
























































































































































































































































































































































































































































































































































































































































which do not meet in either direction
[Def. 23]

BOOK I

But straight lines
are parallel;

therefore A B is parallel to CD.
Therefore etc.

Q. E.~.

r. falling on two straight lines, Eis 860 EveElas lp:lrl1rTovQa, the phrase being the same
as that used in Post. 5, meaning a transv~rsal.

2. the alternate angles, al £va,,-,,-a:~ -ywvlat. Proclus (p. 357, 9) explains that Euclid
_uses the word alternate (or, more exactly, al/~rnately, Eva"-"-df) in two connexions, (r) of a
certain transformation of a proportion, as in Book v. and the arithmetical Books, (2) as here,
of certain of the angles formed by parallels with a straight line crossing them. Alternate
angles are, accordihg to Euclid as interpreted by Proc!us, those which are not on the same
side of the transversal, and are not adjacent, but are separated by the transversal, both being
within the parallels but one "above" and the other "~Iow." The meaning is natural
enough if we imagine the four internal angles to be taken in cyclic order and alternate angles
to be any two of them not successive but separated by one angle of the four. • •

9. in the direction of B, D or towards A, C, literally" towards the parts B, D or
towards A, C," brl Ta B, ~ pip'1/ ~ brl ra A, 1'.

With this proposition begins the second section of the first Book. Up.
to this point Euclid has dealt mainly with triangles, their construction
and their properties in the sense of the relation of their parts, the sides and
angles, to one another, and the comparison of different triangles in respect of
their parts, and of their area in the particular cases where they are congruent.

The second section leads up to the third, in which. we pass to relations
between the areas of triangles, parallelograms and squares, the special feature
being a new conception of equality of areas, equality not dependent on
congruence. This whole subject requires the use of parallels. Consequently
the second section beginning at 1. 27 establishes the theory of parallels,
introduces the cognate matter of the equality of the sum of. the angles of a
triangle to two right angles (1. 32), an~ ends with two propositions forming the
transition to the third section, namely 1. 33, 34, which introduce the parallelo­

"'am for the first time.

Aristotle on parallels.
We have already seen reason to believe that Euclid's personal contribution

to the subject was nothing less than the formulation of the famous Postulate
5 (see the notes on that Postulate and on Def. 23), since Aristotle indicates
that the then current theory of parallels contained a petitio principii, and
presumably therefore it was Euclid who saw the defect and proposed the
remedy. . •

But it is clear that the propositions 1. 27, 28 were contained in earlier
text-books. They. were familiar to Aristotle, as we may judge from two
interesting passages. .

(r) In Anal. Post. 1: 5 he is explaining that a scientific demonstration
must not only prove a fact of every ins:lividual of a class (KaTa '1l'aVTo,» but
must prove it primarily and generally true ('1l'pw-rov Ka06Aov) of the whole of
the class as one; it will not do to prove it first of one part, then of another
part, and so on, until the class is exhausted. He illustrates this (74 a 13-16) .
by a reference to parallels: "If then one were to show that right (angles) do
not meet, the proof of this might be thought to depend on the fact that this
is true of all (pairs of actual) right angles. But this is not so, inasmuch as
the result does riot follow because (the two angles are) equal (to two right
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angles) in the particular way [i.e. because each is a right angle], but by virtue
of their being equal (to two right angles) in any way whatever [i.e. because
the sum only needs to be equal to two right angles, and the angles themselves
may vary as much as we please subject to this]."

(2) The second passage has already been quoted in the note on De£. 23:
"there is nothing surprising in different hypotheses leading to the same false
conclusion; e.g. the conclusion that parallels meet might equally be 4drawn
from either of the assumptions (a) that the interior (angle) is greater than the
exterior or (b) that the sum of the angles of a triangle is greater than two
right angles" (Anal. Pn·or. II. 17, 66 a II-IS).

I do not quite concur in the interpretation which Heiberg places upon
these passages (Mathematisches zu Aristoteles, pp. 18-19)' He says, first,
that the allusion to the "interior angle" being "greater than the exterior" in
the second passage shows that the reference in the first passage must be, to
Eucl. I. 28 and not to I. 27, and he therefore takes the words JTt w31 tuat in
the first passage (which I have translated" because the two angles are equal
to two right angles in the particular way") as meaning "because the angles,
viz. the exterior and the interior, are equal in the particular way." He also
takes at lJpOat otJ uvp:rr{7rTovut (which I have translated" right angles do not
meet," an expression quite in Aristotle's manner) to mean "perpendicular
straight lines do not meet"; this is very awkward, especially as he is obliged
to supply angles with iuat in the next sentence.

But I think that the first passage certainly refers to I. 28, although I do
not think that the alternative (a) in the second passage suggests it. This
alternative may, I think. equally with the alternative (b) refer to I. 27. That
proposition is proved by reductio ad absurdum based on the fact that, if the
straight lines do rheet, they must form a tn'angle, in which case the exterior
angle must be greater than the interior (while according to the hypothesis
these angles are equal). It is true that Aristotle speaks of the hypothesis
that the intenor angle is greater than the exterior; but after all Aristotle had
only to state some incorrect hypothesis. It is of course only in connexion
with straight lines meeting, as the hypothesis in I. 27 makes them, that the
alternative (b) about the sum of the angles of a triangle could come in, and
alternative (a) implies alternative (b).

It seems clear then from Aristotle that I. 27, 28 at least are pre-Euclidean,
and that it was only in I. 29 that Euclid made a change by using his Postulate.

De Morgan observes that I. 27 is a logical equivalent of I. 16. Thus, if A
means" straight lines forming a triangle with a transversal," B "straight lines
making angles with a transversal on the same side which are together less
than two right angles," we have

All A is B,
and it follows logically that

All not-B is not-A.

PROPOSITION 28.

If a straight line fallz'ng on two str.aight lines make the
exterior angle equal to the interior and opposite angle on the
same side, or the interzor angles on the same side equal to two
right angles, the straight lines will be parallel to one another.
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E

For let the straight line EF falling on the' two straight
lines AB, CD make the exterior angle EGB equal to the
interior and 6pposite angle GHD, or the interior angles on
the same side, namely BGH, GH D, equal to two right angles;

L,.say that AB is parallel to CD.
For, since the angle EGB is

equal to the angle GHD, A---~--- B
while the angle EGB is equal to the
angle AGH, [I. IS]
the angle A GH is also equal to the c------...:>t-!---D

angle GHD;
and they are alternate;

therefore AB is parallel to CD. [1.27]

Again, since the angles BGH, GHD are equal to two
right angles, and the.angles AGH, BGH are also equal to
two right angles, [I. 13]
the angles AGH, BGH are equal to the angles BGH, GHD.

Let the angle BGH be subtracted from each;
therefore the remaining angle AGH is equal to the remaining
angle GHD;
and they are alternate;

therefore AB is parallel to CD.
Therefore etc.

Q. E. D.

One criterion of parallelism, the equality of alternate angles, is given in
I. 27; here we have two more, each of which is easily reducible, and is actl,lally
reduced, to the other.

Proclus observes (pp. 358-9) that Euclid could have stated six criteria as
well as three, by using, in addition, other pairs of angles
in the figure (not adjacent) of which it could be predi-
cated that the two angles are equal or that their sum A B
is equal to two right angles. A natural division is to
consider, first the pairs which are on the same side of
the transversal, and secondly the pairs which are on C 0
different sides of it. '

Taking (I) the possible pairs on the same side, we
may have a pair consisting of

(a) two internal angles, viz. the pairs (BGH,
GHD) and (AGH, GHC);

(b) two external angles, viz. the pairs (EGB, DHp) and (EGA, CHp);

(c) one external and one internal angle, viz. the pairs (EGB, GRD),
(FHD, HGB), (EGA, GRC) and (FHC, HG4).
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And (2) the possible pairs on different sides of the transversal "may consist
respectively of

(a) two internal angles, viz. the pairs (AGH, GHD) and (CHG, HGB);
(b) two external angles, viz. the pairs (A GE, DHF) and (EGB, CHF) j

(c) one external and one internal, viz. the pairs (AGE, GHD), (EGB,
GHC), (FHC, HGB) and (FHD, HGA). .

The angles are equal in the pairs (I) (c), (2) (a) and (2) (b), and the sum
is equal to two right angles in the case of the pairs (I) (a), (I) (b) and (2) (c).
For his criteria Euclid selects the cases (2) (a) [I. 27] and (I) (c), (I) (a) [1.28],
leaving out the other three, which are of course equivalent but are not quite
so easily expressed.

