than the radius of the circle and therefore less than one of the sides about the right angle in K. Also the
perimeter of the polygon is less than the circumference of the circle, i.e. less than the other side about the right angle in K.

Therefore the area of the polygon is less than K; which is inconsistent with the hypothesis.
Thus the area of the circle is not greater than K.
II. Ifpossible, let the circle be less than K.

Circumscribe a square, and let two adjacent sides, touching the circle in £, H, meet in 7. Bisect the arcs between adjacent
points of contact and draw the tangents at the points of bisection. Let 4 be the middle point of the arc EH, and FAG the tangent
at A.

Then the angle TAG is a right angle.
Therefore TG > GA

> GH.
It follows that the triangle FTG is greater than half the area TEAR;

Similarly, if the arc AH be bisected and the tangent at the point of bisection be drawn, it will cut off from the area GAH
more than one-half.

Thus, by continuiug the process, we shall ultimately arrive at a circumscribed polygon such that the spaces intercepted
between it and the circle are together less than the excess of K over the area of the circle.

Thus the area of the polygon will be less than K.

Now, since the perpendicular from O on any side of the polygon is equal to the radius of the circle, while the perimeter of
the polygon is greater than the circumference of the circle, it follows that the area of the polygon is greater than the triangle K
which is impossible.



Therefore the area of the circle is not less than K.

Since then the area of the circle is neither greater nor less than K, it is equal to it.

Proposition 2.

The area of a circle is to the square on its diameter as 11 to 14.

[The text of this proposition is not satisfactory, and Archimedes cannot have placed it before Proposition 3, as the
approximation depends upon the result of that proposition, ]

Proposition 3.

The ratio of the circumference of any circle to its diameter is less than 3} but greater than 39

[In view of the interesting questions arising out of the arithmetical content of this proposition of Archimedes, it is
necessary, in reproducing it, to distinguish carefully the actual steps set out in the text as we have it from the intermediate steps
(mostly supplied by Eutocius) which it is convenient to put in for the purpose of making the proof easier to follow.
Accordingly all the steps not actually appearing in the text have been enclosed in square brackets, in order that it may be
clearly seen how far Archimedes omits actual calculations and only gives results. It will be observed that he gives two
fractional approximations to , /3 (one being less and the other greater than the real value) without any explanation as to how he
arrived at them; and in like manner approximations to the square roots of several large numbers which are not complete
squares are merely stated. These various approximations and the machinery of Greek arithmetic in general will be found
discussed in the Introduction, Chapter IV.]

I. Let 4B be the diameter of any circle, O its centre, AC the tangent at 4; and let the angle AOC be one-third of a right
angle.

Then 04 : AC[=43: 1]>265:153............. (1),

and OC:CA[=2:1]=806:153............... (2).

First, draw OD bisecting the angle AOC and meeting AC in D.

Now CO:04 = CD: DA, [Eucl. VI. 3]
so that [CO+ OA : OA=CA: DA, or]

CO+0OA:CA=0A:AD.
Therefore [by (1) and (2)]

OA: AD>571:153 ................. (3)

Hence OD*: AD*[=(0A*+ AD*) : AD?
>(571% + 153°) : 1537
> 849450 : 23409,
sothat OD : DA > 5914 : 158 w.ucvvevoeene.n.. (4),
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Secondly, let OF bisect the angle A OD, meeting AD in E.

[Then DO:0A=DE:EA,

sothat DO + OA: DA = OA : AE.]

Therefore 04 : AE[> (5914 +571) : 153, by (3) and (4)]
S 11625 : 153 e, (5).

[It follows that

OF?® : EA* > {(1162})* + 153Y) : 158°
> (135053433 + 23409) : 23409
> 137394333 : 23409.]

Thus OF : EA >1172% 1 153...cccvieiniiiananies (6).
Thirdly, let OF bisect the angle AOE and meet AE in F.
We thus obtain the result [corresponding to (3) and (5) above] that

0A : AF[> (11623 +1172}) : 153]
o LS | < —— (7).

[Therefore OF?*: FA® > {(23344)" + 153%} : 153
> 54721324 : 23409.]
Thus OF : FA >2339} : 153...cceciiniinnnnnnnn. (8).
Fourthly, let OG bisect the angle AOF meeting AF in G.
We have then

04 : AG[> (23341 + 2339}) : 153, by means of (7) and (8)]
>4673% : 153.

Now the angle AOC, which is one-third of a right angle, has been bisected four times, and it follows that
£40G = e (a right angle).

Make the angle AOH on the other side of O4 equal to the angle AOC, and let G4 produced meet OH in H.

Then < GOH = . (aright angle).

Thus GH is one side of a regular polygon of 96 sides circumscribed to the given circle.



And, since OA : AG > 46731 : 153,
while AB =20 A4, OH = 2 AG,
it follows that
AB : (perimeter of polygon of 96 sides) [>4673% : 153 x 96]
> 46734 : 14688,
But 14688 ., = 667§
46733 46733
6673
<3+ =
[ e -167215]
< 34.
Therefore the circumference of the circle (being less than the perimeter of the polygon) is a fortiori less than 3} times the
diameter 4B.

II. Next let AB be the diameter of a circle, and let AC meeting the circle in C, make the angle CAB equal to one-third of a
right angle. Join BC.

Then AC: CB[= 3 : 1] <1351 :780.
First let AD bisect the angle BAC and meet BC in d and the circle in D. Join BD.
Then ZBAD=2dAC

= £dBD,

and the angles at D, C are both right angles.
It follows that the triangles ADB [ACd], BDd are similar.

AD:DB=BD: Dd

[=4C : Cd]
Therefore =AB: Bd [Eucl. VI. 3]
=AB+ AC : Bd+ Cd
=AB+ AC : BC
or BA+AG:BC=AD : DB.
[But AG : CB <1351 : 780, from above,
while BA:B(C=2:1
= 1560 : 780.]
Therefore AP DB 200X 1 T80 causviwniva (1).
[Hence AB*: BD < (2911 +780%) : 780*

< 9082321 : 608400.]



Thus AB: BD<3013% :780............... (2).
Secondly let AE bisect the angle BAD, meeting the circle in E; and let BE be joined.

Then we prove, in the same way as before, that

AE : EB[=BA+ AD: BD
<(3013% + 2911) : 780, by (1) and (2)]
< 59243 : 780
< 5924F X %5 : T80 x

<1823 : 240 ...ccivviiiiiiiiiniiinnn. (3).
[Hence AB* : BE® < (1823 + 240°%) : 240°
< 3380929 : 57600.]
Therefore AB: BE <1838% : 240...................(4).
Thirdly let AF bisect the angle BAE, meeting the circle in F.
Thus AF : FB[=BA + AE : BE

< 36612 : 240, by (3) and (4)]
< 36614 x 1} : 240 x §}

<1007 :66.cccccevvnnininnnnnnen. (5).
[It follows that AB?: BF* < (1007* + 66°) : 66"
< 1018405 : 4356.]
ThereforeAB : BF < 1009} : 66.......cc00vviunnnnn. (6).
Fourthly, let the angle BAF be bisected by AG meeting the circle in G.
Then AG:GB[=BA + AF : BF]

<2016} : 66, by (5) and (6).
[And AB* : BG* < {(2016})" + 667} : 66°
< 4069284 : 4356.]

Therefore AB : BG < 2017?‘; : 66,
whence BG: ABS 86§ 2017, ccsvciiinvniniinn (7).

[Now the angle BAG which is the result of the fourth bisection of the angle BAC, or of one-third of a right angle, is equal to
one-fortyeighth of a right angle.

Thus the angle subtended by BG at the centre is 4L (a right angle).]

Therefore BG is a side of a regular inscribed polygon of 96 sides.
It follows from (7) that

(perimeter of polygon) : 4B [> 96 x 66 : 20174]

> 6336 : 20171

6336

And it 0
8 20173 > 3t

Much more then is the circumference of the circle greater than 319 times the diameter.

Thus the ratio of the circumference to the diameter

< 34 but > 349.



ON CONOIDS AND SPHEROIDS.

Introduction”.

“ARCHIMEDES to Dositheus greeting.

In this book I have set forth and send you the proofs of the remaining theorems not included in what I sent you before, and
also of some others discovered later which, though I had often tried to investigate them previously, I had failed to arrive at
because I found their discovery attended with some difficulty. And this is why even the propositions themselves were not
published with the rest. But afterwards, when I had studied them with greater care, I discovered what I had failed in before.

Now the remainder of the earlier theorems were propositions concerning the right-angled conoid [paraboloid of
revolution]; but the discoveries which I have now added relate to an obtuseangled conoid [hyperboloid of revolution] and to

spheroidal figures, some of which I call oblong (ropaudxea) and others flat (gmmhotgo).

I. Concerning the right-angled conoid it was laid down that, if a section of a right-angled cone [a parabola] be made to
revolve about the diameter [axis] which remains fixed and return to the position from which it started, the figure comprehended
by the section of the right-angled cone is called a rightangled conoid, and the diameter which has remained fixed is called its
axis, while its vertex is the point in which the axis meets (gnteton) the surface of the conoid. And if .a plane touch the right-
angled conoid, and another plane drawn parallel to the tangent plane cut off a segment of the conoid, the base of the segment cut
off is defined as the portion intercepted by the section of the conoid on the cutting plane, the vertex [of the segment] as the
point in which the first plane touches the conoid, and the axis [of the segment] as the portion cut off within the segment from the
line drawn through the vertex of the segment parallel to the axis of the conoid.

The questions propounded for consideration were

(1) why, if a segment of the right-angled conoid be cut off by a plane at right angles to the axis, will the segment so cut off
be half as large again as the cone which has the same base as the segment and the same axis, and

(2) why, if two segments be cut off from the right-angled conoid by planes drawn in any manner, will the segments so cut
off have to one another the duplicate ratio of their axes.

II. Respecting the obtuse-angled conoid we lay down the following premisses. If there be in a plane a section of an obtuse-
angled cone [a hyperbola], its diameter [axis], and the nearest lines to the section of the obtuse-angled cone [i.e. the asymptotes
of the hyperbola], and if, the diameter [axis] remaining fixed, the plane containing the aforesaid lines be made to revolve about
it and return to the position from which it started, the nearest lines to the section of the obtuse-angled cone [the asymptotes]
will clearly comprehend an isosceles cone whose vertex will be the point of concourse of the nearest lines and whose axis
will be the diameter [axis] which has remained fixed. The figure comprehended by the section of the obtuseangled cone is
called an obtuse-angled conoid [hyperboloid of revolution], its axis is the diameter which has remained fixed, and its vertex
the point in which the axis meets the surface of the conoid. The cone comprehended by the nearest lines to the section of the
obtuse-angled cone is called [the cone] enveloping the conoid (mepigywv 10 kmvogldgs) and the straight line between the
vertex of the conoid and the vertex of the cone enveloping the conoid is called [the line] adjacent to the axis (moteogca ™ g
Eovt). And if a plane touch the obtuse-angled conoid, and another plane drawn parallel to the tangent plane cut off a segment of
the conoid, the base of the segment so cut off is defined as the portion intercepted by the section of the conoid on the cutting
plane, the vertex [of the segment] as the point of contact of the plane which touches the conoid, the axis [of the segment] as the
portion cut off within the segment from the line drawn through the vertex of the segment and the vertex of the cone enveloping
the conoid; and the straight line between the said vertices is called adjacent to the axis.

Right-angled conoids are all similar; but of obtuse-angled conoids let those be called similar in which the cones
enveloping the conoids are similar.

The following questions are propounded for consideration,

(1) why, if a segment be cut off from the obtuse-angled conoid by a plane at right angles to the axis, the segment so cut off
has to the cone which has the same base as the segment and the same axis the ratio which the line equal to the sum of the axis of
the segment and three times the line adjacent to the axis bears to the line equal to the sum of the axis of the segment and twice
the line adjacent to the axis, and

(2) why, if a segment of the obtuse-angled conoid be cut off by a plane not at right angles to the axis, the segment so cut oft



will bear to the figure which has the same base as the segment and the same axis, being a segment of a cone” (AmOTHLOLLO
KWvov), the ratio which the line equal to the sum of the axis of the segment and three times the line adjacent to the axis bears to
the line equal to the sum of the axis of the segment and twice the line adjacent to the axis.

II. Concerning spheroidal figures we lay down the following premisses. If a section of an acute-angled cone [ellipse] be
made to revolve about the greater diameter [major axis] which remains fixed and return to the position from which it started,
the figure comprehended by the section of the acute-angled cone is called an oblong spheroid (napopgkeg cpaipoerdgs). But if
the section of the acute-angled cone revolve about the lesser diameter [minor axis] which remains fixed and return to the
position from which it started, the figure comprehended by the section of the acute-angled cone is called a fiat spheroid (¢
ot opaipoglds). In either of the spheroids the axis is defined as the diameter [axis] which has remained fixed, the vertex
as the point in which the axis meets the surface of the spheroid, the centre as the middle point of the axis, and the diameter as
the line drawn through the centre at right angles to the axis. And, if parallel planes touch, without cutting, either of the
spheroidal figures, and if another plane be drawn parallel to the tangent planes and cutting the spheroid, the base of the
resulting segments is defined as the portion intercepted by the section of the spheroid on the cutting plane, their vertices as the
points in which the parallel planes touch the spheroid, and their axes as the portions cut off within the segments from the
straight line joining their vertices. And that the planes touching the spheroid meet its surface at one point only, and that the
straight line joining the points of contact passes through the centre of the spheroid, we shall prove. Those spheroidal figures
are called similar in which the axes have the same ratio to the ‘diameters.” And let segments of spheroidal figures and conoids
be called similar if they are cut off from similar figures and have their bases similar, while their axes, being either at right
angles to the planes of the bases or making equal angles with the corresponding diameters [axes] of the bases, have the same
ratio to one another as the corresponding diameters [axes] of the bases.

The following questions about spheroids are propounded for consideration,

(1) why, if one of the spheroidal figures be cut by a plane through the centre at right angles to the axis, each of the
resulting segments will be double of the cone having the same base as the segment and the same axis; while, if the plane of
section be at right angles to the axis without passing through the centre, (a) the greater of the resulting segments will bear to the
cone which has the same base as the segment and the same axis the ratio which the line equal to the sum of half the straight line
which is the axis of the spheroid and the axis of the lesser segment bears to the axis of the lesser segment, and (b) the lesser
segment bears to the cone which has the same base as the segment and the same axis the ratio which the line equal to the sum of
half the straight line which is the axis of the spheroid and the axis of the greater segment bears to the axis of the greater
segment;

(2) why, if one of the spheroids be cut by a plane passing through the centre but not at right angles to the axis, each of the

resulting segments will be double of the figure having the same base as the segment and the same axis and consisting of a
segment of a cone” .

(3) But, if the plane cutting the spheroid be neither through the centre nor at right angles to the axis, (a) the greater of the
resulting segments will have to the figure which has the same base as the segment and the same axis the ratio which the line
equal to the sum of half the line joining the vertices of the segments and the axis of the lesser segment bears to the axis of the
lesser segment, and (b) the lesser segment will have to the figure with the same base as the segment and the same axis the ratio
which the line equal to the sum of half the line joining the vertices of the segments and the axis of the greater segment bears to
the axis of the greater segment. And the figure referred to is in these cases also a segment of a cone™.

When the aforesaid theorems are proved, there are discovered by means of them many theorems and problems.
Such, for example, are the theorems

(1) that similar spheroids and similar segments both of spheroidal figures and conoids have to one another the triplicate
ratio of their axes, and

(2) that in equal spheroidal figures the squares on the ‘diameters’ are reciprocally proportional to the axes, and, if in
spheroidal figures the squares on the ‘diameters’ are reciprocally proportional to the axes, the spheroids are equal.

Such also is the problem, From a given spheroidal figure or conoid to cut off a segment by a plane drawn parallel to a
given plane so that the segment cut off is equal to a given cone or cylinder or to a given sphere.

After prefixing therefore the theorems and directions (gmtaypoara) which are necessary for the proof of them, I will then
proceed to expound the propositions themselves to you. Farewell.

DEFINITIONS.



If a cone be cut by a plane meeting all the sides [generators] of the cone, the section will be either a circle or a section of
an acute-angled cone [an ellipse]. If then the section be a circle, it is clear that the segment cut off from the cone towards the
same parts as the vertex of the cone will be a cone. But, if the section be a section of an acute-angled cone [an ellipse], let the
figure cut off from the cone towards the same parts as the vertex of the cone be called a segment of a cone. Let the base of the
segment be defined as the plane comprehended by the section of the acute-angled cone, its vertex as the point which is also the
vertex of the cone, and its axis as the straight line joining the vertex of the cone to the centre of the section of the acute-angled
cone.

And if a cylinder be cut by two parallel planes meeting all the sides [generators] of the cylinder, the sections will be either
circles or sections of acute-angled cones [ellipses] equal and similar to one another. If then the sections be circles, it is clear
that the figure cut off from the cylinder between the parallel planes will be a cylinder. But, if the sections be sections of acute-
angled cones [ellipses], let the figure cut off from the cylinder between the parallel planes be called a frustum (t6poc) of a
cylinder. And let the bases of the frustum be defined as the planes comprehended by the sections of the acute-angled cones
[ellipses], and the axis as the straight line joining the centres of the sections of the acute-angled cones, so that the axis will be
in the same straight line with the axis of the cylinder.”

Lemma.

If in an ascending arithmetical progression consisting of the magnitudes A;, A,, ... A, the common difference be equal
to the least term A, then

nA <2 +4,+...+A4),
and >2(A1 + A3 + ...+ An-l)'

[The proof of this is given incidentally in the treatise On Spirals, Prop. 11. By placing lines side by side to represent the
terms of the progression and then producing each so as to make it equal to the greatest term, Archimedes gives the equivalent of
the following proof.

If S,=A,+Ay+ ... +A, T A,
we havealso  §,=4,+4,;+..+4,.
And A +A4,+4,,=...=4,.

Therefore 28,=(n+D4,,
whence n.A, <28,
and n.4,>28, ;.

Thus, if the progression is a, 2a,... na,

_n(n+1)
.._——--—--—2 a,

and na<28,

but <281

Proposition 1.

If 4, By, Cy,...K; and 4,, B,, C,, ...K, be two series of magnitudes such that

A,:B,=A,:B,,
B, :Ci=B, : 0, and so on}

and if A3, By, G, ...K5 and and Ay, By, C,, ...K4 be two other series such that

A,:A,=4,: 4, }
Bl :_Bg 282 :B'lj and 80 on



then (A +Bi+Ci+...+K):(4s+ Bs+ C;+ ... + K)
=(As+ B+ Co+ ... + K)) : (A4, + B+ ... + K,).

The proofis as follows.

Since Ay A=Ay A)
and Ap:By=Ay: By,
while B,:B;=B,: B,
we have, ex aequali, A,:B,=A4,:B,. } s
Simila]‘ly’ Ba . Cs -~ B‘ . C“ and — R 1

Again, it follows from equations (o) that
Al :AZZBI :BZZCI . C2:

Therefore

A A=A +B+C:Cy= ...
or (A +B+Ci+...+K) 4 =(A, T B, + G+ ... + Ky) 1 Ay;
and Ap: Ay=Ay: Ay
while from equations (y) it follows in like manner that

Ay (A3 + B3+ Cy+ ... +Ky) =(Ay + B4+ Cy+ ... K,

By the last three equations, ex aequali,

(A4, +B,+Ci+...+K):(4d;+ B; + C;+ ... + Kj)
=(d,4+B,+ Co+ ... + K)) : (4,4 B, +C, + ... + K)).

Cor. If any terms in the third and fourth series corresponding to terms in the first and second be left out, the result is the same.
For example, if the last terms K3, K, are absent,

(A, + B +C i+ ...+ K): (A3 + Bs+ Cs+ ... + 1)
=(de+ By +Co+ ... + Ky): (A+ B+ 0+ ... + 1)),

where / immediately precedes K in each series.
Lemma to Proposition 2.

[on Spirals Prop. 10.]

IfA', A2, 45, ...A,, be n lines forming an ascending arithmetical progression in which the common difference is equal to
the least term A;, then

(n+1)A42+ A,(4, + A, + A5+ ...+ 4,)
=3 (A2 + 42+ 42+ ... + 4,?).



Al “t AH-S“N—EAN_]

-

An Apy A, g Ag Az A

Let the lines 4,, 4 A
equal to 4,, so that the parts produced are respectively equal to A4, 4, ...4

...4, be placed in a row from left to right. Produce 4 A, _ 5, ...4; until they are each

n—1n—1 n— 1
n—1-
Taking each line successively, we have
24, =24,%,
(Al + "11!‘1-—1}‘2 = Ali + -d-.: =] + 244.1 . AH—IJ

(Az + An—e)2 =d;S+ An-n—ﬁ + 24'12 . Aﬂ—ﬂ:

------------------------------------------------

(Apa+ 4,)'=A4%_ +42+24,_,.4,.
And, by addition,
(n+ 1A' =2(42+ 42 +... + 4,
+ 2.&1 "-A-?l—l 'i- 21‘12. An_ﬂg"' reu + 211-“_1 'Al'

Therefore, in order to obtain the required result, we have to prove that

24, A+ A4, Ap o+ + A4, A+ A (A + A, + A5+ + 4,)

Now 24,.4, ,=4,.44,_,, because 4,=24,,
24,.4, ,=A4,.64, ;, because 4;=34,,

---------------------------

24, ,.4,=4,.2(n—-1)A,.
It follows that

2(.&1 .A‘n—l +A20AH+0--+A“_1 -A1)+A1(A1 +Ag+ e +Aﬂ)
- AI{A" "I" 3Aﬂr-"l + 5.ﬁim+ awe +(2n G I)Al}o

And this last expression can be proved to be equal to
A2+ A2+ .+ A7



For A= Ai(n.A)
=4A,{4d,+(n—-1)4,)
=A,{4An+2(An+ An+ ...+ 4)},
because (n—1) A4, =4, ,+ 4,
+ A4, .+ 4,

+ A4, + An.
Similarly A% = A4, {Ap 3+ 2(An s+ Ans+ ... + 4)},

...........................

As’ = AI(AE + 2A1):
=4,.4,;

whence, by addition,

A+ A0+ A8+ ..+ 4
= Al[.dﬂ + 3Aﬂ_1 + 5‘AH + (TR + (2‘3’&— 1)‘111};

Thus the equation marked (a) above is true; and it follows that
(n+1) A2+ A+ Ay + A5+ ...+ A4) =3(A2 + 42 + ... +4).

CoR. 1. From this it is evident that

B dd S AT AL+ i F AN sviiin s (1).
Also A2 =A{A,+ 24, + A, ,+ ... +4,)}, as above,
so that A2 > A (A, + Ay + ... HA)),

and therefore
A2+ A(Ay+ Ay + ...+ A4) <2472

1t follows from the proposition that
B AL >8(AL  + Al + ...+ A% ) i (2).

CoRr. 2. All these results will hold if we substitute similar figures for squares on all the lines; for similar figures are in the
duplicate ratio of their sides.

[In the above proposition the symbols 4;, 4,, 4, ...A, have been used instead of a, 2a, 3a, ...na in order to exhibit the
geometrical character of the proof; but, if we now substitute the latter terms in the various results, we have (1)

(n+1)n'*+a(a+2a+... +na)
=3 {a'+ (2a)’ + (3a)' + ... + (na)’}.
Therefore a’*+ (2a)' + (3a)’ + ... + (na)’

=5 {(n+ 1)nt+ 2 (“2"' )|

- n(n+1)(2r+1)

— - 6 -
Also (2) m<3(12+22+32+ . +n),




and (3) p*> §(1' 4204 3+ ... 40— 1]").]

Proposition 2.
If Ay, Ay... A, be any number of areas such that"

A, =ax+ 2,
A, =a.2z+ (2z)°,
Ay=a. 3z + (32),

......................

A, =a.nz+ (nz)’,

then n.A.,,:(Al-{-Ag-!-...+An)<(a+m):(gﬁ-%),

and n'ﬁﬂ:(A1+A9+---+Aﬂ_1)>'(ﬂ+n$}:(%"I‘%}.

For, by the Lemma immediately preceding Prop. 1,

n.anr< 2(az+a.2z+ ... +a.nz),
and >2(az+a.22+4 ... +a.n—1z)

Also, by the Lemma preceding this proposition,

n.(no) < 3 {2 + (22) + (8a)* + ... + (nz)?)

and >3 {a*+ (22) +... + (n— 1 2)}.
Hence
m;“a: +ﬂ(gm)‘< [(az+2") + {a. 224 (22)°} + ... + [@. nz +(nz)]],
and
>[(ax+2*) + {a. 22+ (22)'} + ...+ {a.n— 12+ (n—12)}],
or an'z  n(nx)'

) + - 3 <A, +A,+...+ A,
and >Ay+ A+ ..+ A,
It follows that

Ap: (A, + A2+ ...+ Ay)< n {a.na + (na)?) {inlm+’.f’(m)__

3 ¥
o mAui (it Akt ) <(atna): G+ +7%);
also n.dy: (A + A+ ...+ 4,,) >(a +nx): (a ?;m)

Proposition 3

(1) If TP, TP' be two tangents to any conic meeting in T, and if Qq, Q'q' be any two chords parallel respectively to TP,
TP' and meeting in O, then

00.0q:Q0.0q'=TP: TP?”.

“And this is proved in the elements of conics”.”



(2) If QQ' be a chord of a parabola bisected in V by the diameter PV, and if PV be of constant length, then the areas of
the triangle POQ' and of the segment PQQ— are both constant whatever be the direction of QQ'.

Let ABB' be the particular segment of the parabola whose vertex is 4, so that BB’ is bisected perpendicularly by the axis at
the point H, where AH = PV.

Draw QD perpendicular to PV.

Q
EP/
Ip
c /v |
/Mwm o ! Pylp
TA T H M
B}“'-u

Let p,, be the parameter of the principal ordinates, and let p be another line of such length that
OV? : QD7 =p :pa;
it will then follow that p is equal to the parameter of the ordinates to the diameter PV i.e. those which are parallel to OV.

* ie. in the treatises on conics by Aristaeus and Euclid.

“For this is proved in the conics*.”

Thus or?

And BH? = pa.AH, while AH = pv.
Therefore OV?: BH? =p.pa.

But OV?: OD? =p.pa.

hence BH = QD

Thus BH.AH = QD . PV,

and therefore AABB'= APQQ',

that 1s, the area of the triangle POQ' is constant so long as PV is of constant length.

Hence also the area of the segment POQ" is constant under the same conditions: for the segment is equal to 1 APQQ".
[Quadrature of the Parabola, Prop. 17 or 24.]

Proposition 4.

The area of any ellipse is to that of the auxiliary circle as the minor axis to the major.
Let A4’ be the major and BB’ the minor axis of the ellipse, and let BB’ meet the auxiliary circle in b, b'.

Suppose O to be such a cir cle that
(circle AbA®") : O=CA : CB.

Then shall O be equal to the area of the ellipse.
For, if not, O must be either greater or less than the ellipse.
I. Ifpossible, let O be greater than the ellipse.

We can then inscribe in the circle O an equilateral polygon of 4n sides such that its area is greater than that of the ellipse,
[cf. On the Sphere and Cylinder 1. 6.]
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b:

Let this be done, and inscribe in the auxiliary circle of the ellipse the polygon AefbghA'... similar to that inscribed in O. Let
the perpendiculars eM, fN,... on A4’ meet the ellipse in E, F,... respectively. Join AE, EF, FB,....

Suppose that P’ denotes the area of the polygon inscribed in the auxiliary circle, and P that of the polygon inscribed in the
ellipse.

Then, since all the lines eM, fN,... are cut in the same proportions at E, F...,
i.e. eM:EM=fN:FN=..=bC:BC,

the pairs of triangles, as eAM, EAM, and the pairs of trapeziums, as eMNf EMNF', are all in the same ratio to one another as
bCto BC, or as CA to CB.

Therefore, by addition,
P :P=CA:CB.

Now P’ : (polygon inscribed in O)

= (circle AbAY): O

= (A : CB, by hypothesis.
Therefore P is equal to the polygon inscribed in O.
But this is impossible, because the latter polygon is by hypothesis greater than the ellipse, and a fortiori greater than P.
Hence O is not greater than the ellipse.
II. If possible, let O be less than the ellipse.
In this case we inscribe in the ellipse a polygon P with 4n equal sides such that P > O.

Let the perpendiculars from the angular points on the axis 44" be produced to meet the auxiliary circle, and let the
corresponding polygon (P’) in the circle be formed.

Inscribe in O a polygon similar to P'.
P:.P=CA:CB
Then = (circle AbA4'V’) : 0, by hypothesis,
= P’: (polygon inscribed in 0).
Therefore the polygon inscribed in O is equal to the polygon P; which is impossible, because P > O.

Hence O, being neither greater nor less than the ellipse, is equal to it; and the required result follows.

Proposition 5.
If AA', BB' be the major and minor axis of an ellipse respectively, and if d be the diameter of any circle, then

(area of ellipse) : (area of circle) = AA'. BB': d°.



For

(area of ellipse): (area of auxiliary circle)= BB’ : A A" [Prop. 4]
=AA’.BB": A A"

And

(area of aux. circle) : (area of circle with diam. d) = 44”: d°.

Therefore the required result follows ex aequali.

Proposition 6.

The areas of ellipses are as the rectangles under their axes.
This follows at once from Props. 4, 5.

CoR. The areas of similar ellipses are as the squares of corresponding axes.

Proposition 7.

Given an ellipse with centre C, and a line GO drawn perpendicidar to its plane, it is possible to find a circular cone
with vertex O and such that the given ellipse is a section of it [or, in other words, to find the circular sections of the cone
with vertex O passing through the circumference of the ellipse].

Conceive an ellipse with BB’ as its minor axis and lying in a plane perpendicular to that of the paper. Let CO be drawn
perpendicular to the plane of the ellipse, and let O be the vertex of the required cone. Produce OB, OC, OB’, and in the same
plane with them draw BED meeting OC, OB’ produced in E, D respectively and in such a direction that

BE .ED: EO*=CA: CO?,
where CA is half the major axis of the ellipse.

“And this is possible, since
BE .ED: EQ*>BC. CB': CO~”

[Both the construction and this proposition are assumed as known. ]

Now conceive a circle with BD as diameter lying in a plane at right angles to that of the paper, and describe a cone with
this circle for its base and with vertex O.

We have therefore to prove that the given ellipse is a section of the cone, or, if P be any point on the ellipse, that P lies on
the surface of the cone.

Draw PN perpendicular to BB'. Join ON and produce it to meet BD in M, and let MQ be drawn in the plane of the circle on
BD as diameter perpendicular to BD and meeting the circle in Q. Also let FG, HK be drawn through E, M- respectively
parallel to BB'.

We have then



QM*: HM.MK = BM.MD : HM. MK
—BE.ED: FE.EG
=(BE.ED : E0%.(EQ*: FE.EG)
= (CA®: €0%).(C0*: BC.CB"

= CA*: CB*
= PN*: BN.NB'
Therefore QM2 : PN*=HM .MK : BN. NB’
= 0M?*: ON*;

whence, since PN, OM are parallel, OPQ is a straight line.

But Q is on the circumference of the circle on BD as diameter; therefore OQ is a generator of the cone, and hence P lies on
the cone.

Thus the cone passes through all points on the ellipse.

Proposition 8.

Given an ellipse, a plane through one of its axes AA' and perpendicular to the plane of the ellipse, and a line CO drawn
from C, the centre, in the given plane through AA' but not perpendicidar to AA', it is possible to find a cone with vertex O
such that the given ellipse is a section of it [or, in other words, to find the circular sections of the cone with vertex O whose
surface passes through the circumference of the ellipse].

By hypothesis, O4, OA' are unequal. Produce OA' to D so that O4 = OD. Join AD, and draw FG through C parallel to it.

The given ellipse is to be supposed to lie in a plane perpendicular to the plane of the paper. Let BB’ be the other axis of the
ellipse.

Conceive a plane through 4D perpendicular to the plane of the paper, and in it describe either (a), if CB> =FG - CG, a
circle with diameter 4D, or (b), if not, an ellipse on AD as axis such that, if d be the other axis,
d?: AD*=CB*: FC . CG.
Take a cone with vertex O whose surface passes through the circle or ellipse just drawn. This is possible even when the

curve is an ellipse, because the line from O to the middle point of AD is perpendicular to the plane of the ellipse, and the
construction is effected by means of Prop. 7.

Let P be any point on the given ellipse,- and we have only to prove that P lies on the surface of the cone so described.
Draw PN perpendicular to A4'. Join ON and produce it to meet AD in M. Through M draw HK parallel o A'A.




Lastly, draw MQ perpendicular to the plane of the paper (and therefore perpendicular to both HK and AD) meeting the
ellipse or circle about AD (and therefore the surface of the cone) in Q.

Then

QM*: HM . MK = (QM* : DM . MA).(DM.MA : HM . MK)
=(d*: AD").(FC.CG: A'C.CA)
=(CB*: FC.CG).(FC.CG : A'C.CA)
= OB*:. CA*
= PN*: A’'N.NA.

Therefore, alternately,

QM*: PN*=HM.MK : A’N.NA
=0M*: ON*.
Thus, since PN, QM are parallel, OPQ is a straight line; and, Q being on the surface of the cone, it follows that P is also on

the surface of the cone.

Similarly all points on the ellipse are also on the cone, and the ellipse is therefore a section of the cone.

Proposition 9.

Given an ellipse, a plane through one of its aoces and perpendicular to that of the ellipse, and a straight line CO drawn
from the centre C of the ellipse in the given plane through the axis but not perpendicular to that axis, it is possible to find a
cylinder ivith aods OC such that the ellipse is a section of it [or, in other words, to find the circular sections of the cylinder
with axis OC whose surface passes through the circumference of the given ellipse].

Let A4’ be an axis of the ellipse, and suppose the plane of the ellipse to be perpendicular to that of the paper, so that O C
lies in the plane of the paper.

A c N A
Draw 4D, A'E parallel to CO, and let DE be the line through O perpendicular to both AD and A'E.

We have now three different cases according as the other axis BB’ of the ellipse is (1) equal to, (2) greater than, or (3) less
than, DE.

(1) Suppose BB’ = DE.

Draw a plane through DE at right angles to OC, and in this plane describe a circle on DE as diameter. Through this circle
describe a cylinder with axis OC.

This cylinder shall be the cylinder required, or its surface shall pass through every point P of the ellipse.

For, if P be any point on the ellipse, draw PN perpendicular to A4'; through N draw NM parallel to CO meeting DE in if,
and through if, in the plane of the circle on DE as diameter, draw MQ perpendicular to DE, meeting the circle in Q.

Then, since DE = BB,
PN?: AN . NA'= DO?: AG . CA'.
And DM . ME : AN, NA' = DO?: AOQ?,



since AD, NM, CO, A'E are parallel.

Therefore PN*=DM . ME
= QM?,

by the property of the circle.

Hence, since PN, QM are equal as well as parallel, PQ is parallel to MN and therefore to CO. It follows that PQ is a
generator of the cylinder, whose surface accordingly passes through P.

(2) If BB'> DE, we take E' on A'E such that DE ' = BB’ and describe a circle on DE’ as diameter in a plane perpendicular
to that of the paper; and the rest of the construction and proof'is exactly similar to those given for case (1).

(3) Suppose BB' > DE.
Take a point K on CO produced such that

DO? - CB* = OK>.
From K draw KR perpendicular to the plane of the paper and equal to CB.
Thus OR? = OK?> + CB? = OD~.

A c N 1A’
In the plane containing DE, OR describe a circle on DE as diameter. Through this circle (which must pass through R) draw
a cylinder with axis OC
We have then to prove that, if P be any point on the given ellipse, P lies on the cylinder so described.

Draw PN perpendicular to A4', and through N draw NM parallel to CO meeting DE in -M. In the plane of the circle on DE
as diameter draw MQ perpendicular to DE and meeting the circle in Q.

Lastly, draw QH perpendicular to NM produced. OH will then be perpendicular to the plane containing AC, DE, i.e. the
plane of the paper.

Now OM? = OM? = KR? : OR?, by similar triangles.
And QM* . AN.NA'=DM.ME : AN. N4’
=0D*: CA*
Hence, ex aequali, since OR = OD,
QH*. AN.NA'=KR*: CA*
= CB*: C4"
=PN*: AN.NA’

Thus QH = PN. And QH, PN are also parallel. Accordingly PQ is parallel to MN, and therefore to CO, so that PQ is a
generator, and the cylinder passes through P.

Proposition 10.

It was proved by the earlier geometers that any two cones have to one anothei’ the ratio compounded of the ratios of
their bases and of their heights”. The same method of proof will show that any segments of cones have to one another the



ratio compounded of the ratios of their bases and of their heights’.

The proposition that any ‘frustum’ of a cylinder is triple of the conical segment which has the same base as the frustum
and equal height is also proved in the same manner as the proposition that the cylinder is triple of the cone which has the
same base as the cylinder and equal heightT.

Proposition 11.

(1) If a paraboloid of revolution be cut by a plane through, or parallel to, the axis, the section will be a parabola
equal to the original parabola which by its revolution generates the paraboloid. And the axis of the section will be the
intersection between the cutting plane and the plane through the axis of the paraboloid at right angles to the cutting plane.

If the paraboloid be cut by a plane at right angles to its axis, the section will be a circle whose centre is on the axis.

(2) If a hyperboloid of revolution be cut by a plane through the axis, parallel to the axis, or through the centre, the
section tuill be a hyperbola, (a) if the section be through the axis, equal, (b) if parallel to the axis, similar, (c) if through
the centre, not similar, to the original hyperbola which by its revolution generates the hyperboloid . And the axis of the
section will be the intersection of the cutting plane and the plane through the axis of the hyperboloid at right angles to the
cutting plane.

Any section of the hyperboloid by a plane at right angles to the axis will be a circle whose centre is on the axis.

(3) If any of the spheroidal figures be cut by a plane through the axis or parallel to the axis, the section will be an
ellipse, (a) if the section be through the axis, equal, (b) if parallel to the axis, similar, to the ellipse which by its revolution
generates the figure. And the aocis of the section will be the intersection of the cutting plane and the plane through the axis
of the spheroid at right angles to the cutting plane.

If the section be by a plane at right angles to the axis of the spheroid, it will be a circle whose centre is on the axis.

(4) If any of the said figures be cut by a plane through the axis, and if a perpendicular be drawn to the plane of
section from any point on the surface of the figure but not on the section, that perpendicular will fall within the section.

“And the proofs of all these propositions are evident.”"

Proposition 12.

If a paraboloid of revolution be cut by a plane neither parallel nor perpendicular to the axis, and if the plane through
the axis perpendicular to the cutting plane intersect it in a straight line of which the portion intercepted within the
paraboloid is RR', the section of the paraboloid will be an ellipse whose major axis is RR' and whose minor axis is equal to
the perpendicular distance between the lines through R, R' parallel to the axis of the paraboloid.

Suppose the cutting plane to be perpendicular to the plane of the paper, and let the latter be the plane through the axis ANF
of the paraboloid which intersects the cutting plane at right angles in RR" Let RH be parallel to the axis of the paraboloid, and
R'H perpendicular to RH.

Let O be any point on the section made by the cutting plane, and from Q draw QM perpendicular to RR' OM will therefore
be perpendicular to the plane of the paper.

Through M draw DMFE perpendicular to the axis ANF meeting the parabolic section made by the plane of the paper in D,
E. Then OM is perpendicular to DE, and, if a plane be drawn through DE, QM, it will be perpendicular to the axis and will cut
the paraboloid in a circular section.
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Since Q is on this circle,
OM?=DM . ME.
Again, if PT be that tangent to the parabolic section in the plane of the paper which is parallel to RR" and if the tangent at 4
meet PT in O, then, from the property of the parabola,
DM.ME: RM.MR' = AQ*: OP? [Prop. 3 (1)]
=A0%: OT* since AN= AT.
Therefore QM*: RM.MR' = AO*: OT®
— R'H*: RR",
by similar triangles.

Hence Q lies on an ellipse whose major axis is RR' and whose minor axis is equal to R'H.

Propositions 13, 14.

If a hyperboloid of revolution be cut by a plane meeting all the generators of the enveloping cone, or if an ‘oblong’
spheroid be cut by a plane not perpendicular to the axis*, and if a plane through the axis intersect the cutting plane at
right angles in a straight line on which the hyperboloid or spheroid intercepts a length RR' then the section by the cutting
plane will be an ellipse whose major axis is RR'.

Suppose the cutting plane to be at right angles to the plane of the paper, and suppose the latter plane to be that through the
axis ANF which intersects the cutting plane at right angles in RR'. The section of the hyperboloid or spheroid by the plane of the
paper is thus a hyperbola or ellipse having ANF for its transverse or major axis.

Take any point on the section made by the cutting plane, as O, and draw OM perpendicular to RR'. QM will then be
perpendicular to the plane of the paper.

Through M draw DFFE at right angles to the axis ANF meeting the hyperbola or ellipse in D, E ; and through QM, DE let a

plane be described. This plane will accordingly be perpendicular to the axis and will cut the hyperboloid or spheroid in a
circular section.

Thus OM? =DM . ME.
Let PT be that tangent to the hyperbola or ellipse which is parallel to RR’, and let the tangent at A meet P7 in O.
Then, by the property of the hyperbola or ellipse,
DM . ME : RM. MR' = O4* : OP?,
or OM?: RM . MR' = OA4? : OP>.
Now (1) in the hyperbola O4 < OP, because AT < AN", and accordingly OT < OP, while 04 < OT,
(2) in the ellipse, if KK’ be the diameter parallel to RR’, and BB’ the minor axis,



BC.CB': KC . CK'= O4* OP%
and BC. CB' < KG . GK', so that OA < OP.
Hence in both cases the locus of Q is an ellipse whose major axis is RR'.

Cor. 1. If the spheroid be a ‘flat’ spheroid, the section will be an ellipse, and everything will proceed as before except
that RR’ will in this case be the minor axis.

CoR. 2. In all conoids or spheroids parallel sections will be similar, since the ratio O4% OP? is the same for all the

parallel sections.
*  With reference to this assumption cf. the Introduction, chapter I1L.s 3.

Proposition 15.

(1) If from any point on the surface of a conoid a line be drawn, in the case of the paraboloid, parallel to the axis,
and, in the case of the hyperboloid, parallel to any line passing through the vertex of the enveloping cone, the part of the
straight line ‘which is in the same direction as the convexity of the surface will fall without it, and the part which is in the
other direction within it.