From Proclus' note on I. 28 (p. 361) we learn that one Aigeias (? Aineias)
of Hierapolis wrote an epitome or abridgment of the Elements. This seems
to be the only mention of this editor and his work j and they are only
mentioned as having combined Eucl. I. 27, 28 into one proposition. To do
this, or to make the three hypotheses the subject of three separate theorems,
would, Proclus thinks, have been more natural than to deal with them, as
Euclid does, in two propositions. Proclus has no suggestion for explaining
Euclid's arrangement unless the ground were that 1. 27 deals with angles on
different sides, 1. 28 with angles on one and the same side, of the transversal.
But may not the reason have been one of convenience, namely that the
criterion of I. 27 is that actually used to prove parallelism, and is moreover
the basis of the construction of parallels in I. 31, while C 28 only reduces the
other two hrpotheses to that of 1. 27, so that precision of reference, as well as
clearness of exposition, is better secured by the arrangement adopted?

F

E

A,--~~---B

C----->r---D

AGE, BGH
angle!) BGH,

PROPOSITION 29.

A stra£ght line jall£ng on parallel stra£ght lines makes
the alternate angles equal to one another, the exter£or angle
equal to the £nteri,or and oppos£te angle, and the £nter£or angles
on the same s£de equal to two r£ght angles.

5 F or let the straight line EF fall on the parallel straight
lines AB, CD;

I say that it makes the alternate angles A GH, GHD
equal; the exterior angle EGB equal to the interior and
opposite angle GHD, and the interior angles on the same

10 side, namely BGH, GHD, equal to two right angles.
F or, if the angle A GH is unequal

to the angle GH D, one of them is
greater.

Let the angle A GH be greater.
IS Let the angle BGH be added to

each;
therefore the angles
are greater than the
GHD.
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20 But the angles A GH, BGH are equal to two right angles;
[1. 13]

therefore the angles BGH, GHD are less than two
right angles.

But straight lines produced indefinitely from angles less
than two right angles meet; [Pbst. 5]

25 therefore AB, CD, if produced indefinitely, will meet;
but they do not meet, because they are by hypothesis parallel.

Therefore the angle AGH is "not unequal to the angle
GHD,

and is therefore equal tg it.
30 Again, the angle A GH is equal to the angle EGB; [1. IS]

therefore the angle EGB is also equal to the angle
GHD. [c. N. 1]

Let the angle BGH be added to each; .
_ therefore the angles EGB, BGH are equal to the

35 angles BGH, GHD. [C. N. 21
But the angles EGB, BGH are equal to two right angles;

[1. 13]
therefore the angles BGH, GHD are also equal to

two right angles.
Therefore etc. Q. E. D.

23. straight lines produced indefinitely from angles less than two right angles,
a! ilE a1r' '"llaiJiJovwv .q ilvo opOwv iKf3a"llMp..va• •1. a1rflpov iJUP.1rI1rTOUiJ'V, a variation from the
more explicit language of Postulate 5. A good deal is left to be understood, namely that the
straight lines begin from points at which they meet a transversal, and make with it internal
angles on the same side the sum of which is equal to two right angles.

26. because they are by hypothesis parallel, literally" because they are supposed
paraHel," il,a. TO 1rapa"llA7}AOU' aliTa.. V1rOKfLo-Oa,.

Proof by "Playfair's" axiom.

If, instead of Postulate 5, it is preferred to use "Playfair's" axiom in the
proof of this proposition, we proceed thus.

To prove that the alternate angles A GH,
GRD are equal. A,----,=~=..:c---

If they are not equal, draw another straight 1(""'­

line KL through G making the angle KGH C----~'----o
equal to the angle GRD.

Then, since the angles KGH, GRD are equal,
KL is parallel to CD. [I. 27]

Therefore two straight lines KL, AB intersecting at G are both parallel to
the straight line CD :
which is impossible (by the axiom).

Therefore the angle A GH cannot but be equal to the angle CHD.
The rest of the proposition follows as in Euclid.
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Proof of Euclid's Postulate 5 from" Playfair's" axiom.
Let AB, CD make with the transversal EF the angles AEE, BFC

together less than two right angles.
To prove that AB, CD meet towards A, C.
Through E draw GH making with EFthe angle

GEF equal (and alternate) to the angle EFD.
Thus GHis parallel to CD. [I. 27]
Then (I) AB must meet CD in one direction or

the other.
For, if it does not, AB must be parallel to CD; hence we have two

straight lines AB, GH intersecting at E and both parallel to CD:
which is impossible.

Therefore AB, CD must meet.
(2) Since AB, CD meet, they must form a triangle with EF.
But in any triangle any two angles are together less than two right angles.
Therefore the angles AEE, EFC (which are less than two right angles),

and not the angles BEE, EFD (which are together greater than two right
angles, by I. 13), are the angles of the triangle;
that is, EA, FC meet in the direction of A, C, or on the side of EF.on
which are the angles together less than two right angles.

The usual course in modern text-books which use "Playfair's " axiom in.
lieu of Euclid's PO(itulate is apparently to prove I. 29 by means of the axiom,
and then Euclid's Postulate by means of I. 29.

De Morgan would introduce the proof of .Postulate 5 by means of
" Playfair's " axiom before I. 29, and would therefore apparently prove I. 29 as
Euclid does, without any change. .

As between Euclid's Postulate 5 and "Playfair's" axiom, it would appear
that the tendency in modern text-books is rather in favour of the latter.
Thus, to take a few noteworthy foreign writers, we find that Rausenberger
stands almost alone in using Euclid's Postulate, while Hilbert, Henrici and
Treutlein, Rouche and De Cornbero\lsse, Enriques and Amaldi all use
" Playfair's " axiom.

Yet the case for preferring Euclid's Postulate is argued with some force by
Dodgson (Euclid and his modern Rivals, pp. 44-6). He maintains (I) that
" Playfair's" axiom in fact involves Euclid's Postulate, but at the same time
involves more than the latter, so that, to that extent, it is a needless strain on
the faith of the learner. This is shown as follows.

Given AB, CD making with EFthe angles AEE, EFC together less than
two right angles, draw GH through E so that the angles GEE, EFC are
together equal to two right angles.

Then, by I. 28, GH, CD are" separational."
We see then that any lines which have the property (a) that they make

with a transversal angles less than two right angles have also the property (P)
that one of them intersects a straight line which is "separational" from
the other.

Now Playfair's axiom asserts that the lines which have property (m meet
if produced: for, if they did not, we should have two intersecting straight
lines both" separational " from a third, which is impossible.

We then argue that lines having property (a) meet because lines having
property (a) are lines having property (P). But we do not know, until we
have proved I. 29, that all pairs oflines having property (P) have also property
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(a). For anything we know to the contrary, class ({3) may be greater than
class (a). Hence, if you assert anything of class ({3), the logical effect is more
extensive than if you ,assert it of class (a); for you assert it, not only of that
portion of class ({3) which is known to be included in class (a), but also of the
unknown (but possibly existing) portion which is not so included.

(2) Euclid's Postulate puts before the beginner clear and positiz1e con­
ceptions, a pair of straight lines, a transversal, and two angles togethet less
than two right angles, whereas" Playfair's" axiom requires him to realise a
pan..of straight lines which never meet though produced to infinity: a negative
conception .which does not convey to the mind any clear notion of the relative
position of the lines. And (p. 68) Euclid's Postulate gives a direct criterion
for judging that two straight lines meet, a criterion which is constantly required,
e.g. in I. 44. ~t is true that the Postulate can be deduced from "Playfair's"
axiom, but editors frequently omit to deduce it, and then tacitly assume it
afterwards: which is the least justifiable course of'all.

PROPOSITION 30,

BA

C,,;:__-'+- --'0

Stra£ght l£nes parallel to the same stra£ght line are also
parallel to one another.

Let each of the straight lines AB, CD be parallel to EF;
I say that AB is alsp parallel to CD.

5 For let the straight line GK fall upon
them,

Then, since the straight line GK '::.E__--'-;~---'F

has fallen on the parallel straight lines
AB, EF,

the angle A GK is equal to the
angle GHF [I. 29]

Again, since the straight line GK has fallen on the parallel
straight lines EF, CD,

the angle GHF is equal to the angle GKD. [1.29]
IS But the angle A GK was also proved equal to the angle

GHF;
therefore the angle A GK is also equal to. the angle

GKD; [G. N. I]
and they are alternate,

Therefore A B is parallel to CD,20

10

Q. E. D.

20. The usual conclusion in general terms (" Therefore etc.") repeating the enunciation
is, curiously enough, wanting at the end of this proposition.

The proposition is, as De Morgan points out, the logical equivalent of
"Playfair's" axiom. Thus, if X denote "pairs of straight lines intersecting one
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another," Y"pairs of straight lines parallel to one and the same straight line,"
we have

No X is y,
and it follows logically that

c

c

F

0'
:

G./

HB

B

No Y is X.
De Morgan adds that a proposition is much wanted about parallels (or

perpendiculars) to two straight lines respectively making the same angles with
one another as the latter do. The proposition may be enunciated thus:

.If the sides of one angle be respectively (I) parallel or (2) perpendicular to
the sides of another angle, the two angles are either
equal or supplementary.

( I) Let DE be parallel to A Band GEF parallel
to Be.

To prove that the angles ABC, DEG are equal
and the angles ABC, DEF supplementary.

Produce .DE to meet BC in H.
Then [I. 29] the angle DEG is equal to the angle

DHC,
and the angle ABC is equal to the angle DHe.

Therefore the -angle DEG is equal to the angle ABC; whence also the
angle DEF is supplementary to the angle ABe.

(2) Let ED be perpendicular to AB, and GEF perpendicular to Be.
To prove that the angles ABC, DEG are

equal, and the angles ABC, DEF supplementary.
Draw ED' at right angles to ED on the side

of it opposite to B, and draw EG' at right angles
to EF on the side of it opposite to B.

Then, since the angles BDE, .oED', being
right angles, are equal,

ED' is parallel to BA.·
Similarly EG' is parallel to BC.
Therefore [Part (I)] the angle D'EG' is equal to the angle ABC,
But, the right angle .oED' being equal to the right angle GEG', if the

common angle GEO be subtracted,
the angle DEG is equal to the angle D'EG'.

Therefore the angle DEG is equal to the angle ABC; and hence the
angle DEF is supplementary to the angle ABe.

PROPOSITION 3I,

Through a given point to draw a straight line parallel to a
given straight line,

Let· A be the 'given point, and Be the given straight
line;
thus it is required to draw through the point A a straight
line parallel to the straight line Be.
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~ a point D be taken at random on BC, and let AD be

joined; on the straight line DA,
and at the point A on it, let the
angle DAE be constructed equal
to the angle ADC [I. 23]; and let the
straight line AF be produced in a B

straight line with EA.
Then, since the straight line AD falling on the two

straight lines BC, EF has made the alternate angles EAD,
ADC equal to one another, . .

therefore EAFis parallel to Be., [1.27]

Therefore through the given point A the straight line
EAF has been drawn parallel to the given straight line Be.

Q. E. F.

Proclus rightly remarks (p. 376, 14-20) that, as it is implied in I. 12
that only one perpendicular can be drawn to a straight line from an external
point, so here it is implied tha.t only one straight line can be drawn through a
point parallel to a given straight line. The construction, be it observed,
depends only upon I. 27, and might therefore have come directly after that
proposition. Why then did Euclid postpone it until after I. 29 and I. 30?
Presumably because he considered it necessary, before giving the construction,
to place beyond all doubt the fact that only one such parallel can be drawn.
Proclus infers this fact from I. 30; for, he says, if two straight lines could be .
drawn through one and the same point parallel to the same straight line, the two
straight lines would be parallel, though intersecting at the given point: which
is impossible. I think it is a fair inference that Euclid would have considered
it necessary to justify the assumption that only one parallel can be drawn
by some such argument, and that he deliberately detemlined that his own
assumption was more appropriate to be made the subject of a P·ostulate
than the assumption of the uniqueness of the parallel.

PROPOSITION 32.

In any triangle, if one of the sides be produced, the exterior
angle is equal to the two interior and opposite angles, and the
three interior angles of the triangle are equal to two right
angles.

Let ABC be a triangle, and let one side of it BC be
produced to D ;

I say that the exterior angle A CD is equal to the two
interior and opposite angles CAB, ABC, and the three
interior angles of the triangle ABC, BCA, CAB are equal
to two right angles.
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For let CE be drawn through the point C parallel to the
straight line AB. [I. 31]

Then, since A B is parallel to CE,
and A C has fallen upon them,

the alternate angles BA C, A CE are
equal to one another. [I. 29]

Again, since A B is parallel to 0

CE,
and the straight line BD has fallen upon them,

the exterior angle ECD is equal to the interior and opposite
angle ABC. [1.29]

But the angle ACE was also proved equal to the angle
BAC;

therefore the whole angle ACD is equal to the two
interior and opposite angles BAC, ABC.

Let the angle A CB be added to each;
therefore the angles A CD, A CB are equal to the three

angles ABC, BCA, CAB.
But the angles A CD, A CB are equal to two right angles;

[I. 13]
therefore the angles ABC, BCA, CAB are also equal

to two right angles.
Therefore etc.

Q. E. D.

This theorem was discovered in the very early stages of Greek geometry.
What we know of the history of it is gathered from three allusions found in
Eutocius, Proclus and Diogenes Laertius respectively.

I. Eutocius at the beginning of his commentary on the Conics of
Apollonius (ed. Heiberg, Vol. II. p. 170) quotes Geminus as saying that "the
ancients (oi d.pXai'ot) investigated the theorem of the two right angles in each
individual species of triangle, first in the equilateral, again in the isosceles,
and afterwards in the scalene triangle, and later geometers demonstrated the
general theorem to the effect that in any triangle the three interior angles are

. equal to two right angles."
2. Now, according to Proclus (p. 379, 2-5), Eudemus the Peripatetic

refers the discovery of this theorem to the Pythagoreans and gives what he
affirms to be their demonstration of it. This demonstration will be given
below, but it should be remarked that it is general, and therefore that the
"later geometers" spoken of by Geminus were presumably the Pythagoreans, .
whence it appears that the "ancients" contrasted with them must have
belonged to the time of Thales, if they were not his Egyptian instructors.

3. That the truth of the theorem was known to Thales might also
be inferred from the statement of Pamphile (quoted by Diogenes Laertius,
I. 24-5, p.. 6, ed. Cobet) that "he, having learnt geometry from the
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Egyptians, was the first to inscribe a right-angled triangle in a circle and
sacrificed an ox" (on the strength of it); in other words, he discovered that
the angle in a semicircle is a right angle. No doubt, when this fact was once
discovered (empi,.~ally, say), the consideration of the two isosceles triangles
having the centre for vertex and the sides of the right angle for bases
respectively, with the help of the theorem of Eucl. I. 5, also known to
Thales, would easily lead to the conclusion that the sum of the angles of
a rigkt-angled triangle is equal to two right angles, and it could be readily
inferred that the angles of any triangle were likewise equal to two right angles
(by resolving it into two right-angled' triangles). But it is not easy to see how
the property of the angle in a semicircle could be proved except (in the reverse
order) by means of the equality of the ium of the angles of a righi-angled
triangle to two right angles; and hence It is most natural to suppose, with
Cantor, that' Thales proved it (if he did prove it) practically as Euclid does
in III. 31, i.e. by means of I. 32 as applied to righi-angled triangles at all events.

If the theorem of I. 32 was proved before Thales' time, or by Thales
himself, by the stages indicated in the note of Geminus, we may be satisfied
that the reconstruction of the argument of the older proof by Hankel
(pp. 96-7) and Cantor (la, pp. 143-4) is not far wrong. First, it must have
been observed that six angles equal to an angle of an equilateral triangle would,
if placed adjacent to one another round a common vertex, fill up the whole
space round that vertex. It is true that Proclus attributes to the Pythagoreans
the general theorem that OlJly three kinds of regular 'polygons, the equilateral
triangle; the square and the 'regular hexagon, can fill up the entire space round
a point, but the practical knowledge that equilateral triangles have this
property could hardly have escaped the Egyptians, whether they made floors
with tiles in the form of equilateral triangles or regular hexagons (Allman,
Greek Gl!IJmelry from Thales 10 Euclid, p. 12) or JOIned the ends of adjacent.
radii of a figure like the six-spoked wheel, which was their common form of
wheel from the time of Ramses II. of the nineteenth Dynasty, say 1300 B.C.

(Cantor, 13, .p. 109)' It would then be clear that six angles equal to an angle
of an equilateral triangle are equal to four right angles, and therefore that the
three angles of an equilateral triangle are equal to two right angles. (It would
be as clear or clearer, from observation of a square divided into two triangles
by a diagonal, that an isosceles right-angled triangle hlrs each of its equal
angles equal to half a right angle, so that an isosceles right-angled triangle
must have the sum of its angles equal to two right angles.) Next, with regard
to the equilateral triangle, it could not fail to be observed
that, if AD were drawn from the vertex A perpendicular
to the base Be, each of the two right-angled triangles so
formed would have the sum of its angles equal to two right
angles; and this would be confirmed by completing the
rectangle ADCE, when it would be seen that the rectangle
(with its angles equal to four right angles)was divided by
its diagonal into two equal triangles, each of which had
the sum of its angles equal to two right angles. Next it
would be inferred, as the result of drawing the diagonal of any rectangle and
observing the equality of the triangles forming tl;le two halves, that the sum of
the angles of any right-angled triangle is equal to two right angles, and hence
(the two congruent right-angled triangles being then placed so as to form one
isosceles triangle) that the same is true of any isosceles triangle. Only the
last step remained, namely that of observing that any triangle could be
regarded as the half of a rectangle (drawn as indicated in the next figure), or
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simply that any triangle could be divided into two right-angled triangles,
whence it would be inferred that in general the
sum of the angles of any triangle is equal to two
right angles.