For, if a plane be drawn, in the case of the paraboloid, through the axis and the point, and, in the case of the hyperboloid,
through the given point and through the given straight line drawn through the vertex of the enveloping cone, the section by the
plane will be (@) in the paraboloid a parabola whose axis is the axis of the paraboloid, (b) in the hyperboloid a hyperbola in
which the given line through the vertex of the enveloping cone is a diameter . [Pro. 11]

Hence the property follows from the plane properties of the

(2) If a plane touch a conoid without cutting it, it toil I touch it at one point only, and the plane drawn through the
point of contact and the axis of the conoid ivill be at right angles to the plane which touches it.

For, if possible, let the plane touch at two points. Draw through each point a parallel to the axis. The plane passing through
both parallels will therefore either pass through, or be parallel to, the axis. Hence the section of the conoid made by this plane
will be a conic [Prop. 11 (1), (2)], the two points will lie on this conic, and the line joining them will lie within the conic and
therefore within the conoid. But this line will be in the tangent plane, since the two points are in it. Therefore some portion of

the tangent plane will be within the conoid; which is impossible, since the plane does not cut it.
* There seems to be some error in the text here, which says that “the diameter” (i.e. axis) of the hyperbola is “the straight line drawn in the conoid from the vertex of
the cone.” But this straight line is not, in general, the axis of the section.

Therefore the tangent plane touches in one point only.

That the plane through the point of contact and the axis is perpendicular to the tangent plane is evident in the particular case
where the point of contact is the vertex of the conoid. For, if two planes through the axis cut it in two conics, the tangents at the
vertex in both conics will be perpendicular to the axis of the conoid. And all such tangents will be in the tangent plane, which
must therefore be perpendicular to the axis and to any plane through the axis.

If the point of contact P is not the vertex, draw the plane passing through the axis AN and the point P.

It will cut the conoid in a conic whose axis is AN and the tangent plane in a line DPE touching the conic at P. Draw PNP
perpendicular to the axis, and draw a plane through it also perpendicular to the axis. This plane will make a circular section
and meet the tangent plane in a tangent to the circle, which will therefore be at right angles to PN. Hence the tangent to the
circle will be at right angles to the plane containing PN, AN; and it follows that this last plane is perpendicular to the tangent
plane.



Proposition 16.

(1) If a plane touch any of the spheroidal figures without cutting it, it will touch at one point only, and the plane
through the point of contact and the aoois will be at right angles to the tangent plane.

This is proved by the same method as the last proposition.

(2) If any conoid or spheroid be cut by a plane through the aoois, and if through any tangent to the resulting conic a
plane be erected at right angles to the plane of section, the plane so erected will touch the conoid or spheroid in the same
point as that in which the line touches the conic.

For it cannot meet the surface at any other point. If it did, the perpendicular from the second point on the cutting plane
would be perpendicular also to the tangent to the conic and would therefore fall outside the surface. But it must fall within
it. [Prop. 11 (4)]

(3) If two parallel planes touch any of the spheroidal figures, the line joining the points of contact will pass through
the centre of the spheroid.

If the planes are at right angles to the axis, the proposition is obvious. If not, the plane through the axis and one point of
contact is at right angles to the tangent plane at that point. It is therefore at right angles to the parallel tangent plane, and
therefore passes through the second point of contact. Hence both points of contact lie on one plane through the axis, and the
proposition is reduced to a plane one.

Proposition 17.

If two parallel planes touch any of the spheroidal figures, and another plane be drawn parallel to the tangent planes
and passing through the centre, the line drawn through any point of the circumference of the residting section parallel to
the chord of contact of the tangent planes will fall outside the spheroid.

This is proved at once by reduction to a plane proposition.

Archimedes adds that it is evident that, if the plane parallel to the tangent planes does not pass through the centre, a straight
line drawn in the manner described will fall without the spheroid in the direction of the smaller segment but within it in the
other direction.

Proposition 18.

Any spheroidal figure which is cut by a plane through the centre is divided, both as regards its surface and its volume,
into two equal parts by that plane.

To prove this, Archimedes takes another equal and similar spheroid, divides it similarly by a plane through the centre, and
then uses the method of application.

Proposition 19, 20.

Given a segment cut off by a plane from a paraboloid or hyperboloid of revolution, or a segment of a spheroid less than
half the spheroid also cut off by a plane, it is possible to inscribe in the segment one solid figure and to circumscribe about
it another solid figure, each made up of cylinders or ‘frusta’ of cylinders of equal height, and such that the circumscribed
figure exceeds the inscribed figure by a volume less than that of any given solid.

Let the plane base of the segment be perpendicular to the plane of the paper, and let the plane of the paper be the plane
through the axis of the conoid or spheroid which cuts the base of the segment at right angles in BC. The section in the plane of
the paper is then a conic BAC. [Prop. 11]

Let EAF be that tangent to the conic which is parallel to BC, and let 4 be the point of contact. Through EAF draw a plane
parallel to the plane through BC bounding the segment. The plane so drawn will then touch the conoid or spheroid at
A. [Prop. 16]

(1) If the base of the segment is at right angles to the axis of the conoid or spheroid, 4 will be the vertex of the conoid or
spheroid, and its axis AD will bisect BC at right angles.



(2) Ifthe base of the segment is not at right angles to the axis of the conoid or spheroid, we draw AD
(a) in the paraboloid, parallel to the axis,

(b) 1in the hyperboloid, through the centre (or the vertex of the enveloping cone),

(¢) inthe spheroid, through the centre, and in all the cases it will follow that AD bisects BC in D.
Then A will be the vertex of the segment, and 4D will be its axis.

Further, the base of the segment will be a circle or an ellipse with BC as diameter or as an axis respectively, and with
centre D. We can therefore describe through this circle or ellipse a cylinder or a ‘frustum’ of a cylinder whose axis is
AD. [Prop. 9]
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Dividing this cylinder or frustum continually into equal parts by planes parallel to the base, we shall at length arrive at a
cylinder or frustum less in volume than any given solid.

Let this cylinder or frustum be that whose axis is OD, and let AD be divided into parts equal to OD, at L, M,.... Through L,
M,... draw lines parallel to BC meeting the conic in P, Q,..., and through these lines draw planes parallel to the base of the
segment. These will cut the conoid or spheroid in circles or similar ellipses. On each of these circles or ellipses describe two
cylinders or frusta of cylinders each with axis equal to OD, one of them lying in the direction of 4 and the other in the direction
of D, as shown in the figure.

Then the cylinders or frusta of cylinders drawn in the direction of 4 make up a circumscribed figure, and those in the
direction of D an inscribed figure, in relation to the segment.

Also the cylinder or frustum PG in the circumscribed figure is equal to the cylinder or frustum PH in the inscribed figure,
QI in the circumscribed figure is equal to OK in the inscribed figure, and so on.

Therefore, by addition,

(circamseribed fig.) = (inscr. fig.)
+ (cylinder or frustum whose axis is 0.D).

But the cylinder or frustum whose axis is OD is less than the given solid figure; wrhence the proposition follows.

“ Having set out these preliminary propositions, let us proceed to demonstrate the theorems propounded with reference to
the figures.”

Propositions 21, 22.
Any segment of a paraboloid of revolution is half as large again as the cone or segment of a cone which has the same
base and the same axis.

Let the base of the segment be perpendicular to the plane of the paper, and let the plane of the paper be the plane through
the axis of the paraboloid which cuts the base of the segment at right angles in BC and makes the parabolic section BAC.

Let EF be that tangent to the parabola which is parallel to BC, and let 4 be the point of contact.

Then (1), if the plane of the base of the segment is perpendicular to the axis of the paraboloid, that axis is the line AD
bisecting BG at right angles in D.

(2) If the plane of the base is not perpendicular to the axis of the paraboloid, draw AD parallel to the axis of the
paraboloid. AD will then bisect BC, but not at right angles.



Draw through EF a plane parallel to the base of the segment. This will touch the paraboloid at 4, and 4 will be the vertex
of the segment, 4D its axis.

The base of the segment will be a circle with diameter BC or an ellipse with BC as major axis.

Accordingly a cylinder or a frustum of a cylinder can be found passing through the circle or ellipse and having AD for its
axis [Prop. 9J; and likewise a cone or a segment of a cone can be drawn passing through the circle or ellipse and having 4 for
vertex and AD for axis. [Prop. 8]

Suppose X to be a cone equal to § (cone or segment of cone ABC). The cone X is therefore equal to half the cylinder or
frustum of a cylinder EC. [Cf. Prop. 10]

We shall prove that the volume of the segment of the paraboloid is equal to X.
If not, the segment must be either greater or less than X.
L. If possible, let the segment be greater than X.

We can then inscribe and circumscribe, as in the last proposition, figures made up of cylinders or frusta of cylinders with
equal height and such that
(circumscribed fig.) — (inscribed fig.) < (segment) — X.

Let the greatest of the cylinders or frusta forming the circumscribed figure be that whose base is the circle or ellipse about
BC and whose axis is OD, and let the smallest of them be that whose base is the circle or ellipse about PP’ and whose axis is
AL.

Let the greatest of the cylinders forming the inscribed figure be that whose base is the circle or ellipse about RR' and whose
axis is OD, and let the smallest be that whose base is the circle or ellipse about PP’ and whose axis is LM.
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Produce all the plane bases of the cylinders or frusta to meet the surface of the complete cylinder or frustum EC.
Now, since
(circumscribed fig.) — (inscr. fig.) < (segment) — X,

it follows that  (inscribed figure)> X .................. (a).

Next, comparing successively the cylinders or frusta with heights equal to OD and respectively forming parts of the
complete cylinder or frustum EC and of the inscribed figure, we have

(first cylinder or frustum in EC) : (first in inscr. fig.)

= BD*: RO*
=AD: A0
= BD : TO, where AB meets OR in T.
And (second cylinder or frustum in EC) : (second in inscr. fig.),
= HO : SN, in like manner,
and so on.

Hence [Prop. 1] (cylinder or frustum EC) : (inscribed figure)
=(BD+HO+...): (TO+SN+..),

where BD, HO,... are all equal, and BD, TO, SN,... diminish in arithmetical progression.
But [Lemma preceding Prop. 1]



BD+HO+ ...>2(TO+ SN+ ...).
Therefore (cylinder or frustum EC) > 2 (inscribed fig.),
or X > (inscribed fig.);
which is impossible, by (a) above.
II. If possible, let the segment be less than X.
In this case we inscribe and circumscribe figures as before, but such that
(circumscr. fig.) — (inscr. fig.) < X —(segment),
whence it follows that
(circumscribed figure)< X ............... (B).
And, comparing the cylinders or frusta making up the complete cylinder or frustum CE and the circumscribed figure
respectively, we have
(first cylinder or frustum in CE) : (first in circumscr. fig.)
=BD*: BD?
= BD : BD.
(second in CFE) : (second in circumscr. fig.)
= HO*: RO*
=AD: A0
=HO0 : T0,
and so on.
Hence [Prop. 1]
(cylinder or frustum CE) : (circumscribed fig.)

=(BD+HO+...):(BD+TO0+...),
<2:1, [Lemma preceding Prop. 1]

and it follows that
X < (circumscribed fig.);
which is impossible, by (f).
Thus the segment, being neither greater nor less than X, is equal to it, and therefore to ABC).

Proposition 23

If from a paraboloid of revolution two segments be cut off one by a plane perpendicular to the axis, the other by a
plane not perpendicular to the axis, and if the axes of the segments are equal, the segments will be equal in volume.

Let the two planes be supposed perpendicular to the plane of the paper, and let the latter plane be the plane through the axis
of the paraboloid cutting the other two planes at right angles in BB', QQ' respectively and the paraboloid itself in the parabola

OPQ'B'.
Let AN, PV be the equal axes of the segments, and 4, P their respective vertices.



Draw QL parallel to AN or PV and Q'L perpendicular to QL.

Now, since the segments of the parabolic section cut off by BB', Q' have equal axes, the triangles ABB', POQ' are equal
[Prop. 3], Also, if OD be perpendicular to PV, OD = BN in the same Prop. 3).

Conceive two cones drawn with the same bases as the segments and with 4, P as vertices respectively. The height of the
cone POQ' is then PK is perpendicular to QQ'.

Now the cones are in the ratio compounded of the ratios of their bases and of their heights, i.e. the ratio compounded of (1)
the ratio of the circle about BB’ to the ellipse about QQ', and (2) the ratio of AN to PK.

That is to say, we have, by means of Props. 5, 12,
(cone ABB') : (cone PQQ'") = (BB* QQ' . O'L). (AN : PK).

Therefore

(cone ABB’) : (cone PRQA")=(QD : QV).(AN : PK)
=(PK : PV).(AN : PK)
=AN:.PV.

Since AN = PV, the ratio of the cones is a ratio of equality : and it follows that the segments, being each half as large again
as the respective cones [Prop. 22], are equal,

Proposition 24.

If from a paraboloid of revolution two segments be cut off by planes drawn in any manner, the segments will be to one
another as the squares on their axes.

For let the paraboloid be cut by a plane through the axis in the parabolic section P'PApp’, and let the axis of the parabola
and paraboloid be ANN'.

Measure along ANN'. the lengths AN, AN’ equal to the respective axes of the given segments. and through N, N’ draw planes
perpendicular to the axis, making circular sections on Pp, P'p" as diameters respectively. With these circles as bases and with
the common vertex 4 let two cones be described.
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Now the segments of the paraboloid whose bases are the circles about Pp, P'p' are equal to the given segments
respectively, since their respective axes are equal [Prop. 23]; and, since the segments 4Pp, AP'p’ are half as large again as the

cones APp, AP'p’ respectively, we have only to show that the cones are in the ratio of AN? to AN'.
But

(cone A Pp): (cone APp’)=(PN*: P’N'").(AN : AN')
=(AN: AN').(AN: AN')
=AN?®: AN";

thus the proposition is proved.

Propositions 25, 26.

In any hyperboloid of revolution, if A be the vertex and AD the axis of any segment cut off by a plane, and if CA be the
semidiameter of the hyperboloid through A (CA being of course in the same straight line with AD), then

(segment) : (cone with same base and axis)
=(AD +3CA) : (4D + 2CA).
Let the plane cutting off the segment be perpendicular to the plane of the paper, and let the latter plane be the plane through

the axis of the hyperboloid which intersects the cutting plane at right angles in BB’, and makes the hyperbolic segment BAB'. Let
C be the centre of the hyperboloid (or the vertex of the enveloping cone).

Let EF be that tangent to the hyperbolic section which is parallel to BB'. Let EF touch at 4, and join CA. Then CA produced
will bisect BB" at D, CA will be a semi-diameter of the hyperboloid, A will be the vertex of the segment, and 4D its axis.
Produce AC to A’ and H, so that AC =CA' = A'H.

Through EF draw a plane parallel to the base of the segment. This plane will touch the hyperboloid at A4.

Then (1), if the base of the segment is at right angles to the axis of the hyperboloid, A will be the vertex, and AD the axis, of
the hyperboloid as well as of the segment, and the base of the segment will be a circle on BB’ as diameter.

(2) If the base of the segment is not perpendicular to the axis of the hyperboloid, the base will be an ellipse on BB’ as
major axis. [prop. 13]
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Then we can draw a cylinder or a frustum of a cylinder EBB'F passing through the circle or ellipse about BB" and having
AD for its axis; also we can describe a cone or a segment of a cone through the circle or ellipse and having A for its vertex.

We have to prove that
(segment ABB') : (cone or segment of cone ABB') =HD : A'D.

Let V' be a cone such that

V : (cone or segment of cone ABB'y=HD : A'D,...... (a)

and we have to prove that V' is equal to the segment.

Now
(cylinder or frustum EB’) : (cone or segmt. of cone ABB') = 3:1.

Therefore, by means of (a),

HD
(eylinder or frustum EB"): V=A"D : g e (B).

If the segment is not equal to ¥, it must either be greater or less.
I. If possible, let the segment be greater than V.

Inscribe and circumscribe to the segment figures made up of cylinders or frusta of cylinders, with axes along AD and all
equal to one another, such that

(circumscribed fig.) — (inscr. fig.) <(segmt.) — V,
whence (inscribed figure)> V o..iiiiiiinnnnnns (y)-

Produce all the planes forming the bases of the cylinders or frusta of cylinders to meet the surface of the complete cylinder
or frustum EB'.



Then, if ND be the axis of the greatest cylinder or frustum in the circumscribed figure, the complete cylinder will be
divided into cylinders or frusta each equal to this greatest cylinder or frustum.

Let there be a number of straight lines a equal to 44" and as many in number as the parts into which 4D is divided by the
bases of the cylinders or frusta. To each line a apply a rectangle which shall overlap it by a square, and let the greatest of the
rectangles be equal to the rectangle AD. A'D and the least equal to the rectangle AL . A'L; also let the sides of the overlapping
squares b, p,q,.../ be in descending arithmetical progression. Thus b,p, ¢q,.../ will be respectively equal to 4D, AN, AM,... AL,
and the rectangles (ab + b?), (ap + p?)... .(al + I?) will be respectively equal to AD. A'D, AN. A'N,.. AL . A'L.

Suppose, further, that we have a series of spaces S each equal to the largest rectangle AD. A'D and as many in number as the
diminishing rectangles.

Comparing now the successive cylinders or frusta (1) in the complete cylinder or frustum EB’ and (2) in the inscribed
figure, beginning from the base of the segment, we have

(first cylinder or frustum in EB’) : (first in inscr. figure)
= BD*: PN™
=AD.A'D: AN . A’'N, from the hyperbola,
=8: (ap + p°).
Again
(second cylinder or frustum in EB’) : (second in inscr. fig.)
=BD*: QM*
=AD.A'D: AM.A'M
=8:(ag + ¢),
and so on.

The last cylinder or frustum in the complete cylinder or frustum EB’ has no cylinder or frustum corresponding to it in the
inscribed figure.

Combining the proportions, we have [Prop. 1]
(cylinder or frustum EB’): (inscribed figure)

= (sum of all the spaces S): (ap + p*) +(ag +¢*) + ...

>(a+b}:(%+%> [Prop. 2] -
>A'D: f{?, since a= AA’, b= AD,

>(EB"): V, by (8)above.

Hence (inscribed figure) < V.

But this is impossible, because, by (4) above, the inscribed figure is greater than V.
II. Next suppose, if possible, that the segment is less than V.

In this case we circumscribe and inscribe figures such that,

(circumscribed fig.) — (inscribed fig.) > F —(segment),

whence we derive.

V > (circumscribed figure) ............... (8).

We now compare successive cylinders or frusta in the complete cylinder or frustum and in the circumscribed figure ; and



we have

(first cylinder or frustum in EB’) : (first in circumscribed fig.)

=88
=8: (ab+b%,

and so on.

Hence [Prop. 1]
(cylinder or frustum EB’) : (circumscribed fig.)

= (sum of all spaces S) : (ab +b?) + (ap +p?) + ...

<(a+b): (% + %) [Prop. 2]
<4p: 22

<(EB’): V, by (8) above.

Hence the circumscribed figure is greater than V; which is impossible, by (d) above.
Thus the segment is neither greater nor less than ¥, and is therefore equal to it.

Therefore, by (a),
(segment ABB') : (cone or segment of cone ABB')
= (4D +3CA) : (4D +2CA).

Proposition 27, 28, 29, 30.

(1) In any spheroid whose centre is C, if a plane meeting the axis cut off a segment not greater than half the spheroid
and having A for its vertex and AD for its axis, and if A'D be the axis of the remaining segment of the spheroid, then

(first segmt) : (cone or segmt. of cone with same base and axis)

=CA+A'D: A'D
[=3C4 —AD:2CA — AD].

(2) As a particular case, if the plane passes through the centre, so that the segment is half the spheroid, half the
spheroid is double of the cone or segment of a cone tvhich has the same vertex and axis.

Let the plane cutting off the segment be at right angles to the plane of the paper, and let the latter plane be the plane through
the axis of the spheroid which intersects the cutting plane in BB’ and makes the elliptic section ABA'B’.

Let EF, E'F" be the two tangents to the ellipse which are parallel to BB’, let them touch it in 4, A, and through the tangents
draw planes parallel to the base of the segment. These planes will touch the spheroid at 4, A’, which will be the vertices of the
two segments into which it is divided. Also 4 4’ will pass through the centre C and bisect BB' in D.

Then (1) if the base of the segments be perpendicular to the axis of the spheroid, 4, A’ will be the vertices of the spheroid
as well as of the segments, 44" will be the axis of the spheroid, and the base of the segments will be a circle on BB’ as
diameter;

(2) if the base of the segments be not perpendicular to the axis of the spheroid, the base of the segments will be an ellipse
of which BB' is one axis, and AD, A'D will be the axes of the segments respectively.

We can now draw a cylinder or a frustum of a cylinder EBB'F through the circle or ellipse about BB’ and having AD for its
axis; and we can also draw a cone or a segment of a cone passing through the circle or ellipse about BB" and having 4 for its
vertex.
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We have then to show that, if CA’ be produced to H so that C4A' = A'H,
(segment ABB') : (cone or segment of cone ABB") = HD : A'D
Let V' be such a cone that
V: (cone or segment of cone ABB') = HD : A'D ...(a);
and we have to show that the segment ABB' is equal to V.

But, since
(cylinder or frustum EB’) : (cone or segment of cone ABB') = 3:1,

we have, by the aid of (a),

(cylinder or frustum EB") : V=A4'D: g (8).

Now, if the segment ABB' is not equal to V, it must be either greater or less.
L. Suppose, if possible, that the segment is greater than V.

Let figures be inscribed and circumscribed to the segment consisting of cylinders or frusta of cylinders, with axes along AD
and all equal to one another, such that

(circumscribed fig.) — (inscribed fig.) < (segment) — V,
whence it follows that

(inscribed fig.) > V' .icoviiininnnnnn. (v)

Produce all the planes forming the bases of the cylinders or frusta to meet the surface of the complete cylinder or frustum
EB' Thus, if ND be the axis of the greatest cylinder or frustum of a cylinder in the circumscribed figure, the complete cylinder
or frustum EB’ will be divided into cylinders or frusta of cylinders each equal to the greatest of those in the circumscribed



figure.

Take straight lines d a’ each equal to A'D and as many in number as the parts into which AD is divided by the bases of the
cylinders or frusta, and measure da along d a’ equal to AD. It follows that aa’ = 2CD.

Apply to each of the lines a'd rectangles with height equal to ad, and draw the squares on each of the lines ad as in the
figure. Let S denote the area of each complete rectangle.

From the first rectangle take away a gnomon with breadth equal to AN (i.e. with each end of a length equal to AN); take
away from the second rectangle a gnomon with breadth equal to AM, and so on, the last rectangle having no gnomon taken from
it.

Then
the first gnomon=A4’'D.AD— ND.(4'D— AN)
=A'D.AN+ND.AN
=AN.A'N.
Similarly,

the second gnomon = AM. A'M,
and so on.

And the last gnomon (that in the last rectangle but one) is equal to AL. A'L.

Also, after the gnomons are taken away from the successive rectangles, the remainders (which we will call R, R,,...R,,,
where 7 is the number of rectangles and accordingly R, =) are rectangles applied to straight lines each of length aa’ and “
exceeding by squares “ whose sides are respectively equal to DN, DM, ... DA.

For brevity, let DN be denoted by x, and aa’ or 2CD by c, so that R| = cx + x5, R, = ¢ iddot; 2x + (2x)%,...

Then, comparing successively the cylinders or frusta of cylinders (1) in the complete cylinder or frustum EB’ and (2) in the
inscribed figure, we have

(first cylinder or frustum in EB’) : (first in inscribed fig.)
=BD*: PN*?
=AD.A'D: AN.A’'N
=S : (first gnomon) ;
(second cylinder or frustum in £B’) : (second in inscribed fig.)
=S (second gnomon),
and so on.

The last of the cylinders or frusta in the cylinder or frustum EB’ has none corresponding to it in the inscribed figure, and
there is no corresponding gnomon.

Combining the proportions, we have [by Prop. 1]

(cylinder or frustum EB') : (inscribed fig.)
= (sum of all spaces S) : (sum of gnomons).

Now the differences between S and the successive gnomons are Ry, R,,... R,, while

R =cr+ &,
R, =c.2z + (22)",

........................

R,=cb+b* =8,

where b = nx = AD.
Hence [Prop. 2]



(sumofallspacesS):(Rl_E_Rg_}_.__+Rn)<(c+b): (%4'3)

It follows that

(sum of all spaces 8) : (sum of gnomons) > (¢ + b): (% + 2—;)

>A'D: %D

Thus (cylinder or frustum EB') : (inscribed fig.)

::-A’D:i{i;)-

> (eylinder or frustum EB’): V,

from (f) above.

Therefore (inscribed fig.) < V;
which is impossible, by (4) above.

Hence the segment ABBf is not greater than V.
IL. If possible, let the segment ABB’ be less than V.
We then inscribe and circumscribe figures such that

(circumscribed fig.) — (inscribed fig.) < V' — (segment),
whence ¥ > (circumscribed fig.).................. (8).
In this case we compare the cylinders or frusta in (EB’) with those in the circumscribed figure.
Thus

(first cylinder or frustum in EB’) : (first in circumseribed fig.)
=88
(second in EB’) : (second in circumscribed fig.)
=8: (first gnomon),

and so on.

Lastly (last in EB’) : (last in circumscribed fig.)
=S : (last gnomon).

Now
{S + (all the gnomons)} =nS—(R;—R, + ... + Rn-1).

And  u8: R 4 Ry4...+ Ruy>(c+b): (%4%) [Prop. 2]

so that

S : (3 +(all the gnomons)} < (o +5): (5 + 2—;) .

It follows that, if we combine the above proportions as in Prop. 1, we obtain
(cylinder or frustum EB’) : (circumscribed fig.)



<(c+b): (—%-!—%b}

<A’D:%)

<(&B"): V, by (8) above.
Hence the circumscribed figure is greater than V; which is impossible, by (d) above.

Thus, since the segment ABB' is neither greater nor less than Vit is equal to it; and the proposition is proved.

(2) The particular case [Props. 27, 28] where the segment is half the spheroid differs from the above in that the distance
CD or ¢/2 vanishes, and the rectangles cb + b? are simply squares (b?), so that the gnomons are simply the differences between
b? and x?, b* and (2x)?, and so on.

Instead therefore of Prop. 2 we use the Lemma to Prop. 2, Cor. 1, given above [On Spirals, Prop. 10], and instead of the
ratio (% 4 %If) we obtain the ratio 3 : 2, whence

(segment ABB') : (cone or segment of cone ABB’) =2:1.
[This result can also be obtained by simply substituting CA4 for AD in the ratio (3CA — AD) : (204 — AD).]

Proposition 31, 32.

If a plane divide a spheroid into two unequal segments, and if AN, A'N be the axes of the lesser and greater segments
respectively, while C is the centre of the spheroid, then

(greater segmt.) : (cone or segmt. of cone with same base and aoris)
= CA+ AN : AN.

Let the plane dividing the spheroid be that through PP’ perpendicular to the plane of the paper, and let the latter plane be
that through the axis of the spheroid which intersects the cutting plane in PP’' and makes the elliptic section PAP'A'".
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Draw the tangents to the ellipse which are parallel to PP’; let them touch the ellipse at A, A, and through the tangents draw
planes parallel to the base of the segments. These planes will touch the spheroid at 4, 4', the line A4" will pass through the
centre C and bisect PP’ in N, while AN, A'N will be the axes of the segments.

Then (1) if the cutting plane be perpendicular to the axis of the spheroid, 44’ will be that axis, and 4, A" will be the vertices
of the spheroid as well as of the segments. Also the sections of the spheroid by the cutting plane and all planes parallel to it
will be circles.

(2) Ifthe cutting plane be not perpendicular to the axis, the base of the segments will be an ellipse of which PP’ is an axis,
and the sections of the spheroid by all planes parallel to the cutting plane will be similar ellipses.

Draw a plane through C parallel to the base of the segments and meeting the plane of the paper in BB'.

Construct three cones or segments of cones, two having 4 for their common vertex and the plane sections through PP’, BB’



for their respective bases, and a third having the plane section through PP’ for its base and A4’ for its vertex.
Produce CA4 to H and CA' to H' so that

AH=A'H' = CA.
We have then to prove that
(segment A'PP’) : (cone or segment of cone A'PP’)

=CA+AN: AN
=NH : AN.
Now half the spheroid is double of the cone or segment of a cone ABB' [Props. 27, 28]. Therefore

(the spheroid) =4 (cone or segment of cone ABB').
But

(cone or segmt. of cone ABB'): (cone or segint. of cone APP")

—(CA : AN).(BC*: PN?)
=(CA:AN).(CA.CA": AN .A'N)...(a)
If we measure 4K along A4’ so that
AK : AC=AC: AN,
we have AK . A'N : AC. A'N= CA : AN,
and the compound ratio in (&) becomes
(AK. A'N: CA . A'N). (CA. CA' : AN . A'N),
ie. AK . CA": AN . A'N
Thus
(cone or segmt. of cone ABB') : (cone or segmt. of cone APP")
=AK .CA" -. AN . A'N.

But (cone or segment of cone APP’) : (segment APP")

=A’'N : NH’  [Props. 29, 30]
=AN.A'N: AN.NH'
Therefore, ex aequali,
(cone or segment of cone ABB') : (segment APP’)
=AK .CA' : AN . NH',
so that (spheroid) : (segment APP")

=HH' .AK : AN . NH',
since HH =4C4'.

Hence (segment A'PP") : (segment APP')

—~(HH'.AK - AN .NH’): AN . NH’
- (AK.NH+NH'.NK): AN.NH'.
Further,
(segment APP") : (cone or segment of cone APP")

=NH': A'N
=AN.NH': AN.A'N,

and



(cone or segmt. of cone APP’) : (cone or segmt. of cone A'PP")
=AN: AN
=AN. AN : AN°.

From the last three proportions we obtain, ex aequali,

—(AK.NH+ NH' . NK): A'N*
—(AK.NH + NH'.NK) : (CA*+ NH'.CN)
—(AK.NH + NH'.NK): (AK.AN + NH'.CN)...(8).

But

AK.NH : AK.AN=NH: AN

=AK+CA:0C4A
(since AK : AC=AC : AN)
=HK:CA

=HK-—-NH:(CA—-AN
=NK :CN
=NH'.NK : NH'.CN.
Hence the ratio in (f) is equal to the ratio

AK . NH . AK . AN, or NH . AN.
Therefore

=NH: AN
=CA4+AN: AN.

[If (x, y) be the coordinates of P referred to thbge conjugate diameters 44" BB’ as axes of x, y, and if 2a, 2b be the lengths
of the diameters respectively, we have, since

(spheroid) — (lesser segment) = (greater segment),

4.ab* — 2"”"’"“’ 9 (a —w)-—-2£'———-$ ¥ (a+2);

a—

and the above proposition is the geometrical proof of the truth of this equation where x, y are connected by the equation

il
Tl

* The whole of this introductory matter, including the definitions, is transletsd literally from the greek text in order that the terminology of Archimades may be faithfully

represented. When this has once been set out, nothing will be lost by returning to morden phraseology and notation. These will accrdingly be employed, as usual, when we
come to the actual propositions of the treatise.

* A segment of a cone is deined later (p. 104).

* The phraseology of Archimedes here is that associated with the traditional method of application of areas: & «a...mkp’ éKzicwv (xl')rfi'i,v TOPATEOT Tl
ywpiovOmepBariov e1det tetpayWve “if to each of the lines there be applied a space [rectangle] exceeding by a square figure.” Thus 41 is a rectangle of height x applied
to a line a but overlapping it so that the base extends a distance x beyond a.

* The theorem which is here assumed by Archimedes as known can be proved in various ways.

(1) It is easily deduced from Apollonius 1. 49 (cf. Apollonius of Perga, pp. liii, 39). If in the figure the tangents at 4 and P be drawn, the former meeting PV in £ and
the latter meeting the axis in 7, and if AE, PT meet at C the proposition of Apollonius is to the effect that

CP:PE=p:2PT,
where p is the parameter of the ordinates to PV.
(2) It may be proved independently as follows.

Let QQ' meet the axis in O, and let QM, O’M’, PN be ordinates to the axis.
Then AM : AM' = OM? : O'M"” = OM? : OM”



AM : MM'=O0M?*: OM?- OM"®
=OM?: (OM - OM"). MM',

so that OM? = AM (OM — OM)).

That is to say, (AM — AO)? = AM . (AM + AM' — 240),
or AO* =AM . AM.

And, since OM? = pa.AM. AM'.

whence

it follows that QM . @M*'=p,. 40 ....cooevvcecviiiiiinririirenn e (@),

Now QV3: QD*=QV*: (%EQ’E’!),

—or: (POY o g

=QV?: (PN*+ QM. QM)
=p.PV:p,.(AN+40), by (a).

But PV=TO= AN + AO.
Therefore OV?: OD*=p : pa.

* This follows from Eucl. XII. 11 and 14 taken together. Cf. On the Sphere and Cylinder 1, Lemma 1.

* See the defination of a segment of a cone (andtpopo xkJvov) on p.104.

+ This proposition was proved by Eudoxus, as stated in the preface to On the Sphere and Cylinder 1. Cf. Eucl. XII. 10.

* Cf. the Introduction, chapter III. § 4.

* Archimedes begin Prop. 14 for the spheriod with the remark that, when the cutting plane passes through or is paralal to the axis, the case is clear (3ghov). Cf.
Prop. 11(3).



ON SPIRALS.

“ARCHIMEDES to Dositheus greeting.

Of most of the theorems which I sent to Conon, and of which you ask me from time to time to send you the proofs, the
demonstrations are already before you in the books brought to you by Heracleides; and some more are also contained in that
which I now send you. Do not be surprised at my taking a considerable time before publishing these proofs. This has been
owing to my desire to communicate them first to persons engaged in mathematical studies and anxious to investigate them. In
fact, how many theorems in geometry which have seemed at first impracticable are in time successfully worked out! Now
Conon died before he had sufficient time to investigate the theorems referred to; otherwise he would have discovered and
made manifest all these things, and would have enriched geometry by many other discoveries besides. For I know well that it
was no common ability that he brought to bear on mathematics, and that his industry was extraordinary. But, though many years
have elapsed since Conon’s death, I do not find that any one of the problems has been stirred by a single person. I wish now to
put them in review one by one, particularly as it happens that there are two included among them which are impossible of
realisation * [and which may serve as a warning] how those who claim to discover everything but produce no proofs of the
same may be confuted as having actually pretended to discover the impossible.

What are the problems I mean, and what are those of which you have already received the proofs, and those of which the
proofs are contained in this book respectively, I think it proper to specify. The first of the problems was, Given a sphere, to
find a plane area equal to the surface of the sphere; and this was first made manifest on the publication of the book concerning
the sphere, for, when it is once proved that the surface of any sphere is four times the greatest circle in the sphere, it is clear
that it is possible to find a plane area equal to the surface of the sphere. The second was, Given a cone or a cylinder, to find a
sphere equal to the cone or cylinder; the third, To cut a given sphere by a plane so that the segments of it have to one another an
assigned ratio; the fourth, To cut a given sphere by a plane so that the segments of the surface have to one another an assigned
ratio; the fifth, To make a given segment of a sphere similar to a given segment of a sphere * ; the sixth, Given two segments of
either the same or different spheres, to find a segment of a sphere which shall be similar to one of the segments and have its
surface equal to the surface of the other segment. The seventh was, From a given sphere to cut off a segment by a plane so that
the segment hears to the cone which has the same base as the segment and equal height an assigned ratio greater than that of
three to two. Of all the propositions just enumerated Heracleides brought you the proofs. The proposition stated next after these
was wrong, viz. that, if a sphere be cut by a plane into unequal parts, the greater segment will have to the less the duplicate
ratio of that which the greater surface has to the less. That this is wrong is obvious by what I sent you before; for it included
this proposition: If a sphere be cut into unequal parts by a plane at right angles to any diameter in the sphere, the greater
segment of the surface will have to the less the same ratio as the greater segment of the diameter has to the less, while the
greater segment of the sphere has to the less a ratio less than the duplicate ratio of that which the greater surface has to the less,
but greater than the sesqui- alterate™ of that ratio. The last of the problems was also wrong, viz. that, if the diameter of any
sphere be cut so that the square on the greater segment is triple of the square on the lesser segment, and if through the point thus
arrived at a plane be drawn at right angles to the diameter and cutting the sphere, the figure in such a form as is the greater
segment of the sphere is the greatest of all the segments which have an equal surface. That this is wrong is also clear from the
theorems which I before sent you. For it was there proved that the hemisphere is the greatest of all the segments of a sphere
bounded by an equal surface.

After these theorems the following were propounded concerning the conet. If a section of a right-angled cone [a parabola],
in which the diameter [axis] remains fixed, be made to revolve so that the diameter [axis] is the axis [of revolution], let the
figure described by the section of the right-angled cone be called a conoid. And if a plane touch the conoidal figure and another
plane drawn parallel to the tangent plane cut off a segment of the conoid, let the base of the segment cut off be defined as the
cutting plane, and the vertex as the point in which the other plane touches the conoid. Now, if the said figure be cut by a plane
at right angles to the axis, it is clear that the section will be a circle ; but it needs to be proved that the segment cut off will be
half as large again as the cone which has the same base as the segment and equal height. And if two segments be cut off from
the conoid by planes drawn in any manner, it is clear that the sections will be sections of acuteangled cones [ellipses] if the
cutting planes be not at right angles to the axis; but it needs to be proved that the segments will bear to one another the ratio of
the squares on the lines drawn from their vertices parallel to the axis to meet the cutting planes. The proofs of these
propositions are not yet sent to you.

After these came the following propositions about the spiral,

which are as it were another sort of problem having nothing in common with the foregoing; and I have written out the proofs of
them for you in this book. They are as follows. If a straight line of which one extremity remains fixed be made to revolve at a



uniform rate in a plane until it returns to the position from which it started, and if, at the same time as the straight line revolves,
a point move at a uniform rate along the straight line, starting from the fixed extremity, the point will describe a spiral in the
plane. I say then that the area bounded by the spiral and the straight line which has returned to the position from which it started
is a third part of the circle described with the fixed point as centre and with radius the length traversed by the point along the
straight line during the one revolution. And, if a straight line touch the spiral at the extreme end of the spiral, and another
straight line be drawn at right angles to the line which has revolved and resumed its position from the fixed extremity of it, so
as to meet the tangent, I say that the straight line so drawn to meet it is equal to the circumference of the circle. Again, if the
revolving line and the point moving along it make several revolutions and return to the position from which the straight line
started, I say that the area added by the spiral in the third revolution will be double of that added in the second, that in the
fourth three times, that in the fifth four times, and generally the areas added in the later revolutions will be multiples of that
added in the second revolution according to the successive numbers, while the area bounded by the spiral in the first revolution
is a sixth part of that added in the second revolution. Also, if on the spiral described in one revolution two points be taken and
straight lines be drawn joining them to the fixed extremity of the revolving line, and if two circles be drawn with the fixed
point as centre and radii the lines drawn to the fixed extremity of the straight line, and the shorter of the two lines be produced,
I say that (1) the area bounded by the circumference of the greater circle in the direction of (the part of) the spiral included
between the straight lines, the spiral (itself) and the produced straight line will bear to (2) the area bounded by the
circumference of the lesser circle, the same (part of the) spiral and the straight line joining their extremities the ratio which (3)
the radius of the lesser circle together with two thirds of the excess of the radius of the greater circle over the radius of the
lesser bears to (4) the radius of the lesser circle together with one third of the said excess.

The proofs then of these theorems and others relating to the spiral are given in the present book. Prefixed to them, after the
manner usual in other geometrical works, are the propositions necessary to the proofs of them. And here too, as in the books
previously published, I assume the following lemma, that, if there be (two) unequal lines or (two) unequal areas, the excess by
which the greater exceeds the less can, by being [continually] added to itself, be made to exceed any given magnitude among
those which are comparable with [it and with] one another.”

Proposition 1.
If a point move at a uniform rate along any line, and two lengths be taken on it, they will be proportional to the times of
describing them.

Two unequal lengths are taken on a straight line, and two lengths on another straight line representing the times; and they
are proved to be proportional by taking equimultiples of each length and the corresponding time after the manner of Eucl. Y.
Def. 5.

Proposition 2.
If each of two points on different lines respectively move along them each at a uniform rate, and if lengths be taken,
one on each line, forming pairs, such that each pair are described in equal times, the lengths will be proportionals.

This is proved at once by equating the ratio of the lengths taken on one line to that of the times of description, which must
also be equal to the ratio of the lengths taken on the other line.

Proposition 3.

Given any number of circles, it is possible to find a straight line greater than the sum of all their circumferences.

For we have only to describe polygons about each and then take a straight line equal to the sum of the perimeters of the
polygons.

Proposition 4.

Given two unequal lines, viz. a straight line and the circumference of a circle, it is possible to find a straight line less
than the greater of the two lines and greater than the less.

For, by the Lemma, the excess can, by being added a sufficient number of times to itself, be made to exceed the lesser line.



Thus e.g., if ¢ > I (where c is the circumference of the circle and I the length- of the straight line), we can find a number n
such that

nc—-1)>1L

Therefore i oy L4 )
n

and c>l+£>l.
n

Hence we have only to divide / into # equal parts and add one of them to /. The resulting line will satisfy the condition.

Proposition 5.

Given a circle with centre O, and the tangent to it at a point A, it is possible to draw from O a straight line OPF,
meeting the circle in P and the tangent in F, such that, if ¢ be the circumference of any given circle whatever,

FP: OP < (arc AP) : c.
Take a straight line, as D, greater than the circumference c. [Prop. 3]
Through O draw OH parallel to the given tangent, and draw through 4 a line APH, meeting the circle in P and OH

B F

D

in H, such that the portion PH intercepted between the circle and the line OH may be equal to D*. Join OP and produce it
to meet the tangent in F.

Then FP : QP = AP : PH, by parallels,
=AP:D
< (arc AP) :c.

Proposition 6.

Given a circle with centre O, a chord AB less than the diameter, and OM the perpendicular on AB from O, it is possible
to draw a straight line OFP, meeting the chord AB in F and the circle in P, such that

FP:PB=D:E,
where D : E is any given ratio less than BM : MO.
Draw OH parallel to AB, and BT perpendicular to BO meeting OH in T.

Then the triangles BMO, OBT are similar, and therefore
BM : MO = OB : BT,

whence D:E>OB: BT.

Suppose that a line PH (greater than BT) is taken such that
D:E=0B:PH,



E

and let PH be so placed that it passes through B and P lies on the circumference of the circle, while H is on the line OH*.
(PH will fall outside BT, because PH > BT.) Join OP meeting AB in F..

We now have FP: PB=0P: PH
=0B: PH
=D:FE

Proposition 7.