Such would be the probabilities if we could
absolutely rely upon the statements attributed to
Pamphile and Geminus respectively. But in fact
there is considerable ground for doubt in both cases.

I. Pamphile's story of the sacrifice of an ox by Thales for joy at his
discovery that the angle in a semicircle is a right angle is too suspiciously like
the similar story told with reference to Pythagoras, and his discovery of the
theorem of Eucl. I. 47 (Proclus, p. 426, 6-9). And, as if this were not
enough, Diogenes Laertius immediately adds that II others, among whom is
Apollodorus the calculator (0 '\OYUTTt/(O,), say it was Pythagoras" (sc. who
"inscribed the right-angled triangle in a circle "). Now PamphiIe lived in the
reign of Nero (A.D. 54-68) and therefore some 700 years after the birtli of
Thales (about 640 B.C.). I do not know on what Max Schmidt bases his
statement (Kulturhistorische Bdtriige zur Kenntms des griechischen und roimschen
A ltertums, 1906, p. 31) that "other, much older, sources name Pythagoras as
the discoverer of the said proposition," because nothing more seems to be
known of Apo1l6dorus than what is stated here by Diogenes Laertius. But it
would at least appear that Apollodorus was only one of several authorities
who attributed the proposition to Pythagoras, while Pamphile is alone
mentioned as referring it to Th~les. Again, the connexion of Pythagoras with
the investigation of the right-angled triangle makes it a priori more likely
that it would be he who would discover its relation to a semicircle On
the whole, therefore, the attribution to Thales would seem to be more than
doubtful.

2. As regards Geminus' account of the three stages through which the
proof of the theorem of J. 32 passed, we note, first, that it is certainly not
confirmed by Eudemus, who referred to the Pythagoreans the discovery of the
theorem that the sum of the angles of any triangle is equal to two right
angles and says nothing about any gradual stages by which it was proved.
Secondly, it must be admitted, I think, that in the evolution of the proof as
reconstructed by Hankel the middle stage is rather artificial and unnecessary,
since, once it is proved that any right7angled triangle has the sum of its angles
equal to two right angles, it is just as easy to pass at once to any scalene
triangle (which is decomposable into two unequal right-angled triangles) as to
the isosceles triangle made up of two congruent right-angled trilVlgles. Thirdly,
as Heiberg has recently pointed out (Mathematisches zu Aristoletes, p. 20), it
is quite possible that the statement of Geminus from beginning to end is

. simply due to a misapprehension of a passage of Aristotle (Anal. Posi. I. 5,
74 a 25). Aristotle is illustrating his contention that a property is not
scientifically proved to belong to a class of things unless it is proved to belong
primarily (1rpWTOV) and generally (Kall6t\ou) to the whole of the class. His first
illustration relates to parallels making with a transversal angles on the same
side together equal to two right angles, and has been quoted above in the note
on·l. 27 (PP. 3°8-9). His second illustration refers to the transformation of
a proportion allernando, which (he says) "used at one time to be proved
separately" for numbers, lines, solids, and times;" although it admits of being
proved of all at once by one demonstration. The third illustration is: "For
the same reason, even if one should pro71e (ov8' av T£, 8£{~) with reference to
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each (sort of) triangle, the equilateral, scalene and isosceles, separately, that
each has its .angles equal to two right angles, either by one proof or by different
proofs, he does not yet know that the triangle, i.e. the triangle in general, has
its angles equal to two right angles, except in a sophistical sense, even though
there exists no triangle other than triangles of the kinds mentioned. For he
knows it, not qua triangle, nor of every triangle, except in a numerical sense
(KaT' a.pdJp.6v); he does not know it notionally (KaT' EI80!1) of every triangle, even
though there be actually no triangle which he does not know."

The difference between the phrase "used at one time to be proved" in
the second illustration and "if anyone should prove" in the third appears to
indicate that, while the former referred to a historical fact, the latter does not;
the reference to a person who should prove the theorem of I. 32 for the three
kinds of triangle separately, and then claim that he had proved it generally,
states a purely hypothetical case, a mere illustration. Yet, 'coming after the
historical fact stated in the preceding illustration, it might not unnaturally give
th,e" impression, at first sight, that it was historical too.

On the whole, therefore, it would seem that we cannot safely go behind
the dictum of Eudemus that the discovery and proof of the theorem of I. 32
in all its generality were Pythagorean. This does not however preclude its
having been discovered by stages such as those above set out after Hankel"
and Cantor. Nor need it be doubted that Thales and even his Egyptian
instructors had advanced some way on the same road, so far at all events as
to see that in an equilateral triangle, and in an isosceles right-angled triangle,
the sum of the angles is equal to two right angles.

The Pythagorean proof.
This proof, handed down by Eudemus (Proclus, p. 379, 2-IS), is no less

elegant than .that given by Euclid, and is a natural
developmen~ from the last figure in the recon­
structed argument of Hankel. It would be seen,
after the theory of parallels was added to geometry,
that the actual drawing of the perpendicular and
the complete rectangle on BC as base was
unnecessary, and that the parallel to BC through
A was all that was required.

Let ABC be a triangle, and through A draw DE parallel to Be. [I. 31]
Then, since BC, DE are parallel,

the alternate angles DAB, ABC are equal,
and so are the.. alternate angles EA C, A CB also.

Therefore the angles ABC, A CB are together equal to the angles
DAB,EAe.

Add to each the angle BA C;
therefore the sum of the angles ABC, A CB, BA C is equal to the sum of the
angles DAB, BA C, CAE, that is, to two right angles.

Euclid's proof pre-Euclidean~
The theorem of I. 32 is Aristotle's favourite illustration when he wishes to

refer to some truth generally acknowledged, and so often does it occur that
it is often indicated by two.or three words in themselves hardly intelligible,
e.g. TO 8V<TlV op()als (Anal. Post. I. 24, 85 b S) and v7TapXEL 7TaVTl TPL'YWV~ TO 8vo
(ibid. 8S b II). "

One passage (Metaph. 10SI a 24) makes it clear, as Heiberg (op. cit.
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p. 19) acutely observes, that in the proof as Aristotle knew it Euclid's
construction was used. "Why does the triangle make up two right angles?
Because the angles about one point are equal to two right angles. If then the
parallel to the side had been drawn up (av~KTo), the fact would at once have
been clear from merely looking at the figure." The words "the angles about
one point" would equally fit the Pythagorean construction, but "drawn
upwards" applied to the parallel to a side can only indicate Euclid's.

Attempts at proof independently of parallels.
The most indefatigable worker on these lines was Legendre, and a sketch

of his work has been given in the note on Postulate 5 above.
One other attempted proof needs to be mentioned here because it has

found much favour. I allude to

Thibaut's method.
This appeared in Thibaut's Grundnss der rez;zen Mathematik, Gottingen

(2 ed. 18°9, 3 ed. 1818), and is to the following effect.
Suppose CB produced to D, and let BD (produced to any necessary extent

either way) revolve in one direction (say
clockwise) first about B into the position
BA, then about A into the position of A C
produced both ways, and lastly about C
into the position CB prodllced both ways.

The argument then is that the straight
line BD has revolved through the sum of 0
the three exterior angles of the triangle.
But, since it has at the end of the revolution
assumed a position in the same straight line with its original position, it must
have revolved through four nght angles.

Therefore the sum of the three exterior angles is equal to four right
~~; .
from which it follows that the sum of the three angles of the triangle is equal
to two right angles.

But it is to be observed that the straight line BD revolves about different
points in it, so that there is translation combined with rotatory motion, and it
is necessary to assume as an axiom that the two motions are independent, and
therefore that the trattslation may be neglected.

Schumacher (letter to Gauss of 3 May, 1831) tried to represent the
rotatory motion graphically in a second figure as mere motion round a point;
but Gauss (letter of 17 May, 1831) pointed out in reply that he really
assumed, without proving it, a proposition to the effect that "If two straight
lines (I) and (2) which cut one another make angles A', A" with a straight
line (3) cutting both of them, and if a straight line (4) in tlTe same plane is
likewise cut by (I) at an angle A', then (4) will be cut by (2) at the angle A".
But this proposition not only needs proof, but we may say that it is, in
essence, the very propl'>sition to be proved" (see Engel and Stackel, Die
Theone der Parallellinien von Euklid bis auf Gauss, 1895, p. 230).