Given a circle with centre O, a chord AB less than the diameter, and OM the perpendicular on it from O, it is possible
to draw from O a straight line OPF, meeting the circle in P and AB produced in F, such that

FP:PB=D:E,
where D : E is any given ratio greater than BM : MO.
Draw OT parallel to 4B, and BT perpendicular to BO meeting OT in T.
In this case, D:E>BM:MO
> OB : BT, by similar triangles.

A M B

Take a line PH (less than BT) such that
D:E=O0B: PH,
and place PH so that P, H are on the circle and on OT respectively, while HP produced passes through B *.
Then FP:PB=0P:PH
=D:FE

Proposition 8.

Given a circle with centre O, a chord AB less than the diameter, the tangent at B, and the perpendicular OM from O on
AB, it is possible to draw from O a straight line OFP, meeting the chord AB in F the circle in P and the tangent in G, such
that

FP:BG=D:E,



where D : E is any given ratio less than BM : MO.

If OT be drawn parallel to 4B meeting the tangent at B in 7,
BM : MO = OB : BT,
so that D:E<OB: BC,
Take a point O on 7B produced such that
D:E=0B:BC,
whence BC > BT.
Through the points O, T, G describe a circle, and let OB be produced to meet this circle in K.

Q

Then, since BO > BT, and OB is perpendicular to C7, it is possible to draw from O a straight line OGQ, meeting CT in G
and the circle about OTC in Q, such that GO = BK*.

Let OGQ meet AB in F and the original circle in P.

Now CG.GT =0G . GOy,
and OF : OG =BT : GT,
so that OF . GT =0G . BT.
It follows that CG. GT: OF . GT + OG. GQ : OG . BT,
or CG:0F=GQ: BT
= BK: BT, by construction,
=BC : 0B
= BC : OP.
Hence OP : OF =BC : (G,
and therefore PF:OP =BG : BC
or PF : BG=0P: BC
= (0B : BC
= D: LK

Proposition 9.

Given a circle with centre O, a chord AB less than the diameter, the tangent at B, and the perpendicular OM from O on

AB, it is possible to draw from O a straight line OPGF meeting the circle in P, the tangent in G, and AB produced in F
such that

FP:BG=D:E,
where D : E is any given ratio greater than BM : MO.
Let OT be drawn parallel to 4B meeting the tangent at B in 7.



Then D:E>BM: MO

> OB : BT, by similar triangles.
<OB : BT, by similar triangles.
Produce 7B to C so that

D:E=0B:BC,

whence BC < BT.

Describe a circle through the points O, T, C, and produce OB to meet this circle in K.

Then, since 7B < BC and OB is perpendicular to C7, it is possible to draw from O a line OGQ, meeting CT in G, and the
circle about OTC in Q, such that GO = BK* Let OQ meet the original circle in P and 4B produced in F.

We now prove, exactly as in the last proposition, that

CG: OF=BK: BT

= BC : OP.
Thus, as before, OP : OF =BC : CG,
and OP : PF = BC : BG,
whence PF :BG=0P : BC
=(0B: BC
= D:E

Proposition 10.

If Ay, Ay, A3, ...A, be n lines forming an ascending arithmetical progression in which the common difference is equal to
Ay, the least term, then

(r+1) A"+ 4, (A1 + A+ ...+ 4,) =34+ 4 + ... + 4,)).
[Archimedes’ proof of this proposition is given above, p. 107-9, and it is there pointed out that the result is equivalent to
DG 5 s, et VR T
6 ;
Cor. 1. It follows from this proposition that

ﬂ..d,-f{ 3(1‘112"'-‘12"*' ses +Aﬂg)1

and also that



n. Al >3(4 + 47 + ... + 4,2

[For the proof of the latter inequality see p. 109 above.]

COR. 2. All the results will equally hold if similar figures are substituted for squares.

Proposition 11.

If Ay, 45, ...A, be n lines forming an ascending arithmetical progression [in which the common difference is equal to
the least term A,*, then
m—1A4,: (4. +4,°+...+ 4
<Ap:{A,. A, +} (4.~ 4));

but

(=T AZ i (B A P % it A
>Ay: [An. A+ (An—4,)).
[Archimedes sets out the terms side by side in the manner shown in the figure, where BC=4,, DE =4, _4,...RS = 4, and

produces DE, FG,.. .RS until they are respectively equal to BC or 4,,, so that EH, GI,...SU in the figure are respectively equal
to Ay, 4,...4, . He further measures lengths BK, DL, FM,...PV along BC, DE, FG,...PQ respectively each equal to RS.

C H 1 T U
E..
Gdr
ad.
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B DF PR

The figure makes the relations between the terms easier to see with the eye, but the use of so large a number of letters
makes the proof somewhat difficult to follow, and it may be more clearly represented as follows. ]

Itis evident that (4, — 4,) =4,

The following proportion is therefore obviously true, viz.

(n=1)4,: (n~1)(Ap. 4, +} And)
A, {Ag. A+ 3 (An—A))

In order therefore to prove the desired result, we have only to show that
(n—-1A4,. A, +3(n—-1) 4, < (4, + 4, " +...+ 4.

but

I. To prove the first inequality, we have

(n—1)An. A, +3(n—1) 4,
=(n=1) A +(n—1)4,. Ay +3(n—1) 4*..(1).

And



A+ A, 4.+ A

=(Apa+A4)'+ A+ 4)+...+(4,+ 4,)
=(Api'+ Ay +...+ 47

+(n—-1)A47

+24,(Ap+Ans+...+4)
=(Ap+Ans'+... + 4))

+(n—1)4;

+ A, {Ap+Aps+Ap s+...+ 4,

+4, +4, +..+4, .+ A4,.}

=4, +d4p+...+ 45

+(n=1)4.2

Comparing the right-hand sides of (1) and (2), we see that (n —1)4,? is common to both sides, and
(n - ])A].An,] >n AI‘A}’Z*I’
while, by Prop. 10, Cor. 1,

F—1)Aa <Ay t+ Ay 2+ ..+ A

It follows therefore that

=14, A, +3(n-1DA, <A+ 4, 0+ ...+ A5);
and hence the first part of the proposition is proved.

II. We have now, in order to prove the second result, to show that

(=14, A, +3(n—-1)A4, >+ A4, 2 +... +45).

The right-hand side is equal to

(Ap+ A)'+(Aps+ A+ ...+ (4, + 4)+ 4
=4 S+ A 2.+ A
+(n—-1)4}
+24, (4t A4 +...+4)
=(Aps +Ans+...+47)
+(n—-1)A4"

+ 4, AH+AH+...+A1}
+A4, +4, +..+4,.,

= (.An_g* + AHE = + .All)
+(n-1) 4,
+(n—=2)A4,. Apyeereiiiiniiniiiiiinnn, (3).

Comparing this expression with the right-hand side of (1) above, we see that (n—1)4, is common to both sides, and
(n - I)AI' An_1>(n - Z)AI' An—I’
while, by Prop. 10, Cor. 1,



'&(‘n -1) Ap ' >(Ans"+ Ans'+... + 4.
Hence
(=1 An. A, +3(n=1)Ap 2> (An '+ Andt+... + 4);

and the second required result follows.

CoR. The remits in the above proposition are equally true if similar figures be substituted for squares on the several
lines.

DEFINITIONS.

1. If a straight line drawn in a plane revolve at a uniform rate about one extremity which remains fixed and return to the
position from which it started, and if, at the same time as the line revolves, a point move at a uniform rate along tb straight line
beginning from the extremity which remains fixed, the point will describe a spiral (gA1&)in the plane.

2. Let the extremity of the straight line which remains fixed while the straight line revolves be called the origin * (apya)
of the spiral.

3. And let the position of the line from which the straight line began to revolve be called the initial line * in the revolution
(apya 1as meprpopas).

4. Let the length which the point that moves along the straight line describes in one revolution be called the first distance,
that which the same point describes in the second revolution the second distance, and similarly let the distances described in
further revolutions be called after the number of the particular revolution.

5. Let the area bounded by the spiral described in the first revolution and the first distance be called the first area, that
bounded by the spiral described in the second revolution and the second distance the second area, and similarly for the rest in
order.

6. If from the origin of the spiral any straight line be drawn, let that side of it which is in the same direction as that of the
revolution be called forward (npoayoOpeva), and that which is in the other direction backward (gropeva).

7. Let the circle drawn with the origin as centre and the first distance as radius be called the first circle, that drawn with
the same centre and twice the radius the second circle, and similarly for the succeeding circles.

Proposition 12.
If any number of straight lines drawn from the origin to meet the spiral make equal angles with one another, the lines
will be in arithmetical progression.

[The proofis obvious]

Proposition 13.

If a straight line touch the spiral, it will touch it in one point only.
Let O be the origin of the spiral, and BC a tangent to it.

If possible, let BC touch the spiral in two points P, Q. Join OP, OQ, and bisect the angle POQ by the straight line OR
meeting the spiral in R.




Then [Prop. 12] OR is an arithmetic mean between OP and OQ, or
OP + OQ = 20R.
But in any triangle POQ, if the bisector of the angle POQ meets PQ in K,
OP + 0Q >20K".

Therefore OK < OR, and it follows that some point on BG between P and Q lies within the spiral. Hence BC cuts the
spiral; which is contrary to the hypothesis.

Proposition 14.

If O be the origin, and P, Q two points on the first turn of the spiral, and if OP, OQ produced meet the ‘first circle’
AKP'Q'in P', Q' respectively, OA being the initial line, then

OP : OQ = (arc AKP'):(arc AKQ'

For, while the revolving line O4 moves about O, the point 4 on it moves uniformly along the circumference of the circle
AKP'Q'’, and at the same time the point describing the spiral moves uniformly along OA.

K

Thus, while 4 describes the arc AKP’, the moving point on OA describes the length OP, and, while 4 describes the arc
AKQ', the moving point on O4 describes the distance OQ.

Hence OP : OQ = c +(arc AKP'):(arc AKQ'). [Prop. 2]

Proposition 15.

If P Q be points on the second turn of the spiral, and OP. OQ meet the ‘first circle’ AKP'Q'" in P', Q', as in the last
proposition, and if ¢ be the circumference of the first circle, then

OP : OQ = c +(arc AKP'): ¢ +(arc AKQ').

For, while the moving point on OA4 describes the distance OP, the point 4 describes the whole of the circumference of the
“first circle’ together with the arc AKP'; and, while the moving point on OA4 describes the distance OQ, the point A describes
the whole circumference of the ‘first circle’ together with the arc AKQ'.

CoRr. Similarly, if P, Q are on the nth turn of the spiral,

OP : OQ = (n — I)c+(arc AKP'):(n-1)c + (arc AKQ').

Propositions 16, 17.
If BC be the tangent at P. any point on the spiral, PC being the ‘forward’ part of BC, and if OP be joined, the angle
OPC is obtuse while the angle OPB is acute.
I. Suppose P to be on the first turn of the spiral.
Let OA be the initial line, AKP' the ‘first circle’. Draw the circle DLP with centre O and radius OP, meeting OA in D. This



circle must then, in the ‘forward’ direction from P,

fall within the spiral, and in the ‘backward’ direction outside it, since the radii vectores of the spiral are on the ‘forward’ side
greater, and on the ‘backward’ side less, than OP. Hence the angle OPG cannot be acute, since it cannot be less than the angle
between OP and the tangent to the circle at P, which is a right angle.

It only remains therefore to prove that OPG is not a right angle.
If possible, let it be a right angle. BG will then touch the circle at P.
Therefore [Prop. 5] it is possible to draw a line OQC meeting the circle through P in Q and BC in C, such that

CQ : 0Q < (arc PQ) : (arc DLP)............ (1).

Suppose that OC meets the spiral in R and the ‘first circle’ in R’; and produce OP to meet the ‘first circle’ in P'.

From (1) it follows, componendo, that
CO : 0Q < (arc DLQ) : (arc DLP)
< (arc AKR") : (arc AKP')
< OR : OP. [Prop. 14]

But this is impossible, because OQ = OP, and OR < OC.
Hence the angle OPC is not a right angle. It was also proved not to be acute.
Therefore the angle OPC is obtuse, and the angle OPB consequently acute.

II. If P is on the second, or the nth turn, the proof is the same, except that in the proportion (1) above we have to substitute
for the arc DLP an arc equal to ('n'j_l .p+arc DLP), where p is the perimeter of the circle




DLP through P. Similarly, in the later steps, p or(n — 1) p will be added to each of the arcs DLQ and DLP, and c or (n — 1)c to
each of the arcs AKR', AKP', where c is the circumference of the ‘first circle” AKP'.

Propositions 18, 19.

I.  If OA be the initial line, A the end of the first turn of the spiral, and if the tangent to the spiral at A be drawn, the
straight line OB drawn from O perpendicular to OA will meet the said tangent in some point B} and OB will be equal to the
circumference of the ‘first circle’.

I. If A' be the end of the second turn, the perpendicular OB will meet the tangent at A" in some point B', and OB' will
be equal to 2 (circumference of ‘second circle’).

III. Generally, if A, be the end of the nth turn, and OB meet the tangent at A, in B,, then
OB, =nc,

where ¢, is the circumference of the ‘nth circle’.
I. Let AKC be the ‘first circle’. Then, since the ‘backward’ angle between OA and the tangent at 4 is acute [Prop. 16], the

tangent will meet the ‘first circle’ in a second point C. And the angles CAO, BOA are together less than two right angles;
therefore OB will meet AG produced in some point B.

Then, if ¢ be the circumference of the first circle, we have to prove that
OB =c.

If not, OB must be either greater or less than c.

(1) Ifpossible, suppose OB > c.

Measure along OB a length OD less than OB but greater than c.

We have then a circle AKG, a chord AC in it less than the diameter, and a ratio AO: OD which is greater than the ratio 4O :
OB or (what is, by similar triangles, equal to it) the ratio of $4C to the perpendicular from 0 on AC. Therefore [Prop. 7] we
can draw a straight line OPF, meeting the circle in P and CA4 produced in F, such that

FP:PA=A0 : OD.

Thus, alternately, since 40 = PO,

FP:PO=PA:0D
< (arc P4):c,
since (arc PA) > PA, and OD > c.
Componendo,

FO:PO<(c+arcPA):c
< 0Q:04,



where OF meets the spiral in Q. [Prop. 15]
Therefore, since O4 = OP, FO < OQ; which is impossible.
Hence OBj.c.
(2) Ifpossible, suppose OB <c.
Measure OF along OB so that OF is greater than OB but less than c.

In this case, since the ratio 4O : OF is less than the ratio AO : OB (or the ratio of  to the perpendicular from O on AC), we
can [Prop. 8] draw a line OF'P'G, meeting AC in F’, the circle in P', and the tangent at A to the circle in G, such that
FP': AG=AO0O: OE.
Let OP'G cut the spiral in O’

Then we have, alternately,

FP:P0=AG: 0F

> (arc AFP') : c,
because AG > (arc AP'), and OF < c.
Therefore F'O:P0O<(arc AKP) : ¢
<0Q : 04. [Prop. 14]
But this is impossible, since O4 = OP', and OQ' < OF".
Hence OBy4c.
Since therefore OB is neither greater nor less than c,
OB =c.

II. Let A’K'C' be the ‘second circle,” A'C' being the tangent to the spiral at A’ (which will cut the second circle, since the
‘backward’ angle OA4'C’ is acute). Thus, as before, the perpendicular OB'to OA4' will meet A'C’ produced in some point B'.

If then ¢’ is the circumference of the ‘second circle,” we have to prove that OB’ = 2¢'.

For, if not, OB’ must be either greater or less than 2¢’. (1) If possible, suppose OB’ > 2¢'.
Measure OD' along OB’ so that OB’ s less than OB’ but greater than 2¢".

Then, as in the case of the ‘first circle’ above, we can draw a straight line OPF meeting the ‘second circle’ in P and C'4’
produced in F,, such that

FP:PA'=A'0: OD"
Let OF meet the spiral in Q.
We now have, since A'O = PO,



FP:P0=PA : O
< (arc A’P) : 2¢/,
because (arc A'P) > A'P and OD'> 2c'.
Therefore ~ FO : PO < (2¢" 4+ arc A'P) : 2¢

< 0Q: 04" [Prop. 15, Cor.]
Hence FO < OQ; which is impossible.
Thus OB'$.2¢’
Similarly, as in the case of the ‘first circle’, we can prove that

OB'$2c’
Therefore OB'=2C"
III. Proceeding, in like manner, to the ‘third’ and succeeding circles, we shall prove that
OB, = nc,,.
Proposition 20.

L. If P be any point on the first turn of the spiral and OT be drawn perpendicular to OP, OT will meet the tangent at P
to the spiral in some point T; and, if the circle drawn with centre 0 and radius OP meet the initial line in K, then OT is
equal to the arc of this circle betiueen K and P measured in the ‘forward’ direction of the spiral.

II. Generally, if P be a point on the nth turn, and the notation be as before, while p represents the circumference of the
circle with radius OP,

OT = (n-1)p + arc KP(measured ‘forward’).
I. Let P be a point on the first turn of the spiral, OA the initial line, PR the tangent at P taken in the ‘backward’ direction.

Then [Prop. 16] the angle OPR is acute. Therefore PR meets the circle through P in some point R; and also OT will meet
PR produced in some point 7.

If now OT is not equal to the arc KRP, it must be either greater or less.

| i Q'

(1) Ifpossible, let OT be greater than the arc KRP.

Measure OU along OT less than OT but greater than the arc KRP.

Then, since the ratio PO : OU is greater than the ratio PO : OT, or (what is, by similar triangles, equal to it) the ratio of §
PR to the perpendicular from O on PR, we can draw a line OQF, meeting the circle in Q and RP produced in F,, such that

FQ: PQ=PO:0U. [Prop. 7]



Let OF meet the spiral in Q.

We have then  FQ : QU =PQ : OU

< (arc PQ) : (arc KRP), by hypothesis.
FO : Q0 < (arc KRQ) : (arc KRP)

Componendo,
< 0Q : OP. [Prop. 14]
But QO = OP.
Therefore FO < OQ'; which is impossible.
Hence OT%(arc KRP).

(2) The proof that OT 4 (arc KRP) follows the method of Prop. 18, 1. (2), exactly as the above follows that of Prop. 18, L
(D.
Since then OT is neither greater nor less than the arc KRP, it is equal to it.

II. If P be on the second turn, the same method shows that

OT = p+(arc KRP);

and, similarly, we have, for a point P on the nth turn,

OT = (n-1)p + (arc KRP).

Propositions 21, 22, 23.

Given an area bounded by any arc of a spiral and the lines joining the extremities of the arc to the origin, it is possible
to circumscribe about the area one figure, and to inscribe in it another figure, each consisting of similar sectors of circles,
and such that the circumscribed figure exceeds the inscribed by less than any assigned area.

For let BC be any arc of the spiral, O the origin. Draw the circle with centre O and radius OC, where C is the ‘forward’
end of the arc.

Then, by bisecting the angle BOG, bisecting the resulting angles, and so on continually, we shall ultimately arrive at an
angle COr cutting off a sector of the circle less than any assigned area. Let COr be this sector.

Let the other lines dividing the angle BOG into equal parts meet the spiral in P, Q, and let Or meet it in R. With 0 as centre
and radii OB, OP. OQ, OR respectively describe arcs of circles Bp', bBq', pQOr', gRc', each meeting the adjacent radii as
shown in the figure. In each case the arc in the ‘forward’ direction from each point will fall within, and the arc in the
‘backward’ direction outside, the spiral.

We have now a circumscribed figure and an inscribed figure each consisting of similar sectors of circles. To compare their
areas, we take the successive sectors of each, beginning from OC, and compare them.

The sector OCr in the circumscribed figure stands alone.



And (sector O Rq) = (sector OR¢),

(sector OQp) = (sector 0Qr"),
(sector OPb) = (sector OPg’),

while the sector OBp' in the inscribed figure stands alone.

Hence, if the equal sectors be taken away, the difference between the circumscribed and inscribed figures is equal to the
difference between the sectors OCr and OBp'; and this difference is less than the sector OCr, which is itself less than any
assigned area.

The proof is exactly the same whatever be the number of angles into which the angle BOC is divided, the only difference
being that, when the arc begins from the origin, the smallest sectors OPb, OPq' in each figure are equal, and there is therefore
no inscribed sector standing by itself, so that the difference between the circumscribed and inscribed figures is equal to the
sector OCr itself.

Thus the proposition is universally true.

COR. Since the area bounded by the spiral is intermediate in magnitude between the circumscribed and inscribed figures, it
follows that

(1) afigure can be circumscribed to the area such that it exceeds the area by less than any assigned space,

(2) afigure can be inscribed such that the area exceeds it by less than any assigned space.

Proposition 24.

The area bounded by the first turn of the spiral and the initial line is equal to one-third of the ‘first circle’
[= 17 (2ma)’, where the spiral is r = a0].

[The same proof shows equally that, if OP be any radius vector in the first turn of the spiral, the area of the portion of
the spiral bounded thereby is equal to one-third of that sector of the circle drawn with radius OP which is bounded by the
initial line and OP, measured in the ‘forward’ direction from the initial line.]

Let O be the origin, OA the initial line, 4 the extremity of the first turn.

Draw the ‘first circle’, i.e. the circle with O as centre and OA as radius.

Then, if C| be the area of the first circle, R, that of the first turn of the spiral bounded by O4, we have to prove that
R;=3C;

For, if not, R; must be either greater or less than C;.
I. Ifpossible, suppose R;= 1.

We can then circumscribe a figure about R; made up of similar sectors of circles such that, if 7" be the area of this figure,
F - R]<%C]_R1,
whence F<3C;.

Let OP, OQ,... be the radii of the circular sectors, beginning from the smallest. The radius of the largest is of course OA.



The radii then form an ascending arithmetical progression in which the common difference is equal to the least term OP. It
n be the number of the sectors, we have [by Prop. 10, Cor. 1]

n. OA><3(OP’+0Q°+ ... +04°)

and, since the similar sectors are proportional to the squares on their radii, it follows that
C;<3F,

or F<3C,,

But this is impossible, since /" was less than 1C;.

Therefore R143C.

IL. If possible, suppose R>1C,.

We can then inscribe a figure made up of similar sectors of circles such that, if f be its area,

R;-f<R;=3C;

whence />1C,.

If there are (n — 1) sectors, their radii, as OP, OQ, ..., form an ascending arithmetical progression in which the least term
is equal to the common difference, and the greatest term, as OY, is equal to (n — 1) OP.

Thus [Prop. 10, Cor.1]

n.04’>>3(0P> + OQ°+ ... +OY?

whence C,>3f,
or f>1Cy;
which is impossible, since f>%C Yy

Therefore R; $31C;

Since then R, is neither greater nor less than 1C,,
R] = %—C]

[Archimedes does not actually find the area of the spiral cut off by the radius vector OP, where P is any point on the first
turn; but, in order to do this, we have only to substitute in the above proof the area of the sector KLP of the circle drawn with O
as centre and OP as radius for the area C; of the ‘first circle’, while the two figures made up of similar sectors have to be
circumscribed about and inscribed in the portion OEP of the spiral. The same method of proof then applies exactly, and the
area of OEP is seen to be 1 (sector KLP).
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We can prove also, by the same method, that, if P be a point on the second, or any later turn, as the nth, the complete area
described by the radius vector from the beginning up to the time when it reaches the position OP is, if C denote the area of the
complete circle with O as centre and OP as radius, %(C + sector KLP) or ¢ (ﬁ —1.0C + sector KLP) respectively.

The area so described by the radius vector is of course not the same thing as the area bounded by the last complete turn of
the spiral ending at P and the intercepted portion of the radius vector OP. Thus, suppose R; to be the area bounded by the first

turn of the spiral and 04, (the first turn ending at 4; on the initial line), R, the area added to this by the second complete turn
ending at 4, on the initial line, and so on. R; has then been described twice by the radius vector when it arrives at the position

0A,; when the radius vector arrives at the position 045, it has described R, three times, the ring R, twice, and the ring R; once;
and so on.

Thus, generally, if C,, denote the area of the ‘nth circle’, we shall have

%nCn =Rn + 2Rn-1 + 3Rn-2 + ...+ nRI,

while the actual area bounded by the outside, or the complete nth, turn and the intercepted portion of O4,, will be equal to
R,+R,;+R,,+ .. +tR,

It can now be seen that the results of the later Props. 25 and 26 may be obtained from the extension of Prop. 24 just given.

To obtain the general result of Prop. 26, suppose BC to be an arc on any turn whatever of the spiral, being itself less than a
complete turn, and suppose B to be beyond 4, the extremity of the nth complete turn, while Cis ‘forward’ from B.

Let g be the fraction of a turn between the end of the nth turn and the point B.

Then the area described by the radius vector up to the position OB (starting from the beginning of the spiral) is equal to
3 (n +i;) (circle with rad. OB).
Also the area described by the radius vector from the beginning up to the position OC is
3 {( 5 #E’) (circle with rad. OC) + (sector B‘MC)} .

The area bounded by 0B, OC and the portion BEC of the spiral is equal to the difference between these two expressions;
and, since the circles are to one another as OB? to OC?, the difference may be expressed as

2
1 {(n +}—;) (1 - ggj) (circle with rad. OC) + (sector B’MC’)} :

But, by Prop. 15, Cor.,

(n+2) (eirele B:MO): {(n+ ) eirele B'MO) + (sector B’MC‘)]»
=0B : 0C,



so that

(n +E;) (circle B'MC) : (sector B’MC)= 0B : (0C — OB).

area BEC OB OB?
Thus sector B MC § {(OC - OB) (1 - E)_C':‘) + 1}
i 0B(0C + 0B) + 0C*
s oc*
_0C.0B+4(0C-0By
- oc :

The result of Prop. 25 is a particular case of this, and the result of Prop. 27 follows immediately, as shown under that
proposition.]

Proposition 25, 26, 27.

[Prop. 25.] If A, be the end of the second turn of the spiral, the area bounded by the second turn and OA, is to the area
of the ‘second circle’ in the ratio of 7 to 12, being the ratio of frar + 3 (ry — 1)) to p2 where ry, r, are the radii of the
‘first” and ‘second’ circles respectively.

[Prop. 26.] If BC be any arc measured in the ‘forward’ direction on any turn of a spiral, not being greater than the
complete turn, and if a circle be drawn with O as centre and OC as radius meeting OB in B', then

(area of spiral between OB, OC) : (sector OB’C)
={0C.0B + }(0C - 0B)*} : OC*.

[Prop. 27.] If R, be the area of the first turn of the spiral bounded by the initial line, R, the area of the ring added by
the second complete turn, R, that of the ring added by the third turn, and so on, then

R3 = 2R2, R4 = 3R2, R5 = 4R2, veey Rn = (n _]) R2
AISO R2 = 6R1

[Archimedes’ proof of Prop. 25 is, mutatis mutandis, the same as his proof of the more general Prop. 26. The latter will
accordingly be given here, and applied to Prop. 25 as a particular case.]

Let BG be an arc measured in the ‘forward’ direction on any turn of the spiral, GKB' the circle drawn with O as centre and
OC as radius.

Take a circle such that the square of its radius is equal to OC.OB, and let ¢ be a sector in it whose central angle is equal to
the angle BOG.

Thus o : (sector OB'C) = {OC.OB +3(OC —0B)?*}:OC?,



and we have therefore to prove that
(area of spiral OBC) =o.

For, if not, the area of the spiral OBG (which we will call S) must be either greater or less than o.

I.  Suppose, if possible, S <o

Circumscribe to the area S a figure made up of similar sectors of circles, such that, if F' be the area of the figure,
F—S8<0-S§,

whence F<o.

Let the radii of the successive sectors, starting from OB, be OP, OQ,...OC. Produce OP, OQ, ... to meet the circle GKB',

If then the lines OB, OP, OQ, ... OG be n in number, the number of sectors in the circumscribed figure will be (» — 1), and
the sector OB'C will also be divided into (n — 1) equal sectors. Also OB, OP, OQ, ... OC will form an ascending arithmetical
progression of n terms.

Therefore [see Prop. 11 and Cor.]

(n=1)0C* : (OP* + 0Q* + ... + 0C")
< 0C*: {0C.0B +}(0C — OB)")
< (sector OB’C) : o, by hypothesis.
Hence, since similar sectors are as the squares of their radii,
(sector OB'C):F<(sector OB'C) :c
so that F>o.
But this is impossible, because F' < o.
Therefore S3$C.
IL. Suppose, if possible, S > o.
Inscribe in the area S a figure made up of similar sectors of circles such that, if f'be its area,
S—f<S-o,
whence f>o.
Suppose OB, OP, ... OY to be the radii of the successive sectors making up the figure f, being (n — 1) in number.
We shall have in this case [see Prop. 11 and Cor.]

(n—1) 0C* : (0B* + OP* + ... + OY?)
> 00" : {0C.0B + §(0C - OB)Y,

whence (sector OB'C):f> (sector OB'C).p,



so that f<o
But this is impossible, because /> o.
Therefore S4o

Since then S is neither greater nor less than o, it follows that
S=o.

In the particular case where B coincides with 4, the end of the first turn of the spiral, and C with 4,, the end of the second
turn, the sector OB'G becomes the complete ‘second circle,’ that, namely, with O4, (or r,) as radius.

Thus
(area of spiral bounded by OA,) : (* second circle *)

= {r+ §(ra— )t}
e (2 + _&) + 4 {Siﬂce Py = 27‘1)
=7 :12

Again, the area of the spiral bounded by O4, is equal to R; + R, (i.e. the area bounded by the first turn and O4;, together with
the ring added by the second turn). Also the ‘second circle’ is four times the ‘first circle,” and therefore equal to 12R;.

Hence (R; +Ry) : 12R; =7:12,
or R] + Rz = 7R1
Thus R =0Rissivscinzisvns (1).

Next, for the third turn, we have

(R, + R+ R,) : (‘third circle”) = [rgra + § (s — 1)} 1 1%

=(3.2414):38
=19 : 27,
and (“ third circle”) = 9 (¢ first circle )
=27HR,;
therefore R;+R,+R;=19R,,
and, by (1) above, it follows that
R,=12R,

and so on.

Generally, we have

(By+ Bo+ ... + Ry) : (nth circle) = {7rp_y + 4 (rn — 1a1)?} & 705,
(R,+ Ry + ...+ R, : (n — 1th circle)
¥

= {Tna Tn—s + 3 ("n— — ’rn-s)zl H P

and (nth circle) : (n — 1th circle) = r,* : r, %
(Ri+ R4 ...+ R): (B + R, +...+ R,)
Therefore =nmn-1+3:{n-1)(n—-2)+}}

=B8nn-1)+1}:{8(n—-1)(n-2)+1}.

Dirimendo,



Ry:(Bi+ Ry +... + Byy)
=6(n—1):{83(n=-1)(r—-2)+1} ......... (e).
Similarly
R, ;:(Rj+Ry+...+R, ,)=6(n—2): {3(n—2)(n—3)+1},
from which we derive
Ry,:(By+RBy+...4+ R,)
=6(n—2):{6(n—-2)+3(n—2)(n—3)+1}
=6n—=2):8(r-1)(n=2)+1}..cc00...... (B).
Combining (o) and (f), we obtain
R,:R, ;=(n"1):(n=2).
Thus

Ry, Ry, Ry, ... R, are in the ratio of the successive numbers 1,2,3 ... (n —1).

Proposition 28.

If O be the origin and BC any arc measured in the ‘forward’ direction on any turn of the spiral, let two circles be
drawn (1) with centre O, and radius OB, meeting OC in C', and (2) with centre O and radius OC, meeting OB produced in B'.
Then, if E denote the area bounded by the larger circular arc B'C, the line B'B, and the spiral BC, while F denotes the area
bounded by the smaller arc BC’, the line CC" and the spiral BC,

E:F={0B+ 3OC-0B)}: {OB+10C-0B)}.

Let 6 denote the area of the lesser sector OBC"; then the larger sector OB'C is equal to 6 + F' + E.

Thus [Prop. 26]

(e+F):(c+F+E)={0C.0B+}(0C— 0By} : OC.. (1),

whence
£ (e + F)={0C(0C - 0B) - 4 (0C - OB)}
: {0C. 0B + 3(0C - 0B}
={0B(0C - OB) + 3 (0C - OB)}
:{0C.0B +1(0C - OB)}............ (2).
Again (c+F+E):6=0C?: OB

Therefore, by the first proportion above, ex aequali,



(c+F):0={O0C.OB+}OC~ OB)*} : OB,

whence

(¢ + F): F={0C.0B + }(0C — 0B)?}
: {OB(0C - OB) + 3 (0C — 0B)'}.

Combining this with (2) above, we obtain

E: F={0B(0C- 0B)+%(0C— OB)’}
: {0B(0C — 0OB) + }(0C — 0B)*}
= {OB +3(0C - OB)} : {OB + }(0C - 0B)}.

* Heiberrg reads tékos 34 mobecopeva, but F has té?»ovs, so that the true reading is perhaps ‘cé?»ovs 8@ motidedueva. The meaning appears to be simply ‘wrong’.

* 10 dob@v tudua opatbas wp dobdvt tpapatt opatpas opowWout, i.e. to make a segment of a sphere similar to one given segment and equal in content to another
given segment.[Cf.On the Sphere and Cylinder, 11.5.]

* (A6yov) perdova 5 Huolov Bot, Gv #yeLk . T. ., ie. a ratio greater than (the ratio of the surfaces)%. See On the Sphere and Cylinder, 11. 8.

1 This should be presumably the conoid not ‘the cone.’

* This construction, which is assumed without any explanation as to how it is to be effected, is described in the original Greek thus: “let PH be placed (Kgio6w) equal
to D, verging (vgUovoa) towards 4.” This is the usual phraseology used in the type of problem known by the name of pegots.

* The Greek phrase is “let PH be placed between the circumference and the straight line (OH) through B. “ The construction is assumed, like the similar one in the
last proposition.

* PH is described in the Greek as vgUovoav ém’ (verging to) the point B, As before the construction is assumed.

*  The Greek words used are : “it is possible to pace another [straight line] GQ equall to verging (veUovooav) towards O.” This particular vegos is discussed by
Pappus (p.298, ed. Hultsch).See the introduction, chapter v.

* See the note on the last proposition.

* The proposition is true even when the common difference is not equall to 41, and is assumed in the more general form in Props. 25 and 26. But, as Archimedes’
proof assumes the equallity of 41 and the common difference, the words are here instead to prevent misapprehension.

* The literal translation would of course be the “begining of the spiral” and “the beginning of the revolution” respectively. But the modern names will be more suitable
for use later on, and are therefore employed here.

* This is assumed as a known proposition; but it is easily proved.



ON THE EQUILIBRIUM OF PLANES
OR

THE CENTRES OF GRAVITY OF PLANES.

BOOKI.

“I POSTULATE the following:

1. Equal weights at equal distances are in equilibrium, and equal weights at unequal distances are not in equilibrium but
incline towards the weight which is at the greater distance.

2. If, when weights at certain distances are in equilibrium, something be added to one of the weights, they are not in
equilibrium but incline towards that weight to which the addition was made.

3. Similarly, if anything be taken away from one of the weights, they are not in equilibrium but incline towards the weight
from which nothing was taken.

4. When equal and similar plane figures coincide if applied to one another, their centres of gravity similarly coincide.

5. In figures which are unequal but similar the centres of gravity will be similarly situated. By points similarly situated in
relation to similar figures I mean points such that, if straight lines be drawn from them to the equal angles, they make equal
angles with the corresponding sides.

6. If magnitudes at certain distances be in equilibrium, (other) magnitudes equal to them will also be in equilibrium at the
same distances.

7. In any figure whose perimeter is concave in (one and) the same direction the centre of gravity must be within the
figure”.

Proposition 1.

Weights which balance at equal distances are equal.

For, if they are unequal, take away from the greater the difference between the two. The remainders will then not balace
[Post. 3]; which is bsurd.

Therefore the weights cannot be unequal.

Proposition 2.

Unequal weights at equal distances will not balance but will incline towards the greater weight.

For take away from the greater the difference between the two. The equal remainders will therefore balance [Post. 1].
Hence, if we add the difference again, the weights will not balance but incline towards the greater [ Post. 2].
Proposition 3.

Unequal weights will balance at unequal distances, the greater weight being at the lesser distance.

Let 4, B be two unequal weights (of which 4 is the greater) balancing about C at distances AC, BG respectively.



Then shall AC be less than BC. For, if not, take away from A4 the weight (4 — B.) The remainders will then incline towards
B [Post 3]. But this is impossible, for (1) if AC = CB, the equal remainders will balance, or (2) if AC > CB, they will incline
towards 4 at the greater distance [Post 1].

Hence AC < CB.
Conversely, if the weights balance, and AC < CB, then 4 > B.

Proposition 4.

If two equal weights have not the same centre of gravity, the centre of gravity of both taken together is at the middle
point of the line joining their centres of gravity.

[Proved from Prop. 3 by reductio ad absurdum. Archimedes assumes that the centre of gravity of both together is on the
straight line joining the centres of gravity of each, saying that this had been proved before (npodgdeciktar). The allusion is no
doubt to the lost treatise On levers (mepi Evy@v).]

Proposition 5.

If three equal magnitudes have their centres of gravity on a straight line at equal distances, the centre of gravity of the
system will coincide with that of the middle magnitude.

[This follows immediately from Prop. 4.]

CoRr 1. The same is true of any odd number of magnitudes if those which are at equal distances from the middle one
are equal, while the distances between their centres of gravity are equal.

CoOR. 2. [f there be an even number of magnitudes with their centres of gravity situated at equal distances on one
straight line, and if the two middle ones be equal, while those which are equidistant from them (on each side) are equal
respectively, the centre of gravity of the system is the middle point of the line joining the centres of gravity of the two
middle ones.

Proposition 6, 7.
Two magnitudes, whether commensurable [Prop. 6] or incommensurable [Prop. 7], balance at distances reciprocally
proportional to the magnitudes.

I. Suppose the magnitudes 4, B to be commensurable, and the points 4, B to be their centres of gravity. Let DE be a
straight line so divided at C that

A:B=DC: CE.
We have then to prove that, if 4 be placed at £ and B at D, C is the centre of gravity of the two taken together.
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Since 4, B are commensurable, so are DC, GE . Let N be a common measure of DC, CE . Make DH, DK each equal to CE,
and EL (on CE produced) equal to CD. Then EH = CD, since DH = CE. Therefore LH is bisected at £, as HK is bisected at D.

Thus LH, HK must each contain N an even number of times.

Take a magnitude O such that O is contained as many times in 4 as N is contained in LH, whence
A:O=LH:N.
But B:A=CFE :DC
=HK : LH.

Hence, ex aequali, B: O = HK : N, or O is contained in B as many times as N is contained in HK.
Thus O is a common measure of 4, B .

Divide LH, HK into parts each equal to NV, and 4, B into parts each equal to O. The parts of 4 will therefore be equal in
number to those of LH, and the parts of B equal in number to those of HK. Place one of the parts of 4 at the middle point of
each of the parts N of LH, and one of the parts of B at the middle point of each of the parts N of HK.

Then the centre of gravity of the parts of 4 placed at equal distances on LH will be at E, the middle point of LH [Prop. 5,
Cor. 2], and the centre of gravity of the parts of B placed at equal distances along HK will be at D, the middle point of HK.

Thus we may suppose 4 itself applied at £, and B itself applied at D.

But the system formed by the parts O of 4 and B together is a system of equal magnitudes even in number and placed at
equal distances along LK. And, since LE = CD, and EC = DK, LC= CK, so that C is the middle point of LK. Therefore C is the
centre of gravity of the system ranged along LK.

Therefore A4 acting at E and B acting at D balance about the point C.

II. Suppose the magnitudes to be incommensurable, and let them be (4 + a) and B respectively. Let DE be a line divided at
C so that
(A+a):B5=DC: CE.
D c E

n
L]

Then, if (4 + a) placed at £ and B placed at D do not balance about C, (4 + a) is either too great to balance B, or not great
enough.

Suppose, if possible, that (4 + a) is too great to balance B. Take from (4 + @) a magnitude a smaller than the deduction
which would make the remainder balance B, but such that the remainder 4 and the magnitude B are commensurable.

Then, since A, B are commensurable, and
A:B<DC: CE,

A and B will not balance [Prop. 6], but D will be depressed.

But this is impossible, since the deduction a was an insufficient deduction from (4 + a) to produce equilibrium, so that £
was still depressed.



Therefore (4 + a) is not too great to balance B; and similarly it may be proved that B is not too great to balance (4 + a).

Hence (4 + a), B taken together have their centre of gravity at C.

Proposition 8.

If AB be a magnitude whose centre of gravity is C and AD a part of it whose centre of gravity is F then the centre of
gravity of the remaining part will be a point G on FG produced such that
GC: CF=(A4D) : (DE).

D B

For, if the centre of gravity of the remainder (DE) be not G let it be a point H. Then an absurdity follows at once from
Props. 6, 7.

Proposition 9.

The centre of gravity of any parallelogram lies on the straight line joining the middle points of opposite sides.
Let ABCD be a parallelogram, and let EF join the middle points of the opposite sides AD, BC.
If the centre of gravity does not lie on EF, suppose it to be H, and draw HK parallel to AD or BC meeting EF in K.

Then it is possible, by bisecting ED, then bisecting the halves, and so on continually, to arrive at a length EL less

T

than KH. Divide both AE and ED into parts each equal to EL, and through the points of division draw parallels to 4B or
CD.
We have then a number of equal and similar parallelograms, and, if any one be applied to any other, their centres of gravity

coincide [Post. 4]. Thus we have an even number of equal magnitudes whose centres of gravity lie at equal distances along a
straight line. Hence the centre of gravity of the whole parallelogram will lie on the line joining the centres of gravity of the two

middle parallelograms [Prop. 5, Cor. 2].

But this is impossible, for H is outside the middle parallelograms.
Therefore the centre of gravity cannot but lie on EF.

Proposition 10.

The centre of gravity of a parallelogram is the point of intersection of its diagonals.

For, by the last proposition, the centre of gravity lies on each of the lines which bisect opposite sides. Therefore it is at the
point of their intersection; and this is also the point of intersection of the diagonals.

Alternative proof

Let ABCD be .the given parallelogram, and BD a diagonal. Then the triangles ABD, CDB are equal and similar, so that
[Post. 4], if one be applied to the other, their centres of gravity will fall one upon the other.

Suppose F to be the centre of gravity of the triangle ABD. Let G be the middle point of BD. Join F'G and produce it to H, so
that FG = GH.
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If we then apply the triangle ABD to the triangle CDB so that AD falls on CB and AB on CD, the noint ' will fall on A.
But [by Post. 4] F will fall on the centre of gravity of CDB. Therefore H is the centre of gravity of GDB.
Hence, since F, H are the centres of gravity of the two equal triangles, the centre of gravity of the whole parallelogram is at

the middle point of FH, i.e. at the middle point of BD, which is the intersection of the two diagonals.
Proposition 11.

If abc, ABC be two similar triangles, and g, G two points in them similarly situated with respect to them respectively,
then, if g be the centre of gravity of the triangle abc, G must be the centre of gravity of the triangle ABC.

Suppose ab : bc : ca=AB : BC : CA.

A
a
G
g
b ¢ B c

The proposition is proved by an obvious reductio ad dbsurdum. For, if G be not the centre of gravity of the triangle ABC,
suppose H to be its centre of gravity.

Post. 5 requires that g, H shall be similarly situated with respect to the triangles respectively; and this leads at once to the
absurdity that the angles HAB, GAB are equal.

Proposition 12.

Given two similar triangles abc, ABC, and d, D the middle points of be, BC respectively, then, if the centre of gravity of
abc lie on ad, that of ABC will lie on AD.

Let g be the point on ad which is the centre of gravity of abc.

A
% ; | x / ; &
b d ¢ B D c

ad: ag=AD : AG,

Take G on AD such that

and join gb, gc, GB, GC.

Then, since the triangles are similar, and bd, BD are the halves of bc, BC respectively,
ab : bd=AB : BD,

and the angles abd, ABD are equal.



Therefore the triangles abd, ABD are similar, and
Zbad= ZBAD.

Also ba:ad=BA: AD,

while, from above, ad:ag=AD : AG
Therefore ba:ag = BA : AG, while the angles bag, BAG are equal.
Hence the triangles bag, BAG are similar, and

Labg= £LABG
And, since the angles abd, ABD are equal, it follows that
Lged= LGBD.
In exactly the same manner we prove that
zgac=/GAC,
Lacg=<£ ACG,
£ ged= 2 GCD.

Therefore g, G are similarly situated with respect to the triangles respectively; whence [Prop. 11] G is the centre of gravity
of ABC.

Proposition 13.

In any triangle the centre of gravity lies on the straight line joining any angle to the middle point of the opposite side.
Let ABC be a triangle and D the middle point of BC. Join AD. Then shall the centre of gravity lie on 4AD.

For, if possible, let this not be the case, and let H be the centre of gravity. Draw HI parallel to CB meeting AD in [.

Then, if we bisect DC, then bisect the halves, and so on, we shall at length arrive at a length, as DE, less than HI.

AN \:\Vx@
ANVANNY

Divide both BD and DG into lengths each equal to DE, and through the points of division draw lines each parallel to DA
meeting B4 and AC in points as K, L, M and N, P, Q respectively.

Join MN, LP, KQ, which lines will then be each parallel to BC.

We have now a series of parallelograms as FQ, TP, SN, and AD bisects opposite sides in each. Thus the centre of gravity
of each parallelogram lies on AD [Prop. 9], and therefore the centre of gravity of the figure made up of them all lies on AD.

Let the centre of gravity of all the parallelograms taken together be O. Join OH and produce it; also draw CV parallel to DA
meeting OH produced in V.

Now, if n be the number of parts into which AC is divided,
A ADC : (sum of triangles on AN,NP,...)



=AC*: (AN*+ NP*+..)

=n’:n
=n:l
=AC: AN.
Similarly
A ABD : (sum of triangles on AM,ML,...)= 4B : AM.
And AC: AN=AB: AM.

It follows that

A ABC : (sum of all the small As)=C4 : AN
> VO : OH, by parallels,
Suppose O V produced to X so that
A ABC : (sum of small As) = XO : OH,
whence, dividendo,

(sum of parallelograms) : (sum of small As) = XH : HO.

Since then the centre of gravity of the triangle ABC is at H, and the centre of gravity of the part of it made up of the
parallelograms is at O, it follows from Prop. 8 that the centre of gravity of the remaining portion consisting of all the small
triangles taken together is at X.

But this is impossible, since all the triangles are on one side of the line through X parallel to 4D.
Therefore the centre of gravity of the triangle cannot but lie on AD.
Alternative proof-

Suppose, if possible, that H, not lying on AD, is the centre of gravity of the triangle ABC. Join AH, BH, CH. Let E, F be the
middle points of CA, 4B respectively, and join DE, EF, FD. Let EF meet AD in M.

Draw FK, EL parallel to AH meeting BH, GH in K, L respectively. Join KD, HD, LD, KL. Let KL meet DH in N, and join
MN.

Since DE is parallel to 4B, the triangles ABC, EDG are similar.
And, since GE = EA, and EL is parallel to 4H, it follows that CL = LH. And CD = DB. Therefore BH is parallel to DL.

Thus in the similar and similarly situated triangles ABG, EDC the straight lines AH, BH are respectively parallel to EL, DL
; and it follows that H, L are similarly situated with respect to the triangles respectively.

But H is, by hypothesis, the centre of gravity of ABC. Therefore L is the centre of gravity of EDG. [Prop. 11]
Similarly the point K is the centre of gravity of the triangle FBD.

And the triangles FBD, EDG are equal, so that the centre of gravity of both together is at the middle point of KL, i.e. at the
point V.

The remainder of the triangle ABC, after the triangles FBD, EDG are deducted, is the parallelogram AFDE, and the centre
of gravity of this parallelogram is at M, the intersection of its diagonals.



It follows that the centre of gravity of the whole triangle ABC must lie on MN; that is, MN must pass through H, which is
impossible (since MN is parallel to AH).

Therefore the centre of gravity of the triangle ABC cannot but lie on AD.

Proposition 14.

1t follows at once from the last proposition that the centre of gravity of any triangle is at the intersection of the lines
drawn from any two angles to the middle points of the opposite sides respectively.

Proposition 15.

If AD, BC be the two parallel sides of a trapezium ABCD, AD being the smaller, and if AD, BC be bisected at E, F
respectively, then the centre of gravity of the trapezium is at a point G on EF such that

GE : GF = (2BC + AD) : (24D + BC).
Produce BA4, CD to meet at O. Then FE produced will also pass through O, since AE = ED, and BF = FC.

Now the centre of gravity of the triangle OAD will lie on OF, and that of the triangle OBG will lie on OF. [Prop. 13]
It follows that the centre of gravity of the remainder, the trapezium ABCD, will also lie on OF. [Prop. 8]

Join BD, and divide it at L, M into three equal parts. Through L, M draw PQ, RS parallel to BC meeting BA in P, R, FE in
W, V,and CD in Q, S respectively.

Join DF, BE meeting PQ in H and RS in K respectively.
Now, since BL =4 BD,
FH =3 FD.
Therefore H is the centre of gravity of the triangle DBG *.

Similarly, since EK = 1BE, it follows that K is the centre of gravity of the triangle ADB.

Therefore the centre of gravity of the triangles DBC, ADB together, i.e. of the trapezium, lies on the line HK.
But it also lies on OF.

Therefore, if OF, HK meet in G, G is the centre of gravity of the trapezium.

Hence [Props. 6, 7]

ADBC: AABD=KG: GH
=Va: GW.
But A DBC: A ABD = BC: AD.
Therefore BC:AD=VG: GW.
It follows that



(2BO+ AD) : (24D + BO)=2VG + GW): RGW + V&)

=EQG : GF.
Q. E.D.

* This easy deduction from Prop. 14 is assumed by Archimedes without proof.



ON THE EQUILIBRIUM OF PLANES.

BOOKIIL

Proposition 1.

If P P' be two parabolic segments and D, E their centres of gravity respectively, the centre of gravity of the two
segments taken together will be at a point C on DE determined by the relation
P:P'=CE:CD*
In the same straight line with DE measure EH, EL each equal to DC, and DK equal to DH; whence it follows at once that
DK = CE, and also that KG = CL.

o
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Apply a rectangle MN equal in area to the parabolic segment P to a base equal to KH, and place the rectangle so that KH
bisects it, and is parallel to its base.

Then D is the centre of gravity of MN, since KD = DH.

Produce the sides of the rectangle which are parallel to KH, and complete the rectangle NO whose base is equal to HL.
Then E is the centre of gravity of the rectangle NO.

Now (MN):(NO)=KH : HL
=DH : EH
=CE:CD
=P: P

But (MN) =P.

Therefore (NO)=P'".

Also, since C is the middle point of KL, O is the centre of gravity of the whole parallelogram made up of the two
parallelograms (MN), (NO), which are equal to, and have the same centres of gravity as, P, P' respectively.

Hence C is the centre of gravity of P, P’ taken together.

Definition and lemmas preliminary to Proposition 2.

“If in a segment bounded by a straight line and a section of a right-angled cone [a parabola] a triangle be inscribed having
the same base as the segment and equal height, if again triangles be inscribed in the remaining segments having the same bases
as the segments and equal height, and if in the remaining segments triangles be inscribed in the same manner, let the resulting
figure be said to be inscribed in the recognised manner (yvopipws geepadecton) in the segment.

And it is plain
(1) that the lines joining the two angles of the figure so inscribed which are nearest to the vertex of the segment, and the



next pairs of angles in order, will be parallel to the base of the segment,
(2) that the said lines will be bisected by the diameter of the segment, and
(3) that they will cut the diameter in the proportions of the successive odd numbers, the number one having reference to
[the length adjacent to] the vertex of the segment.
And these properties will have to be proved in their proper places (gv taig taeow).”

[The last words indicate an intention to give these propositions in their proper connexion with systematic proofs; but the
intention does not appear to have been carried out, or at least we know of no lost work of Archimedes in which they could

have appeared. The results can however be easily derived from propositions given in the Quadrature of the Parabola as
follows.

(1) Let BROPApqrb be a figure inscribed ‘in the recognised manner’ in the parabolic segment BAb of which Bb is the
base, A4 the vertex and AO the diameter.

Bisect each of the lines BQ, BA, QA, Aq, Ab, gb, and through the middle points draw lines parallel to AO meeting Bb in G,
F, E, e, f, g respectively.

These lines will then pass through the vertices R, O, P, p, g, r of the respective parabolic segments [Quadrature of the
Parabola, Prop. 18], i.e. through the angular points of the inscribed figure (since the triangles and segments are of equal

height).

Also BG = GF = FE = EQ, and Oe = ef =fg = gb. But BO = Ob, and therefore all the parts into which Bb is divided are
equal.

Ifnow 4B, RG meet in L, and 4b, rg in [, we have

BG : GL =B0 : OA, by parallels,
=50 : 04
=bg : gl,
whence GL = gl.
Again [ibid., Prop. 4]
GL : LR=B0: 0G
=00 : Og
=gl:lr;
and, since GL =gl, LR =Ir.

Therefore GR, gr are equal as well as parallel.



Hence GRrg is a parallelogram, and Rr is parallel to Bb.

Similarly it may be shown that Pp, Qq are each parallel to Bb.

(2) Since RGgr is a parallelogram, and RG,rg are parallel to A0, while GO =QOg, it follows that Rr is bisected by 40.
And similarly for Pp, Ogq.

(3) Lastly, if V, W, X be the points of bisection of Pp, Oq, Rr,

AV : AW :AX : AO=PV*:QW*: RX*®: BO®
=1:4:9:16,

whence AV VW:WX:XO=1:3:5:7]

Proposition 2.
If a figure be ‘inscribed in the recognised manner’ in a parabolic segment, the centre of gravity of the figure so
inscribed will lie on the diameter of the segment.

For, in the figure of the foregoing lemmas, the centre of gravity of the trapezium BRrb must lie on XO, that of the trapezium
RQqr on WX, and so on, while the centre of gravity of the triangle PAp lies on AV.

Hence the centre of gravity of the whole figure lies on AO.

Proposition 3.

If BAB', bab' be two similar parabolic segments whose diameters are AO, ao respectively, and if a figure be inscribed in
each segment ‘in the recognised manner’, the number of sides in each figure being equal, the centres of gravity of the
inscribed figures will divide AO, ao in the same ratio. [ Archimedes enunciates this proposition as true of similar segments,
but it is equally true of segments which are not similar, as the course of the proof will show.]

Suppose BROPAP'Q'R'B', brgpap'q'r'b' to be the two figures inscribed ‘in the recognised manner.” Join PP’, OQ', RR'
meeting AO in L, M, N, and pp', qq', rr' meeting ao in [, m, n.

Then [Lemma (3)]

AL : LM : MN:NO
=1 ¢BsBeT
=al : lm : mn : no,
so that 4O, ao are divided in the same proportion.
Also, by reversing the proof of Lemma (3), we see that
PP :pp'=Q0Q'":qq'=RR': rr'=BB': bb'".

Since then RR' : BB' = rr': bb', and these ratios respectively determine the proportion in which NO, no are divided by the
centres of gravity of the trapezia BRR'B', brr'b' [1. 15], it follows that the centres of gravity of the trapezia divide NO, no in the
same ratio.



Similarly the centres of gravity of the trapezia ROQ'R’, rqq'r' divide MN, mn in the same ratio respectively, and so on.
Lastly, the centres of gravity of the triangles PAP’, pap' divide AL, al respectively in the same ratio.

Moreover the corresponding trapezia and triangles are, each to each, in the same proportion (since their sides and heights
are respectively proportional), while 40, ao are divided in the same proportion.

Therefore the centres of gravity of the complete inscribed figures divide A0, ao in the same proportion.

Proposition 4.

The centre of gravity of any parabolic segment cut off by a straight line lies on the diameter of the segment
Let BAB'be a parabolic segment, 4 its vertex and 4O its diameter.

Then, if the centre of gravity of the segment does not lie on A0, suppose it to be, if possible, the point F. Draw FE parallel
to AO meeting BB'in E.

Inscribe in the segment the triangle ABB' having the same vertex and height as the segment, and take an area S such that
AABB': S=BE : EO.

We can then inscribe in the segment ‘in the recognised manner’ a figure such that the segments of the parabola left over are
together less than S. [For Prop. 20 of the Quadrature of the Parabola proves that, if in any segment the triangle with the same
base and height be inscribed, the triangle is greater than half the segment; whence it appears that, each time that we increase the
number of the sides of the figure inscribed ‘in the recognised manner,” we take away more than half of the remaining segments. ]

Let the inscribed figure be drawn accordingly; its centre of gravity then lies on AO [Prop. 2]. Let it be the point H.
Join HF and produce it to meet in K the line through B parallel to AO.



Then we have

(inscribed figure) : (remainder of segmt.)> AABB’ : 8
>BE : EO
>KF : FH,

Suppose L taken on HK produced so that the former ratio is equal to the ratio LF': FH.

Then, since H is the centre of gravity of the inscribed figure, and F that of the segment, L must be the centre of gravity of all
the segments taken together which form the remainder of the original segment. [I. 8]

But this is impossible, since all these segments lie on one side of the line drawn through L parallel to 4O [Cf. Post 7].
Hence the centre of gravity of the segment cannot but lie on AO.

Proposition 5.
If in a ‘parabolic segment a figure be inscribed ‘in the recognised manner’ the centre of gravity of the segment is
nearer to the vertex of the segment than the centre of gravity of the inscribed figure is.
Let BAB'be the given segment, and 4O its diameter. First let ABB' be the triangle inscribed ‘in the recognised manner’
Divide 4O in F so that AF = 2F0; F is then the centre of gravity of the triangle ABB".

Bisect AB, AB' in D, D' respectively, and join DD’ meeting AO in E. Draw DQ, D'Q’ parallel to OA4 to meet the curve. OD,
O'D’ will then be the diameters of the segments whose bases are 4B, AB’, and the centres of gravity of those segments will lie
respectively on OD, Q'D' [Prop. 4]. Let them be H, H', and join HH' meeting AO in K.

Now OD, Q'D' are equal *, and therefore the segments of which they are the diameters are equal [On Comnoids and
Spheroids, Prop. 3].

Also, since OD, Q'D' are parallel *, and DE = ED’, K is the middle point of HH'.

Hence the centre of gravity of the equal segments AOB, AQ'B’ taken together is K, where K lies between E and 4. And the
centre of gravity of the triangle ABB'is F.

It follows that the centre of gravity of the whole segment. BAB' lies between K and F, and is therefore nearer to the vertex 4
than F is.

Secondly, take the five-sided figure BOAQ'B' inscribed ‘in the recognised manner,” OD, O'D’ being, as before, the
diameters of the segments AQB, AQ'B".

Then, by the first part of this proposition, the centre of gravity of the segment AQB (lying of course on QD) is nearer to Q
than the centre of gravity of the triangle AQB is. Let the centre of gravity of the segment be H, and that of the triangle /.

Similarly let H' be the centre of gravity of the segment AQ'B’, and /' that of the triangle AQ'B’.

It follows that the centre of gravity of the two segments AQB, AQ'B’ taken together is K, the middle point of HH', and that of
the two triangles A0B, AQ'B'is L, the middle point of /7",



If now the centre of gravity of the triangle ABB' be F, the centre of gravity of the whole segment BAB' (i.e. that of the
triangle ABB' and the two segments AQB, AQ'B' taken together) is a point G on KF' determined by the proportion (sum of
segments AQB, AQ'B") : AABB'=FG : GK. [I. 6, 7]

And the centre of gravity of the inscribed figure BOAQ'B' is a point F' on LF determined by the proportion

(AAQB + AAQ'B"=FF': F'L. [I. 6,7]

[Hence FG: GK>FF': FL,
or GK :FG<F'G<F'L:FF',
and, componendo, FK : FG <FL : FF', while FK > FL.]

Therefore FG > FF' or G lies nearer than /' to the vertex A.

Using this last result, and proceeding in the same way, we can prove the proposition for any figure inscribed ‘in the
recognised manner’.

Proposition 6.

Given a segment of a parabola cut off by a straight line, it is possible to it inscribe in it ‘in the recognised manner’ a
figure such that the distance between the centres of gravity of the segment and of the inscribed figure is less than any
assigned length.

Let BAB' be the segment, AO its diameter, G its centre of gravity, and ABB' the triangle inscribed ‘in the recognised
manner.’

Let D be the assigned length and S an area such that
AG:D=AABB': S.

In the segment inscribe ‘in the recognised manner’ a figure such that the sum of the segments left over is less than S. Let F
be the centre of gravity of the inscribed figure.

We shall prove that FG < D.
For, if not, F'G must be either equal to, or greater than, D.
And clearly

(inscribed fig.):(sum of remaining segments. )
>AABB' : 8
> A6 D
> AG : F@G, by hypothesis (since FG 4 D).

Let the first ratio be equal to the ratio KG : FG (where K lies on GA produced); and it follows that K is the centre of gravity
of the small segments taken together. [1. 8]



But this is impossible, since the segments are all on the same side of a line drawn through K parallel to BB'.
Hence FG cannot but be less than D.

Proposition 7.

If there be two similar parabolic segments, their centres of gravity divide their diameters in the same ratio.

[This proposition, though enunciated of similar segments only, like Prop. 3 on which it depends, is equally true of any
segments. This fact did not escape Archimedes, who uses the proposition in its more general form for the proof of Prop. 8
immediately following.]

Let BAB', bob'be the two similar segments, 4O, ao their diameters, and G, g their centres of gravity respectively.

Then, if G, g do not divide AO, ao respectively in the same ratio, suppose H to be such a point on A0 that and inscribe in
the segment BAB' ‘in the recognised manner’ a figure such that, if F' be its centre of gravity,

AH : HO = ag : go,

GF<GH. [Prop. 6]

Inscribe in the segment hab' “in the recognised manner’ a similar figure; then, if / be the centre of gravity of this figure,

ag < af. [Prop. 5]
And, by Prop. 3, af . fo=AF : FO.
AF:FO< AH : HO
But _
< ag : go, by hypothesis.
Therefore af : fo<ag:go, which is impossible.

It follows that G, g cannot but divide 4 O, ao in the same ratio.



Proposition 8.

If AO be the diameter of a parabolic segment, and G its centre of gravity, then
AG =3 GO.
Let the segment be BAB'. Inscribe the triangle ABB' ‘in the recognised manner,” and let F be its centre of gravity.

Bisect AB, AB' in D, D' and draw DQ, D'Q’ parallel to OA to meet the curve, so that OD, Q'D' are the diameters of the
segments AQB, AQ'B’ respectively.

Let H, H' be the centres of gravity of the segments AQB, AQ'B' respectively. Join QQ', HH' meeting AO inV, K
respectively.

K is then the centre of gravity of the two segments AQB AQ'B’ taken together.

Now AG : GO=QH : HD,
[Prop. 7]
whence AO :0G = QD : HD.

But 4O = 40D [as is easily proved by means of Lemma (3), p. 206].

Therefore OG=4HD.
and, by subtraction, = AG =4QH.

Also, by Lemma (2), QQ'is parallel to BB' and therefore to DD". It follows from Prop. 7 that HH' is also parallel to QQ' or
DD',

and hence OH=VK.
Therefore AG =4VK,
and AV + KG=3VK.

Measuring V'L along VK so that VL = 3 AV, we have

AO=44V [Lemma (3)]

=3A4L, since AV=3VL,
whence AL =4 AO=0F ssurisivivoisisas (2).

Now, by L. 6, 7,

A ABB'". (sum of segmts. AQB, AQ'B") = KG : GF,
and AABB' = 3(sum of segmentsAQB,AQ'B’)

[since the segment ABB'is equal to 4 AABB’ (Quadrature of the Parabola, Props. 17, 24)].
Hence KG=3GF

Again



But KG =3LK, from (1) above.
LF=LK+KG+GF

Therefore
=5GF.
And, from (2),
LF =(40-AL-OF)=340 = OF.
Therefore OF = 5GF,
and OG = 6GF.
But AO =30F = 15GF.

Therefore, by subtraction,

AG=9GF
=3 GO.

Proposition 9 (Lemma).

If a, b, c, d be four lines in continued proportion and in descending order of magnitude, and if
d:(a=d)=x:3a—c),
and (2a+4b+ 6¢+3d) : (5a +10b + 10c + 5d) =y : (a — ¢), is required to prove that
xty = 2a.
[The following is the proof given by Archimedes, with the only difference that it is set out in algebraical instead of
geometrical notation. This is done in the particular iase simply in order to make the proof easier to follow. Archimedes
exhibits his lines in the figure reproduced in the margin, but, now that it is possible to use algebraical notation, there is no

advantage in using the figure and the more cumbrous notation which only obscures the course of the proof. The relation
between Archimedes’ figure and the letters used below is as follows;

A
o 1T
A
H 10
1€
z
B
AB=aI'B=bAB=c, EB=d,ZH=x,HO = y,AO =z.]
We have a__u{’=f
g T g s (1),
whence aﬂ—_b_lj_:c"‘c—_d
b ¢ d’
and therefore a-b_b—c _a b ¢ 9
b—¢c ¢—d b ¢ d T 2)
Now 2(@+b)_a+b_a+b b_a—c b—c_a—oc
28 2 & b ‘g b=—t"0—d o=t

And, in like manner,



It follows from the last two relations that

a—c¢ 2a+3b+c¢
AT R e (3).

Suppose z to be so taken that

%2 +4b+4c+2d a—c
2% +d g SERRARGNA (4),

so that z < (¢ — d).

Therefore 2 —C¢+Z%_ 2a + 4b + 6¢ + 3d

a—c  2(a+d)+4(0+c)
And, by hypothesis,

a—¢_5(a+d)+10(b+c)
y  2a+4b+6c+3d °

sothat @—c+2z_5(a+d)+10(b+¢c) 5

y  2(at+d)+a(b+o) - (5)
Again, dividing (3) by (4) crosswise, we obtain
z 2a+3b+c
c—d 2(a+d)+4(+c)
whence c—d—z_  b+3c+2d 5
C_d 2(a+d)+4([‘]+c) ............ ().
But, by (2),
c—d_a—=b 3(b-c) 2(c—d)
& =% - 3% %
sothat ¢—d_ (a—b)+3(b—ec)+2(c—d) o
d b+3c+2d YUY )

Combining (6) and (7), we have

c—d—2z (a—b)+8(b—c)+2(c—d)
d =~ 2@+d)+4(b+c)

whence c—z 3a + 6b + 3¢
d " 2@+d)+4B+g)

And, since [by (1)]

c—d_b—c_a—b
c+d b+c a+bd’

c—d ¢+ d
a=c biorath
whence E’._“_c_l iz +2'5_+ 2c +d oy 2(a+d)+4(b+0)
a4=c a+2b+c 2(a+c)+4b
a—d 2(a+d)+4(b+c)
fa—0) §2(a+o)+4] °

we have

Thus




and therefore, by hypothesis,

¢_2latd) ¢ dlto)
T

2 {2(a+ c)+ 40}

But, by (8 ¢c—z_  B3a+6b+3c
ut, by (8), d  2(@+d) +4(b+c)’

and it follows, ex aequali, that

c—z_ 3(a+c)+6b 5 3 5
x 22(a+c)+4b) 372 2
And, by (5), Tmohs B
Y 2
Therefore é . ,
2 x4y
or x +y=2a.
Proposition 10.

If PP'B'B be the portion of a parabola intercepted between two parallel chords PP' BB' bisected respectively in N, O by
the diameter ANO (N being nearer than O to A, the vertex of the segments), and if NO be divided into five equal parts of
which LM is the middle one (L being nearer than M to N), then, if G be a point on LM such that

LG : GM =BO?. (2PN + BO) : PN* . (2BO + PN),
G will be the centre of gravity of the area PP'B'B.
Take a line ao equal to 40, and an on it equal to AN. Let p, g be points on the line ao such that

Q03 Q=M S s s s By (1),
GO :GN=0QF AP ccrseersavansssnssrrs (2),

[whence ao : ag =aq : an=an : ap, or ao, aq, an, ap are lines in continued proportion and in descending order of magnitude].

Measure along GA a length GF such that

Then, since PN, BO are ordinate to ANO,
BO*: PN*=A0: AN

=0ao . an

= a0’ : ag’, by (1),



Bl
Thus (segment BAB') : (segment PAP')

= ABAB' : APAP
= B0?: PN?®

=qo : ap,
whence

(area PP'B’B) : (segment PAP')=op : ap
= 0L : GF, by (3),

Now  BO*.(2PN + BO) : BO*=(2PN + B0O) : BO
=(2aq + ao) : ao, by (4),
BO®: PN°®=ao : ap, by (5),
and PN?®*:PN*.(2BO+ PN)=PN :(2BO+ PN)
=aq : (2ao +aq), by (4),
=ap: (2an + ap), by (2).
Hence, ex aequali,
BO?.(2PN + BO) : PN>.(2BO + PN) = (2aq + ao) : (2an + ap),
so that, by hypothesis,
LG : GM = (2aq + ao) : 2an + ap).
Componendo, and multiplying the antecedents by 5,
ON : GM = {5a0 + ap) + 10(aq + an)} : (2an + ap).
But ON:0M=5:2
= {5 (ao + ap) + 10 (aq + an)} : {2(ao + ap) + 4 (aq + an)!.
It follows that
ON: OG = {5(ao + ap) + 10(ag + an} : {2(ao + ap) + 4(aq + an}.
Therefore

(2a0 + 4ag + 6an + 3ap) : {5 (a0 + ap) + 10 (ag + an)} = 0G : ON
= 0G : on.
ap : (ao —ap) =ap : op
And = GF : OL, by hypothesis,

YT .
=GF : $on,



while ao, aq, an, ap are in continued proportion.
Therefore, by Prop. 9,
GF+ OG = OF = 2a0 =204
Thus F is the centre of gravity of the segment BAB'. [Prop. 8]
Let H be the centre of gravity of the segment PAP', so that AH = 3AN.

And, since AF =340
we have, by subtraction, HF = 2ON.
But, by (6) above,

(area PP'B’'B) : (segment PAP')=20N : GF
= HF : FG.

Thus, since F, H are the centres of gravity of the segments BAB', PAP' respectively, it follows [by 1. 6, 7] that G is the centre of
gravity of the area PP'B'B.

* This proposition is really a particular case of Props. 6, 7 of Book I. and is therefore hardly necessary. As, however, Book II. relates exclusively to parabolic
segments, Archimedes’ object was perhaps to emphasize the fact that the magnitudes in I. 6, 7 might be parabolic segments as well as rectilinear figures. His procedure is
to substitute for the segments rectangles of equal area, a substitution which is rendered possible by the results obtained in his separate treatise on the Quadrature of the
Parabola.

* This may either be inferred from Lemma (1) above (since QQ', DD' are both parallel to BB’), or from Prop. 19 of the Quadrature of the parabola, which applies
equally to Q or Q".

* There is clearly some interpolation in the text here, which has the words xai gnei napoadAnAdypappdv gott 10 0ZHL It is not yet proved that H'D'DH is a
parallelogram; this can only be inferred from the fact that H, H' divide OD, Q'D’ respectively in the same ratio. But this latter property does not appear till Prop. 7, and is
then only enunciated of similar segments. The interpolation must have been made before Eutocius’ time, because he has a note on the phrase, and explains it by gravely
assuming that H, H' divide OQD, Q'D’ respectively in the same ratio.



THE SAND-RECKONER.

“THERE are some, king Gelon, who think that the number of the sand is infinite in multitude; and I mean by the sand not only
that which exists about Syracuse and the rest of Sicily but also that which is found in every region whether inhabited or
uninhabited. Again there are some who, without regarding it as infinite, yet think that no number has been named which is great
enough to exceed its multitude. And it is clear that they who hold this view, if they imagined a mass made up of sand in other
respects as large as the mass of the earth, including in it all the seas and the hollows of the earth filled up to a height equal to
that of the highest of the mountains, would be many times further still from recognising that any number could be expressed
which exceeded the multitude of the sand so taken. But I will try to show you by means of geometrical proofs, which you will
be able to follow, that, of the numbers named by me and given in the work which I sent to Zeuxippus, some exceed not only the
number of the mass of sand equal in magnitude to the earth filled up in the way described, but also that of a mass equal in
magnitude to the universe. Now you are aware that ‘universe’ is the name given by most astronomers to the sphere whose
centre is the centre of the earth and whose radius is equal to the straight line between the centre of the sun and the centre of the
earth. This is the common account (14 ypagpougva), as you have heard from astronomers. But Aristarchus of Samos brought out
a book consisting of some hypotheses, in which the premisses lead to the result that the universe is many times greater than that
now so called. His hypotheses are that the fixed stars and the sun remain unmoved, that the earth revolves about the sun in the
circumference of a circle, the sun lying in the middle of the orbit, and that the sphere of the fixed stars, situated about the same
centre as the sun, is so great that the circle in which he supposes the earth to revolve bears such a proportion to the distance of
the fixed stars as the centre of the sphere bears to its surface. Now it is easy to see that this is impossible; for, since the centre
of the sphere has no magnitude, we cannot conceive it to bear any ratio whatever to the surface of the sphere. We must however
take Aristarchus to mean this: since we conceive the earth to be, as it were, the centre of the universe, the ratio which the earth
bears to what we describe as the ‘universe’ is the same as the ratio which the sphere containing the circle in which he
supposes the earth to revolve bears to the sphere of bhe fixed stars. For he adapts the proofs of his results to a hypothesis of
this kind, and in particular he appears to suppose the magnitude of the sphere in which he represents the earth as moving to be
equal to what we call the ‘universe.’

I say then that, even if a sphere were made up of the sand, as great as Aristarchus supposes the sphere of the fixed stars to
be, I shall still prove that, of the numbers named in the Principles*, some exceed in multitude the number of the sand which is
equal in magnitude to the sphere referred to, provided that the following assumptions be made.

1. The perimeter of the earth is about 3,000,000 stadia and not greater.

It is true that some have tried, as you are of course aware, to prove that the said perimeter is about 300,000 stadia. But I go
further and, putting the magnitude of the earth at ten times the size that my predecessors thought it, I suppose its perimeter to be
about 3,000,000 stadia and not greater.

2. The diameter of the earth is greater than the diameter of the moon, and the diameter of the sun is greater than the
diameter of the earth.

In this assumption I follow most of the earlier astronomers.

3. The diameter of the sun is about 30 times the diameter of the moon and not greater,

It is true that, of the earlier astronomers, Eudoxus declared it to be about nine times as great, and Pheidias my father *
twelve times, while Aristarchus tried to prove that the diameter of the sun is greater than 18 times but less than 20 times the
diameter of the moon. But I go even further than Aristarchus, in order that the truth of my proposition may be established
beyond dispute, and I suppose the diameter of the sun to be about 30 times that of the moon and not greater.

4. The diameter of the sun is greater than the side of the ohiliagon inscribed in the greatest circle in the (sphere of
the) universe.

I make this assumption | because Aristarchus discovered that the sun appeared to be about 7_%_ﬁth part of the circle of the
zodiac, and I myself tried, by a method which I will now describe, to find experimentally (0pyovik®s) the angle subtended by
the sun and having its vertex at the eye (tav yoviav, gig @v 6 @\og 2vapuolel zav kopvpay &oveav moTi 12 6%e).”

[Up to this point the treatise has been literally translated because of the historical interest attaching to the ipsissima verba
of Archimedes on such a subject. The rest of the work can now be more freely reproduced, and, before proceeding to the
mathematical contents of it, it is only necessary to remark that Archimedes next describes how he arrived at a higher and a



lower limit for the angle subtended by the sun. This he did by taking a long rod or ruler (kovwWv), fastening on the end of it a
small cylinder or disc, pointing the rod in the direction of the sun just after its rising (so that it was possible to look directly at
it), then putting the cylinder at such a distance that it just concealed, and just failed to conceal, the sun, and lastly measuring the
angles subtended by the cylinder. He explains also the correction which he thought it necessary to make because “the eye does

not see from one point but from a certain area “ (¢mei ai 0Xigg OVK ad gvos gaugiov Prgnovti, alla ano Tvos peygheoc). ]

The result of the experiment was to show that the angle subtended by the diameter of the sun was less than 3 th part, and
greater than T&‘o‘-th part, of a right angle.

To prove that (on this assumption) the diameter of the sun is greater than the side of a chiliagon, or figure with 1000
equal sides, inscribed in a great circle of the ‘universe.’

Suppose the plane of the paper to be the plane passing through the centre of the sun, the centre of the earth and the eye, at
the time when the sun has just risen above the horizon. Let the plane cut the earth in the circle EHL and the sun in the circle
FKG, the centres of the earth and sun being C, O respectively, and E being the position of the eye.

Further, let the plane cut the sphere of the ‘universe’ (i.e. the sphere whose centre is C and radius CO) in the great circle
AOB.

Draw from E two tangents to the circle FKG touching it at P, O, and from C draw two other tangents to the same circle
touching it in F, G respectively.

Let CO meet the sections of the earth and sun in H, K respectively; and let CF, CG produced meet the great circle AOB in
A, B.

Join EO, OF, OG, OP, OQ, AB, and let AB meet CO in M.

Now CO > EO, since the sun is just above the horizon.

Therefore LPEQ > LFCG.

And 2z PEQ> g}sR
but < 13z B

} where R represents a right angle.

Thus £ FCG < {3z R, a fortior,
and the chord 4B subtends an arc of the great circle which is less than g3 th of the circumference of that circle, i.e.

AB < (side of 656-sided polygon inscribed in the circle).

Now the perimeter of any polygon inscribed in the great circle is less than 4 CO. [Cf. Measurement of a circle, Prop. 3.]
Therefore AB: CO<11 : 1148,

and, a fortiori, A B SO v vinnsiinimiaisin ().

Again, since CA = CO, and AM is perpendicular to CO, while OF is perpendicular to CA4,



AM = OF.

Therefore AB = 2AM = (diameter of sun).
Thus (diameter of sun) < 3-CO, by (o),
and, a fortiori,
(diamteter of earth)<3CO. [Assumption 2]
Hence CH + OK <1#5CO
so that HK>155CO,
or CO : HK < 100 : 99.
And CO > CF,
while HK < EQ.
Therefore CF: EQ<100:99.................. (B).

Now in the right-angled triangles CFO, EQO, of the sides about the right angles,
OF = 0Q, but < CF (since EO < CO).

Therefore <OEQ:<OCF > CO: EO,
but < CF:EQ".
Doubling the angles,

<PEQ:<ACB<CF: EQ
Z 10 : 99, by (B) above.

But <PEQ> THo R, by hypothesis.
Therefore £ ACB > #3%-R
> oz R.
It follows that the arc AB is greater than gtgth of the circumference of the great circle 40B.

Hence, a fortiori,

AB > (side of chiliagon inscribed in great circle),

and 4B is equal to the diameter of the sun, as proved above.

The following results can now be proved:
(diameter of ‘universe’) < 10,000 (diameter of earth),

and (diameter of ‘universe’) < 10,000,000,000 stadia.

B . ok
tang” B8 sminf°’

(1) Suppose, for brevity, that d,, represents the diameter of the ‘universe,” dg that of the sun, d, that of the earth, and d,,, that
of the moon.

By hypothesis, d; 3 30d,,, [Assumption 3]
and de>dm; [Assumption 2]
therefore d, < 30d,.

Now, by the last proposition,
dg > (side of chiliagon inscribed in great circle),

sothat  (perimeter of chiliagon) < 1000d,
< 30,000d,.

But the perimeter of any regular polygon with more sides than 6 inscribed in a circle is greater than that of the inscribed
regular hexagon, and therefore greater than three times the diameter. Hence

(perimeter of chiliagon) > 3d,,.



It follows that d,, < 10,0004,

(2) (Perimeter of earth) 3 3,000,000 stadia.
[Assumption 1]
and (perimeter of earth) > 3d,,.
Therefore d, < 1,000,000 stadia,

whence d,< 10,000,000,000 stadia.

Assumption 5.

Suppose a quantity of sand taken not greater than a poppyseed, and suppose that it contains not more than 10,000 grains.
Next suppose the diameter of the poppy-seed to be not less than g% of a finger-breadth.

Orders and periods of numbers.

I. We have traditional names for numbers up to a myriad (10,000); we can therefore express numbers up to a myriad
myriads (100,000,000). Let these numbers be called numbers of the first order.

Suppose the 100,000,000 to be the unit of the second order, and let the second order consist of the numbers from that unit
up to (100,000,000)>2.

Let this again be the unit of the third order of numbers ending with (100,000,000); and so on, until we reach the
100,000,000tk order of numbers ending with (100,00,00)100:000.000 which we will call P.

II. Suppose the numbers from 1 to P just described to rom the first period.

Let P be the unit of the first order of the second period, and let this consist of the numbers from P up to 100,000,000P.
Let the last number be the unit of the second order of the second period, and let this end with (100,000,000)2 P.

We can go on in this way till we reach the 100,000,000tk order of the second period ending with (100,000,000)!00:000.000
P, or P~

I1. Taking P? as the unit of the first order of the third period, we proceed in the same way till we reach the 100,000,000z
order of the third period ending with P3.

IV. Taking P? as the unit of the first order of the fourth period, we continue the same process until we arrive at the
100,000,000tk order of the 100,000,000tk period ending with P100:000.000 Thig ast number is expressed by Archimedes as “a
myriad-myriad units of the myrlad myriad-th order of the myriad-myriad-th period (al; uvpraxiouvpioords mepiédov
uvpzamowvopt“’v apv@,u“’v uoplar pvpladeg),” which is easily seen to be 100,000,000 times the product of
(100,000,000)°%-9%99%% and P g 999 99, i.e. P100:000.000

[The scheme of numbers thus described can be exhibited more clearly by means of indices as follows.
FIRST PERIOD.

First order. Numbers from 1 to 108

Second order. . » 108 to 10
Third order. i » 10 to 10%
(10%)th ordenr. B »  10%-09=0 t0 1082 (P, say).

SECOND PERIOD



First order. Numbers from P.1 to P.108,
Second order. i .  P.108 to P.10%

(IOS}H; order. . ,  P.108-00%1 g
P 1082 (or PY).

(10%)yrH PERIOD,

First order. - , P11 to P 108
Second order. i , P 108 to P, 100,
(10%¢h order. P 10500 g

PluLi ; 108.103 (16 Pms}_

The prodigious extent of this scheme will be appreciated when it is considered that the last number in the first period
would be represented now by 1 followed by 800,000,000 ciphers, while the last number of the (10%)¢h period would require
100,000,000 times as many ciphers, i.e. 80,000 million millions of ciphers.]

Octads.

Consider the series of terms in continued proportion of which the first is 1 and the second 10 [i.e. the geometrical
progression 1, 101, 102, 103, ...]. The first octad of these terms [i.e. 1, 10%, 102, ...107] fall accordingly under the first order

of the first period above described, the second octad [i.e. 103, 10°,... 10'9] under the second order of the first period, the
first term of the octad being the unit of the corresponding order in each case. Similarly for the third octad, and so on. We can,
in the same way, place any number of octads.

Theorem.

If there be any number of terms of a series in continued proportion, say A1 Ay Az, ... Ayp... Ay Ay — 1 -.-0f Which 4,
=1, 4y = 10 [so that the series forms the geometrical progression 1, 10!, 101, ...102, ...10" 1, .10 *" =2, ], and if any
two terms as A,,, A, be taken and multiplied, the product A,, - A, will be a term in the same series and will be as many terms
distant from A; as A, is distant from Ay; also it will be distant from A; by a number of terms less by one than the sum of the
numbers of terms by which A,, and A, respectively are distant from A,.

Take the term which is distant from 4,, by the same number of terms as 4,, is distant from 4;. This number of terms is m (the
first and last being both counted). Thus the term to be taken is m terms distant from 4,, and is therefore the term4,, , , _ ;.

We have therefore to prove that

Ay Ay =Apnr
Now terms equally distant from other terms in the continued proportion are proportional.
Thus -A;m o Amina
A, Ay
But A, =4, A, since 4, =1
Therefore e D B (1).

The second result is now obvious, since 4,, is m terms distant from 4, 4, is n terms distant from4; and 4,, , , — ;is (m +n
— 1) terms distant from 4;.
Application to the number of the sand.

By Assumption 5 [p. 227],
(dian. of poppy — seed) € 7% (finger-breadth);

and, since spheres are to one another in the triplicate ratio of their diameters, it follows that



For, by hypothesis,

(sphere of diam. 1 finger-breadth) $ 64,000 poppy-seeds

(a fortiori) < 10 units of second

Diameter of sphere.
(1) 100 finger-breadths

(2) 10,000 finger-breadths

(3) 1 stadium
(< 10,000 finger-breadths}
(4) 100 stadia

(5) 10,000 stadia

(6) 1,000,000 stadia

(7) 100,000,000 stadia

(8) 10,000,000,000 stadia

But, by the proposition above [p. 227],

$ 64,000 x 10,000

+ 640,000,000

$ 6 units of second | grains
order + 40,000,000 5 of

units of first order | sand.

order of numbers,

We now gradually increase the diameter of the supposed sphere, multiplying it by 100 each time. Thus, remembering that

the sphere is thereby multiplied by 1003 or 1,000,000, the number of grains of sand which would be contained in a sphere with
each successive diameter may be arrived at as follows.

Corresponding number of grains of sand.

< 1,000,000 x 10 units of second order

< (7th term of series)x (10th term of
series)

< 16th term of series [i.e. 10%]

<[10" or] 10,000,000 units of the second
order.