How easy it is to be deluded in this way is plainly shown by Proc1us'
attempt on the same lines. He says (p. 384, 13-21) that the truth of the
theorem is borne in upon us by the help of "common notions" only. " For,
if we conceive a straight line with two perpendiculars drawn to it at its ex­
tremities, and if we then suppose the perpendiculars to (revolve about
their feet and) approach one another, so as to form a triangle, we see that,

H. E. 21
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to the extent to which they converge, they diminish the right angles which
they made with the straight line, so that the amount taken from the right
angles is also the amount added to the vertical angle of the triangle, and the
three angles are necessarily made equal to two right angles." But a moment's
reflection shows that, so far from being founded on mere "common notions,"
the supposed propf assumes, to begin with, that, if the pel'pendiculars ap­
proach one another ever so little, they will then form a triangle immediately,
i.e., it assumes Postulate 5 itself; and the fact about the vertical angle can only
be seen by means of the equality of the alternate angles exhibited by drawing
a perpendicular from the vertex of the triangle to the base, i.e. a parallel to
either of the original perpendiculars.

Extension to polygons.
The two important corollaries added to I. 32 in Simson's edition are given

by Proclus; but Proclus' proof of the first is different from, and perhaps
somewhat simpler than, Simson's.

. I. The sum of the interior angles of a convex rectilineal figure is equal to
fwzce as many right angles as the figure has sides,
less four. .

For let one angular point A be joined to all
the other ang1!lar points with which it is not con- C
nected already.

The figure is then divided into triangles, and
mere inspection shows

(I) that the number of triangles is two less
than the number of sides in the figure, .

(2) that the sum of the angles of all the
triangles is equal to the sum of all the interior angles of the figure.

Since thtm the sum of the angles of each triangle is equal to two right angles,
the sum of the interior angles of the figure is equal to 2 (n- 2) right angles,
i.e. (2n - 4) right angles, where n is the number of sides in the figure.

2. The extenor angles of any convex reetilineal
figure are together equal to four right angles.

For tHe interior and exterior angles together are
equal to 2n right angles, where n is the number of sides.

And the interior angles are together equal to
(2n-4) right angles.

Therefore the exterior angles are together equal to
four right angles.

This last property is already quoted by Aristotle
as true of all rectilineal figures in two passages (Anal.
Post. I. 24, 85 b-38 and II. 17, 99 a 19).

PROPOSITION 33.
The straight lines joining equal and parallel straight

lz'nes (at the extremities which. are) in the same directions
(respectively) are themselves also equal and parallel.

Let AB, CD be equal and parallel, and let the straight
5 lines A C, BD join them (at the extremities which are) in the

same directions (respectively) ;
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I say that A C, BD are also equal and parallel.
Let BC be joined.
Then, since AB is parallel to CD,

10 and BC has fallen upon them,
the alternate angles ABC, BCD

are equal to one another. [I. 29]
And, since AB is equal to CD,

and BC is common,
15 the two sides AB, BCare equal to the two sides DC, CB;

and the angle ABC is equal to the angle BCD;
therefore the base A C is equal to the base BD,

and the triangle ABC is equal to the triangle DCB,
and the remaining angles will be equal to the remaining angles

20 respectively, namely those whic~ the equal sides subtend; [1.4]

therefore the angle A CB is equal to the angle CBD.
And, since the straight line BC falling on the two straight

lines A C, BD has made the alternate angles equal to one
another,

25 A C is parallel to BD. [I. 27]
And it was also proved equal to it.
Therefore etc. Q. E. D.

I. joining... (at the extremities which are) in the same directions (respectively).
I have for clearness' sake inserted the words in brackets though they are not in the original
Greek, which has "joining... in the same directions" or "on the'same sides," f1rl TO. ltOTa plfY'/
f1l"L.\WyVOOVO"ltL. The expression" towards the same parts," though usage has sanctioned it,
is perhaps not quite satisfactory.

15. DC, CB and 18. DCB. The Greek has" BC, CD" and" BCD" in these places
respectively. Euclid is not always careful to write in corresponding order the letters denoting
corresponding points in congruent figures. On the contrary, he evidently prefers the alpha.
betical order, and seems to disdain to alter it for the sake of beginners or others who might
be confused by it. In the case of angles alteration is perhaps unnecessary; but in the case
of triangles and pairs of corresponding sides I have ventured to alter the order to that which
the mathematician of to-day expects.

This proposition is, as Proclus says (p. 385, 5), the connecting link between
the exposition of the theory of parallels and the investigation of parallelograms.
For, while it only speaks of equal and parallel straight line~ connecting those
ends of equal and parallel straight lines which are in the same directions, it
giv~s, without expressing the fact, the construction or origin of the parallelogram,
so that in the next proposition Euclid is able to speak of "parallelogrammic
areas" without any further explanation. .

PROPOSITION 34.
In parallelogrammic areas' the opposite sides and angles

are equal to one another, and the diameter bisects the areas.
Let A CDB be a parallelogrammic area, and BC its

diameter;
21-2
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[21
C 0

5 I say that the opposite sides and angles of the parallelogram
ACDB are equal to one another, and the diameter BC
bisects it.

For, since AB is parallel to CD,
and the straight line BC has fallen

10 upon them,
the alternate angles ABC, BCD

are equal to ot,)e another. [I. 29]
Again, since A C is parallel to B D,

and BC has fallen upon them,
15 the altftrnate angles A CB, CBD. are equal to one
~oilie~ ~2~

Therefore ABC, DCB are two triangles having the two
angles ABC, BCA equal to the two angles DCB, CBD

.respectively, and one side equal to one side, namely that
20 adjoining the equal angles and common to both of them, BC;

therefore they will also have the remaining sides equal
to the remaining sides respectively, and the remaining angle
to the remaining angle; [I. 26]

therefore the side AB is equal to CD,
25 and AC to BD,

and further the angle BA C is equal to the angle CDB.
And, since the angle ABC is equal to the angle BCD,

and the angle CBD to the angle A CB,
the whole angle ABD is equal to the whole angle A CD.

[C.N.2J
~o A11d the angle BACwas also proved equal to the angle CDB.

Therefore in parallelogrammic areas the opposite sides
and angles are equal to one another.

I say, next, that the diameter also bisects the areas.
For, since :AB is equal to CD,

35 and BC is common,
the two sides AB, BC are equal to the two sides DC, CB
respectively;

and the angle ABC is equal to the angle BCD;
therefore the base A C is also equal to DB,

and the triangle ABC is equal to the triangle DCB. [1.4]
Therefore the diameter BC bisects the parallelogram

ACDB. ,Q. E. D.
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I. It is to be observed that, when parallelograms have to be mentioned for the first time,
Euclid calls them" parallelogrammic areas" or, more exactly, "parallelogram" areas
('rrapa\A.,,',Jrypap.p,a xwpla). The meaning is simply areas bounded by parallel straight lines
with the further limitation placed upon the term by Euclid that only four-sided figures are so
called, although of course there are certain regular polygons which have opposite sides
parallel, and which therefore might be said to be areas bounded by parallel straight lines. We
gather from Proclus (p. 393) that the word "parallelogram" was first introduced by E;uclid,
that its use was suggested by J. 33, and that the formation of the word 'lrapa\A."M'Ypap.p.os
(parallel-lined) was analogous to that of dJfJU'Ypa/Lp.os (straight-lined or rectilineal).

17,18,4°. DCB and 36. DC, CB. The Greek has in these places "BCD" and
"CD, BC" respectively. Cf. note on I. 33, lines 15, 18.

After specifying the particular kinds of parallelograms (squares and rhombi)
in which the diagonals bisect the angles which they join, as well as the areas,
and those (rectangles and rhomboids) in which the diagonals do not bisect
the angles, Proclus proceeds (pp. 390 sqq.) to analyse this proposition with
reference to the distinction in Aristotle's Anal. Post. (1. 4, 5,73 a 21-74 b 4)
between attributes which are only predicable of every individual thing (KaTa
1TallT()'i) in a class and those which are true of it primarily (TOVTOV 1TpWTOV) and
generally (Ka8oAov). We are apt, says Aristotle, to mistake a proof KaTa
1TaVT()'i for a proof TOVroV 1TPWrOll Ka8oAOll because it is either impossible to
find a higher generality to comprehend all the particulars of which the
predicate is true, or to find a name for it. (Part of this passage of Aristotle
has been quoted above in the note on I. 32, pp. 319-320.)