< 1,000,000 x (last number)

< (7th term of series) x (16th term)

< 22nd term of series [i.e. 10%]

< [10% or] 100,000 units of third order.

< 100,000 units of third order.

< 1,000,000 x (last number)

< (7th term of series) x (22nd term)

< 28th term of series [1077]
< [10® or] 1,000 units of fourth order.
< 1,000,000 x (last number)

< (7th term of series) x (28th term)
< 34th term of series

< 10 units of fifth order.

< (7th term of series) x (34th term)
< 40th term [10%°]
< [107 or] 10,000,000 units of fifth order.
< (7th term of series) x (40th term)

< 46th term [10%]
< [105 or] 100,000 units of sizth order.

< (Tth term of series) x (46th term)

< 52nd term of series [1051]
< [10® or] 1,000 units of seventh order.

[10%]

(diameter of ‘universe’) < 10.000,000,000 stadia.

Hence the number of grains of sand which could be contained in a sphere of the size of our ‘universe’ is less than 1,000
units of the seventh order of numbers [or 10°1].

From this we can prove further that a sphere of the size attributed by Aristarchus to the sphere of the fixed stars would
contain a number of grains of sand less than 10,000,000 units of the eight order of numbers [or 10°°*7 =109,

(earth) : (“universe’) = (‘universe’) : (sphere of fixed stars). And [P. 227]

(diameter of ‘universe’) < 10,000 (diam. of earth);



whence
(diam. of sphere of fixed stars) < 10,000 (diam. of ‘universe’).
Therefore
(sphere of fixed stars) < (10,000)3. (‘universe’).

It follows that the number of grains of sand which would be contained in a sphere equal to the sphere of the fixed stars

Z£(10,000)% x 1,000 units of seventh order
Z(13th term o seiries) % (52nd term of series)

Z 64th term of series

Z£[107 or] 10,000,000 units of eighth order of numbers.
Conclusion

“I conceive that these things, king Gelon, will appear incredible to the great majority of people who have not studied
mathematics, but that to those who are conversant therewith and have given thought to the question of the distances and sizes of
the earth the sun and moon and the whole universe the proof will carry conviction. And it was for this reason that I thought the
subject would be not inappropriate for your consideration.”

* Apyol was apparently the title of the work sent to Zeuxippus. Cf. the note attached to the enumeration of lost works of Archimedes in the Introduction, Chapter I1.,
ad fin.

* tovapl mazpoc is the correction of Blass for ot AxoUmazpoc (Jahrb. f. Philol. cxxvii. 1883).

+ This is not, strictly speaking, an assumption; it is a proposition proved later (pp. 224-6)by means of the result of an experiment about to be described.

* The proposition here assumed is of course equivalent to the trigonometrical formula which states that, if a,  are the circular measures of two angles, each less than a
right angle, of which a is the greater, then



QUADRATURE OF THE PARABOLA.

“ARCHIMEDES to Dositheus greeting.

“When I heard that Conon, who was my friend in his lifetime, was dead, but that you were acquainted with Conon and
withal versed in geometry, while I grieved for the loss not only of a friend but of an admirable mathematician, I set myself the
task of communicating to you, as I had intended to send to Conon, a certain geometrical theorem which had not been
investigated before but has now been investigated by me, and which I first discovered by means of mechanics and then
exhibited by means of geometry. Now some of the earlier geometers tried to prove it possible to find a rectilineal area equal to
a given circle and a given segment of a circle; and after that they endeavoured to square the area bounded by the section of the
whole cone” and a straight line, assuming lemmas not easily conceded, so that it was recognised by most people that the
problem was not solved. But I am not aware that any one of my predecessors has attempted to square the segment bounded by a
straight line and a section of a rightangled cone [a parabola], of which problem I have now discovered the solution. For it is
here shown that every segment bounded by a straight line and a section of a right-angled cone [a parabola] is four-thirds of the
triangle which has the same base and equal height with the segment, and for the demonstration of this property the following
lemma is assumed: that the excess by which the greater of (two) unequal areas exceeds the less can, by being added to itself, be
made to exceed any given finite area. The earlier geometers have also used this lemma; for it is by the use of this same lemma
that they have shown that circles are to one another in the duplicate ratio of their diameters, and that spheres are to one another
in the triplicate ratio of their diameters, and further that every pyramid is one third part of the prism which has the same base
with the pyramid and equal height; also, that every cone is one third part of the cylinder having the same base as the cone and
equal height they proved by assuming a certain lemma similar to that aforesaid. And, in the result, each of the aforesaid
theorems has been accepted™ no less than those proved without the lemma. As therefore my work now published has satisfied
the same test as the propositions referred to, I have written out the proof and send it to you, first as investigated by means of
mechanics, and afterwards too as demonstrated by geometry. Prefixed are, also, the elementary propositions in conics which
are of service in the proof (cToiye;0 kOViKA xpe;avexovTa g Ty Amodei&y). Farewell.”

Proposition 1.

If from a point on a parabola a straight line be drawn which is either itself the axis or parallel to the axis, as PV, and if
QQ' be a chord parallel to the tangent to the parabola at P and meeting PV in V, then

oV =10

Conversely, if QV = VQ=, the chord QQ= will be parallel to the tangent at P.

Proposition 2.

If in a parabola QQO= be a chord parallel to the tangent at P, and if a straight line be drawn through P which is either
itself the aids or parallel to the axis, and which meets QQ=in V and the tangent at Q to the parabola in T, then

PV + PT



Proposition 3.

If from a point on a parabola a straight line be drawn which is either itself the axis or parallel to the axis, as PV, and if
from two other points Q, Q= on the parabola straight lines be drawn parallel to the tangent at P and meeting PV in V,V=
respectively, then

PV :PV'=0V?:Q'V".

“And these propositions are proved in the elements of conics.*”

Proposition 4.

If Oq be the base of any segment of a parabola, and P the vertex of the segment, and if the diameter through any other
point R meet Qq in O and QP (produced if necessary) in F, then

OV :VO=OF:FR
Draw the ordinate RW to PV, meeting QP in K.
Then PV :PW=QV?:PF’

whence, by parallels,

PO : PK = PQ’ : PF°.

In other words, PQ, PF, PK are in continued proportion; therefore

PQ: PF=PF:PK
=PQ + PF: PF  PK
= QF : KF.
Hence, by parallels,
QV: VO =OF:FR.

[It is easily seen that this equation is equivalent to a change of axes of coordinates from the tangent and diameter to new axes
consisting of the chord Qg (as axis of x, say) and the diameter through Q (as axis of y).



For, if OV =a, PV = a:, where p is the parameter of the ordinates to PV.

P
Thus, if QO — x, and RO =y, the above result gives

a _ OF
z—a OF-y’
whence a2
a _OF “»p

20—x y oy

or py =x(2a — x)]

Proposition 5.

If Oq be the base of any segment of a parabola, P the vertex of the segment, and PV its diameter, and if the diameter of
the parabola through any other point R meet Qq in O and the tangent at Q in E, then

Q0 : Oq = ER :RO.
Let the diameter through R meet QP in F.

Then, by Prop. 4,
QV:VO=O0F:FR.
Since QV'=V,, it follows that

Q¥ i qO=0F: OR v (1).

Also, if VP meet the tangent in 7,
PT = PV, and therefore EF = OF.

Accordingly, doubling the antecedents in (1), we have
Qq : QO = OE : OR,
whence Q0 : Oq =ER : RO;

Proposition 6, 7*.

Suppose a lever AOB placed horizontally and supported at its middle point O. Let a triangle BCD in which the angle G
is right or obtuse be suspended from B and O, so that G is attached to O and CD is in the same vertical line with O. Then, if
P be such an area as, when suspended from A, will keep the system in equilibrium,

p=%4BCD.

Take a point £ on OB such that BE = 20F, and draw EFH parallel to OCD meeting BC, BD in F, H respectively. Let G be
the middle point of FH.



Then G is the centre of gravity of the triangle BCD.

Hence, if the angular points B, C be set free and the triangle be suspended by attaching F' to E, the triangle will hang in the
same position as before, because EFG is a vertical straight line. “For this is proved {.”

Therefore, as before, there will be equilibrium.
Thus P:ABCD=0E: A0

=1:3,
or P =%4BCD.

Proposition 8, 9.

Suppose a lever AOB placed horizontally and supported at its middle point O. Let a triangle BCD, right-angled or
obtuseangled at C, be suspended from the points B, E on OB, the angular point O being so attached to E that the side CD is
in the same vertical line with E. Let Q be an area such that

SO : OE =A4ABCD : Q.

Then, if ctu area P suspended from A keep the system in equilibrium,
P <A BCD but > Q.

Take G the centre of gravity of the triangle BCD, and draw GH parallel to DC, i.e. vertically, meeting BO in H.

A 0 E H B

[ =]

We may now suppose the triangle BCD suspended from H, and, since there is equilibrium,

ABCD:P=A40:0H............ ),

D

whence P< A BCD.

Also ABCD : Q=AO0O: OE.
Therefore, by (1), ABCD : Q> ABCD : P,
And P>Q.

Propositions 10, 11.

Suppose a lever AOB placed horizontally and supported at O, its middle point. Let CDEF be a trapezium which can be
so placed that its parallel sides CD, FE are vertical, while C is vertically below O, and the other sides CF, DE meet in B.
Let EF meet BO in H, and let the trapezium be suspended by attaching F to H and C to O. Further, suppose Q to be an area
such that

AO : OH = (trapezium CDEF) : Q.

Then, if p be the area which, when suspended from A, keeps the system in equilibrium,



p<0.
The same is true in the particular case where the angles at C, F are right, and consequently C, F coincide with O, H
respectively.

Divide OH in K so that
(2CD + FE) : (2FE + CD) = HK : Ko.

LE]

D

Draw KG parallel to OD, and let G be the middle point of the portion of KG intercepted within the trapezium. Then G is the
centre of gravity of the trapezium [On the equilibrium of planes, 1. 15].

Thus we may suppose the trapezium suspended from K, and the equilibrium will remain undisturbed.
Therefore
AO : OK = (trapezium ODEF) : P,
and, by hypothesis,
AO : OH = (trapezium GDEF): Q.
Since OK < OH, it follows that
p<Q.

Propositions 12, 13.

If the trapezium GDEF be placed as in the last propositions, except that CD is vertically below a point L on OB instead
of being below O, and the trapezium is suspended from L, H, suppose that Q, R are areas such that

AO : OH = (trapezium CDEF) : Q,
And AO : OL = (itrapezium CDEF) : R.
If then an area P suspended from A keep the system in equilibrium,
P>Rbut <Q.

Take the centre of gravity G of the trapezium, as in the last propositions, and let the line through G parallel to DC meet OB
in K.

D

Then we may suppose the trapezium suspended from K, and there will still be equilibrium.

Therefore (trapezium CDEF) : P=AO : OK.
Hence
(trapezium CDEF) : P > (trapezium CDEF) : Q,
but < (trapezium CDEF) : R.
It follows that P < Q but > R.



Propositions 14, 15.

Let Qg be the base of any segment of a parabola. Then, it two lines be drawn from Q, ¢, each parallel to the axis of the
parabola and on the same side of Qg as the segment is, either (1) the angles so formed at O, ¢ are both right angles, or (2) one
is acute and the other obtuse. In the latter case let the angle at ¢ be the obtuse angle.

Divide Qg into any number of equal parts at the points Oy, O,, ... O,. Draw throughg, O,, O,,...0, diameters of the
parabola meeting the tangent at Q in E, E}, E,... E, and the parabola itself inq, R}, R,, ... R,,. Join OR;, OR,, ... OR, meeting
gE, O\E|, Oy, E;, ... O, LE, \inF,F, F5, ... F, ;.

Let the diameters Eq, E,0y,... E, O, meet a straight line QOA4 drawn through Q perpendicular to the diameters in the points

O, H,, H,, ... H, respectively. (In the particular case where Qg is itself perpendicular to the diameters g will coincide with O,
O, with H; and so on.)

1t is required to prove that
(1) AEqQ<3(sum of trapezia FO,, F,0,,... F,_,0, and AE,0,0),
(2) AEqQ > 3(sum of trapezia R|0,, R,0;,... R, 10, and A R, 0, 0).

A o

q
P
Pa
H
i F
i
H
Pn+1

Suppose A0 made equal to OQ, and conceive QOA as a lever placed horizontally and supported at O. Suppose the triangle
EqQ suspended from OQ in the position drawn, and suppose that the trapezium £O; in the position drawn is balanced by an

area P suspended from 4, the trapezium £,0, in the position drawn is balanced by the area P, suspended from 4, and so on,
the triangle £,0, O being in like manner balanced by P, ;.

Then P, + P, + ... + P, will balance the whole triangle EgQ as drawn, and therefore

P, +P,+ .. +p,., =%4EqQ. [props. 6,7]

Again A0 :OH,= Q0 : OH,
= Qg : 90,
= E,0, : O,R, [by means of Prop. 5]
= (trapezium EQ,): (trapezium F0,);



whence [Props. 10, 11]

(FO, > P;,.
Next A0 :OH;=E\0, : O\R,
=(E0) : (BO) e (1),
while AO:0H,=E_0,: OR,
=Y (RO i v B);

and, since (o) and (P) are simultaneously true, we have, by Props. 12, 13,
(F105) > P> (R,0,).
Similarly it may be proved that
(F10,) > (R;0,).

and so on.
Lastly [Props. 8, 9]
AE, O,0>P,, ;> 4R,0,0.

By addition, we obtain

() (FO)+H(F0)+ ... +(Fp0,)+ AE0,Q> P+ Py +...+ P,

>§AEqQ,
or AEQQ <3 (FO; + F|Oy + ... + F\ 10, + A E,0,0).
Q<P+ Py+... 4 Py, a fortiors,
<}AEqQ,
or AEQQ> (R,0, + R,0, + ... R,_; O, + A R,0,Q).
Proposition 16.

Suppose Qq to be the base of a parabolic segment, q being not more distant than Q from the vertex of the parabola.
Draw through q the straight line qE parallel to the axis of the parabola to meet the tangent at Q in E. It is required to
prove that

(area of segment) =% AEqQ.

For, if not, the area of the segment must be either greater or less than 3 AEqQ.

I. Suppose the area of the segment greater than 3 AEqQ. AEgQ. Then the excess can, if continually added to itself, be made
to exceed AEqQ. And it is possible to find a submultiple of the triangle EqQ less than the said excess of the segment over %

AEqQ..
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Let the triangle FgQ be such a submultiple of the triangle EqQ. Divide Eg into equal parts each equal to gF, and let all the
points of division including F be joined to O meeting the parabola in Ry, R,, ...R, respectively. Through Ry, R,, ... R, draw

diameters of the parabola meeting ¢Q in Oy, O,, ... O, respectively.
Let OR| meet OR, in F.
Let O1R, meet QR in Dy and OR5 in F.
Let O3R; meet OR, in D, and OR, in F’3 and so on.
We have, by hypothesis,
AFqQ < (area of segment) —
or (area of segment) — AFqQ > 1 AEqQ ......... (a).
Now, since all the parts of gE, as ¢F and the rest, are equal, O; R, = R F;, O,D; = DR, = R,F,, and so on; therefore

AFqQ=(FO0,+ R,0,+ D,0;+...)
=(F0,+ F\D\+ F,D,+... +Fy_ D, , + A E,R,Q)...(B).

But
(area of segment) <(FO; + F,0, + ... + F, ,0, + 4 E, 0,Q).

Subtracting, we have

(area of segment) — A FgQ < (R,0, + R,0; + ...
+ Ry i0n + A Ra0nQ),

whence, a fortiori, by (a),

Y4 EqQ <(R,0, + R,03 + ... +R,_,0, +4R,0,0).
But this is impossible, since [Props. 14, 15]

Y4 EqQ < (R0, + R,03 + ... +R,_,0, +4R,0,0).
Therefore

(area of segment) 3 ¥ AEqQ.

IL. If possible, suppose the area of the segment less than 4 AEqQ.

Take a submultiple of the triangle EgQ, as the triangle FgQ, less than the excess of 3 AEgQ. over the area of the segment,
and make the same construction as before.



Since AFqQ <} A EqQ — (area of segment),
it follows that

A FqQ + (area of segment) < § A EqQ

< (FO,+ F\0,+ ... + F, ,0, + AE,0,0Q).
[Props. 14, 15]

Subtracting from each side the area of the segment, we have

A FgQ < (sum of spaces gFR,, R F\R,, ... E,R,Q)
<(FO,+ F.D,+...+ F, D, .+ AE,R,Q), a fortior:;

which is impossible, because, by () above,

Hence (area of segment) 4 1 AEqQ.
Since then the area of the segment is neither less nor greater than % AEqQ, it is equal to it.

Proposition 17.

It is now manifest that the area of any segment of a parabola is four-thirds of the triangle which has the same base as
the segment and equal height.

Let Qg be the base of the segment, P its vertex. Then PQq is the inscribed triangle with the same base as the segment and
equal height.

E
Since P is the vertex * of the segment, the diameter through P bisects Og. Let V' be the point of bisection.
Let VP, and gE drawn parallel to it, meet the tangent at O in T, E respectively.

Then, by parallels,

qE = 2VT,
and PV ="PT, [prop.2]
so that VT = 2PV.
Hence AEqQ = 44P(q.

But, by Prop. 16, the area of the segment is equal to 3 A EqQ.
Therefore (area of segment) = 4 A PQq.



DEF. “In segments bounded by a straight line and any curve I call the straight line the base, and the height the greatest
perpendicular drawn from the curve to the base of the segment, and the vertex the point from which the greatest perpendicular
is drawn.”

Proposition 18.

If Oq be the base of a segment of a parabola, and V the middle point of Qq, and if the diameter through V meet the
curve in P, then P is the vertex of the segment.

g

For Qg is parallel to the tangent at P [Prop. 1]. Therefore, of all the perpendiculars which can be drawn from points on the
segment to the base Qg, that from P is the greatest. Hence, by the definition, P is the vertex of the segment.

Proposition 19.

If Oq be a chord of a parabola bisected in V by the diameter PV, and if RM be a diameter bisecting QV in M, and RW
be the ordinate from R to PV, then

PV =% RM.

For, by the property of the parabola,
PV:PW=QV*: RW*

=4RW*: RW",
so that PV =4PW,
whence PV =4EM.

Proposition 20.

If Oq be the base, and P the vertex, of a parabolic segment, then the triangle PQq is greater than half the segment PQq.

For the chord Qg is parallel to the tangent at P, and the triangle PQgq is half the parallelogram formed by Qg, the tangent at
P, and the diameters through Q, g.



Therefore the triangle PQgq is greater than half the segment.

Cor. It follows that it is possible to inscribe in the segment a polygon such that the segments left over are together less
than any assigned area.

Proposition 21.

If Oq be the base, and P the vertex, of any parabolic segment, and if R be the vertex of the segment cut off by PQ, then
APQq = 8 A PRQ.

The diameter through R will bisect the chord PQ, and therefore also QVF, where PV is the diameter bisecting Og. Let the
diameter through R bisect PQ in Yand OV in M. Join PM.

By Prop. 19,
PV =4RM.
Also PV=27YM.
Therefore YM = 2RY,
And APOM = 24PRQ.
Hence APQV = 44PRQ,
And APQq =8 APRQ

Also, if RW, the ordinate from R to PV, be produced to meet the curve again in r,
RW =rW,

and the same proof shows that
APQq = 8 APrq.

Proposition 22.

If there be a series of areas A, B, C, D, ... each of which is four times the next in order, and if the largest, A, be equal to
the triangle PQq inscribed in a parabolic segment PQq and having the same base with it and equal height, then

(A+ B+ C+ D +) < (area of segment P(q.)



For, since APQq = S8APRQ = 8 A Pgr, where R, r are the vertices of the segments cut off by PO, Pg, as in the last
proposition,

APQq =4(APQR + A Pqr).

Therefore, since APQq = A,
APQR + APqr =B.

In like manner we prove that the triangles similarly inscribed in the remaining segments are together equal to the area C,
and so on.

Therefore A + B+ C + D +... is equal to the area of a certain inscribed polygon, and is therefore less than the area of the
segment.

Proposition 23.

Given a series of areas A, B, C, D, ... Z, of which A is the greatest, and each is equal to four times the next in order,
then

A+B+C+ .. +Z+37=%4

Take areas b, ¢, d, ... such that

b=1B,

¢c=3C,

d = 1D, and so on.
Then, since b =%B,
and B=14,

B+b=14.

Similarly C+c=13%B

Therefore
B+C+D+...+Z+b+c+d+...+z=3(A+B+C+...+Y).

But b+c+d+..y=B+C+D+..Y).
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B+C+D+..+Z+z=%4
or A+B+C+ .. +Z+37=%4

Therefore, by subtraction,

|:The algebraical equivalent of this result is of course
433 P ==

= 1;&}3 ]

Proposition 24.
Every segment bounded by a parabola and a chord Qq is equal to four-thirds of the triangle which has the same base as
the segment and equal height
Suppose k=% APQq,
where P is the vertex of the segment; and we have then to prove that the area of the segment is equal to K.

Q

q

For, if the segment be not equal to K, it must either be greater or less.
I. Suppose the area of the segment greater than K.

If then we inscribe in the segments cut off by PO, Pq triangles which have the same base and equal height, i.e. triangles
with the same vertices R, r as those of the segments, and if in the remaining segments we inscribe triangles in the same manner,
and so on, we shall finally have segments remaining whose sum is less than the area by which the segment PQq exceeds K.

Therefore the polygon so formed must be greater than the area K; which is impossible, since [Prop. 23]



A+B+C+ .. +Z<4%4
where A =4 PQq.
Thus the area of the segment cannot be greater than K.
II. Suppose, if possible, that the area of the segment is less than K.

Ifthen APQq = A, B = %4, C1B, and so on, until we arrive at an area X such that X is less than the difference between K
and the segment, we have

A+B+C+...+X+3X =44 [Prop. 23]
=K.

Now, since K exceeds 4 + B+ C + ... + X by an area less than X, and the area of the segment by an area greater than X, it
follows that

A+ B+ C+ ... X>(the segment);
which is impossible, by Prop. 22 above.
Hence the segment is not less than K.

Thus, since the segment is neither greater nor less than K,
(area of segment PQq) = K =4 APQq.

* There appears to be some corruption here: the expression in the text is zdg 81ov to kWvou Toudg, , and it is not easy to give a natural and intelligible meaning to it.
The section of ‘the whole cone’ might perhaps mean a section cutting right through it, i.c. an ellipse, and the ‘straight line” might be an axis or a diameter. But Heiberg
objects to the suggestion to read zd¢ 6&vywviov kWvov Topag, in view of the addition of xa{ g00glc, on the ground that the former expression always signifies the whole of
an ellipse, never a segment of it (Quaestiones Archimedeae, p. 149).

* The Greek of this passage is: ovufalver o TGy mpogipnuevey Ggwpnudiwy gkaotov indév jjooov Ty &vev toUtov 10 g ANuuotoc GToSEdELYHEVY TEMICTEVKE
vou. Here it would seem that mgmiorgoré€vou must be wrong and that the passive should have been used.

* i.e. in the treatises on conics by Euclid and Aristacus.

* In Prop. 6 Archimedes takes the separate case in which the angle BCD of the triangle is a right angle so that C coincides with O in the figure and F' with £. He then
proves, in Prop. 7, the same property for the triangle in which BCD is an obtuse angle, by treating the triangle as the difference between two right-angled triangles BOD,
BOG and using the result of Prop. 6. I have combined the two propositions in one proof, for the sake of brevity. The same remark applies to the propositions following
Props. 6, 7.

+ Doubtless in the lost book zgpii {vyv. Cf. the Introduction, Chapter I1., ad Jin.

*It is curious that Archimedes uses the terms base vertex of a segment here, but gives the definition of them later (at the end of the proposition). Moreover he
assumes the converse of the property proved in Prop.18.



ON FLOATING BODIES.

BOOKI.

Postulate 1.

“Let it be supposed that a fluid is of such a character that, its parts lying evenly and being continuous, that part which is
thrust the less is driven along by that which is thrust the more; and that each of its parts is thrust by the fluid which is above it in
a perpendicular direction if the fluid be sunk in anything and compressed by anything else.”

Proposition 1.
If a surface be cut by a plane always passing through a certain point, and if the section be always a circumference [of a
circle] whose centre is the aforesaid point, the surface is that of a sphere.
For, if not, there will be some two lines drawn from the point to the surface which are not equal.

Suppose O to be the fixed point, and 4, B to be two points on the surface such that OA4, OB are unequal. Let the surface be
cut by a plane passing through OA4, OB. Then the section is, by hypothesis, a circle whose centre is O.

Thus OA4 = OB; which is contrary to the assumption. Therefore the surface cannot but be a sphere.

Proposition 2.

The surface of any fluid at rest is the surface of a sphere whose centre is the same as that of the earth.
Suppose the surface of the fluid cut by a plane through O, the centre of the earth, in the curve ABCD.
ABGD shall be the circumference of a circle.

For, if not, some of the lines drawn from O to the curve will be unequal. Take one of them, OB, such that OB is greater than
some of the lines from O to the curve and less than others. Draw a circle with OB as radius. Let it be EBF, which will
therefore fall partly within and partly without, the surface of the fluid.

EA P o DF

Draw 00H making with OB an angle equal to the angle BOB, and meeting the surface in H and the circle in 0. Draw also in
the plane an arc of a circle POR with centre 0 and within the fluid.

Then the parts of the fluid along POR are uniform and continuous, and the part PQ is compressed by the part between it and
AB, while the part OR is compressed by the part between QR and BH. Therefore the parts along PO, OR will be unequally
compressed, and the part which is compressed the less will be set in motion by that which is compressed the more.

Therefore there will not be rest; which is contrary to the hypothesis.

Hence the section of the surface will be the circumference of a circle whose centre is O; and so will all other sections by
planes through O.

Therefore the surface is that of a sphere with centre O.

Proposition 3.

Of solids those which, size for size, are of equal weight with a fluid will, if let down into the fluid, be immersed so that



they do not project above the surface but do not sink lower.

If possible, let a certain solid EFHG of equal weight, volume for volume, with the fluid remain immersed in it so that part
of it, EBGF’, projects above the surface.

Draw through O, the centre of the earth, and through the solid a plane cutting the surface of the fluid in the circle ABCD.

Conceive a pyramid with vertex O and base a parallelogram at the surface of the fluid, such that it includes the immersed
portion of the solid. Let this pyramid be cut by the plane of ABCD in OL, OM. Also let a sphere within the fluid and below GH
be described with centre O, and let the plane of ABCD cut this sphere in POR.

F

cM g
L Y N
G v}
ps @ R
A o D

Conceive also another pyramid in the fluid with vertex O, continuous with the former pyramid and equal and similar to it.
Let the pyramid so described be cut in OM, ON by the plane of ABCD.

Lastly, let STUV be a part of the fluid within the second pyramid equal and similar to the part BGHG of the solid, and let
SV be at the surface of the fluid.

Then the pressures on PQ, QR are unequal, that on PQ being the greater. Hence the part at OR will be set in motion by that
at PQ, and the fluid will not be at rest; which is contrary to the hypothesis.

Therefore the solid will not stand out above the surface.

Nor will it sink further, because all the parts of the fluid will be under the same pressure.

Proposition 4.

A solid lighter than a fluid will, if immersed in it, not be completely submerged, but part of it will project above the
surface.

In this case, after the manner of the previous proposition, we assume the solid, if possible, to be completely submerged and
the fluid to be at rest in that position, and we conceive (1) a pyramid with its vertex at O, the centre of the earth, including the
solid, (2) another pyramid continuous with the former and equal and similar to it, with the same vertex O, (3) a portion of the
fluid within this latter pyramid equal to the immersed solid in the other pyramid, (4) a sphere with centre O whose surface is
below the immersed solid and the part of the fluid in the second pyramid corresponding thereto. We suppose a plane to be
drawn through the centre O cutting the surface of the fluid in the circle ABC, the solid in S, the first pyramid in OA4, OB, the
second pyramid in OB, OC, the portion of the fluid in the second pyramid in K, and the inner sphere in POR.

Then the pressures on the parts of the fluid at PO, OR are unequal, since S is lighter than K. Hence there will not be rest;
which is contrary to the hypothesis.

Therefore the solid S cannot, in a condition of rest, be completely submerged.



Proposition 5.

Any solid lighter than a fluid will, if placed in the fluid, be so far immersed that the weight of the solid will be equal to
the weight of the fluid displaced.

For let the solid be EGHF and let BGHC be the portion of it immersed when the fluid is at rest. As in Prop. 3, conceive a
pyramid with vertex O including the solid, and another pyramid with the same vertex continuous with the former and equal and
similar to it. Suppose a portion of the fluid STUV at the base of the second pyramid to be equal and similar to the immersed
portion of the solid; and let the construction be the same as in Prop. 3.
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Then, since the pressure on the parts of the fluid at PO, OR must be equal in order that the fluid may be at rest, it follows
that the weight of the portion STUV of the fluid must be equal to the weight of the solid EGHF. And the former is equal to the
weight of the fluid displaced by the immersed portion of the solid BGHC.

Proposition 6.

If a solid lighter than a fluid be forcibly immersed in it, the solid will be driven upwards by a force equal to the
difference between its weight and the weight of the fluid displaced.

For let 4 be completely immersed in the fluid, and let G represent the weight of 4, and (G + H) the weight of an equal
volume of the fluid. Take a solid D, whose weight is H and add it to 4. Then the weight of (4 + D) is less than that of an equal
volume of the fluid; and, if (4 + D) is immersed in the fluid, it will project so that its weight will be equal to the weight of the
fluid displaced. But its weight is (G + H).
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Therefore the weight of the fluid displaced is (G + H), and hence the volume of the fluid displaced is the volume of the
solid 4. There will accordingly be rest with 4 immersed and D projecting.

Thus the weight of D balances the upward force exerted by the fluid on 4, and therefore the latter force is equal to H, which
is the difference between the weight of 4 and the weight of the fluid which A4 displaces.

Proposition 7.
A solid heavier than a fluid will, if placed in it, descend to the bottom of the fluid, and the solid will, when weighed in
the fluid, be lighter than its true weight by the weight of the fluid displaced.

(1) The first part of the proposition is obvious, since the part of the fluid under the solid will be under greater pressure, and
therefore the other parts will give way until the solid reaches the bottom.

(2) Let 4 be a solid heavier than the same volume of the fluid, and let (G + H) represent its weight, while G represents the
weight of the same volume of the fluid.



Take a solid B lighter than the same volume of the fluid, and such that the weight of B is G, while the weight of the same
volume of the fluid is (G + H).

Let 4 and B be now combined into one solid and immersed. Then, since (4 + B) will be of the same weight as the same
volume of fluid, both weights being equal to (G + H)+ G, it follows that (4 + B) will remain stationary in the fluid.

Therefore the force which causes 4 by itself to sink must be equal to the upward force exerted by the fluid on B by itself.
This latter is equal to the difference between (G + H) and G [Prop. 6]. Hence A4 is depressed, by a force equal to H, i.e. its
weight in the fluid is H, or the difference between (G + H) and G.

[This proposition may, I think, safely be regarded as decisive of the question how Archimedes determined the proportions
of gold and silver contained in the famous crown (cf. Introduction, Chapter 1.). The proposition suggests in fact the following
method.

Let W represent the weight of the crown, w; and w, the weights of the gold and silver in it respectively, so that W =w, +
Wy.

(1) Take a weight I of pure gold and weigh it in a fluid. The apparent loss of weight is then equal to the weight of the fluid
displaced. If | denote this weight, F| 1s thus known as the result of the operation of weighing.

It follows that the weight of fluid displaced by a weight w; of gold is %}.FL

(2) Take a weight W of pure silver and perform the same operation. If F, be the loss of weight when the silver is weighed
in the fluid, we find in like manner that the weight of fluid displaced by w, is ;_["P_f F,

(3) Lastly, weigh the crown itself in the fluid, and let F be the loss of weight. Therefore the weight of fluid displaced by the
crown is F.

Itfollows that %1 p % @ _ @

W W
or WlFl + W2F2 = (wl + W2) F’
whence il F*;‘_m
'u-’g F — Fl )

This procedure corresponds pretty closely to that described in the poem de ponderibus et mensuris (written probably
about 500 A.D.)* purporting to explain Archimedes’ method. According to the author of this poem, we first take two equal
weights of pure gold and pure silver respectively and weigh them against each other when both immersed in water; this gives
the relation between their weights in water and therefore between their loss of weight in water. Next we take the mixture of
gold and silver and an equal weight of pure silver and weigh them against each other in water in the same manner.

The other version of the method used by Archimedes is that given by Vitruviust, according to which he measured
successively the volumes of fluid displaced by three equal weights, (1) the crown, (2) the same weight of gold, (3) the same
weight of silver, respectively. Thus, if as before the weight of the crown is W, and it contains weights w; and w, of gold and

silver respectively,
(1) the crown displaces a certain quantity of fluid, V say.

(2) the weight W of gold displaces a certain volume of fluid, V; say; therefore a weight I} of gold displaces a volume "'_;%
of fluid.

(3) the weight W of silver displaces a certain volume of fluid, say V5; therefore a weight w, of silver displaces a volume



Wa of fluid.

It follows that Ve %--V: + "";’_1;_17'2,
whence, since W=w, + w,,
wy _ Vo— V.
w, V-V’
and this ratio is obviously equal to that before obtained, viz.
F,—-F ]
F—F’

Postulate 2.

“Let it be granted that bodies which are forced upwards in a fluid are forced upwards along the perpendicular [to the
surface] which passes through their centre of gravity.”

Proposition 8.

If a solid in the form of a segment of a sphere, and of a substance lighter than a fluid, be immersed in it so that its base
does not touch the surface, the solid will rest in such a position that its aoris is perpendicular to the surface ; and, if the
solid be forced into such a position that its base touches the fluid on one side and be then set free, it will not remain in that
position but will return to the symmetrical position.

[The proof of this proposition is wanting in the Latin version of Tartaglia. Commandinus supplied a proof of his own in his
edition. ]

Proposition 9.

If a solid in the form of a segment of a sphere, and of a substance lighter than a fluid, be immersed in it so that its base
is completely below the surface, the solid will rest in such a position that its cuds is perpendicular to the surface.

[The proof of this proposition has only survived in a mutilated form. It deals moreover with only one case out of three
which are distinguished at the beginning, viz. that in which the segment is greater than a hemisphere, while figures only are
given for the cases where the segment is equal to, or less than, a hemisphere.]

Suppose, first, that the segment is greater than a hemisphere. Let it be cut by a plane through its axis and the centre of the
earth; and, if possible, let it be at rest in the position shown in the figure, where AB is the intersection of the plane with the base
of the segment, DE its axis, C the centre of the sphere of which the segment is a part, O the centre of the earth.

The centre of gravity of the portion of the segment outside the fluid, as F, lies on OC produced, its axis passing through C.
Let G be the centre of gravity of the segment. Join F'G, and produce it to H so that
FG : GH = (volume if immersed portion) :(rest of solid). Join OH.

Then the weight of the portion of the solid outside the fluid acts along /O, and the pressure of the fluid on the immersed
portion along OH, while the weight of the immersed portion acts along HO and is by hypothesis less than the pressure of the



fluid acting along OH.

Hence there will not be equilibrium, but the part of the segment towards 4 will ascend and the part towards B descend,
until DE assumes a position perpendicular to the surface of the fluid.

*Torelli’s Archimedes, p. 364; Hultsch, Metrol. Script, 11. 95 sq., and Prolegomena § 118.
T De architect. 1X. 3.



ON FLOATING BODIES.

BOOK II.

Proposition 1.
If a solid lighter than a fluid be at rest in it, the weight of the solid will be to that of the same volume of the fluid as the
immersed portion of the solid is to the whole.
Let (4 + B) be the solid, B the portion immersed in the fluid.
Let (C + D) be an equal volume of the fluid, C being equal in volume to 4 and B to D.

Further suppose the line £ to represent the weight of the solid (4 + B), (F + G) to represent the weight of (G + D), and G
that of D.
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Then

weight of (4 + B) : weight of (4 + B) : weight of (C: D) =E (F +G) ... (1)

And the weight of (4 + B) is equal to the weight of a volume B of the fluid [I. 5], i.e. to the weight of D.
That is to say, £ = G.

Hence, by (1),

weight of (4 + B) : weight of (C+ D)=G : F+ G
=D:C+D
=B:A+B.

Proposition 2.

If a right segment of a paraboloid of revolution ivhose axis is not greater than & p (where p is the principal parameter
of the generating parabola), and whose specific gravity is less than that of a fluid, be placed in the fluid with its axis
inclined to the vertical at any angle, but so that the base of the segment does not touch the surface of the fluid, the segment
of the paraboloid will not remain in that position but will return to the position in which its axis is vertical.

Let the axis of the segment of the paraboloid be AN, and through AN draw a plane perpendicular to the surface of the fluid.
Let the plane intersect the paraboloid in the parabola BAB’, the base of the segment of the paraboloid in BB’, and the plane of
the surface of the fluid in the chord QQ' of the parabola.

Then, since the axis AN is placed in a position not perpendicular to QQ', BB will not be parallel to QQ'.
Draw the tangent PT to the parabola which is parallel to QQ', and let P be the point of contact™*.
[From P draw PV parallel to AN meeting QQ' in V. Then PV will be a diameter of the parabola, and also the axis of the



portion of the paraboloid immersed in the fluid.

Let C be the centre of gravity of the paraboloid BAB', and F that of the portion immersed in the fluid. Join /C and produce
it to H so that H is the centre of gravity of the remaining portion of the paraboloid above the surface.

Then, since ~ AN =% AC*
And AN 3 %.p,
it follows that b
YUESS

Therefore, if CP be joined, the angle CPT is acute T. Hence, if CK be drawn perpendicular to PT, K will fall between P
and 7. And, if FL, HM be drawn parallel to CK to meet PT, they will each be perpendicular to the surface of the fluid.

Now the force acting on the immersed portion of the segment of the paraboloid will act upwards along LF, while the
weight of the portion outside the fluid will act downwards along HM.

Therefore there will not be equilibrium, but the segment will turn so that B will rise and B’ will fall, until AN takes the
vertical position.]

[For purposes of comparison the trigonometrical equivalent of this and other propositions will be appended.

Suppose that the angle NTP, at which in the above figure the axis AN is inclined to the surface of the fluid, is denoted by 6.
Then the coordinates of P referred to AN and the tangent at 4 as axes are

P ot 2
i cot? 0, 5 cot 8,
where p is the principal parameter.

Suppose that AN = h, PV =k.

If now x'; be the distance from 7 of the orthogonal projection of " on 7P, and x the corresponding distance for the point C,
we have

?
w’:fécoﬁﬁ.cosﬂ+gcot€.sinf}+§k0039,

pcotﬂé.cosﬁ-i-%hcosﬂ,

r==

4

whence

& —x=cos 9{‘2 (cot* 8 + 2)—%(!3—.?{;)}*

In order that the segment of the paraboloid may turn in the direction of increasing the angle PTN, x'; must be greater than x,
or the expression just found must be positive.

This will always be the case, whatever be the value of 0, if

2h

Py
24;31

or h 3 3p.]



Proposition 3.

If a right segment of a paraboloid of revolution whose axis is not greater than % p (where p is the parameter), and
whose specific gravity is less than that of a fluid, be placed in the fluid with its axis inclined at any angle to the vertical,
but so that its base is entirely submerged, the solid will not remain in that position but will return to the position in which
the axis is vertical.

Let the axis of the paraboloid be AN, and through AN draw a plane perpendicular to the surface of the fluid intersecting the
paraboloid in the parabola BAB';, the base of the segment in BNB';, and the plane of the surface of the fluid in the chord QQ"; of
the parabola.

T MKPL

'.-lull o

‘;'é B’

B

Then, since AN, as placed, is not perpendicular to the surface of the fluid, QQ"; and BB’; will not be parallel.

Draw PT parallel to QQ"; and touching the parabola at P. Let PT meet NA produced in 7. Draw the diameter PJV bisecting
QOQ'% in V. PV is then the axis of the portion of the paraboloid above the surface of the fluid.

Let C be the centre of gravity of the whole segment of the paraboloid, F' that of the portion above the surface. Join FC and
produce it to H so that H is the centre of gravity of the immersed portion.

Then, since AC 3 jﬁj the angle CPT is an acute angle, as in the last proposition.

Hence, if CK be drawn perpendicular to P7, K will fall between P and 7. Also, if HM, FL be drawn parallel to CK, they
will be perpendicular to the surface of the fluid.

And the force acting on the submerged portion will act upwards along HM, while the weight of the rest will act
downwards along LF produced.

Thus the paraboloid will turn until it takes the position in which AN is vertical.

Proposition 4.

Given a right segment of a paraboloid of revolution whose axis AN is greater than $ p (where p is the parameter), and
whose specific gravity is less than that of a fluid but bears to it a ratio not less than (AN — s p)? : AN?, if the segment of the
paraboloid be placed in the fluid with its axis at any inclination to the vertical, but so that its base does not touch the
surface of the fluid, it will not remain in that position but will return to the position in which its axis is vertical.

Let the axis of the segment of the paraboloid be AN, and let a plane be drawn through AN perpendicular to the surface of the
fluid and intersecting the segment in the parabola BAB';, the base of the segment in BB';, and the surface of the fluid in the chord
QQ"; of the parabola.
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Then AN, as placed, will not be perpendicular to QQ".

Draw PT parallel to QQ"; and touching the parabola at P. Draw the diameter PV bisecting QQ"; in V' Thus PV will be the
axis of the submerged portion of the solid.

Let C be the centre of gravity of the whole solid, F that of the immersed portion. Join F'C and produce it to H so that H is
the centre of gravity of the remaining portion.

Now, since AN =% AC,
and AN > 2p,
it follows that ac>%

Measure CO along CA equal to % and OR along OC equal to AO.

Then, since AN =$4C
And AR =% AC
we have, by subtraction,
NR =%0C.
Thatis, AN — AR=30C

3
4, 3

or AR = (AN — p).
Thus (AN — 3p)? : AN? = AR? : AN?

and therefore the ratio of the specific gravity of the solid to that of the fluid is, by the enunciation, not less than the ratio AR?
: AN?.

But, by Prop. 1, the former ratio is equal to the ratio of the immersed portion to the whole solid, i.e. to the ratio PV? : AN?
[On Conoids and Spheroids, Prop. 24].

Hence PV? : AN’ ¢ AR? : AN?
or PV & AR.
It follows that

PF(=3PV)<4 34R
&£ A0.
If, therefore, OK be drawn from O perpendicular to O4, it will meet PF between P and F.