Now, says Proclus, adapting Aristotle's dis~inction to theorems, the present
proposition exhibits the distinction between theorems which are general and
theorems which are not general. According to Proclus, the first part of
the proposition stating that the opposite sides and angles of a parallelogram
are equal is general because the property is only true of parallelograms; but
the second part which asserts that the diameter bisects the area is not gener(ll
because it does not include all the figures of which this property is true, e.g.
circles and ellipses. Indeed, says Proclus, the first attempts upon problems
seem usually to have been of this partial character (P.£ptKwT£pat), and generality
was only attained by degrees. Thus" the ancients, after investigating the
fact that the diameter bisects an ellipse, a circle, and a parallelogram
respectively, proceeded to investigate what was common to these cases,"
though "it is difficult to show what is common to an ellipse, a circle and a
parallelogram."

I doubt whether the supposed distinction betw~en the two parts of the
proposition, in point of" generality," can be sustained. Proclus himself admits
that it is presupposed that the subject of the proposition is a quadntateral,
because there are other figures (e.g. regular pol~gons of an even number of
sides) besides parallelograms which have their opposite sides and angles
equal; therefore the second part of the theorem is, in this respect, no more
general than the other, and, if we are entitled to the tacit limitation of the
theorem to quadrilaterals in one part, we are equally entitled to it in the other.

It would almost appear as though Proclus had drawn the distinction for
the mere purpose of alluding to investigations by Greek geometers on the
general subject of diameters of all sorts of figures; and it may have been these
which brought the subject to the point at which Apollonius could say in the
first definitions at the beginning of his Conics that "In any bent line, such as
is in one plane, I give the name diameter to any straight line which, being
drawn from the bent line, bisects all the stra~ght lines (chords) drawn in the
line parallel to any straight line." The term bent line (Kap.?T6A'Y] "ypap.p.-ri)
includes, e.g. in Archimedes, not only curves, but any composite line made
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up of straight lines and curves joined together in any manner. . It is of course
clear that either diagonal of a parallelogram bisects all lines drawn within the
parallelogram parallel to the other diagonal.

An-Nairizi gives after 1. 31 a neat construction for dividing a straight line
into any number of equal parts (ed. Curtze, p. 74, ed. Besthorn-Heiberg,
pp. .141-3) which requires only one measurement repeated, together with the
properties of parallel lines including I. 33, 34. As I. 33, 34 are assumed, I
place the problem here. The particular case taken is the problem of dividing
a straight line into three equal parts.

Let AB be the given straight line. Draw A C, BD at right angles to it
on opposite sides.

An-Nairizi takes A C, BD of the same
length and then bisects A C at E and BD
at F. But of course it is even simpler to
measure AE, EC along one perpendicular
equal and of any length, and BF, FD along
the other also equal and of the same length.

Join ED, CF meeting AB in G, H A.-----7z----7~---JB

respectively.
Then shall AG, GH, HB all be equal.
Draw HK parallel to A C, or at right

angles to AB.
Since now EC, FD are equal and parallel, C

ED, CFare equal and parallel. [I. 33]
And HK was drawn parallel to A C.
Therefore ECHK is a parallelogram; whence KH is equal as well as

parallel to EC, and therefore to EA.
The triangles EA G, KHG have now two angles respectively equal and the

sides AE, HK equal.
Thus the triapgles are equal in all respects, and

A G is equal to GH.
Similarly the triangles KHG, FBH are equal in all respects, and

GH is equal to HB.
If now we wish to extend the problem to the case where A B is to be

divided into n parts, we have only to measure (n- I) successive equal lengths
along AC and (It-I) successive lengths, each equal to the others, along BD.
Then join the first point arrived at on A C to the last point on BD, the
second on A C to the last b~t one on BD, and so on; and the joining lines
cut AB in points dividing it into n equal parts.

PROPOSITION 35.
Parallelograms which are on the same base and in the

same parallels are equal to one another.
Let ABCD, EBCF be parallelograms on the same base

BC and in the same parallels A F, BC;
5 I say that ABCD is equal to the parallelogram EECF

For, since ABeD is a parallelogram, '
AD is equal to Be. [I. 34]
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[C.N.IJ

IS equal to
(c. N. 3J

\LV
B C

F or the same reason also
EF is equal to BC,

so that AD is also. equal to EF;
and DE is common;

therefore the whole AE is equal to the whole DF.
[c. N. 2]

But AB is also equal to DC; [I. 34J

therefore the two sides EA, AB are equal to the two sides
15 FD, DC respectively,

and the angle FDC is equal to
the angle EAB, the exterior to the
interior; [I. 29]

therefore the base EB is equal
20 to the base FC,

and the triangle EAB will be equal to the triangle FDC.
[I. 4},

Let DCE be subtracted from each;
therefore the trapezium ABGD which remains
the trapezium EGCF which remains. .

25 Let the triangle GBC be added to each;
therefore the whole parallelogram ABCD is equal to the whole
parallelogram EBCF. [c. N. 2]

Therefore etc.

10

Q. E. D.

2 [. FDC. The text has" DFC."
22. Let DGE be subtracted. Euclid speaks of the triangle DGE without any

explanation that, in the case .which he takes (where AD, EF have no point in common),
BE, CD must meet at a point G between the two parallels. He allows this to appear from
the figure simply. •

Equality in a new sense.
It is important to observe that we are in this proposition introduced for

the first time to a new conception of equality between figures. Hitherto we
have had eqt).ality in the sense of congruence only, as p.pplied to straight lines,
angles, and even triangles (cf. I. 4). Now, without 'any explicit reference to
any change in the meaning of the term, figures are inferred to be equal which
are equal in area or in content but need not be of the same form. No
definition of equality is anywhere given by Euclid; we are left to infer its
meaning from the few axioms about" equal things." It will be observed that
in the above proof the "equality" of two parallelograms on the same base
and between the same parallels is inferred by the successive steps (I) of
subtracting one and the same area. (the triangle DGE) from two areas equal
in the sense of congruence (the triangles AEB, DFC), and inferring that the
remainders (the trapezia ABGD, EGCF) are'''equal''; (2) of adding one and
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the same area (the triangle GBC) to each of the latter "equal" trapezia, and
inferring the equality of the respective sums (the two given parallelograms).

As is well known, Simson (after Clairaut) slightly altered the proof in order
to make it applicable to all the three possible cases. The alteration
substituted one step of subtracting congruent areas (the triangles AEB, DFC)
from one and the same area (the trapezium ABCF) for the two steps above
shown of first subtracting and then adding a certain area.

While, in either case, nothing more is explicitly used than the axioms that,
if equals be added to equals, the wholes are equal and that, if equals be subtracted
from equals, the remainders are equal, there is the further tacit assumption that
it is indifferent to what part or from what part of the same or equal areas the
same or equal areas are added or subtracted. De Morgan observes that the
postulate "an area taken from an area leaves the same area from whatever
part it may be taken" is particularly important as the key to equality of non­
rectilineal areas which could not be cut into Coincidence geometrically.

Legendre introduced the word equivalent to express this wider sense of
equality, restricting the term equal to things equal in the sense of congruent;
and this distinction has been found convenient.

I do not think it necessary, nor have I the space, to give any account of
the recent developments of the theory of equivalence on new lines represented
by the researches of W. Bolyai, Duhamel, De Zolt, Stolz, Schur, Veronese,
Hilbert and others, and must refer the reader to Ugo Amaldi's article Sulla
teoria dell' equivalenza in Questioni riguardanti la geometria e!ementare
(Bologna, 1900), pp. 103-142, and to Max Simon, Uber die Entwicklung der
Elementar-geometrie im XIX. Jahrhundert (Leipzig, 1906), pp. 115-120, with
their full references to the literature of the subject. I may however refer to
the suggestive distinction of phraseology used by Hilbert (Grundlagen der
Geometru,pp. 39, 40):

(I) "Two polygons are called divisibly-equal (zerlegungsgleich) if they can
be divided into ajinite number of triangles which are congruent two and two."

(2). "Two polygons are called equal in content (inhaltsgleich) or of equal
content if it is possible to add divisibly-equal polygons to them in such a way
that the two combined polygons are dizlisibly-equal."

(Amaldi suggests as alternatives for the terms in (I) and (2) the expressions
equivalent by sum and equiz1alent by difference respectively.)

From these definitions it follows that "by combining divisibly-equal
polygons we again arrive at divisibly-equal polygons; and, if we subtract
divisibly-equal polygons from divisibly-equal polygons, the polygons remaining
are equal in content."

The proposition also follows without difficulty that, "if two polygons are
divisibly-equal to a third polygon, they are. also divisibly-equal to one another;
and, if two polygons are equal zit content to a third polygon, they are equal in
content to one another."

The different cases.

As usual, Proclus (pp. 399-400), observing that Euclid has given only the
most difficult of the three possible cases, adds the other two with separate
proofs. In the case where E in the figure of the proposition falls between A
and D, he adds the congruent triangles ABE, DCF respectively to the
smaller trapezium,EBCD, instead of subtracting them (as Simson does) from
the larger trapezium ABCF.
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An ancient "Budget of Paradoxes."

Proclus observes (p. 396, 12 sqq.) that the present theorem and the
similar one relating to triangles are among the so-called paradoxical theorems
of mathematics, since the uninstructed might well regard it as impossible that
the area of the parallelograms should remain the same while the length of the
sides other than the base and the side opposite to it may increase indefinitely.
He adds that mathematicians had made a collection of such paradoxes, the
so-called treasury ofparadoxes (0 71"apci.80to. Tll7l"0.)-cf. the similar expressions
r01l"o. avaAvop.£vO' (treasury of analysis) and ro7l'0. aITrpovop.ovp.£vo.--in the same
way as the Stoics with their illustrations (WIT1l"£p 01 a7l'o rfj. ~roa.<;. E1l"t rwv
8nyp.arwv). It may be that this treasury of paradoxes was the work of
Erycinus quoted by Pappus (III. p. 107, 8) and mentioned above (note on
I. 21, p. 290).

Locus-theorems and loci in Greek geometry.

The proposition I. 35 is, says Proclus (pp. 394-6), the first locus-theorem
(r07l'tKOv (}£wpT/p.a) given by Euclid. Accordingly it is in his note on this
proposition that Proclus gives us his view of the nature of a locus-theorem
and of the meaning of the word locus (ro1l"o.) j and great importance attaches
to his words because he is one of the three writers (Pappus and Eutocius
being the two others) upon whom we have to rely for all that is known of the
Greek conception of geometrical loci.

Proclus' explanation (pp. 394, 15-395, 2) is as follows. "I call those
(theorems) locus-theorems (r07l'tKd) in which the same property is found to exist
on the whole of some 10cus'(1l"po. OAep TtVt r01l"ep), and (I call) a-locus a position
of a line or a surface producing one and the same property (ypap.p.ij. ~ £1l"t­
¢av£{a. (}£ITtV 1l"otoVITav ~JI Kal rUVTOJl ITvp.1l"Twp.a). For, of locus-theorems, some
are constructed on lines and others on surfaces (rwv yap T01l"tKWV TO. p.£v EITn
1l"pO' ypap.p.at. ITvvtITrap.£va, ra 8£ 1l"po. E1l"t¢av£{at,). And, since some lines are
plane (E1l"{1l"£80t) and others solid (ITT£pm{)-those being plane which are simply
conceived of in a plane (~v £JI £1l"t7l"£8ep a7l'Aij ~ vOT/ITt.), and those solid the
origin of which is revealed from some section of a solid figure, as the cylin­
drical helix and the conic lines (Ill, rij. KVAtv8ptKij. tAtKO, Kat rwv KWVtKWV
ypap.p.wv)-I should say (¢a{T/JI .tv) further that, of locus-theorems on lines,
some give a plane locus and others a solid locus."

Leaving out of sight for the moment the class of loci on suifaces, we find
that the distinction between plane and solid loci, or plane and solid lines, was
similarly understood by Eutocius, who says (Apollonius, ed. Heiberg. II.
p. 184) that" solid loci have obtained their name from the fact that the lines
used in the solution of problems regarding them have their origin in the
section of solids, for example the sections of the cone and several others."
Similarly we gather from Pappus that plane loci were straight lines and circles,
and solid loci were conics. Thus he tells us (VII. p. 672, 20) that Aristaeus
wrote five books of Solid Loci" supplementary to (literally, continuous with)
the conics" j and, though Hultsch brackets the passage (VII. p. 662, 10-15)
which says plainly that plane IlJci are straight lines and circles, while solid loci
are sections of cones, i.e, parabolas, ellipses and hyperbolas, we. have the
exactly corresponding distinction drawn by Pappus (m. p. 54, 7--16) between
plane and solid problems, plane problems being those solved by means of
straight lines and circumferences of circles, and solid problems those solved
by means of one or more of the sections of the cone. But, whereas Proclus
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and Eutocius speak of other solid loci besides conics, there is nothing in
Pappus to suppQrt the wider application of the term. According to Pappus
(III. p. 54, 16-21) problems which could not be solved by means of straight
lines, circles, or conics were linear (ypapptKa) because they used for their
construction lines having a more complicated and unnatural origin than those
mentioned, namely such curves as quadratrices, conchoids and cissoids.
Similarly, in the passage supposed to be interpolated, linear luci are distin­
guished as those which are neither straight lines nor circles nor any of the
conic sections (VII. p. 662, 13-15). Thus the classification given by Proclus
and Eutocius is less precise than tliat which we find in Pappus; and the
inclusiort by Proclus of the cylindrical helix among solid loci, on the ground
that it arises from a section of a solid figure, would seem Jo be, in any case,
due to some misapprehension.

Comparing these passages and the hints in Pappus about loci on suifaces
(T07rOt 7rpo. t7rtepavE{If) with special reference ,to Euclid's two books under that
title, Heiberg concludes that loci on lines and loci on suifaces in Proclus'
explanation are loci which are lines and loci which are surfaces respectively,
But some qualification is necessary as regards Proclus' conception of loci on
lines, because he goes on to say (p. 395, 5), with reference to this proposition,
that, while the locus is a locus on lines and moreover plane, it is "the whole
space between the parallels" which is the locus of the various parallelograms
on the same base proved to be equal in area. Similarly, when he quotes
III. 2 I about the equality of the angles in the same segment and III. 31 about
the right angle in a semicircle as cases where a circumference of a circle
takes the place of a straight line in a plane locus-theorem, he appears to
imply that it is the segment or semicircle as an area which is regarded as the
locus of an infinite number of triangles with the same base and equal vertical
angles, rather than that it is the circumference which is the locus of the angular
P011l!S. Likewise he gives the equality of parallelograms inscribed in "the
asymptotes and the hyperbola" as an example of a solid locus-theorem, as if
the area included between the curve and its asymptotes was regarded as the
locus of the equal parallelograms. However this may be, it is clear that the
locus in the present proposition can only be either (I) a line-locus of a line,
not a point, or (2) an area-locus of an area, not a point or a line; and we
seem to be thus brought to another and different classification of loci
corresponding to that quoted by Pappus (VII. p. 660, 18 sqq.) from the pre­
liminary exposition given by Apollonius in his Plane Loci. According to this,
loci in general are of three kinds: (1) tepEKTtKO{, ItOlding-in, in which sense
the locus of a point is a point, of a line a line, of a surface a surface, and of a
solid a solid, (2) 8tE~OatKO{, moving along, a line being in this sense a locus of a
point, a surface of a line and a solid of'a surface, (3) a.valTTpoeptKO{, where a
surface is a locus of a point and a solid of a line. Thus the locus in this
proposition, whether it is the space between the two parallels regarded as the
locus of the equal parallelograms, or the line parallel to the base regarded as
the locus of the sides opposite to the base, would seem to be of the first class
(tepEKTtKO.); and, as Proclus takes the former view of it, a locus on lines is
apparently not merely a locus which is a line but a locus bounded by lines
also, the locus being plane in the particular case because it is bounded by
straight lines, or, in the case of III. 21, 31, by straight lines and circles, but
not by any higher curves.

Proclus notes lastly (p. 395, 13-21) that, according to Geminus,
"Chrysippus likened locus-theorems to the ideas. For, as the ideas confine
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the genesis of unlimited (particulars) within defined limits, so in such theorems
the unlimited (particular figures) are confined within defined places or loci
(Tl)7TOl). And it is this boundary which is the cause of the equality j for the
height of the parallels, which remains the same, while an infinite number of
parallelograms are conceived on the same base, is what makes them all equal
to one another."

PROPOSITION 36.

Parallelograms which are on equal bases and in the same
parallels are equal to one another.

Let ABCD, EFGH be parallelograms which are on
equal bases Be, FG and in the same parallels AH, BG;

[;lj(\
8 C F G

I say that the parallelogram ABCD is equal to EFGH.
For let BE, CH be joined.
Then, since BC is equal to FG,

while FG is equal to EH,
BC is also equal to EH. [C. N. I]

But they are also parallel.
And EB, HC join them;

but straight lines joining equal and parallel straight lines (at
the extremities whic~ are) in the same directions (respectively)
are equal and parallel. [I. 33]

Therefore EBCH is"a parallelogram. [1.34]
And it is equal to ABCD ;

for it has the same base BC with it, and IS 10 the same
parallels BC, A H with it. [I. 35]

For the same reason also EFGH is equal to the same
EBCH; [I. 35]

so that the parallelogram ABCD is also equal to EFGH.
[C.N. 1]

Therefore etc.
Q. E. D.
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PROPOSITION 37.