Also, if CK be joined, the triangle KCO is equal and similar to the triangle formed by the normal, the subnormal and the
ordinate at P (since CO = #p or the subnormal, and KO is equal to the ordinate).

Therefore CK is parallel to the normal at P, and therefore perpendicular to the tangent at P and to the surface of the fluid.

Hence, if parallels to CK be drawn through F,, H, they will be perpendicular to the surface of the fluid, and the force acting
on the submerged portion of the solid will act upwards along the former, while the weight of the other portion will act



downwards along the latter.

Therefore the solid will not remain in its position but will turn until AN assumes a vertical position.

[Using the same notation as before (note following Prop. 2), we have
z' — & =cos @ [P (cot”6‘+2)—g{huk}}
4 3 ’
and the minimum value of the expression within the bracket, for different values of 0, is

P P
-5 —D)

corresponding to the position in which AM is vertical, or g — "_;

Therefore there will be stable equilibrium in that position only, provided that
kgth—%p)
or, if s be the ratio of the specific gravity of the solid to that of the fluid (k*/4? in this case),
kg (h— % p2n?

Proposition 5.

Given a right segment of a paraboloid of revolution such that its aocis AN is greater than 4 (where p is the parameter),

and its specific gravity is less than that of a fluid but in a ratio to it not greater than the ratio {AN*> — (AN — %p)z} , if the
segment be placed in the fluid with its axis inclined at any angle to the vertical, but so that its base is completely
submerged, it will not remain in that position but will return to the position in which AN is vertical.

Let a plane be drawn through AN, as placed, perpendicular to the surface of the fluid and cutting the segment of the
paraboloid in the parabola BAB';, the base of the segment in BB";, and the plane of the surface of the fluid in the chord QQ"; of
the parabola.

Draw the tangent PT parallel to QQ", and the diameter PV, bisecting QQ";, will accordingly be the axis of the portion of the
paraboloid above the surface of the fluid.

Let F' be the centre of gravity of the portion above the surface, C that of the whole solid, and produce FC to H, the centre of
gravity of the immersed portion.

As in the last proposition, AC > % and we measure CO along
CA equal to %, and OR along OC equal to $A0.

Then AN = $AC, and AR = $40;
and we derive, as before,
AR = (4n - 1p).
Now, by hypothesis,
(spec. gravity of solid) : (spec. gravity of fluid)
} {AN*— (AN - 3p)’} : AN?
P (AN*—AR* : AN



B
Therefore
(portion submerged) : (whole solid)
$1(AAN? — AR?) : AN?
and (whole solid) : (portion above surface)
+ AN’ : AR°.
Thus AN? : PV? 4 AN? : AR,
whence PV 3 AR,
and PR 4L 24R

4 AO.
Therefore, if a perpendicular to AC be drawn from O, it will meet PF in some point K between P and F.
And, since CO = §p, CK will be perpendicular to P7, as in the last proposition.

Now the force acting on the submerged portion of the solid will act upwards through H, and the weight of the other portion
downwards through F,, in directions parallel in both cases to CK; whence the proposition follows.

Proposition 6.

If a right segment of a paraboloid lighter than a fluid be such that its aocis AM is greater than 4, but AM : 3p < 15: 4,
and if the segment be placed in the fluid with its aocis so inclined to the vertical that its base touches the fluid, it will never
remain in such a position that the base touches the surface in one point only.

Suppose the segment of the paraboloid to be placed in the position described, and let the plane through the axis AM
perpendicular to the surface of the fluid intersect the segment of the paraboloid in the parabolic segment BAB'"; and the plane of
the surface of the fluid in BQ.

Take C on AM such that AC =2CM (or so that C is the centre of gravity of the segment of the paraboloid), and measure CK
along CA such that

AM : CK =15:4

Thus AM : CK :%p, by hypothesis; therefore CK < ¥p.
Measure CO along CA equal to &p. Also draw KR perpendicular to AC meeting the parabola in R.



Draw the tangent PT parallel to BQ, and through P draw the diameter PV bisecting BQ in V" and meeting KR in /.

Then ' fﬂ . _._“2 u‘}
z x—cosﬁu(cot 0+ 2) S(h By,

“for this is proved”*;

And CK = 1% AM = 2AC;
whence AK=AC—CK=£2AC=2AM.

Thus KM =% AM
Therefore KM =% AK.
It follows that

PV = §PI,

so that PI o:-: 2IV.

Let F be the centre of gravity of the immersed porti the paraboloid, so that PF'=2FV. Produce F'C to H centre of gravity of
the portion above the surface.

Draw OL perpendicular to PV.

UM?
Therefore  py i pr.KM=AK?- AK.UM+

4
UM\?
= (AK— _2_) ,

and accordingly (PV . AK — PI . KM) cannot be negative.
Then, since CO = §p, CL must be perpendicular to PT and therefore to the surface of the fluid.

And the forces acting on the immersed portion of the paraboloid and the portion above the surface act respectively upwards
and downwards along lines through F'and H parallel to CL.

Hence the paraboloid cannot remain in the position in which B just touches the surface, but must turn in the direction of
increasing the angle PTM.

The proofis the same in the case where the point / is not on VP but on VP produced, as in the second figure*;.

1

B8

[ With the notation used on p. 266, if the base BB’; touch the surface of the fluid at B, we have
BM = BV sin 0 + PN,

and, by the property of the parabola,

BVi=(p+44N)PV
= pk (1 + cot® 8).

Therefore ,.&;},’J =/ 1}.}‘5 .Jrg cot 6.



To obtain the result of the proposition, we have to eliminate & between this equation and
' P . 2
& —xz=cos @ i(n:-,m: d+ 2)—§(h—-k) .
We have, from the first equation,
k=h— ¢ﬁcot€+g cot’ 6,

or k—k=m’ﬁcnt6—%cot‘6.

Therefore
e (P (eot? 2 (Woh P oot
& a:—ucosé'la(cot 9+‘2)--g( ;phcntb"—icot &)

=cos€{z(§cot”6+2)~—§v’ﬁcob€}*

If then the solid can never rest in the position described, but must turn in the direction of increasing the angle PTM, the
expression within the bracket must be positive whatever be the value of 6.

Therefore (3)’ ph < §p°,

or h<3¢p]

Proposition 7.

Given a right segment of a paraboloid of revolution lighter than a fluid and such that its axis AM is greater than p,
but AM : ¥p < 15:4, if the segment be placed in the fluid so that its base is entirely submerged, it will never rest in such a
position that the base touches the surface of the fluid at one point only.

Suppose the solid so placed that one point of the base only (B) touches the surface of the fluid. Let the plane through B and
the axis AM cut the solid in the parabolic segment BAB’; and the plane of the surface of the fluid in the chord BQ of the
parabola.

Let C be the centre of gravity of the segment, so that AC = 2CM; and measure CK along CA such that
AM : CK =15:4
It follows that CK<%p
Measure CO along CA equal to 4p. Draw KR perpendicular to AM meeting the parabola in R.

Let PT, touching at P, be the tangent to the parabola which is parallel to BQ, and PV the diameter bisecting BQ, i.e. the axis
of the portion of the paraboloid above the surface.

Then, as in the last proposition, we prove that

PV[:} § PI,



and Pr O: < 2IvV.

Let F' be the centre of gravity of the portion of the solid above the surface; join FC and produce it to H, the centre of gravity
of the portion submerged.

Draw OL perpendicular to PV; and, as before, since CO = §p, CL is perpendicular to the tangent PT. And the lines through
H, F parallel to CL are perpendicular to the surface of the fluid; thus the proposition is established as before.

The proof'is the same if the point / is not on VP but on VP produced.

Proposition 8.

Given a solid in the form of a right segment of a paraboloid of revolution whose axis AM is greater than ’zp, but such

that AM : é‘p < 15:4, and whose specific gravity bears to that of a fluid a ratio less than (AM — %p)z, then, if the solid be
placed in the fluid so that its base does not touch the fluid and its axis is inclined at an angle to the vertical, the solid will
not return to the position in which its axis is vertical and will not remain in any position except that in which its axis
makes with the surface of the fluid a certain angle to be described.

Let am be taken equal to the axis AM, and let ¢ be a point on am such that ac = 2cm. Measure co along ca equal to %‘p, and
or along oc equal to %a0.
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Let X + Ybe a straight line such that

(spec. gr. of solid) : (spec. gr. of fluid) = (X + ¥)* : am?®..... (a),
Now ar=3%ao=%(3am—4%p)
=am—%p
=AM —%p.
Therefore, by hypothesis,
X+ Y)?:am’ <ar’ : am?
whence (X + Y) <ar, and therefore X < ao.

Measure ob along oa equal to X, and draw bd perpendicular to ab and of such length that

Join ad.

Now let the solid be placed in the fluid with its axis AM inclined at an angle to the vertical. Through AM draw a plane
perpendicular to the surface of the fluid, and let this plane cut the paraboloid in the parabola BAB’; and the plane of the surface
of the fluid in the chord QQ'; of the parabola.

Draw the tangent PT parallel to QQ", touching at P, and let PV be the diameter bisecting QQ"; in V' (or the axis of the
immersed portion of the solid), and PN the ordinate from P.



Measure 4O along AM equal to ao, and OC along OM equal to oc, and draw OL perpendicular to PV.
I. Suppose the angle OTP greater than the angle dab.

Thus PN?: NT? > db? : ba?
But PN*: NT*=p: 44N
=¢0 : NT,
And db? : ba2=1%co : ah, by (B).
Therefore NT <2 ab,
or AN < ab,
whence NO>bo (since ao=A0)
>X.

Now (X + ¥)*: am®=(spec. gr. of solid) : (spec. gr. of fluid)
= (portion immersed) : (rest of solid)
=PV*: AM?,

so that X+Y=PV.
Bu PL(=NO)>X
>3(X+7Y), since X =27,
> %PV,
or PV <% PV,
and therefore =~ PL > 2LV.

Take a point /" on PV so that PF'=2FV, i.e. so that F'is the centre of gravity of the immersed portion of the solid.
Also AC = ac =% am =% AM,, and therefore C is the centre of gravity of the whole solid.
Join FC and produce it to H, the centre of gravity of the portion of the solid above the surface.

Now, since CO = §p, CL is perpendicular to the surface of the fluid; therefore so are the parallels to CL through F and H.
But the force on the immersed portion acts upwards through F and that on the rest of the solid downwards through H.

Therefore the solid will not rest but turn in the direction of diminishing the angle MTP.
II. Suppose the angle OTP less than the angle dab. In this case, we shall have, instead of the above results, the following,

AN > ab,
NO< X.

Also PV >#%rL,
and therefore PL<2LV.

B!

Make PF equal to 2FV, so that F is the centre of gravity of the immersed portion.



And, proceeding as before, we prove in this case that the solid will turn in the direction of increasing the angle MTP.

III. When the angle MTP is equal to the angle dab, equalities replace inequalities in the results obtained, and L is itself the
centre of gravity of the immersed portion. Thus all the forces act in one straight line, the perpendicular CL; therefore there is
equilibrium, and the solid will rest in the position described.

[With the notation before used
& —xz=cosf {g (cot? 8 + 2) —g(h-—k)},

and a position of equilibrium is obtained by equating to zero the expression within the bracket. We have then

2
*gcot’t?z-g(h—k)—"—;.

It is easy to verify that the angle 0 satisfying this equation is the identical angle determined by Archimedes. For, in the
above proposition,

whence -

Also
It follows that

2 ap e ¥ (2 ]
t*dab=ab?*/bd®= - {=(h—Fk) —L}.
co ab®/bd P{B(h k) 2J]

Proposition 9.

Given a solid in the form of a right segment of a paraboloid of revolution whose axis AM is greater than 4 p, but such

that AM é‘,p< 15:4 and whose specific gravity bears to that of a fluid a ratio greater than {AM? — (AM — %p)z} : AM?, then,
if the solid be placed in the fluid with its axis inclined at an angle to the vertical but so that its base is entirely below the
surface, the solid will not return to the position in which its axis is vertical and will not remain in any position except that
in which its axis makes with the surface of the fluid an angle equal to that described in the last proposition.

Take am equal to AM, and take ¢ on am such that ac = 2cm. Measure co along ca equal to %, and ar along ac such that ar =
$ao.

Let X+ Y be such a line that
(spec. gr. of solid) : (spec. gr. of fluid) = {am? — (X + Y)?} : am?, and suppose X =2 Y.
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Now  ar=4$ao

=4 (3am — £ p)
=AM~-3p.

Therefore, by hypothesis,
am®> — ar®: an?® < {am> — (X + Y)?} : an?,
whence X+Y<ar
and therefore X<ao
Make ob (measured along oa) equal to X, and draw bd perpendicular to ba and of such length that
bd? = %co . ab.

Join ad.

Now suppose the solid placed as in the figure with its axis AM inclined to the vertical. Let the plane through AM
perpendicular to the surface of the fluid cut the solid in the parabola B4AB'; and the surface of the fluid in QQ";.

Let PT be the tangent parallel to QQ';, PV the diameter bisecting QQ"; (or the axis of the portion of the paraboloid above
the surface), PN the ordinate from P.

1. Suppose the angle MTP greater than the angle dab. Let AM be cut as before in C and O so that AC = 2CM, OC = %p, and
accordingly AM, am are equally divided. Draw OL perpendicular to PV

Then, we have, as in the last proposition,
PN? : NT? > db? : bd?,

whence co : NT >%co : ab,
and therefore AN < ab.
It follows that NO >bo
> X.

Again, since the specific gravity of the solid is to that of the fluid as the immersed portion of the solid to the whole,
AM? — (X +Y)* AM? = AM? — PV2: AM?,

or X+ V)? : AM? = PV? : AM°.
Thatis, X+F=PYV.
And PL (or NO)> X
> 3PV,
so that PL > 2LV.

Take F on PV so that PF'=2FV. Then F is the centre of gravity of the portion of the solid above the surface.



Also C is the centre of gravity of the whole solid. Join FC and produce it to H, the centre of gravity of the immersed
portion.

Then, since CO =4p, CL is perpendicular to PT and to the surface of the fluid; and the force acting on the immersed
portion of the solid acts upwards along the parallel to CL through H, while the weight of the rest of the solid acts downwards
along the parallel to CL through F.

Hence the solid will not rest but turn in the direction of diminishing the angle M7P.

II. Exactly as in the last proposition, we prove that, if the angle MTP be less than the angle dab, the solid will not remain in
its position but will turn in the direction of increasing the angle MTP.
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III. If the angle MTP is equal to the angle dab, the solid will rest in that position, because L and F will coincide, and all the
forces will act along the one line CL.

Proposition 10.

Given a solid in the form of a right segment of a paraboloid of revolution in which the axis AM is of a length such that
AM : %p > [5:4, and supposing the solid placed in a fluid of greater specific gravity so that its base is entirely above the
surface of the fluid, to investigate the positions of rest.

(Preliminary.)

Suppose the segment of the paraboloid to be cut by a plane through its axis AM in the parabolic segment BAB| of which BB,
is the base.

Divide AM at C so that AC = 2CM, and measure CK along CA so that

AME s R 155 W ssvsvisisisssinn L6,

whence, by the hypothesis, CK > ﬁ‘p.
Suppose CO measured along CA equal to igp, and take a point R on AM such that MR = $CO.

Thus AR=AM— MR
=3(4C - C0)
=340.

Join BA, draw K4, perpendicular to AM meeting BA in A, bisect B4 in 43, and draw 4,M,, A;M5 parallel to AM meeting
BM in M,, M5 respectively.



A0

-
-
e e sss s s e s m—————
ol

On A,M,, A;M; as axes describe parabolic segments similar to the segment BAB;. (It follows, by similar triangles, that BM
will be the base of the segment whose axis is A;M5 and BB, the base of that whose axis is 4,M,, where BB, = 2BM,.)

The parabola BA4,B, will then pass through C.

[For BM,: M,M = BM, : 4,K
=KM: AK
=CM+CK: AC—-CK
— () AM: (3 ) A
E NS B aassvsnrnseeeETTEanE (B)

=MA: AC.
Thus C is seen to be on the parabola BA4,B, by the converse of Prop. 4 of the Quadrature of the Parabola.]

Also, if a perpendicular to AM be drawn from O, it will meet the parabola B4,B, in two points, as O, P,. Let 0;0,0;D be

drawn through Q, parallel to AM meeting the parabolas BAB;, BA;M respectively in Q;, O3 and BM in D; and let P;P,P; be the

corresponding parallel to AM through P,. Let the tangents to the outer parabola at P, O; meet MA produced in T}, U
respectively.

Then, since the three parabolic segments are similar and similarly situated, with their bases in the same straight line and
having one common extremity, and since O;0,0:D is a diameter common to all three segments, it follows that

O0'(° : 0°0° = (B’°B: B'B). (BM : MB?)*

Now B,B, : B,.B= MM, : BM (dividing by 2)
=25, by means of (8) above.
And BM : MB,= BM : (2BM, - BM)
=5:(6—5), by means of (8),
=5:1
It follows that

0,0,: 0,03 ==2:1,



QQ. : Q@s=2:1,
or Qle = QQEQS' }
Similarly A= P

Also, since ~ ME=3C0 =$2p,
AR=AM - MR
=AM - $p.
(Enunciation.)

If the segment of the paraboloid be placed in the fluid with its base entirely above the surface, then
(L) if

(spec. gr. of solid) : (spec. gr. of flurd) ¢ AR* : AM*
[+ (A M — §p)*: AM7],

the solid will rest in the position in which its axis AM is vertical,
(IL) if
(spec. gr. of solid) : (spec. gr. of flurd) < AR* : AM*®
but > Q,Q" : AM?,

the solid will not rest with its base touching the surface of the fluid in one point only, but in such a position that its base
does not touch the surface at any point and its axis makes with the surface an angle greater than U,

(1L a) if
(spec. gr. of solid) : (spec, gr. of fluid) = es" - M2,

the solid will rest and remain in the position in which the base touches the surface of the fluid at one point only and the
axis makes with the surface an angle equal to U,

(IIL. &) if
(spec. gr. of solid) : (spec. gr. of fluid) = PP AM?,

the solid will rest with its base touching the surface of the fluid at one point only and with its axis inclined to the surface at
an angle equal to Ty,

(av.) if

(spec. gr. of solid) : (spec. gr: of flwid) > PPy’ : AM*
but < QIQ; : AM25

the solid will rest and remain in a position with its base more submerged,
v)if
(spec. gr. of solid) : (spec. gr. of fluid) < P.Ps . 402,
the solid will rest in a position in which its axis is inclined to the surface of the fluid at an angle less than T\ but so that the
base does not even touch the surface at one point.

(Proof.)
(1) Since AM > %, and
(spec. gr. of solid) : (spec. gr. of fluid) & (AM — 2p)2 . AM?
it follows, by Prop. 4, that the solid will be in stable equilibrium with its axis vertical.
(IL.) In this case



(spec. gr. of solid) : (spec. gr. of fluid) < AR* : AM*
but > Q.0 : AM>.

B‘J BJ,

Suppose the ratio of the specific gravities to be equal to
I AMP
so that / < AR but < 0,0;.
Place P'V"; between the two parabolas BAB,, BP;O;M equal

to [ and parallel to AM*; and let P'V"; meet the intermediate parabola in F";.
Then, by the same proof as before, we obtain
PF'=2F'V"
Let P'T";, the tangent at P’; to the outer parabola, meet M4 in T, and let P'N’; be the ordinate at P'.
Join BV'; and produce it to meet the outer parabola in Q; Let OQ,P, meet P'F"; in I.

Now, since, in two similar and similarly situated parabolic segments with bases BM, BB, in the same straight line, BV,
BQ'; are drawn making the same angle with the bases,

BV’ : BQ' =BM : BB*
=1 2

so that BV =V"Q"

Suppose the segment of the paraboloid placed in the fluid, as described, with its axis inclined at an angle to the vertical,
and with its base touching the surface at one point B only. Let the solid be cut by a plane through the axis and perpendicular to
the surface of the fluid, and let the plane intersect the solid in the parabolic segment BAB' and the plane of the surface of the
fluid in BQ.
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Take the points C, O on AM as before described. Draw the tangent parallel to BQ touching the parabola in P and meeting
AM in T}, and let PV be the diameter bisecting BQ (i.e. the axis of the immersed portion of the solid).

Then
" AM?® = (spec. gr. of solid) : (spec. gr. of fluid)
= (portion immersed) : (whole solid)
=PV*: AM?,

whence PV'=1=PV.

Thus the segments in the two figures, namely BP'Q’, BPQ, are equal and similar.
Therefore <PTN =<P'T'N.

Also AT = AT', AN = AN', PN = P'N".

Now, in the first figure, P'7 <2IV".

Therefore, if OL be perpendicular to PV in the second figure,
PL <2LV.

Take F on LV so that PF = 2FV, i.e. so that F' is the centre of gravity of the immersed portion of the solid. And G is the
centre of gravity of the whole solid. Join FG and produce it to H, the centre of gravity of the portion above the surface.

Now, since CO = %p, is perpendicular to the tangent at P and to the surface of the fluid. Thus, as before, we prove that the
solid will not rest with B touching the surface, but will turn in the direction of increasing the angle PTN.

Hence, in the position of rest, the axis AM must make with the surface of the fluid an angle greater than the angle U which
the tangent at makes with AM.

(II. @) In this case
(spec. gr. of solid): (spec. gr. of fluid) = Q5" : AM2.

Let the segment of the paraboloid be placed in the fluid so that its base nowhere touches the surface of the fluid, and its axis
is inclined at an angle to the vertical.

Let the plane through AM perpendicular to the surface of the fluid cut the paraboloid in the parabola BAB’ and the

plane of the surface of the fluid in Q0. Let PT be the tangent parallel to QQ’, PV the diameter bisecting QQ’, PN the ordinate
at P.
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Divide AM as before at C, O.

In the other figure let O; N’ be the ordinate at O,. Join BQ; and produce it to meet the outer parabola in g. Then BQ; = Osq
and the tangent QU is parallel to Bq. Now

QQy" : AM* = (spec. gr. of solid) : (spec. gr. of fluid)
= (portion immersed) : (whole solid)
=PV*: AM>
Therefore Q05 = PV; and the segments QPQ’, BQ,q of the paraboloid are equal in volume. And the base of one passes
through B, while the base of the other passes through O, a point nearer to 4 than B is.
It follows that the angle between QQ” and BB’ is less than the angle B,Bgq.
Therefore <U<<PIN,
whence AN' > AN,
and therefore N'O (or Q; Q,) <PL,
where OL is perpendicular to PV
It follows, since 0,0, = 20,05, that
PL > 2LV.
Therefore F, the centre of gravity of the immersed portion of the solid, is between P and L, while, as before, CL is



perpendicular to the surface of the fluid.

Producing F'C to H, the centre of gravity of the portion of the solid above the surface, we see that the solid must turn in the
direction of diminishing the angle PTN until one point B of the base just touches the surface of the fluid.

When this is the case, we shall have a segment BPQ equal and similar to the segment BQ,q, the angle PTN will be equal to
the angle U, and AN will be equal to AN’.

Hence in this case PL =2LV, and F, L coincide, so that F, C, H are all in one vertical straight line.

Thus the paraboloid will remain in the position in which one point B of the base touches the surface of the fluid, and the
axis makes with the surface an angle equal to U.

(III. b) In the case where
(spec. gr. of solid): (spec. gr. of fluid) = PP . 02,

we can prove in the same way that, if the solid be placed in the fluid so that its axis is inclined to the vertical and its base does
not anywhere touch the surface of the fluid, the solid will take up and rest in the position in which one point only of the base
touches the surface, and the axis is inclined to it at an angle equal to 7 (in the figure on p. 284).

(IV.) In this case
(spec. gr. of solid) : (spec. gr. of fluid) > PPy : AM*
but < @,Q5" : AM™.

Suppose the ratio to be equal to /2: AM?, so that I is greater than P, P; but less than Q,0;.

Place PV’ between the parabolas BP0, BP;Q; so that P‘}” is equal to / and parallel to AM, and let P‘}” meet the
intermediate parabola in /” and OQ,P, in 1.

B M B. B,
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Join BV and produce it to meet the outer parabola in g.
Then, as before, B)” = V*q, and accordingly the tangent P‘T at P’ is parallel to Bg. Let P°N’ be the ordinate of P’.

1. Now let the segment be placed in the fluid, firs¢, with its axis so inclined to the vertical that its base does not anywhere
touch the surface of the fluid.
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Let the plane through AM perpendicular to the surface of the fluid cut the paraboloid in the parabola BAB’ and the plane of

the surface of the fluid in QQ’. Let PT be the tangent parallel to QQ’, PV the diameter bisecting QQ’. Divide AM at C, O as
before, and draw OL perpendicular to PV.

Then, as before, we have PV =1=P‘)".

Thus the segments BP‘q, QPQ’ of the paraboloid are equal in volume; and it follows that the angle between QQ’ and BB’ is
less than the angle BBgq.

Therefore <P'T'N'<> PTN,

and Hence AN' > AN,
so that NO > N’
1.€. PL > P'I

> P'F', a fortior.
Thus PL > 2LV, so that F, the centre of gravity of the immersed portion of the solid, is between L and P, while CL is
perpendicular to the surface of the fluid.

If then we produce FG to H, the centre of gravity of the portion of the solid above the surface, we prove that the solid will
not rest but turn in the direction of diminishing the angle PTN.

2.Next let the paraboloid be so placed in the fluid that its base touches the surface of the fluid at one point B only, and let
the construction proceed as before.

Then PV = P‘V”, and the segments BPQ, BP*‘q are equal and similar, so that
<PTN=<P'T'N.
It follows that AN = AN', NO = N' O,
and therefore P'I =PL,
whence PL > 2LV.



Thus F again lies between P and L, and, as before, the paraboloid will turn in the direction of diminishing the angle PTN,
i.e. so that the base will be more submerged.

(V.) In this case
(spec. gr. of solid): (spec. gr. of fluid) < P,PS qp02.

If then the ratio is equal to I?: AM?, I < P,P;. Place P*}” between the parabolas BP,Q; and BP;Q; equal in length to / and
parallel to AM. Let P}’ meet the intermediate parabola in F” and OP, in 1.

Join BV’ and produce it to meet the outer parabola in g. Then, as before, BV’ = V*q, and the tangent P*7” is parallel to Bg.

B M Ba B,

1. Let the paraboloid be so placed in the fluid that its base touches the surface at one point only.



Let the plane through AM perpendicular to the surface of the fluid cut the paraboloid in the parabolic section BAB’ and the
plane of the surface of the fluid in BQ.

Making the usual construction, we find
PV =1=PV
and the segments BPQ, BP,q are equal and similar.
Therefore <PTN =<P'T'N/,
and AN = AN', N'O = NO.
Therefore PL =P'l,
whence it follows that PL <2LV.

Thus F, the centre of gravity of the immersed portion of the solid, lies between L and ¥, while CL is perpendicular to the
surface of the fluid.

Producing F'C to H, the centre of gravity of the portion above the surface, we prove, as usual, that there will not be rest, but
the solid will turn in the direction of increasing the angle PTN, so that the base will not anywhere touch the surface.

2.The solid will however rest in a position where its axis makes with the surface of the fluid an angle less than 7;.

Bt

L,

-}

For let it be placed so that the angle PTN is not less than T7.
Then, with the same construction as before, PV'=1=P‘})”.



And, since T4 T,

AN % AN,,
and therefore NO 4 N,O, where PN is the ordinate of P;.
Hence PL } P;P,.
But P,P,> PF"
Therefore PL > %PV

so that F, the centre of gravity of the immersed portion of the solid, lies between P and L.
Thus the solid will turn in the direction of diminishing the angle PTN until that angle becomes less than T7.

[As before, if x, x” be the distances from 7 of the orthogonal projections of C, F respectively on TP, we have

x’—m:cos&{%(coﬁ*ﬂ-}-m—%(h—k)} ....... (1),

where h=AM, K =PV,

Also, if the base BB’ touch the surface of the fluid at one point B, we have further, as in the note following Prop. 6,

'\/p_h=xfj::k+gcotﬁ ..................... (2),

And h —k=~pheot 8 -fi COt B onnnn, (3).

Therefore, to find the relation between 4 and the angle 6 at which the axis of the paraboloid is inclined to the surface of the
fluid in a position of equilibrium with B just touching the surface, we eliminate k and equate the expression in (1) to zero; thus

}_) 2 9y 2( T Y _E ¥ ) -
4{cot 0+ 2) 3 v ph cot 8 400t9 = (),
or 5pcot?d —8vphcot 8 +6p =0 ............ (4).
The two values of 4 are given by the equations

;"}vrﬁcot&:éw@im’lﬁhm%ﬁ ............ (3).

The lower sign corresponds to the angle U, and the upper sign to the angle 77, in the proposition of Archimedes, as can be
verified thus.

In the first figure of Archimedes (p. 284 above) we have

AK = 3h,
M, D*=3p. 0K =¢p(3h—3h —ip)
ot 0 4
~ 5 (15 e
If P\P,P; meet BM in D, it follows that
D) wp s



and MD

i D,} — MM, M,D

WL ‘__*_E?_E

Now, from the property of the parabola,

cot U=2MD/p,

cot T, = 2MD’[p,
so that gcot{ } 2’\/ h ¥ \/SP ﬂ’_— ,
or 5\/§5c0t {;‘:} 4NkE FVI16h - 30p, 30p,

which agrees with the result (5) above.

To find the corresponding ratio of the specific gravities, or k,/h, we have to use equations (2) and (5) and to express k in
terms of /4 and p.

Equation (2) gives, on the substitution in it of the value of cot 0 contained in (5),
Vk =Vh— 4 (4Vh + V161 — 30p)
=3Vh ¥ 4 V16h —30p,

whence we obtain, by squaring,

k=33h—2pF £ Vh(16h—30p)......... (6).

The lower sign corresponds to the angle U and the upper to the angle 7; and, in order to verify the results of Archimedes,
we have simply to show that the two values of k are equal to O;0;, P, P5 respectively.

Now it is easily seen that

Q@ =h/2 - MD*[p + 2 M, D*/p,
P,P,=h/2 — MD"/p + 2M,D"/p.

Therefore, using the values of MD, MD’, M;D, M;D’ above found, we have

QIQ;,} h+3<4h p) Th , 6 ﬁm

P,P, 152/ 500N 5\ 1372
=4h— £5p + VA (164 —30p),

which are the values of k£ given in (6) above.]

* The rest of the proof is wanting in the version of Tartaglia, but is given in brakets as supplied by Commanainus.

* As the determination of the centre of gravity of a segment of a paraboloid which is here assumed does not appear in any extant work of Archimedes, or in any
known work by any other Greek mathematician, it appears probable that it was investigated by Archimedes himself in some treatise now lost.

1 The truth of this statement is easily proved from the property of the subnormal. For, if the normal at P meet the axis in G, AG is greater than _?_9 except in the case

where the normal is the normal at the vertex A4 itself. But the latter case is excluded here because, by hypothesis, AN is not placed vertically. Hence, P being a different
point from A4, AG is always greater than AC; and, since the angle 7PG is right, the angle 7PC must be acute.
* We have no hint as to the work in which the proof of this proposition contained. The following proof is shorter than Robertson’s (in the Appendix to Torelli’s edition).
Let BO meet AM in U, and let PN be the ordinate from P to AM.
We have to prove that P¥ . AK gr=. PI. KM or in other words that (PV. AK — PI. KM) is positive or zero.
Now PV.AK-PI.EM=AK.PV-(4dK-AN)(4AM - 4AK)
=AK?*~ AK (AM+ AN - PV)+AM.AN

=AK?- AK .UM+ AM . AN,



(since AN = AT).

Now UM : BM =NT: PN.
Therefore UM? p.AM = 4ANZ p. AN,
whence UM2= 4AM . AN,

o AM. AN:%{E ;

*It is curious that the figures given by Torelli, Nizze and Heiberg are all incorrect, as they all make the point which I have called / lie on BQ instead of VP produced

* This result is assumed without proof, no doubt as being an easy deduction from Prop. 5 of the Quadrature of the Parabola. It may be established as follows.

First, since A4»A43B is a straight line, and AN = AT with the ordinary notation (where PT 'is the tangent at P and PN the ordinate), it follows, by similar triangles, that the
tangent at B to the outer parabola is a tangent to each of the other two parabolas at the same point B.

Now, by the proposition quoted, if DO30>01 produced meet the tangent BT in E,

EQ?: QSD=BD: DM,

whence EQ;: ED=BD: BM.
Similarly EQ,: ED=BD: BB,,
and EQ,: ED=BD: BB,.

The first two proportions are equivalent to
EQ; : ED=BD . BB, : BM. BB,

and EQ>:ED =BD.BM : BM . BB).

By subtraction,

Similarly 0105 : ED=BD . BpB] : BB). BBj
It follows that

QQ, : Q,Q3=(B,B, : B|B). (BM: MB,).

* Archimedes does not give the solution of this problem, but it can be supplied as follows.
Let BR101, BRQ, be two similar and similarly situated parabolic segments with their bases in the same straight line, and let BE be the common tangent at B.

Suppose the problem solved, and let ERR| O, parallel to the axes, meet the parabolas in R, R and BQ) in O, making the intercept RR| equal to /.

Then, we have, as usual,
ER,: EO=BO: BQ,
=B0.BQ,: BQ,. BQ,,
And ER: EO0=BO0: BQ,
=B0.B¢; : Bg,. BQ,.
By subtraction,

RR] :FO=BO0O. Q]Q2 N BQI . BQz,

BQ,.BQ
o BO.OE=] 2%1:56s
0,0,

, which is known.



And the ratio BO : OE is known. Therefore BOZ, or OE2, can be found, and therefore O.
* To prove this, suppose that, in the figure on the opposite page, BR] is produced to meet the outer parabola in R).

We have, as before,

ER, : EO=B0: BQ,,
ER : EO=B0 : BQ,,

whence ERj : ER = BQ) : BO,.

And, since R is a point within the outer parabola,
ER : ER; = BR; : BR,, in like manner.

Hence BQ; :BO) =BR; : BR).



BOOK OF LEMMAS.

Proposition 1.

If two circles touch at A, and if BD, EF be parallel diameters in them, ADF is a straight line

[The proof in the text only applies to the particular case where the diameters are perpendicular to the radius to the point of
contact, but it is easily adapted to the more general case by one small change only.]

Let O, C be the centres of the circles, and let OC be joined and produced to A. Draw DH parallel to AO meeting OF in H.

Then, since OH = CD = C4,
and OF = OA,
we have, by subtraction,

HF = CO = DH.

Therefore Z HDF = Z HFD.

Thus both the triangles GAD, HDF are isosceles, and the third angles AGD, DHF in each are equal. Therefore the equal
angles in each are equal to one another, and

£LADC = £LDFH.
Add to each the angle CDF’, and it follows that

LADC+ £CDF =/CDF + 2 DFH
= (two right angles).

Hence ADF is a straight line.

The same proof applies if the circles touch externally*

Proposition 2.

Let AB be the diameter of a semicircle, and let the tangents to it at B and at any other point D on it meet in T. If now
DE be drawn perpendicular to AB, and if AT, DE meet in F,

DF = FE.

Produce 4D to meet BT produced in H. Then the angle ADB in the semicircle is right; therefore the angle BDH is also right.
And TB, TD are equal.
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Therefore T is the centre of the semicircle on BH as diameter, which passes through D.
Hence HT =TB.

And, since DE, HB are parallel, it follows that DF = FE.

Proposition 3.

Let P be any point on a segment of a circle whose base is AB, and let PN be perpendicular to AB. Take D on AB so that
AN = ND. If now PQ be an arc equal to the arc PA, and BQ be joined,

BQ, BD shall be equal*.

Join PA, PQ, PD, DQ.
Then, since the arcs PA, PQ are equal,

PA=PQ.
But, since AN = ND, and the angles at N are right,
PA=PD.
Therefore PO =PD,
and £ POD = £ PDQ.

Now, since 4, P, O, B are concyclic,
£ PAD) + £ PQB = (two right angles),

whence £ PDA + £ PQB = (two right angles)
=/ PDA + 2 PDB.
Therefore £ PQB) + £ PDB;

and, since the parts, the angles POD, PDQ, are equal,
£ BOD = £ BDQ,

and BQO = BD.

Proposition 4.

If AB be the diameter of a semicircle and N any point on AB, and if semicircles be described within the first semicircle
and having AN, BN as diameters respectively, the figure included between the circumferences of the three semicircles is
“what Archimedes called an gpfnioc*”; and its area is equal to the circle on PN as diameter, where PN is perpendicular
to A B and meets the original semicircle in P.



For AB*=AN*+ NB*+24AN . NB
=AN*+ NB*+ 2PN",

But circles (or semicircles) are to one another as the squares of their radii (or diameters).
Hence

(semicircle on AB) = (sum of semicircles on AN, NB) + 2 (semicircle on PN).

P
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That is, the circle on PN as diameter is equal to the difference between the semicircle on AB and the sum of the semicircles
on AN, NB, i.e. is equal to the area of the g4pfn/og.

Proposition 5.

Let AB be the diameter of a semicircle, G any point on AB, and CD perpendicular to it, and let semicircles be described
within the first semicircle and having AG, GB as diameters. Then, if two circles be drawn touching CD on different sides
and each touching two of the semicircles, the circles so drawn will be equal.

Let one of the circles touch CD at E, the semicircle on AB in F, and the semicircle on AC in G.

Draw the diameter EH of the circle, which will accordingly be perpendicular to CD and therefore parallel to 4B.
Join FH, HA, and FE, EB. Then, by Prop. 1, FHA, FEB are both straight lines, since EH, AB are parallel.

For the same reason AGE, GGH are straight lines.

Let AF produced meet GD in D, and let AE produced meet the outer semicircle in /. Join BI, ID.

Then, since the angles AFB, AGD are right, the straight lines 4D, AB are such that the perpendiculars on each from the
extremity of the other meet in the point £. Therefore, by the properties of triangles, AE is perpendicular to the line joining B to
D.

A c
But AE is perpendicular to BI.
Therefore BID is a straight line.



Now, since the angles at G, [ are right, GH is parallel to BD.

Therefore AB:BC=AD:DH
=AC: HE,
so that AC.CB =A4B . HE.
In like manner, if d is the diameter of the other circle, we can prove that AC.CB=4B . d.

Therefore d = HE, and the circles are equal*.

[As pointed out by an Arabian Scholiast Alkauhi, this proposition may be stated more generally. If, instead of one point C
on AB, we have two points C, D, and semicircles be described on AC, BB as diameters, and if, instead of the perpendicular to
AB through C, we take the radical axis of the two semicircles, then the circles described on different sides of the radical axis
and each touching it as well as two of the semicircles are equal. The proof is similar and presents no difficulty.]

Proposition 6.

Let AB, the diameter of a semicircle, be divided at G so that AC =4 CB [or in any ratio]. Describe semicircles within
the first semicircle and on AC, CB as diameters, and suppose a circle drawn touching all three semicircles. If OH be the
diameter of this circle, to find the relation between OH and AB.

Let GH be that diameter of the circle which is parallel to 4B, and let the circle touch the semicircles on AB, AC, CB in D,
E, F respectively.

Join AG, GD and BH, HD. Then, by Prop. 1, AGD, BHD are straight lines.

A

For a like reason AEH, BF'G are straight lines, as also are CEO, CFH.

Let AD meet the semicircle on AC in I, and let BD meet the semicircle on CB inK. Join CI, CK meeting AE, BF
respectively in L, M, and let GL, HM produced meet AB in N, P respectively.

Now, in the triangle AGG, the perpendiculars from 4, G on the opposite sides meet in L. Therefore, by the properties of
triangles, GLN is perpendicular to AC.

Similarly HMP is perpendicular to CB.
Again, since the angles at /, K, D are right, CK is parallel to AD, and CI to BD.

Therefore AC:CB=AL:LH
=AN:NP,
and BC:CA=BM: M@
= BP : PN.
Hence AN : NP = NP : PB,

or AN, NP, PB are in continued proportion*.
Now, in the case where AC = 3 CB,
AN = § NP = 4 PB,
whence BP:PN:NA:AB=4:6:9: 19
Therefore GH = NP = £ AB.



And similarly GH can be found when AC: CB is equal to any other given ratiof.

Proposition 7.

If circles be circumscribed about and inscribed in a square, the circumscribed circle is double of the inscribed circle.

For the ratio of the circumscribed to the inscribed circle is equal to that of the square on the diagonal to the square itself,
i.e. to the ratio 2: 1.

Proposition 8.
If AB be any chord of a circle whose centre is O, and if AB be produced to G so that BG is equal to the radius, if further

GO meet the circle in D and be produced to meet the circle a second time in E, the arc AE will be equal to three times the
arc BD.

hmﬂ o
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Draw the chord EF parallel to AB, and join OB, OF.
Then, since the angles OEF, OFFE are equal,

£COF =27 OEF
= 2 £ BCO, by parallels,
=22 BOD, since BC'= BO.

Therefore

£ BOF=3 £ BOD,
so that the arc BF is equal to three times the arc BD.

Hence the arc AE, which is equal to the arc BF, is equal to three times the arc BD*.

Proposition 9.
If in a circle two chords AB, CD which do not pass through the centre intersect at right angles, then
(arc AD) + (arc CB) = (arc AC) + (arc DB).

Let the chords intersect at O, and draw the diameter EF parallel to AB intersecting CD in H. EF will thus bisect CD at right
angles in H, and (arc ED) = (arc EG).

Also EDF, EOF are semicircles, while (arc ED) = (arc EA) + (arc AD).

Therefore (sum of arcs GF, EA, AD) = (arc of a semicircle).

And the arcs AE, BF are equal.

Therefore

(arcs CB) + (arcs AD) = (arc of a semicircle).



Hence the remainder of the circumference, the sum of the arcs AC, DB, is also equal to a semicircle; and the proposition is
proved.

Proposition 10.

Suppose that TA, TB are two tangents to a circle, while TC cuts it. Let BD be the chord through B parallel to TG, and
let AD meet TG in E. Then, if EH be drawn perpendicular to BD, it will bisect it in H.
Let AB meet 7G in F, and join BE.

Now the angle 74B is equal to the angle in the alternate segment, i.e.

¢ TAB=+ ADB
=/ AET, by parallels.

Hence the triangles EAT, AFT have one angle equal and another (at 7) common. They are therefore similar, and
FT: AT = AT : ET.

Therefore
ET.TF=TA*
=TH.
It follows that the triangles EBT, BFT are similar.
Therefore £ TEB =+ TBF
=2TAB.

But the angle TEB is equal to the angle EBD, and the angle TAB was proved equal to the angle EDB.
Therefore £ EDB = £ EBD.

And the angles at H are right angles.

It follows that BH = HB*.

Proposition 11.

If two chords AB, CD in a circle intersect at right angles in a point O, not being the centre, then



A O*+ BO? + CO? + DO? = (diameter)>.
Draw the diameter CE, and join AG, GB, AD, BE.

Then the angle GAO is equal to the angle GEB in the same segment, and the angles AOG, EBG are right; therefore the
triangles AOG, EBG are similar, and

£ ACO = £ ECB.
It follows that the subtended arcs, and therefore the chords 4D, BE, are equal.

Pl -
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Thus (40" + DO*) + (BO* + C0*) = AD* + BC"
— BE® + BC*
- CE*.

Proposition 12.
If AB be the diameter of a semicircle, and TP, TQ the tangents to it from any point T, and if AQ, BP be joined meeting in
R, then TR is perpendicular to AB.
Let TR produced meet AB in M, and join PA, OB.
Since the angle APB is right,

£ PAB+ £ PBA =(a right angle)
=/ AQB.

10

Add to each side the angle RBQ, and
£ PAB + £ QBA= (exterior) £ PRQ.

But £ TPR = £ PAB, and £ TOR = £ QBA,
in the alternate segments;
therefore £ TPR + £ TOR = £ PRQ.

It follows from this that 7P = TQ = TR.

[For, if PT be produced to O so that TO = TQ, we have
£ TOQ = £ TQO.

And, by hypothesis, £ PRQ = £ TPR + TOR.



By addition, Z POQ + £ PRQ = £ TPR + OOR,

It follows that, in the quadrilateral OPRQ, the opposite angles are together equal to two right angles. Therefore a circle
will go round OPQR, and T is its centre, because 7P = TO = TQ. Therefore TR = TP.]

Thus Z TRP = £ TPR = £ PAM.
Adding to each the angle PRM,

£ PAM + 2« PRM=£TRP + £ PRM
= (two right angles).

Therefore £ APR + £ AMR = (two right angles),
whence Z AMR = (a right angle)*.

Proposition 13.

If a diameter AB of a circle meet any chord CD, not a diameter, in E, and if AMBN be drawn perpendicular to CD, then
CN = DM7.

Let O be the centre of the circle, and OH perpendicular to CD. Join BM, and produce HO to meet BM in K.
Then CH = HD.
And, by parallels,

BO=0A4,
BK = KM.
since BO =04,
BK = KM.
Therefore NH= HM.
Accordingly CN = DM.
Proposition 14.

Let AGB be ct semicircle on AB as diameter, and let AD, BE be equal lengths measured along AB from A, B respectively.
On AD, BE as diameters describe semicircles on the side towards O, and on DE as diameter a semicircle on the opposite
side. Let the perpendicular to AB through O, the centre of the first semicircle, meet the opposite semicircles in C, F
respectively.

Then shall the area of the figure bounded by the circumferences of all the semicircles (“which Archimedes calls
‘Salinon’”’*) be equal to the area of the circle on CF as diameterT.

By Eucl. 11. 10, since ED is bisected at O and produced to 4,
EA> + AD? =2 (EQ* + 04%),
and CF=0A4 + OE = EA.
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AB?+ DE? =4 (EO* + 04%) =2 (CF? + AD?).

But circles (and therefore semicircles) are to one another as the squares on their radii (or diameters).

Therefore

Therefore
(sum of semicircles on 4B, DE) = (circle on CF) + (sum of semicircles on AD, BE).
Therefore

(area of ‘salinon’) = (area of circle on CF as diam.).

Proposition 15.

Let AB he the diameter of a circle, AC a side of an inscribed regular pentagon, D the middle paint of the arc AG. Join
CD and produce it to meet BA produced in E; join AC, DB meeting in F, and draw FM perpendicular to AB. Then

EM = (radius of circle)*.
Let O be the centre of the circle, and join DA, DM, DO, CB.

Now £ ABC= 2 (right angle),
and £ ABD = £ DBC= i (right angle),
5
whence £ AOD = 2 (right angle).

Further, the triangles FCB, FMB are equal in all respects.

Therefore, in the triangles DCB, DMB, the sides CB, MB being equal and BD common, while the angles GBD, MBD are
equal,

£ BCD = £ BMD = & (right angle).

But £ BCD + 2 BA D =(two right angles)
=/ BAD+ £ DAE

=/BMD+ 2 DMA,
so that Z DAE = Z BCD,



and Z BAD = Z AMD.
Therefore AD = MD.

Now, in the triangle DMO,
£ MOD = 2 (right angle),

£ DMO = g (right angle).

Therefore £ ODM = 2 (right angle) = AOD;
whence OM = MD.
Again £ MOD = % (right angle),

£ DMO = § (right angle).

Therefore, in the triangles EDA, ODM,
£ EDA= £ ODM,

£ EAD = £ OMD,
and the sides 4D, MD are equal.

Hence the triangles are equal in all respects, and
EA=MO.

Therefore EM = AO.

Moreover DE = DO; and it follows that, since DE is equal to the side of an inscribed hexagon, and DC is the side of an
inscribed decagon, EC is divided at D in extreme and mean ratio [i.e. EC : ED = ED : DC] ; “and this is proved in the book of
the Elements.” [Eucl. XIII. 9, “If the side of the hexagon and the side of the decagon inscribed in the same circle be put

together, the whole straight line is divided in extreme and mean ratio, and the greater segment is the side of the hexagon.”]

* Pappus assumes the result of this proposition in connexion with the gppniog (p. 214, ed. Hultsch), and he proves it for the case where the circles touch externally (p.
840).

* The segment in the figure of the ms. appears to have been a semicircle, though the proposition is equally true of any segment. But the case where the segment is a
semicircle brings the proposition into close connexion with a proposition in Ptolemy’s ugydln ouvradis, 1. 9 (p. 31, ed. Halma; cf. the reproduction in Cantor’s Gesch. d.
Mathematik, 1. (1894), p. 389). Ptolemy’s object is to connect by an equation the lengths of the chord of an arc and the chord of half the arc. Substantially his procedure is
as follows. Suppose AP, PQ to be equal arcs, AB the diameter through 4; and let AP, PQ, AQ, PB, OB be joined. Measure BD along BA equal to BQ. The perpendicular
PN is now drawn, and it is proved that PA = PD, and AN = ND.

Then AN=3%(BA-BD)=}%(BA-BQ)=3(BA -~BAT-AQY).
And, by similar triangles, AN : AP = AP : AB.
Therefore APP=AB.AN

=34 (4B - AB*Z4Q%) . AB.

This gives AP terms of 4Q and the known diameter 4B. If we divide by AB? throughout, it is seen at once that the proposition gives a geometrical proof of the formula
it
sin? 5= 3 (1 -cosa).

The case where the segment is a semicircle recalls also the method used by Archimedes at the beginning of the second part of Prop. 3 of the Measurement of a
circle. It is there proved that, in the figure above,
AB + BQ : AQ = BP : P4,
or, if we divide the first two terms of the proposition by AB,
a
‘_ -

(1+cosa)fsin a=cot 3

* gpPnlog is literally ‘a shoemaker’s knife.” Cf. note attached to the remarks on the Liber Assumptorum in the Introduction, Chapter II.
* The property upon which this result depends, viz. that
AB : BC =AC : HE,

appears as an intermediate step in a proposition of Pappus (p. 230, ed. Hultsch) which proves that, in the figure above,
AB : BC = CE? : HE?.
The truth of the latter proposition is easily seen. For, since the angle CEH is a right angle, and EG is perpendicular to CH,

CE?: EH*=0G : GH
EACZHE.



* This same property appears incidentally in Pappus (p. 226) as an intermediate step in the proof of the “ancient proposition” alluded to below.
+ In general, if AC: OB=\: 1, we have

BP:PN:NA:AB=1:1:22:(1+1+22),
and GH: AB=%:(1+1+22).

It may be interesting to add the enunciation of the “ancient proposition” stated by Pappus (p. 208) and proved by him after several auxiliary lemmas.

A Ng Ne  C N B

Let an gpfnlog be formed by three semicircles on AB, AC, CB as diameters, and let a series of circles be described, the first of which touches all three semicircles,
while the second touches the first and two of the semicircles forming one end of the gpfniog, the third touches the second and the same two semicircles, and so on. Let
the diameters of the successive circles be d1, dp, d3,... their centres O, Oy, 03,... and O1N{, OpNy, O3N3,... the perpendiculars from the centres on AB. Then it is to
be proved that

O1N1=dy,

OpNy=2d»,
O3N3=3d3,
OpNp= ndy,

* This proposition gives a method of reducing the triseotion of any angle, i.e. of any circular arc, to a problem of the kind known as vgbogig. Suppose that AE is the arc
to be trisected, and that ED is the diameter through E of the circle of which AE is an arc. In order then to find an arc equal to one-third of AE, we have only to draw
through A a line ABC, meeting the circle again in B and ED produced in C> such that BC is equal to the radius of the circle . For a discussion of this and other vg
Voglg see the Introduction, Chapter V.

* The figure of this proposition curiously recalls the figure of a problem given by Pappus (pp. 836—8) among his lemmas to the first Book of the treatise of Apollonius
On Contacts(ngpi émadgy). The problem is, Given a circle and two points E, F(neither of which is necessarily, as in this case, the middle point of the chord of the circle
drawn through E, F), to draw through E, F respectively two chords AD, AB having a common extremity A and such that DB is parallel to EF . The analysis is as
follows. Suppose the problem solved, BD being parallel to FE. Let BT, the tangent at B, meet EF produced in 7. (T is not in general the pole of 4B, so that 74 is not
generally the tangent at 4.)

Then £ TBF= ¢ BDA, in the alternate segment,
= L AET, by parallels.
Therefore 4, E, B, T are concyclic, and
EF . FT = AF . FB.

But, the circle ADB and the point F' being given, the rectangle AF.FB is given. Also EF is given.
Hence FT is known.

Thus, to make the construction, we have only to find the length of F7T from the data, produce EF to T so that FT has the ascertained length, draw the tangent 7B, and
then draw BD parallel to EF. DE, BF will then meet in 4 on the circle and will be the chords required.

* TM is of course the polar of the intersection of PQ, AB, as it is the line joining the poles of PO, AB respectively.

+ This proposition is of course true whether M, N lie on CD or on CD produced each way. Pappus proves it for the latter case in his first lemma (p. 788) to the second
Book of Apollonius’ vgdorg.

* For the explanation of this name see note attached to the remarks on the Liber Assumptorum in the Introduction, Chapter II. On the grounds there given at length I
believe cdAvov to be simply a Graecised form of the Latin word salinum, ‘salt-cellar.’

1 Cantor (Gesch. d. Mathematik, 1. p. 280) compares this proposition with Hippocrates’ attempt to square the circle by means of lunes, but points out that the object of
Archimedes may have been the converse of that of Hippocrates. For, whereas Hippocrates wished to find the area of a circle from that of other figures of the same sort,
Archimedes’ intention was possibly to equate the area of figures bounded by different curves to that of a circle regarded as already known.

* Pappus gives (p. 418) a proposition almost identical with this among the lemmas required for the comparison of the five regular polyhedra. His enunciation is
substantially as follows. If DH be half the side of a pentagon inscribed in a circle, while DH is perpendicular to the radius OHA, and if HM be made equal to AH, then O4
is divided at M in extreme and mean ratio, OM being the greater segment.

In the course of the proof it is first shown that AD, DM, MO are all equal, as in the proposition above.
Then, the triangles ODA, DAM being similar,
OA: AD = AD : AM,
or (since AD = OM) OA: OM =OM : MA.



THE CATTLE-PBOBLEM.

It is required to find the number of bulls and cows of each of four colours, or to find 8 unknown quantities. The first part of the
problem connects the unknowns by seven simple equations; and the second part adds two more conditions to which the
unknowns must be subject.

Let W, w be the numbers of white bulls and cows respectively,

X, z - i black 5 & 4

Y,y a s yellow " 5 “

Z, z ” 5 dappled |, " "
First part.

(D W= +PDX+ Yo (a0),

X om( E DT 4 Y iiivinissniiinnd (3),
Z=F+PW+Y ccviiiiiniininnnnn (),

(ID) w=F+HDE +2).ccc0iinniiiiiniinn, (8),
e=(+3(Z+2)iiiiiiiiiiiiiininn (e),
2=+ PY +y)nciiiniinnnnns (£
y=G+HWH+w) ..o, (n).

Second part.
W X =0 S0B s visinnsoms i el (8),
Y + Z = a triangular number...............(c).

[There is an ambiguity in the language which expresses the condition (6). Literally the lines mean “When the white bulls
joined in number with the black, they stood firm (gumedov) with depth and breadth of equal measurement (ioduetpor eic fabog
€l elipo¢ te); and the plains of Thrinakia, far-stretching all ways, were filled with their multitude’ (reading, with Krumbiegel,
mABoug instead of wA{vOov). Considering that, if the bulls were packed together so as to form a square figure, the number of
them need not be a square number, since a bull is longer than it is broad, it is clear that one possible interpretation would be to
take the ‘square’ to be a square figure, and to understand condition (6) to be simply

W + X = arectangle (i.e. a product of two factors).

The problem may therefore be stated in two forms:
(1) the simpler one in which, for the condition (), there is substituted the mere requirement that
W + X = a product of two whole numbers;

(2) the complete problem in which all the conditions have to be satisfied including the requirement (6) that
W + X = a square number.

The simpler problem was solved by Jul. Fr. Wurm and may be called
Wurm’s Problem.

The solution of this is given (together with a discussion of the complete problem) by Amthor in the Zeitschrift fiir Math. u.
Physik (Hist litt. Abtheilung), XXV. (1880), p. 156 sqq.

Multiply () by 336, () by 280, (y) by 126, and add; thus
20TW ="742Y, or 3*.11W=2.7.53Y ......... (a).
Then from (y) and (f) we obtain

891Z =1580Y, or 8*.11Z=2*.5.79Y......(8),



and 99X = 178Y, or 3*.11X=2.89Y ...........(v).

Again, if we multiply (6) by 4800, (g) by 2800, ({) by 1260, (n) by 462, and add, we obtain
4657w =2800X + 1260Z + 462Y + 143 W,
and, by means of the values in (), (B"), (y"), we derive
297 . 4657w = 24021207,

or 3°.11. 4657w =2.5.7.23.3737 .......(&).
Hence, by means of (1), ({), (¢), we have

37.11.4657y =13.46489Y ...... . StHGE (€,

3. 46572=2".5.7. 761V ............ ),

and 3°.11.46572=2.17.15991¥ ............ ().

And, since all the unknowns must be whole numbers, we see from the equations (a'), (B’),... (') that ¥ must be divisible by
34.11.4657, i.e. we may put

Y=3%.11.4657n=4149387n.

Therefore the equations (a'), (B"),...(n") give the following values for all the unknowns in terms of n, viz.

W=2.8.7.53.465Tn =10366482n
X=2.3".89.4657n_._ = T460514n
YV =3*"11.465"Tn = 4149387Tn
Z=2".5.79.465Tn = 7358060n &
w=2".3.5.7.23.873n= 7206360n
x=2.3".17.15991n = 4893246n
y=58".13.46489n = 5439213n
2=2*.3.5.7.11.761n= 38515820n

If now n = 1, the numbers are the smallest which will satisfy the seven equations (a), (f),...(n); and we have next to find
such an integral value for » that the equation (1) will be satisfied also. [The modified equation (#) requiring that W + X must be
a product of two factors is then simultaneously satisfied.]

Equation (1) requires that

V4 z=19t1)
2 3

where ¢ is some positive integer.
Putting for Y, Z their values as above ascertained, we have
9(‘-?.;.1’ —(3'.11+9.5.79).4657n
= 2471. 465Tn
=17.353.4657n.

Now g is either even or odd, so that either ¢ = 2s, or ¢ = 25 — 1, and the equation becomes
s(2s£1)=7.353.4657n.
As n need not be a prime number, we suppose n = u-v, where u is the factor in n which divides s without a remainder and v

the factor which divides 2s + 1 without a remainder; we then have the following sixteen alternative pairs of simultaneous
equations:



(1) §= u, 28+1=17.353.4657v,

(2) §= Tu, 2s+1= 353.4657v,
(3) s= 353y, 2s+l1=  7T.4657y,
(4) §= 465Tu, 2s+1= 7.3530,
(5) g= 7.353u, 2s+1= 4657,
(6) §= 7.465Tu, 2s+1= 353w,
(7) §= 353.465Tu, 2s+l= T,
(8) s=17.353.465Tu, 2s+1= 2.

In order to find the least value of n which satisfies all the conditions of the problem, we have to choose from the various
positive integral solutions of these pairs of equations that particular one which gives the smallest value for the product uv or n.

If we solve the various pairs and compare the results, we find that it is the pair of equations
s ="Tu, 25 —1=353.4657v,
which leads to the solution we want; this solution is then
u=117423, v=1,

so that n=uv=117423 =33 . 4349,
whence it follows that
s="Tu=2821961,

and g=2s—1=1643921.
Thus Y 4+ Z=2471.4657n

= 2471.4657.117423

= 1351238949081

_ 1643921. 1643922

- 5 ,

which is a triangular number, as required.
The number in equation (6) which has to be the product of two integers is now

W+X=2.3.(7.53+3.89).465Tn
=2".3.11.29.4657n
=2".3.11.29.4657.117423
=2%.3.11.29. 4657 . 4349
=(2%.3'.4349).(11.29.4657)
= 1409076 . 1485583,

which is a rectangular number with nearly equal factors.

The solution is then as follows (substituting for # its value 117423):



W =1217263415886
X = 876035935422
Y= 487233469701
Z = 864005479380
w= 846192410280
x= bT4579625058
y= 638688708099
z= 412838131860
and the sum = 5916837175686

The complete problem.

In this case the seven original equations (a), (5),...(#) have to be satisfied, and the following further conditions must hold,
W + X = a square number = p?, say,

Y + Z = a triangular number = ¢ (¢ + 1), say.
2
Using the values found above (A), we have in the first place

p'=2.3.(7.53 + 3.89).465Tn
=92°.3.11.29.4657n,

and this equation will be satisfied if
n=3.11.29.4657&%=4456749¢2,

where & is any integer.

Thus the first 8 equations (a), (f),...(n7), (0) are satisfied by the following values:

W=2,3".7.11.29.53.4657. ¢ = 46200808287018 . £*
X=2.3".11.29.89.4657 ¢ = 33249638308986 . £*
Y=3".11%.29.4657° . £° = 18492776362863 . £*
Z=2".3.5.11.29.79.4657" £ = 32793026546940 . £*

w=2".8".5.7.11.23.29.373. 4657 . £* = 32116937723640 . £*
2=2.8".11.17.29.15991 . 4657 . £ =21807969217254. £*
y=3".11.13.29.46489 .4657 . £  =24241207098537. &
2=2°.8".5.7.11°.29 761 . 4657 . §* =15669127269180. £*

It remains to determine & so that equation (1) may be satisfied, i.e. so that

P WD)
+D,

Substituting the ascertained values of ¥, Z, we have



q(g+1)

5 = 51285802909803 . £*

=3.7.11.29.353.4657". £

Multiply by 8, and put
2q+1=1,2.4657.¢ =u,
and we have the “Pellian” equation
£-1=2.3.7.11.29.353.42

that is, 12— 47294942 = 1.
Of the solutions of this equation the smallest has to be chosen for which u is divisible by 2.4657.

When this is done,

b % andis a whole number;

whence, by substitution of the value of { so found in the last system of equations, we should arrive at the solution of the
complete problem.

It would require too much space to enter on the solution of the “Pellian” equation
12— 4729494 1% =1,

and the curious reader is referred to Amthor’s paper itself. Suffice it to say that he develops /4729494 in the form of a
continued fraction as far as the period which occurs after 91 convergents, and, after an arduous piece of work, arrives at the
conclusion that

W =1598 {206541>,
where represents the fact that there are 206541 more digits to follow, and that, with the same notation,
the whole number of cattle = 7766 <20654L>.

One may well be excused for doubting whether Archimedes solved the complete problem, having regard to the enormous
size of the numbers and the great difficulties inherent in the work. By way of giving an idea of the space which would be
required for merely writing down the results when obtained, Amthor remarks that the large seven-figured logarithmic tables
contain on one page 50 lines with 50 figures or so in each, say altogether 2500 figures; therefore one of the eight unknown
quantities would, when found, occupy 824 such pages, and to write down all the eight numbers would require a volume of 660

pages!]



THE METHOD OF ARCHIMEDES



INTRODUCTORY NOTE

From the point of view of the student of Greek mathematics there has been, in recent years, no event comparable in interest
with the discovery by Heiberg in 1906 of a Greek MS. containing, among other works of Archimedes, substantially the whole
of a treatise which was formerly thought to be irretrievably lost.

The full description of the MS. as given in the preface to Vol. I. (1910) of the new edition of Heiberg’s text of Archimedes
now in course of publication is—

Codex rescriptus Metochii Constantinopolitani S. Sepulchri monasterii Hierosolymitani 355, 4to.

Heiberg has told the story of his discovery of this MS. and given a full description of it*. His attention having been called
to a notice in Vol. IV. (1899) of the ‘lgpocoiuuitin pifriofkn of Papadopulos Kerameus relating to a palimpsest of
mathematical content, he at once inferred from a few specimen lines which were quoted that the MS. must contain something by
Archimedes. As the result of inspection, at Constantinople, of the MS. itself, and by means of a photograph taken of it, he was
able to see what it contained and to decipher much of the contents. This was in the year 1906, and he inspected the MS. once
more in 1908. With the exception of the last leaves, 178 to 185, which are of paper of the 16th century, the MS. is of parchment
and contains writings of Archimedes copied in a good hand of the 10th century, in two columns. An attempt was made
(fortunately with only partial success) to wash out the old writing, and then the parchment was used again, for the purpose of
writing a Euchologion thereon, in the 12 th—13th or 13th—14th centuries. The earlier writing appears with more or less
clearness on most of the 177 leaves; only 29 leaves are destitute of any trace of such writing; from 9 more it was hopelessly
washed off; on a few more leaves only a few words can be made out; and again some 14 leaves have old writing upon them in
a different hand and with no division into columns. All the rest is tolerably legible with the aid of a magnifying glass. Of the
treatises of Archimedes which are found in other MSS., the new MS. contains, in great part, the books On the Sphere and
Cylinder, almost the whole of the work On Spirals, and some parts of the Measurement of a Circle and of the books On the
Equilibrium of Planes. But the important fact is that it contains (1) a considerable proportion of the work On Floating Bodies
which was formerly supposed to be lost so far as the Greek text is concerned and only to have survived in the translation by
Wilhelm von Morbeke, and (2), most precious of all, the greater part of the book called, according to its own heading,
""Egodog and elsewhere, alternatively, ’E¢odiov or *Edodikov, meaning Method. The portion of this latter work contained in
the MS. has already been published by Heiberg (1) in Greek* and (2) in a German translation with commentary by Zeuthent.
The treatise was formerly only known by an allusion to it in Suidas, who says that Theodosius wrote a commentary upon it; but
the Metrica of Heron, newly discovered by R. Schone and published in 1903, quotes three propositions from itf, including the
two main propositions enunciated by Archimedes at the beginning as theorems novel in character which the method furnished a
means of investigating. Lastly the MS. contains two short propositions, in addition to the preface, of a work called Stomachion
(as it might be “Neck-Spiel” or “Quil-Geist”) which treated of a sort of Chinese puzzle known afterwards by the name of
“loculus Archimedius” ; it thus turns out that this puzzle, which Heiberg was formerly disinclined to attribute to Archimedes §,
is really genuine.

The Method, so happily recovered, is of the greatest interest for the following reason. Nothing is more characteristic of the
classical works of the great geometers of Greece, or more tantalising, than the absence of any indication of the steps by which
they worked their way to the discovery of their great theorems. As they have come down to us, these theorems are finished
masterpieces which leave no traces of any rough-hewn stage, no hint of the method by which they were evolved. We cannot but
suppose that the Greeks had some method or methods of analysis hardly less powerful than those of modern analysis; yet, in
general, they seem to have taken pains to clear away all traces of the machinery used and all the litter, so to speak, resulting
from tentative efforts, before they permitted themselves to publish, in sequence carefully thought out, and with definitive and
rigorously scientific proofs, the results obtained. A partial exception is now furnished by the Method; for here we have a sort
of lifting of the veil, a glimpse of the interior of Archimedes’ workshop as it were. He tells us how he discovered certain
theorems in quadrature and cubature, and he is at the same time careful to insist on the difference between (1) the means which
may be sufficient to suggest the truth of theorems, although not furnishing scientific proofs of them, and (2) the rigorous
demonstrations of them by irrefragable geometrical methods which must follow before they can be finally accepted as
established ; to use Archimedes’ own terms, the former enable theorems to be investigated (Ggwpeiv) but not to be proved
(amoogixvuvar). The mechanical method, then, used in our treatise and shown to be so useful for the discovery of theorems is
distinctly said to be incapable of furnishing proofs of them ; and Archimedes promises to add, as regards the two main
theorems enunciated at the beginning, the necessary supplement in the shape of the formal geometrical proof. One of the two
geometrical proofs is lost, but fragments of the other are contained in the MS. which are sufficient to show that the method was
the orthodox method of exhaustion in the form in which Archimedes applies it elsewhere, and to enable the proof to be
reconstructed.



The rest of this note will be best understood after the treatise itself has been read; but the essential features of the
mechanical method employed by Archimedes are these. Suppose X to be a plane or solid figure, the area or content of which
has to be found. The method is to weigh infinitesimal elements of X (with or without the addition of the corresponding elements
of another figure C) against the corresponding elements of a figure B, B and C being such figures that their areas or volumes,
and the position of the centre of gravity of B, are known beforehand. For this purpose the figures are first placed in such a
position that they have, as common diameter or axis, one and the same straight line; if then the infinitesimal elements are
sections of the figures made by parallel planes perpendicular (in general) to the axis and cutting the figures, the centres of
gravity of all the elements lie at one point or other on the common diameter or axis. This diameter or axis is produced and is
imagined to be the bar or lever of a balance. It is sufficient to take the simple case where the elements of X alone are weighed
against the elements of another figure B. The elements which correspond to one another are the sections of X and B respectively
by any one plane perpendicular (in general) to the diameter or axis and cutting both figures; the elements are spoken of as
straight lines in the case of plane figures and as plane areas in the case of solid figures. Although Archimedes calls the
elements straight lines and plane areas respectively, they are of course, in the first case, indefinitely narrow strips (areas) and,
in the second case, indefinitely thin plane laminae (solids); but the breadth or thickness (dx, as we might call it) does not enter
into the calculation because it is regarded as the same in each of the two corresponding elements which are separately weighed
against each other, and therefore divides out. The number of the elements in each figure is infinite, but Archimedes has no need
to say this; he merely says that X and B are made up of all the elements in them respectively, i.e. of the straight lines in the case
of areas and of the plane areas in the case of solids.

The object of Archimedes is so to arrange the balancing of the elements that the elements of X are all applied at one point
of the lever, while the elements of B operate at different points, namely where they actually are in the first instance. He
contrives therefore to move the elements of X away from their first position and to concentrate them at one point on the lever,
while the elements of B are left where they are, and so operate at their respective centres of gravity. Since the centre of gravity
of B as a whole is known, as well as its area or volume, it may then be supposed to act as one mass applied at its centre of
gravity; and consequently, taking the whole bodies X and B as ultimately placed respectively, we know the distances of the two
centres of gravity from the fulcrum or point of suspension of the lever, and also the area or volume of B. Hence the area or
volume of X is found. The method may be applied, conversely, to the problem of finding the centre of gravity of X when its area
or volume is known beforehand; in this case it is necessary that the elements of X, and therefore X itself, should be weighed in
the places where they are, and that the figures the elements of which are moved to one single point of the lever, to be weighed
there, should be other figures and not X.

The method will be seen to be, not integration, as certain geometrical proofs in the great treatises actually are, but a clever
device for avoiding the particular integration which would naturally be used to find directly the area or volume required, and
making the solution depend, instead, upon another integration the result of which is already known. Archimedes deals with
moments about the point of suspension of the lever, i.e. the products of the elements of area or volume into the distances
between the point of suspension of the lever and the centres of gravity of the elements respectively; and, as we said above,
while these distances are different for all the elements of B, he contrives, by moving the elements of X, to make them the same
for all the elements of X in their final position. He assumes, as known, the fact that the sum of the moments of each particle of
the figure B acting at the point where it is placed is equal to the moment of the whole figure applied as one mass at one point,
its centre of gravity.

Suppose now that the element of X is u - dx, u being the length or area of a section of X by one of a whole series of parallel
planes cutting the lever at right angles, x being measured along the lever (which is the common axis of the two figures) from the
point of suspension of the lever as origin. This element is then supposed to be placed on the lever at a constant distance, say a,
from the origin and on the opposite side of it from B. If ' - dx is the corresponding element of B cut off by the same plane and x
its distance from the origin, Archimedes’ argument establishes the equation

k k
aj uaianzj o' d.
h h

Now the second integral is known because the area or volume of the figure B (say a triangle, a pyramid, a prism, a sphere, a
cone, or a cylinder) is known, and it can be supposed to be applied as one mass at its centre of gravity, which is also known;
the integral is equal to bU, where b is the distance of the centre of gravity from the point of suspension of the lever, and U is
the area or content of B. Hence

the area or volume of ,» 8T

In the case where the elements of X are weighed along with the corresponding elements of another figure C' against
corresponding elements of B, we have, if v be the element of C, and V' its area or content,
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and (area or volume of X + V) a = bU.
In the particular problems dealt with in the treatise 4 is always = 0, and & is often, but not always, equal to a.

Our admiration of the genius of the greatest mathematician of antiquity must surely be increased, if that were possible, by a
perusal of the work before us. Mathematicians will doubtless agree that it is astounding that Archimedes, writing (say) about
250 B.c., should have been able to solve such problems as those of finding the volume and the centre of gravity of any segment
of a sphere, and the centre of gravity of a semicircle, by a method so simple, a method too (be it observed) which would be
quite rigorous enough for us to-day, although it did not satisfy Archimedes himself.

Apart from the mathematical content of the book, it is interesting, not only for Archimedes’ explanations of the course
which his investigations took, but also for the allusion to Democritus as the discoverer of the theorem that the volumes of a
pyramid and a cone are one-third of the volumes of a prism and a cylinder respectively which have the same base and equal
height. These propositions had always been supposed to be due to Eudoxus, and indeed Archimedes himself has a statement to
this effect™. It now appears that, though Eudoxus was the first to prove them scientifically, Democritus was the first to assert
their truth. I have elsewhere T made a suggestion as to the probable course of Democritus’ argument, which, on Archimedes’
view, did not amount to a proof of the propositions; but it may be well to re-state it here. Plutarch, in a well-known passage §,
speaks of Democritus as having raised the following question in natural philosophy (¢voixWg) : “if a cone were cut by a plane
parallel to the base [by which is clearly meant a plane indefinitely near to the base], what must we think of the surfaces of the
sections? Are they equal or unequal? For, if they are unequal, they will make the cone irregular, as having many indentations,
like steps, and unevennesses; but, if they are equal, the sections will be equal, and the cone will appear to have the property of
the cylinder and to be made up of equal, not unequal, circles, which is very absurd.” The phrase “made up of equal... circles”
(é¢ lowv ovyreiugvoc. . . kbxAwv) shows that Democritus already had the idea of a solid being the sum of an infinite number of
parallel planes, or indefinitely thin laminae, indefinitely near together : a most important anticipation of the same thought which
led to such fruitful results in Archimedes. If then we may make a conjecture as to Democritus’ argument with regard to a
pyramid, it seems probable that he would notice that, if two pyramids of the same height and with equal triangular bases are
respectively cut by planes parallel to the base and dividing the heights in the same ratio, the corresponding sections of the two
pyramids are equal, whence he would infer that the pyramids are equal because they are the sums of the same infinite numbers
of equal plane sections or indefinitely thin laminae. (This would be a particular anticipation of Cavalieri’s proposition that the
areal or solid contents of two figures are equal if two sections of them taken at the same height, whatever the height may be,
always give equal straight lines or equal surfaces respectively.) And Democritus would of course see that the three pyramids
into which a prism on the same base and of equal height with the original pyramid is divided (as in Eucl. XII. 7) satisfy, in
pairs, this test of equality, so that the pyramid would be one third part of the prism. The extension to a pyramid with a
polygonal base would be easy. And Democritus may have stated the proposition for the cone (of course without an absolute
proof) as a natural inference from the result of increasing indefinitely the number of sides in a regular polygon forming the base
of a pyramid.

In accordance with the plan adopted in The Works of Archimedes , 1 have marked by inverted commas the passages which,
on account of their importance, historically or otherwise, I have translated literally from the Greek; the rest of the tract is
reproduced in modern notation and phraseology. Words and sentences in square brackets represent for the most part Heiberg’s
conjectural restoration (in his German translation) of what may be supposed to have been written in the places where the MS.
is illegible; in a few cases where the gap is considerable a note in brackets indicates what the missing passage presumably
contained and, so far as necessary, how the deficiency may be made good.

T.L. H.

7 June 1912.



HE METHOD OF ARCHIMEDES TREATING OF MECHANICAL PROBLEMS
—TO ERATOSTHENES

“Archimedes to Eratosthenes greeting.

I sent you on a former occasion some of the theorems discovered by me, merely writing out the enunciations and inviting
you to discover the proofs, which at the moment I did not give. The enunciations of the theorems which I sent were as follows.

1. If in a right prism with a parallelogrammic base a cylinder be inscribed which has its bases in the opposite
parallelograms*®, and its sides [i.e. four generators] on the remaining planes (faces) of the prism, and if through the centre of the
circle which is the base of the cylinder and (through) one side of the square in the plane opposite to it a plane be dtawn, the
plane so drawn will cut off from the cylinder a segment which is bounded by two planes and the surface of the cylinder, one of
the two planes being the plane which has been drawn and the other the plane in which the base of the cylinder is, and the
surface being that which is between the said planes; and the segment cut off from the cylinder is one sixth part of the whole
prism.

2. Ifina cube a cylinder be inscribed which has its bases in the opposite parallelogramst and touches with its surface the
remaining four planes (faces), and if there also be inscribed in the same cube another cylinder which has its bases in other
parallelograms and touches with its surface the remaining four planes (faces), then the figure bounded by the surfaces of the
cylinders, which is within both cylinders, is two-thirds of the whole cube.

Now these theorems differ in character from those communicated before; for we compared the figures then in question,
conoids and spheroids and segments of them, in respect of size, with figures of cones and cylinders: but none of those figures
have yet been found to be equal to a solid figure bounded by planes; whereas each of the present figures bounded by two
planes and surfaces of cylinders is found to be equal to one of the solid figures which are bounded by planes. The proofs then
of these theorems I have written in this book and now send to you. Seeing moreover in you, as I say, an earnest student, a man
of considerable eminence in philosophy, and an admirer [of mathematical inquiry], I thought fit to write out for you and explain
in detail in the same book the peculiarity of a certain method, by which it will be possible for you to get a start to enable you to
investigate some of the problems in mathematics by means of mechanics. This procedure is, I am persuaded, no less useful
even for the proof of the theorems themselves; for certain things first became clear to me by a mechanical method, although they
had to be demonstrated by geometry afterwards because their investigation by the said method did not furnish an actual
demonstration. But it is of course easier, when we have previously acquired, by the method, some knowledge of the questions,
to supply the proof than it is to find it without any previous knowledge. This is a reason why, in the case of the theorems the
proof of which Eudoxus was the first to discover, namely that the cone is a third part of the cylinder, and the pyramid of the
prism, having the same base and equal height, we should give no small share of the credit to Democritus who was the first to
make the assertion with regard to the said figure* though he did not prove it. I am myself in the position of having first made the
discovery of the theorem now to be published [by the method indicated], and I deem it necessary to expound the method partly
because I have already spoken of it ¥ and I do not want to be thought to have uttered vain words, but equally because I am
persuaded that it will be of no little service to mathematics; for I apprehend that some, either of my contemporaries or of my
successors, will, by means of the method when once established, be able to discover other theorems in addition, which have
not yet occurred to me.

First then I will set out the very first theorem which became known to me by means of mechanics, namely that

Any segment of a section of a right-angled cone (i.e. a parabola) is four-thirds of the triangle which has the same base
and equal height,
and after this I will give each of the other theorems investigated by the same method. Then, at the end of the book, I will give
the geometrical [proofs of the propositions]...

[I premise the following propositions which I shall use in the course of the work.]

1. If from [one magnitude another magnitude be subtracted which has not the same centre of gravity, the centre of gravity
of the remainder is found by] producing [the straight line joining the centres of gravity of the whole magnitude and of the
subtracted part in the direction of the centre of gravity of the whole] and cutting off from it a length which has to the distance
between the said centres of gravity the ratio which the weight of the subtracted magnitude has to the weight of the remainder.

[On the Equilibrium of Planes, 1. 8]

2. If the centres of gravity of any number of magnitudes whatever be on the same straight line, the centre of gravity of the
magnitude made up of all of them will be on the same straight line. [Cf. Ibid. 1. 5]

3. The centre of gravity of any straight line is the point of bisection of the straight line. [Cf. Ibid. 1. 4]



4. The centre of gravity of any triangle is the point in which the straight lines drawn from the angular points of the triangle
to the middle points of the (opposite) sides cut one another. [Ibid. 1. 13, 14]

5. The centre of gravity of any parallelogram is the point in which the diagonals meet. [1bid. 1. 10]
6. The centre of gravity of a circle is the point which is also the centre [of the circle].
7. The centre of gravity of any cylinder is the point of bisection of the axis.

8. The centre of gravity of any cone is [the point which divides its axis so that] the portion [adjacent to the vertex is] triple
[of the portion adjacent to the base].

[All these propositions have already been] proved*. [Besides these I require also the following proposition, which is
easily proved:

If in two series of magnitudes those of the first series are, in order, proportional to those of the second series and further]
the magnitudes [of the first series], either all or some of them, are in any ratio whatever [to those of a third series], and if the
magnitudes of the second series are in the same ratio to the corresponding magnitudes [of a fourth series], then the sum of the
magnitudes of the first series has to the sum of the selected magnitudes of the third series the same ratio which the sum of the
magnitudes of the second series has to the sum of the (correspondingly) selected magnitudes of the fourth series. [On Conoids
and Spheroids, Prop. 1.]”

Proposition 1.
Let ABC be a segment of a parabola bounded by the straight line AC and the parabola ABC, and let D be the middle point of
AC. Draw the straight line DBE parallel to the axis of the parabola and join 4B, BC.
Then shall the segment ABC be 4 of the triangle ABC.

From A draw AKF parallel to DE, and let the tangent to the parabola at C meet DBE in E and AKF in F. Produce CB to
meet AF in K, and again produce CK to H, making KH equal to CK.

Consider CH as the bar of a balance, K being its middle point.
Let MO be any straight line parallel to ED, and let it meet CF, CK, AO in M, N, O and the curve in P.

Now, since CE is a tangent to the parabola and CD the semi-ordinate,
EB = BD;

“for this is proved in the Elements [of Conics]*.”

Since F'4A, MO are parallel to ED, it follows that
FK = KA, MN = No.

Now, by the property of the parabola, “proved in a lemma,”

MO : OP=CA : AO [Cf. Quadrature of Parabola, Prop. 5]
=CK : KN [Euel. VL. 2]
=HK: KN.
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Take a straight line 7G equal to OP, and place it with its centre of gravity at H, so that TH = EG; then, since N is the centre
of gravity of the straight line MO,

and MO : TG = HK : KN,
it follows that 7G at H and MO at N will be in equilibrium about K. [On the Equilibrium of Planes, 1. 6, 7]

Similarly, for all other straight lines parallel to DE and meeting the arc of the parabola, (1) the portion intercepted between

FO, AC with its middle point on KC and (2) a length equal to the intercept between the curve and AC placed with its centre of
gravity at H will be in equilibrium about K.

Therefore K is the centre of gravity of the whole system consisting (1) of all the straight lines as MO intercepted between
FC, AC and placed as they actually are in the figure and (2) of all the straight lines placed at H equal to the straight lines as PO
intercepted between the curve and AC.

And, since the triangle CF4 is made up of all the parallel lines like MO,
and the segment CBA is made up of all the straight lines like PO within the curve,

it follows that the triangle, placed where it is in the figure, is in equilibrium about K with the segment CBA placed with its
centre of gravity at H.

Divide KC at W so that CK = 3KW,
then W is the centre of gravity of the triangle ACF; for this is proved in the books on equilibrium” (gv t0i¢ iooppomixois).

[Cf. On the Equilibrium of Planes 1. 15]

Therefore A ACF : (segment ABC)=HK : KW

=3:L
Therefore segment A BC=}A ACF,
But AACF=4AABC.
Therefore segment ABC =4A ABC.

“Now the fact here stated is not actually demonstrated by the argument used; but that argument has given a sort of indication
that the conclusion is true. Seeing then that the theorem is not demonstrated, but at the same time that the conclusion is true, we
shall have recourse to the geometrical demonstration which I myself discovered and have already published*.”

Proposition 2.

We can investigate by the same method the propositions that

(1) Any sphere is {in respect of solid content) four times the cone with base equal to a great circle of the sphere and
height equal to its radius, and

(2) the cylinder with base equal to a great circle of the sphere and height equal to the diameter is 1% is times the
sphere.

(1) Let ABCD be a great circle of a sphere, and AC, BD diameters at right angles to one another.

Let a circle be drawn about BD as diameter and in a plane perpendicular to AC, and on this circle as base let a cone be
described with 4 as vertex. Let the surface of this cone be produced and then cut by a plane through C parallel to its base; the
section will be a circle on EF as diameter. On this circle as base let a cylinder be erected with height and axis AC, and
produce CA to H, making AH equal to CA.

Let CH be regarded as the bar of a balance, 4 being its middle point.

Draw any straight line MN in the plane of the circle ABCD and parallel to BD. Let MN meet the circle in O, P, the diameter
AC in S, and the straight lines AE, AF in Q, R respectively. Join AO.

Through MN draw a plane at right angles to AC; this plane will cut the cylinder in a circle with diameter MN, the sphere in
a circle with diameter OP, and the cone in a circle with diameter OR.

Now, since MS.8Q =04 . AS
=AOE
= 08"+ SQ-=
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And, since HA = AC,

HA : AS=CA : A8
=MS : 8Q
=MS*: MS.SQ
= MS?: (082 + 8Q?), from above,
=MN?:(0OP*+ QR?
= (circle, diam. MN) : (circle, diam. OP

+ circle, diam. QR).
That is,
HA : AS = (circle in cylinder) : (circle in sphere + circle in cone).

Therefore the circle in the cylinder, placed where it is, is in equilibrium, about 4, with the circle in the sphere together
with the circle in the cone, if both the latter circles are placed with their centres of gravity at H.

Similarly for the three corresponding sections made by a plane perpendicular to AC and passing through any other straight
line in the parallelogram LF parallel to EF.

If we deal in the same way with all the sets of three circles in which planes perpendicular to AC cut the cylinder, the sphere
and the cone, and which make up those solids respectively, it follows that the cylinder, in the place where it is, will be in
equilibrium about 4 with the sphere and the cone together, when both are placed with their centres of gravity at H.

Therefore, since K is the centre of gravity of the cylinder,
HA : AK = (cylinder) : (sphere + cone AEF).

But HA = 24K,
therefore cylinder = 2 (sphere + cone AEF).

Now cylinder = 3 (cone AEF); [Eucl xi1. 10]
therefore cone AEF =2 (sphere).

But, since EF = 2BD,

cone AEF = 8 (cone ABD);
therefore sphere =4 (cone ABD).

(2) Through B, D draw VBW, XDY parallel to AC; and imagine a cylinder which has AC for axis and the circles on VX,
WY as diameters for bases.



Then cylinder VY =2 (cylinder VD)
=6 (cone A BD) [Eucl. x11. 10]

= § (sphere), from above,
Q.E.D.

“From this theorem, to the effect that a sphere is four times as great as the cone with a great circle of the sphere as base and
with height equal to the radius of the sphere, I conceived the notion that the surface of any sphere is four times as great as a
great circle in it; for, judging from the fact that any circle is equal to a triangle with base equal to the circumference and height
equal to the radius of the circle, I apprehended that, in like manner, any sphere is equal to a cone with base equal to the surface
of the sphere and height equal to the radius*.”

Proposition 3.

By this method we can also investigate the theorem that

A cylinder with base equal to the greatest circle in a spheroid and height equal to the acds of the spheroid is 1% times
the spheroid,
and, when this is established, it is plain that

If any spheroid be cut by a plane through the centre and at right angles to the acds, the half of the spheroid is double of
the cone which has the same base and the same axis as the segment (i.e. the half of the spheroid).

Let a plane through the axis of a spheroid cut its surface in the ellipse ABCD, the diameters (i.e. axes) of which are AC, BD;
and let K be the centre.

Draw a circle about BD as diameter and in a plane perpendicular to AC;

imagine a cone with this circle as base and 4 as vertex produced and cut by a plane through C parallel to its base; the
section will be a circle in a plane at right angles to AC and about EF" as diameter.

Imagine a cylinder with the la'tter circle as base and axis AC; produce CA to H, making AH equal to CA.
Let HC be regarded as the bar of a balance, 4 being its middle point.

In the parallelogram LF draw any straight line MN parallel to EF meeting the ellipse in O, P and AE, AF, AC inQ, R, S
respectively.

If now a plane be drawn through MN at right angles to AC, it will cut the cylinder in a circle with diameter MN, the
spheroid in a circle with diameter OP, and the cone in a circle with diameter QR.

Since H4A = AC

HA: AS=CA : AS
=EA: AQ
=MS : 8Q.

Therefore HA : AS = MS?: MS . SO.



But, by the property of the ellipse,
AS.8C:80°=AK*: KB*

=A8" : 8Q%;
therefore SQ*: 80*=A8* : AS. 8C
=8Q* :8Q . QM,
and accordingly SO*=50. OM.
Add SQ? to each side, and we have
SO*+S0* =S50 . SM.

Therefore, from above, we have

HA:A8=MS8* : (S0* + 8Q%
=MN*:(0OP*+QR?
=(circle, diam. M.N):(circle, diam. O P+ circle,diam. QR)

That is,
HA : AS = (circle in cylinder): (circle in spheroid + circle in cone).

Therefore the circle in the cylinder, in the place where it is, is in equilibrium, about 4, with the circle in the spheroid and
the circle in the cone together, if both the latter circles are placed with their centres of gravity at H.

Similarly for the three corresponding sections made by a plane perpendicular to AC and passing through any other straight
line in the parallelogram LF parallel to EF.

If we deal in the same way with all the sets of three circles in which planes perpendicular to AC cut the cylinder, the
spheroid and the cone, and which make up those figures respectively, it follows that the cylinder, in the place where it is, will
be in equilibrium about 4 with the spheroid and the cone together, when both are placed with their centres of gravity at H.

Therefore, since K is the centre of gravity of the cylinder,
HA : AK = (cylinder) : (spheroid + cone AEF).

But HA = 24K,
therefore cylinder = 2 (spheroid + cone AEF).

And cylinder = 3 (cone AEF); [Eucl. XII. 10]
therefore cone AEF =2 (spheroid).

But, since EF = 2BD,



cone AEF = § (cone ABD);
therefore spheroid =4 (cone ABD),
and half the spheroid =2 (cone ABD).

Through B, D draw VBW, XDY parallel to AC; and imagine a cylinder which has AC for axis and the circles on VX, WY as
diameters for bases.

Then cylinder V¥ =2 (eylinder V.D)
=6 (cone ABD)

= § (spheroid), from above.
Q.E.D.

Proposition 4.
Any segment of a right-angled conoid (i.e. a ‘paraboloid of revolution) cut off by a plane at right angles to the axis is 1
% times the cone which has the same base and the same acds as the segment
This can be investigated by our method, as follows.

Let a paraboloid of revolution be cut by a plane through the axis in the parabola BAC;

and let it also be cut by another plane at right angles to the axis and intersecting the former plane in BC. Produce DA, the axis of
the segment, to H, making HA equal to AD.
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Imagine that HD is the bar of a balance, 4 being its middle point.

The base of the segment being the circle on BC as diameter and in a plane perpendicular to AD,

imagine (1) a cone drawn with the latter circle as base and A4 as vertex, and (2) a cylinder with the same circle as base and AD
as axis.

In the parallelogram EC let any straight line MN be drawn parallel to BC, and through MN let a plane be drawn at right
angles to AD; this plane will cut the cylinder in a circle with diameter MN and the paraboloid in a circle with diameter OP.

Now, BAC being a parabola and BD, OS ordinates,
DA : AS = BD? : OS?,
or HA : AS = MS? : SO,
Therefore
HA : AS = (circle, rad. MS) : (circle, rad. OS) = (circle in cylinder) : (circle in paraboloid).

Therefore the circle in the cylinder, in the place where it is, will be in equilibrium, about 4, with the circle in the
paraboloid, if the latter is placed with its centre of gravity at H.

Similarly for the two corresponding circular sections made by a plane perpendicular to 4D and passing through any other
straight line in the parallelogram which is parallel to BC.



Therefore, as usual, if we take all the circles making up the whole cylinder and the whole segment and treat them in the
same way, we find that the cylinder, in the place where it is, is in equilibrium about 4 with the segment placed with its centre
of gravity at H.

If K is the middle point of AD, K is the centre of gravity of the cylinder;

therefore HA : AK = (cylinder) : (segment).
Therefore cylinder = 2 (segment).
And cylinder = 3 (cone ABC); [Eucl. XII. 10]
therefore segment = § (cone ABC).
Proposition 5.

The centre of gravity of a segment of a right-angled conoid (i.e. a paraboloid of revolution) cut off by a plane at right
angles to the axis is on the straight Une which is the axis of the segment, and divides the said straight line in such a way
that the portion of it adjacent to the vertex is double of the remaining portion.

This can be investigated by the method, as follows.

Let a paraboloid of revolution be cut by a plane through the axis in the parabola BAC;
and let it also be cut by another plane at right angles to the axis and intersecting the former plane in BC.

Produce DA, the axis of the segment, to A, making HA equal to AD; and imagine DH to be the bar of a balance, its middle
point being A.

The base of the segment being the circle on BC as diameter and in a plane perpendicular to AD,
imagine a cone with this circle as base and 4 as vertex, so that AB, AC are generators of the cone.

In the parabola let any double ordinate OP be drawn meeting AB, AD, AC in Q, S, R respectively.
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Now, from the property of the parabola,
BD*:08*=DA : AS

=BD : @S
=BD*: BD. Q8.
Therefore 0S?=BD . 0S,
or BD : 0S=0S: 0S,
whence BD : 0S = 0OS?: OS>
But BD:Q8=A4D: AS

=HA:AS.



Therefore HA : A8S=08": @§*
=0P: QR".

If now through OP a plane be drawn at right angles to AD, this plane cuts the paraboloid in a circle with diameter OP and
the cone in a circle with diameter OR.

We see therefore that

HA : AS=(circle, diam. OP): (circle, diam. QR)
= (circle in paraboloid) : (circle in cone);

and the circle in the paraboloid, in the place where it is, is in equilibrium about 4 with the circle in the cone placed with its
centre of gravity at H.

Similarly for the two corresponding circular sections made by a plane perpendicular to 4D and passing through any other
ordinate of the parabola.

Dealing therefore in the same way with all the circular sections which make up the whole of the segment of the paraboloid
and the cone respectively, we see that the segment of the paraboloid, in the place where it is, is in equilibrium about 4 with the
cone placed with its centre of gravity at H.

Now, since 4 is the centre of gravity of the whole system as placed, and the centre of gravity of part of it, namely the cone,
as placed, is at H, the centre of gravity of the rest, namely the segment, is at a point K on HA4 produced such that

HA : AK = (segment) : (cone).
But segment = § (cone). [Prop. 4]
Therefore HA= 3§ AK;
that 1s, K divides AD in such a way that AK = 2KD.

Proposition 6.

The centre of gravity of any hemisphere [is on the straight line which] is its axis, and divides the said straight line in
such a way that the portion of it adjacent to the surface of the hemisphere has to the remaining portion the ratio which 5

has to 3.

Let a sphere be cut by a plane through its centre in the circle ABCD;
let AC, BD be perpendicular diameters of this circle, and through BD let a plane be drawn at right angles to AC.

The latter plane will cut the sphere in a circle on BD as diameter.
Imagine a cone with the latter circle as base and A4 as vertex.

Produce CA to H, making AH equal to CA, and let HC be regarded as the bar of a balance, 4 being its middle point.
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In the semicircle BAD, let any straight line OP be drawn parallel to BD and cutting AC in E and the two generators AB, AD
of the cone in O, R respectively. Join AO.

Through OP let a plane be drawn at right angles to AC; this plane will cut the hemisphere in a circle with diameter OP and
the cone in a circle with diameter OR.

Now
HA-AE=AC:AE
=AQ*: AE?
—(0E*+ AE*): AE*
=(0E*+QE"):QE*
= (circle, diam. OP + circle,diam. QR): (circle,diam. QR).
Therefore the circles with diameters OP, OR, in the places where they are, are in equilibrium about 4 with the circle with
diameter QR if the latter is placed with its centre of gravity at H.

And, since the centre of gravity of the two circles with diameters OP, OR taken together, in the place where they are, is .....

[There is a lacuna here; but the proof can easily be completed on the lines of the corresponding but more difficult case in
Prop. 8.

We proceed thus from the point where the circles with diameters OP, OR, in the place where they are, balance, about 4, the
circle with diameter OR placed with its centre of gravity at H.

A similar relation holds for all the other sets of circular sections made by other planes passing through points on AG and at
right angles to AG.

Taking then all the circles which fill up the hemisphere BAD and the cone ABD respectively, we find that the hemisphere
BAD and the cone ABD, in the places where they are, together balance, about 4, a cone equal to ABD placed with its centre of
gravity at H.

Let the cylinder M + N be equal to the cone ABD.

Then, since the cylinder M + N placed with its centre of gravity at H balances the hemisphere BAD and the cone ABD in the
places where they are,

suppose that the portion M of the cylinder, placed with its centre of gravity at H, balances the cone ABD (alone) in the place
where it is; therefore the portion N of the cylinder placed with its centre of gravity at H balances the hemisphere (alone) in the
place where it is.

Now the centre of gravity of the cone is at a point V' such that AG = 4GV
therefore, since M at H is in equilibrium with the cone,

M : (cone) = 34G : HA=3AC: AC,
whence M =g (cone).
But M + N = (cone); therefore N = %(cone).
Now let the centre of gravity of the hemisphere be at W, which is somewhere on AG.

Then, since N at H balances the hemisphere alone,
(hemisphere) : N = HA : AW.
But the hemisphere BAD = twice the cone ABD;
[On the Sphere and Cylinder 1. 34 and Prop. 2 above] and N = § (cone), from above.

Therefore 2:4=HA : AW

=24G: AW,

whence AW = 34G, so that W divides AG in such a way that
AW : WG=5:3.]

Proposition 7.

We can also investigate by the same method the theorem that



[Any segment of a sphere has] to the cone [with the same base and height the ratio which the sum of the radius of the
sphere and the height of the complementary segment has to the height of the complementary segment.]

H

[There is a lacuna here; but all that is missing is the construction, and the construction is easily understood by means of the
figure. BAD is of course the segment of the sphere the volume of which is to be compared with the volume of a cone with the
same base and height.]

The plane drawn through MN and at right angles to AG will cut the cylinder in a circle with diameter MN, the segment of
the sphere in a circle with diameter OP, and the cone on the base EF in a circle with diameter OR.

In the same way as before [cf. Prop. 2] we can prove that the circle with diameter MN, in the place where it is, is in
equilibrium about 4 with the two circles with diameters OP, OR if these circles are both moved and placed with their centres
of gravity at H.

The same thing can be proved of all sets of three circles in which the cylinder, the segment of the sphere, and the cone with
the common height AG are all cut by any plane perpendicular to AC.

Since then the sets of circles make up the whole cylinder, the whole segment of the sphere and the whole cone respectively,
it follows that the cylinder, in the place where it is, is in equilibrium about 4 with the sum of the segment of the sphere and the
cone if both are placed with their centres of gravity at A.

Divide AG at W, V in such a way that
AW = WG, AV =3VG.

Therefore W will be the centre of gravity of the cylinder, and " will be the centre of gravity of the cone.
Since, now, the bodies are in equilibrium as described,
(cylinder) : (cone A EF + segment BAD of sphere)
=HA:AW.
[The rest of the proof'is lost; but it can easily be supplied thus.
We have

(cone AEF + segmt. BAD) : (cylinder)=A W : AC
=AW.AC: AC-
But  (cylinder) : (cone AEF)=AC*: JEG*
=AC*: }AQ".

Therefore, ex aequali,



(cone AEF +segmt. BAD) :  (cone AEF)=AW .AC: 1AG*
=3AC : 1AG,
whence (segmt. BAD) : (cone AEF) = ($AC - %AG) : .}AG.

Again (cone AEF) :(cone ABD)= EGQ?: DQ?*

=AG*: AG.GC

=AG: QC

=314G : }GC.
Therefore, ex aequali,

(segment BAD) :(cone ABD)=(3AC -} A®) : }GC
=(34C-A4AG): GC
=(344C+ GC): GC.

Q.E.D.]

Proposition 8.

[The enunciation, the setting-out, and a few words of the construction are missing.

The enunciation however can be supplied from that of Prop. 9, with which it must be identical except that it cannot refer to
“any segment,” and the presumption therefore is that the proposition was enunciated with reference to one kind of segment
only, i.e. either a segment greater than a hemisphere or a segment less than a hemisphere.
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Heiberg’s figure corresponds to the case of a segment greater than a hemisphere. The segment investigated is of course the
segment BAD. The setting-out and construction are self-evident from the figure.]

Produce AC to H, O, making HA equal to AC and CO equal to the radius of the sphere; and let HC be regarded as the bar of
a balance, the middle point being A.

In the plane cutting off the segment describe a circle with G as centre and radius (GE) equal to AG; and on this circle as
base, and with 4 as vertex, let a cone be described. AE, AF are generators of this cone.

Draw KL, through any point Q on AG, parallel to EF’ and cutting the segment in K, L, and AE, AF in R, P respectively. Join
AK.



Now HA : AQ=CA : AQ
=AK*: AQ®
= (KQ+ Q4 : Q4
=(K@ + PQ) : PQ?
= (circle, diam. KL + circle, diam. PR)
: (circle, diam. PR).

Imagine a circle equal to the circle with diameter PR placed with its centre of gravity at H;

therefore the circles on diameters KL, PR, in the places where they are, are in equilibrium about 4 with the circle with
diameter PR placed with its centre of gravity at H.

Similarly for the corresponding circular sections made by any other plane perpendicular to AG.

Therefore, taking all the circular sections which make up the segment ABD of the sphere and the cone AEF respectively, we
find that the segment ABD of the sphere and the cone AEF, in the places where they are, are in equilibrium with the cone AEF
assumed to be placed with its centre of gravity at H.

Let the cylinder M + N be equal to the cone AEF which has 4 for vertex and the circle on EF as diameter for base.
Divide AG at V' so that AG = 4VG;
therefore V' is the centre of gravity of the cone AEF ““for this has been proved before*.”

Let the cylinder M + N be cut by a plane perpendicular to the axis in such a way that the cylinder M (alone), placed with its
centre of gravity at H, is in equilibrium with the cone AEF.

Since M + N suspended at H is in equilibrium with the segment ABD of the sphere and the cone AEF in the places where
they are,

while M, also at H, is in equilibrium with the cone AEF in the place where it is, it follows that
N at H is in equilibrium with the segment ABD of the sphere in the place where it is.

Now (segment ABD of sphere) : (cone ABD) = OG : GC;
“for this is already proved” [Cf. On the Sphere and Cylinder 11. 2 Cor. as well as Prop. 7 ante].
And  (cone ABD): (cone A EF)
= (circle, diam. BD) : (circle, diam. £F)
=BD*: EF*?
=BG*: GE?
=0G.G4 : GA?
=06 : GA.
Therefore, ex aequali,
(segment ABD of sphere) : (cone AEF) = OG : GA.
Take a point W on AG such that
AW : WG =(GA+4GC) : (GA +2GC).
We have then, inversely,
GW : WA= (2GC+ GA) : (4GC + GA),
and, componendo,
GA : AW = (6GC +2GA) : (4GC + GA).
But GO =1 (6GC +2G4), [for GO - GC=} (CG + GA)]
and CV=1(4GC+ GA);
therefore GA: AW =0G : CV,

and, alternately and inversely,
OG: GA=CV: WA.

It follows, from above, that



(segment ABD o f sphere) : (cone AEF) = CV : WA.
Now, since the cylinder M with its centre of gravity at H is in equilibrium about 4 with the cone AEF with its centre of
gravity at V,
(cone AEF) : (eylinder M)=HA : AV
=CA: AV,
and, since the cone AEF = the cylinder M + N, we have, dividendo and invertendo,
(cylinder M) : (cylinder N) = AV : CV.
Hence, componendo,
(cone AEF) : (cylinder N)=CA4 : CV*
=HA : CV.
But it was proved that
(segment ABD of sphere) : (cone AEF) = CV : WA ; therefore, ex aequali,
(segment ABD of sphere) : (cylinder N) = HA : AW.

And it was above proved that the cylinder N at H is in equilibrium about 4 with the segment ABD, in the place where it is;
therefore, since H is the centre of gravity of the cylinder N, W is the centre of gravity of the segment ABD of the sphere.

Proposition 9.

In the same way we can investigate the theorem that

The centre of gravity of any segment of a sphere is on the straight line which is the axis of the segment, and divides this
straight line in such a way that the part of it adjacent to the vertex of the segment has to the remaining part the ratio which
the sum of the axis of the segment and four times the axis of the complementary segment has to the sum of the axis of the
segment and double the axis of the complementary segment

[As this theorem relates to “any segment” but states the same result as that proved in the preceding proposition, it follows
that Prop. 8 must have related to one kind of segment, either a segment greater than a semicircle (as in Heiberg’s figure of
Prop. 8) or a segment less than a semicircle; and the present proposition completed the proof for both kinds of segments. It
would only require a slight change in the figure, in any case. |

Proposition 10.

By this method too we can investigate the theorem that

[4 segment of an obtuse-angled conoid (i.e. a hyperboloid of revolution) has to the cone which has] the same base [as
the segment and equal height the same ratio as the sum of the acds of the segment and three times] the “annex to the axis”
{i.e. half the transverse axis of the hyperbolic section through the aoois of the hyperboloid or, in other words, the distance
between the vertex of the segment and ike vertex of the enveloping cone) has to the sum of the axis of the segment and
double of the “annex”* [this is the theorem proved in On Conoids and Spheroids , Prop. 25], “and also many other theorems,
which, as the method has been made clear by means of the foregoing examples, I will omit, in order that I may now proceed to
compass the proofs of the theorems mentioned above.”

Proposition 11.

If in a right prism with square bases a cylinder be inscribed having its bases in opposite square faces and touching
with its surface the remaining four parallelogrammic faces, and if through the centre of the circle which is the base of the
cylinder and one side of the opposite square face a plane be drawn, the figure cut off by the plane so drawn is one sixth
part of the whole prism.

“This can be investigated by the method, and, when it is set out, I will go back to the proof of it by geometrical
considerations.”

[The investigation by the mechanical method is contained in the two Propositions, 11,12. Prop. 13 gives another solution



which, although it contains no mechanics, is still of the character which Archimedes regards as inconclusive, since it assumes
that the solid is actually made up of parallel plane sections and that an auxiliary parabola is actually made up of parallel
straight lines in it. Prop. 14 added the conclusive geometrical proof.]

Let there be a right prism with a cylinder inscribed as stated.

Let the prism be cut through the axis of the prism and cylinder by a plane perpendicular to the plane which cuts on the
portion of the cylinder; let this plane make, as section, the parallelogram AB, and let it cut the plane cutting off the portion of
the cylinder (which plane is perpendicular to 4B) in the straight line BC.

D B

A C v Y

Let CD be the axis of the prism and cylinder, let EF bisect it at right angles, and through EF let a plane be drawn at right
angles to CD; this plane will cut the prism in a square and the cylinder in a circle.

Let MN be the square and OPQR the circle, and let the circle touch the sides of the square in O, P, O, R [F, E in the first
figure are identical with O, Q respectively]. Let H be the centre of the circle.
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Let KL be the intersection of the plane through EF perpendicular to the axis of the cylinder and the plane cutting off the
portion of the cylinder; KL is bisected by OHQ [and passes through the middle point of HQO].

Let any chord of the circle, as ST, be drawn perpendicular to HQ, meeting HQ in W;
and through ST let a plane be drawn at right angles to OQ and produced on both sides of the plane of the circle OPQOR.

The plane so drawn will cut the half cylinder having the semicircle POR for section and the axis of the prism for height in a
parallelogram, one side of which is equal to ST and another is a generator of the cylinder; and it will also cut the portion of the
cylinder cut off in a parallelogram, one side of which is equal to ST and the other is equal and parallel to UV (in the first
figure).

UV will be parallel to BY and will cut off, along EG in the parallelogram DE, the segment E/ equal to OW.
Now, since EG is a parallelogram, and V1 is parallel to GC,

EG:GI=YC:CV
=BY: UV
= (L7 in half cyl.) : (L7 in portion of cyl.).
And EG = HO, GI = HW, OH = OH;



therefore OH: HW = (7 in half cyl.) : (;7 in portion).

Imagine that the parallelogram in the portion of the cylinder is moved and placed at O so that O is its centre of gravity, and
that OQ is the bar of a balance, H being its middle point.

Then, since W is the centre of gravity of the parallelogram in the half cylinder, it follows from the above that the
parallelogram in the half cylinder, in the place where it is, with its centre of gravity at ¥, is in equilibrium ab>ut H with the
parallelogram in the portion of the cylinder when placed with its centre of gravity at O.

Similarly for the other parallelogrammic sections made by any plane perpendicular to OQ and passing through any other
chord in the semicircle POR perpendicular to OQ.

If then we take all the parallelograms making up the half cylinder and the portion of the cylinder respectively, it follows
that the half cylinder, in the place where it is, is in equilibrium about A with the portion of the cylinder cut off when the latter is
placed with its centre of gravity at O.

Proposition 12.

Let the parallelogram (square) MN perpendicular to the axis, with the circle OPQR and its diameters OQ, PR, be drawn
separately.

Join HG, HM, and through them draw planes at right angles to the plane of the circle, producing them on both sides of that
plane.
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This produces a prism with triangular section GHM and height equal to the axis of the cylinder; this prism is 1 of the
original prism circumscribing the cylinder.

Let LK, UT be drawn parallel to OQ and equidistant from it, cutting the circle inK, 7, RP in S, F, and OH, HM in W, V
respectively.

Through LK, UT draw planes at right angles to PR, producing them on both sides of the plane of the circle; these planes
produce as sections in the half cylinder POR and in the prism GHM four parallelograms in which the heights are equal to the
axis of the cylinder, and the other sides are equal to KS, TF, LW, UV respectively ........................

[The rest of the proof is missing, but, as Zeuthen says*, the result obtained and the method of arriving at it are plainly
indicated by the above.

Archimedes wishes to prove that the half cylinder POR, in the place where it is, balances the prism GHM, in the place
where it is, about H as fixed point.

He has first to prove that the elements (1) the parallelogram with side = KS and (2)the parallelogram with side = LW, in the
places where they are, balance about S, or, in other words that the straight lines SK, LW, in the places where thev are, balance
about S.

Now (radius of circle OPQR)? = SK? + SH?,
or SL* = SK? + SW2.
Therefore LS?— SW?=SK2,

and accordingly (LS + SW) . LW = SK?,



whence L (LS +SW) :4SK = SK : LW.

And £ is the distance of the centre of gravity of LW from S,
while £ is the distance of the centre of gravity of SK from S.

Therefore SK and LW, in the places where they are, balance about S.
Similarly for the corresponding parallelograms.

Taking all the parallelogrammic elements in the half cylinder and prism respectively, we find that the half cylinder POR
and the prism GUM, in the places where they are respectively, balance about H.

From this result and that of Prop. 11 we can at once deduce the volume of the portion cut off from the cylinder. For in Prop.
11 the portion of the cylinder, placed with its centre of gravity at o, is shown to balance (about H) the half-cylinder in the place
where it is. By Prop. 12 we may substitute for the half-cylinder in the place where it is the prism GHM of that proposition
turned the opposite way relatively to RP. The centre of gravity of the prism as thus placed is at a point (say Z) on HQ such that
HZ = gHOQ.

Therefore, assuming the prism to be applied at its centre of gravity, we have
(portion of cylinder) : (prism) = 2HQ : OH
=2:8;
therefore (portion of cylinder) = £ (prism GHM) = } (original prism).

Note. This proposition of course solves the problem of finding the centre of gravity of a half cylinder or, in other wwds, of
a semicircle.

For the triangle GHM 1in the place where it is balances, about H, the semicircle POR in the place where it is.

If then X is the point on HQ which is the centre of gravity of the semicircle,
3HO . (A GHM) = HX . (semicircle POR),

or $HO . HO* = HX . ynu . HO%,
that is, _ 4
HX =4 . HQ]

Proposition 13.

Let there be a right prism with square bases, one of which is ABCD) in the prism let a cylinder be inscribed, the base of
which is the circle EFGH touching the sides of the square ABCD in E, F, G, H.
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Through the centre and through the side corresponding to CD in the square face opposite to ABGD let a plane be drawn;
this will cut off a prism equal to 1 of the original prism and formed by three parallelograms and two triangles, the triangles

forming opposite faces.

In the semicircle EFG describe the parabola which has FK for axis and passes through £, G; draw MN parallel to KF
meeting GE in M, the parabola in L, the semicircle in O and CD in N.



Then MN . NL = NF%;

“for this is clear.” [Cf. Apollonius, Conics 1. 11]
[The parameter is of course equal to GK or KF']
Therefore MN : NL = GK? : LS?.

Through MN draw a plane at right angles to EG; this will produce as sections (1) in the prism cut off from the whole prism
a right-angled triangle, the base of which is MN, while the perpendicular is perpendicular at N to the plane ABCD and equal to
the axis of the cylinder, and the hypotenuse is in the plane cutting the cylinder, and (2) in the portion of the cylinder cut off a
right-angled triangle the base of which is MO, while the perpendicular is the generator of the cylinder perpendicular at O to the
plane KN, and the hypotenuse is........

[There is a lacuna here, to be supplied as follows.

Since MN : NL=GK*: LS?
=MN?: LS?
it follows that MN: ML=MN?:(MN*- LS?

=MN:2: (MN:*— MK?

=MN?: MO~
But the triangle (1) in the prism s to the triangle (2) in the portion of the cylinder in the ratio of MN? : MO>.
Therefore

(A in prism) : (A in portion of cylinder)
=MN : ML

= (straight line in rect. DG) : (straight line in parabola).
We now take all the corresponding elements in the prism, the portion of the cylinder, the rectangle DG and the parabola
EFG respectively;]
and it will follow that
(all the A in prism) : (all the A in portion of cylinder) = (all the str. lines in ;77 DG) : (all the straight lines between parabola
and EG).

But the prism is made up of the triangles in the prism, [the portion of the cylinder is made up of the triangles in it], the
parallelogram DG of the straight lines in it parallel to KF, and the parabolic segment of the straight lines parallel to KF
intercepted between its circumference and EG;

therefore (prism) : (portion of cylinder) = (;— GD) : (parabolic segment EF'G).
But 7 GD = 3 (parabolic segment EFG);

“for this is proved in my earlier treatise.”
[Quadrature of Parabola]

Therefore prism= § (portion of cylinder).

If then we denote the portion of the cylinder by 2, the prism is 3, and the original prism circumscribing the cylinder is 12
(being 4 times the other prism);

therefore the portion of the cylinder = 1 (original prism).
Q.E.D.

[The above proposition and the next are peculiarly interesting for the fact that the parabola is an auxiliary curve introduced
for the sole purpose of analytically reducing the required cubature to the known quadrature of the parabola.]
Proposition 14.

Let there be a right prism with square bases [and a cylinder inscribed therein having its base in the square ABGD and
touching its sides at £, F, G, H,



let the cylinder be cut by a plane through EG and the side corresponding to CD in the square face opposite to ABCD].
This plane cuts off from the prism a prism, and from the cylinder a portin of it.
It can be proved that the portion of the cylinder cut off by the plane the is } of the whole prism.

But we will first prove that it is possible to inscribe in the portion cut off from the cylinder, and to circumscribe about it,
solid figures made up of prisms which have equal height and similar triangular bases, in such a way that the circumscribed
figure exceeds the inscribed by less than any assigned magnitude.....................

But it was proved that

(prism cut off by oblique plane) < $ (figure inscribed in portion of cylinder).

Now

(prism cut off) : (inscribed figure) = /7 DG : (;/7s inscribed in parabolic segment);
therefore 7 DG < § (s in parabolic segment):
which is impossible, since “it has been proved elsewhere” that the parallelogram DG is § of the parabolic segment.

Consequently.................. not greater.

And (all the prisms in prism cut off) : (all prisms in circumscr. figure)

= (all /s in ;7 DG)

: (all /s in fig. circumscr. about parabolic segmt.); therefore
(prism cut off) : (figure circumscr. about portion of cylinder)

= (7 DG) : .(figure circumscr. about parabolic segment).

But the prism cut off by the oblique plane is > § of the solid figure circumscribed about the portion of the
cylinder..............

[There are large gaps in the exposition of this geometrical proof, but the way in which the method of exhaustion was
applied, and the parallelism between this and other applications of it, are clear. The first fragment shows that solid figures
made up of prisms were circumscribed and inscribed to the portion of the cylinder. The parallel triangular faces of these
prisms were perpendicular to GE in the figure of Prop. 13; they divided GE into equal portions of the requisite smallness; each
section of the portion of the cylinder by such a plane was a triangular face common to an inscribed and a circumscribed right
prism. The planes also produced prisms in the prism cut off by the same oblique plane as cuts off the portion of the cylinder
and standing on GD as base.

The number of parts into which the parallel planes divided GE was made great enough to secure that the circumscribed
figure exceeded the inscribed figure by less than a small assigned magnitude.

The second part of the proof began with the assumption that the portion of the cylinder is > £ of the prism cut off; and this
was proved to be impossible, by means of the use of the auxiliary parabola and the proportion

MN : ML = MN? : MO?
which are employed in Prop. 13.

We may supply the missing proof as follows™.
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In the accompanying figure are represented (1) the first element-pnsm circumscribed to the portion of the cylinder, (2) two

element-prisms adjacent to the ordinate OM, of which that on the left is circumscubed and that on the right (equal to the other)
inscribed, (3) the corresponding element-prisms forming part of the prism cut off (CC'OEDD’) which is 1 of the original prism.
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In the second figure are shown element-rectangles circumscribed and inscribed to the auxiliary parabola, which rectangles
correspond exactly to the circumscribed and inscribed element- prisms represented in the first figure (the length of OM is the
same in both figures, and the breadths of the element-rectangles are the same as the heights of the element-prisms); the
corresponding element-rectangles forming part of the rectangle GD are similarly shown.

For convenience we suppose that GE is divided into an even number of equal parts, so that GK contains an integral number
of these parts.

For the sake of brevity we will call each of the two element-prisms of which OM is an edge “el. prism (0)” and each of the
element-prisms of which MNN' is a common face “el. prism (V) Similarly we will use the corresponding abbreviations “el.
rect. (L)” and “el. rect. (N)” for the corresponding elements in relation to the auxiliary parabola as shown in the second figure.

Now it is easy to see that the figure made up of all the inscribed prisms is less than the figure made up of the circumscribed
prisms by twice the final circumscribed prism adjacent to FKt i.e. by twice “el. prism (N)”; and, as the height of this prism
may be made as small as we please by dividing GK into sufficiently small parts, it follows that inscribed and circumscribed
solid figures made up of element-prisms can be drawn differing by less than any assigned solid figure.

(1) Suppose, if possible, that
(portion of cylinder) > £ (prism cut off),

or (prism cut off) <# (portion of cylinder).

Let (prism cut off) = $ (portion of cylinder — X), say.



Construct circumscribed and inscribed figures made up of element-prisms, such that
(circumscr. fig.) — (inscr. fig.) < X.

Therefore (inscr. fig.) > (circumscr. fig. — X),
and a fortiori > (portion of cyl. — X).
It follows that

(prism cut off) < $ (inscribed figure).
Considering now the element-prisms in the prism cut off and those in the inscribed figure respectively, we have

el. prism (N) : el. prism (0) = MN? : M(®?
=MN : ML [as in Prop. 13]
= el. rect. (V) : el. rect. ().

It follows that
3, {el. prism (N)} : = {el. prism (0)}
= = [el. rect. ()} : = {el. rect. (L)}.

(There are really two more prisms and rectangles in the first and third than there are in the second and fourth terms
respectively; but this makes no difference because the first and third terms may be multiplied by a common factor as n/(n — 2)
without affecting the truth of the proportion. Cf. the proposition from On Conoids and Spheroids quoted on p. 15 above.)

Therefore

(prism cut off) : (figure inscr. in portion o fcyl.) = (rect. GD) : (fig. inscr. in parabola).
But it was proved above that
(prism cut off) < § (fig. inscr. in portion of cyl.);
therefore (rect. GD) < 3 (fig. inscr. in parabola),

and, a fortiori,
(rect. GD) < § (parabolic segmt.):

which is impossible, since
(rect. GD) = § (parabolic segmt.).

Therefore

(portion of cyl.) is not greater than £ (prism cut off).

(2) In the second lacuna must have come the beginning of the next reductio ad absurdum demolishing the other possible
assumption that the portion of the cylinder is § of the prism cut off.

In this case our assumption is that
(prism cut off) > £ (portion of cylinder);

and we circumscribe and inscribe figures made up of element-prisms, such that
(prism cut off) > § (fig. circumscr. about portion of cyl.).

We now consider the element-prisms in the prism cut off and in the circumscribed figure respectively, and the same arguent
as above gives

(prism cut off) : (fig. circumscr. about portion of cyl.) = (rect. GD) : (fig. circumscr. about parabola),
whence it follows that
(rect. GD) > § (fig. circumscribed about parabola), and a fortiori,

(rect. GD) > § (parabolic segment):

which is impossible, since



(rect. GD) = § (parabolic segmt.).
Therfore
(portion of cyl.) is not less than § (prism cut off).

But it was also proved that neither is it greater;
therefore (portion of cyl.) = £ (prism cut off)

= 1 (original prism).]

[Proposition 15.]

[This proposition, which is lost, would be the mechanical investigation of the second of the two special problems
mentioned in the preface to the treatise, namely that of the cubature of the figure included between two cylinders, each of which
is inscribed in one and the same cube so that its opposite bases are in two opposite faces of the cube and its surface touche the
other four faces.

Zeuthen has shown how the mechanical method can be applied to this case™.

In the accompanying figure VWYX is a section of the cube by a plane (that of the paper) passing through the axis BD of one
of the cylinders inscribed in the cube and parallel or two opposite faces.

The same plane gives the circle ABCD as the section of the other inscribed cylinder with axis perpendicular to the plane of
the paper and extending on each side of the plane to a distance equal to the radius of the circle or half the side of the cube.

AC is the diameter of the circle which is perpendicular to BD.

Join AB, AD and produce them to meet the tangent at C to the circle in E, F.
Then EC = CF = CA.

Let LG be the tangent at 4, and complete the rectangle EFGL.
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Draw straight lines from A4 to the four comers of the section in which the plane through BD perpendicular to AK cuts the
cube. These straight lines, if produced, will meet the plane of the face of the cube opposite to 4 in four points forming the four
comers of a square in that plane with sides equal to EF or double of the side of the cube, and we thus have a pyramid with 4
for vertex and the latter square for base.

Complete the prism (parallelepiped) with the same base and height as the pyramid.

Draw in the parallelogram LF any straight line MN parallel to EF, and through MN draw a plane at right angles to AC. This
plane cuts—
(1) the solid included by the two cylinders in a square with side equal to OP,
(2) the prismin a square with side equal to MN, and



(3) the pyramid in a square with side equal to OR.
Produce CA to H, making HA equal to AC, and imagine HC to be the bar of a balance.
Now, as in Prop. 2, since MS = AC, OS = AS,

MS.SQ=CA.A4A8
=A0?
= 08 + 8Q*

Also

HA : AS=CA : AS
= MS :SQ
=MS*: MS. 5Q
= MS? : (082 + 8Q?), from above,
=MN*: (OP: + QR?)
= (square, side MN): (sq., side OP + sq., side QR).

Therefore the square with side equal to MN, in the place where it is, is in equilibrium about 4 with the squares with sides
equal to OP, OR respectively placed with their centres of gravity at H.

Proceeding in the same way with the square sections produced by other planes perpendicular to AC, we finally prove that
the prism, in the place where it is, is in equilibrium about 4 with the solid included by the two cylinders and the pyramid, both
placed with their centres of gravity at H.

Now the centre of gravity of the prism s at K.

Therefore HA : AK = (prism) : (solid + pyramid)
or 2 : 1= (prism) : (solid + %prism).

Therefore 2 (solid) + £ (prism) = (prism).
It follows that

(solid included by cylinders) = } (prism)
= § (cube). Q.E.D,

There is no doubt that Archimedes proceeded to, and completed, the rigorous geometrical proof by the method of
exhaustion.

As observed by Prof. C. Juel (Zeuthen /.c.), the solid in the present proposition is made up of 8 pieces of cylinders of the
type of that treated in the preceding proposition. As however the two propositions are separately stated, there is no doubt that
Archimedes’ proofs of them were distinct.

In this case AC would be divided into a very large number of equal parts aild planes would be drawn through the points of
division perpendicular to AC. These planes cut the solid, and also the cube V'Y, in square sections. Thus we can inscribe and
circumscribe to the solid the requisite solid figures made up of element-prisms and differing by less than any assigned solid
magnitude; the prisms have square bases and their heights are the small segments of AC. The element-prism in the inscribed and

circumscribed figures which has the square equal to OP? for base corresponds to an element-prism in the cube which has for

base a square with side equal to that of the cube; and as the ratio of the element-prisms is the ratio OS? : BK? we can use the
same auxiliary parabola, and work out the proof in exactly the same way, as in Prop. 14.]

* Hermes XLII. 1907, pp. 285 sq.
* Hermes XLII. 1907, pp. 243—297.
1 Bibliotheca Mathematica V113, 19067, pp. 321—363.

1 Heronis Alexandrini opera, Vol I11. pp. 80, 17; 130, 25.

§ Vide The Works of Archimedes, p.xxii.

* On the Sphere and Cylinder, Preface to Book I.

+ The Thirteen Books of Euclid’s Elements, Vol. I11. p. 368.
1 Plutarch, De Comm. Not. adv. Stoicos XXXIX. 3.



* The parallelograms are apparently squares.

+ ie. squares.

* mgpi Tou gipnuévov oynuoarog, in the singular. Possibly Archimedes may have thought of the case of the pyramid as being the more fundamental and as really
involving that of the cone. Or perhaps “fifure” may be intended for “type of figure.”

+ Cf. Preface to Quadrature of Parabola.

* The problem of finding the centre of gravity of a cone is not solved in any extant work of Archimedes. It may have been solved either in a separate treaties, such as
the mgpi CoyWv, which is lost, or perhaps in a larger mechanical work of which the extant books On the Equilibrium of Planes formed only a part.

* i.e. the works on conics by Aristacus and Euclid. Cf. the similar expression in On Conoids and Spheroids, Prop. 3, and Quadrature of Parabola, Prop. 3.

* The word governing t/jv ygwugtpovuévyy anoogiéry in the Greek text is racougv, a reading which seems to be doubtful and is certainly difficult to translate. Heiberg
translates as if zafougv meant “we shall give lower down” or “later on,” but I agree with Th. Reinach (Revue générale des sciences pures et appliquées, 30 November
1907, p. 918) that it is questionable whether Archimedes would really have written out in full once more, as an appendix, a proof which, as he says, had already been
published (i.e. presumably in the Quadrature of a Parabola). talougv if correct, should apparently mean “we shall appoint,” “prescribe” or “assign.”

* That is to say, Archimedes originally solved the problem of finding the solid content of a sphere before that of finding its surface, and he inferred the result of the
latter problem from that of the former. Yet in On the Sphere and Cylinder 1. the surface is independently found (Prop. 33) and before the volume, which is found in
Prop. 34: another illustration of the fact that the order of propositions in the treatises of the Greek geometers as finally elaborated does not necessarily follow the order of
discovery.

* Cf. note on p. 15 above.

* Archimedes arrives at this result in a very roundabout way, seeing that it could have been obtained at once convertendo. Of. Euclid x. 14.

* The text has “triple” (tputAciav) in the last line instead of “double.” As there is a considerable lacuna before the last few lines, a theorem about the centre of gravity
of a segment of a hyperboloid of revolution may have fallen out.

* Zeuthen in Bibliotlieca Mathematica V113, 1906-7, pp. 352-3.

* It is right to mention that this has already been done by Th. Beinach in his version of the treatise (“Un Traité de Géométrie inédit d’ Archimeéde” in Revue générale
des sciences pures et appliquées, 30 Nov. and 15 Dec. 1907); but 1 prefer my own statement of the proof.
* Zeuthen in Bibliotheca Mathematica VII3, 1906-7, pp. 356—7.
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