[I. 37

Triangles which are 01t the same base and in the same
parallels are equal to one another.

Let ABC, DBC be triangles on the same base BC and
in the same parallels AD, BC;

5 I say that the triangle ABC is equal to the triangle DBC.
Let AD be produced in both

directions to E, F;
through B let BE be drawn parallel
to CA, [1. 31]

10 and through f let CF be drawn
parallel to BD. [1. 31]

Then each of the figures
EBCA, DBCF is a parallelogram;
and they are equal,

15 for they are on the same base BC and 10 the same
parallels BC, EF. [I. 35]

Moreover the triangle ABC is half of the parallelogram
EBCA; for the diameter AB bisects it. [1·34]

'And the triangle DBC is half of the parallelogram DBCF;
20 for the diameter DC bisects it. [1·34]

[But the halves of equal things are equal to one another.]
Therefore the triangle ABC is equal to the triangle DBC.
Therefore etc.

Q. E. D.

21. Here and in the next proposition Heiberg brackets the words" But the halves of
equal things are equal to one another" on the ground that, since the Common Notion
which asserted this fact was interpolated at a very early dat; (before the time of Theon),
it is probable that the words here were interpolated at the same time. Cf. note above
(p. 224) on the interpolated Common Notion.

There is a lacuna in the text of Proclus' notes to I. 36 and I. 37.
Apparently the end of the former and the beginning of the latter are missing,
the MSS. and the editio princeps showing no separate note for 1. 37 and no
lacuna, but going straight on without regard to sense. Proclus had evidently
remarked again in the missing passage that, in the case of both parallelograms
and triangles between the same parallels, the two sides which stretch from one
parallel to the other may increase in length to any extent, while the area
remains the same. Thus the perimeter in parallelograms or triangles is of
itself no criterion as to their area. Misconception on this subject was rife
among non-mathematicians; and Proclus (p. 403, 5 sqq.) tells us (I) of
describers of countries (xwpoypa<!>oL) who drew conclusions regarding the size
of cities from their perimeters, and (2) of certain members of communistic
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societies in his own time who cheated their fellow members by giving them
land of greater perimeter but less area than they took themselves, so that, on
the one hand, they got a reputation for greater honesty while, on the other, they
took more than their share of produce. Cantor (Gesck. d. Math. 13 , p. 172)

quotes -several remarks of ancient authors which show the prevalence of the
same misconception. Thus Thucydides estimates the size of Sicily according
to the time required for circumnavigating it. About 130 B.C. Polybius said
that there were people who could not understand that camps of the same
periphery might have different capacities. Quintilian has a similar remark,
and Cantor thinks he may have had in his mind the calculations of Pliny, who
compares the size of different parts of the earth by adding their length to their
breadth.

The comparison however of the areas of different figures of equal contour
had not been neglected by mathematicians. Theon of Alexandria, in his
commentary on Book I. of Ptolemy's Syntaxis, has preserved a number of
propositions on the suhject taken from a treatise by ZenodofUs 1r€P'i. luop.erpwJI
uX'¥Jp.aTWJI (reproduced in Latin on pp. II90-1211 of Hultsch's edition of
Pappus) which was written at some date between, say, 200 B.C. and 90 A.D.,

and probably not long after the former date, Pappus too has at the beginning
of Book v. of his Collection (pp. 308 sqq.) the same propositions, in which he
appears to have followed ZenodofUs pretty closely while making some changes
in detail. The propositions proved by ZenodofUs and Pappus include the
following: (I) that, of all polygons of the same number of sides and equal
perimeter, the equilateral and equiangular polygon is the greatest in area, .
(2) that, of regular polygons of equal perimeter, that is the greatest in area,
which kas the most angles, (3) that a circle is greater than any regular polygon
of equal contour, (4) that, of all circular segments in which the arcs are equal in
length, the semicircle is the greatest. The treatise of ZenodofUS was not con­
fined to propositions about plane figures, but gave also the theorem that, of
all solid figures the suifaces of whick are equal, the sphere is the greatest in
volume.

PROPOSITION 38.

Triangles which are on equal bases and in the same
parallels are equal to one anq.ther.

Let ABC, DEF be triangles on equal bases BC, EF and
in the same parallels BF, AD;
I say that the triangle ABC is
equal to the tria'ngle DEF

For let AD be produced in
both directions to G, H;
through B let BG be drawn
parallel to CA, [I. 31 ]

and through F let FH be drawn parallel to DE.
Then each of the figures GBCA, DEFH is a parallelo­

gram;
and GBCA is equal to DEFH;
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for they are on equal bases BC, EF and in the same
parallels BF, GH. [1.36]

Moreover the triangle ABC is half of the parallelogram
GBCA; for the diameter AB bisects it. [1·34J

And the triangle FED is half of the parallelogram DEFH;
for the diameter DFbisects it. . [1·34]

[But the halves of equal things are equal to one another.]
Therefore the triangle ABC is equal to the triangle DEF.
Therefore etc.

Q. E. D.

On this proposition Proclus remarks (pp. 405-6) that Euclid seems to
him to have given in VI. lone proof including all the four theorems from
I. 35 to 1. 38, and that most people had failed to notice this. When Euclid,
he says, proves that triangles and parallelograms of the same altitude have to
one another the same ratio as their bases, he simply proves all these
propositions more generally by the use of proportion; for of course to be of
the same altitude is equivalent to being in the same parallels. It is true that
VI. 1 generalises these propositions, but it must be observed that it does not
prove the propositions themselves, as Proclus seems to imply; they are in fact
assumed in order to prove VI. 1.

Comparison of areas of triangles of 1. 24.
The theorem already mentioned as given by Proclus on 1. 24 (pp. 340-4)

is placed here by Heron, who also enunciates it more clearly (an-Nairlzi, ed.
Besthom-Heiberg, pp. 155-161, ed. Curtze, pp. 75-8).

If in two triangles two sides of the one be equal to two sides of the other
respectively, and the angle of the one be greater than the angle of the other,
namely the angles contained by the equal sides, then, (I) if the sum of the two
angles contained by the equal sides is equal to two right angles, the two triangles
are equal to one another; (2) if less than two right angles, the triangle which
has the greater angle is also itselfgreater than the other; (3) ifgreater than two
right angles, the tn'angle which has the less angle is greater than the other
triangle.

~~\
F

Let two triangles ABC, DEF have the sides .AB, AC respectively equal
to DE, DR

(1) First, suppose that the angles at A and D in the triangles ABC,
DEF are together equal to two right angles.

Heron's construction is now as follows.
Make the angle EDG equal to the angle BAC.
Draw FH parallel to ED meeting DG in H.
Join EH.
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Then, since the angles BA C, EDF are equal to two right angles, the
angles EDH, EDF are equal to two right angles.

But so are the angles EDH, DHE.
Therefore the angles EDF, DHFare equal.
And the alternate angles EDF, DFH are equal.
Therefore the angles DHF, DFH are equal,

and DFis equal to DH. [1.6]
Hence the two sides ED, DHare equal to the two sides BA, AC; and

the included angles are equal.
Therefore the triangles ABC, DEH are equal in all respects.
And the triangles DEF, DEHbetween the same parallels are equal.

[I. 37]
Therefore the triangles ABC, DEFare equal.
[Proclus takes the construction of Eucl. I. 24, i.e., he makes DH equal to

DF and then proves that ED, FH are parallel.]
(2) Suppose the angles BA C, EDF together less than two right angles.
As before, make the angle EDG equal to the angle BA C, draw FH

parallel to ED, and join EH.
A

L
BeE.

F

In this case the angles EDH, EDF are together less than two right
angles, while the angles EDH, DHFare equal to two right angles. [I. 29]

, Hence the angle EDF, and therefore the angle DFH, is less than the
angle DHE. .

Therefore DH is less than DE. [I. 19]
Produce DHto G so that DG;is equal to DFor AC, and join EG.
Then the triangle .DEG, which is equal to the triangle ABC, is greater

than the triangle DEH, and therefore greater than the triangle DEE.
(3) Suppose the angles BA C, EDF together greater than two right

angles.

A

~
B C

o

.~
F

We make the same construction in this case, and we prove in like manner
that the angle DHFis less than the angle DFH,

whence DH is greater than DF or A C.
Make DG equal to AC, and join EG.
It then follows that the triangle DEFis greater than the triangle ABC.
[In the second and third cases again Proclus starts from the construction

in I. 24, and proves, in the second case, that the parallel, FH, to ED cuts
DG and, in the third case, that it cuts DG produced.]
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[C. N. r]

~
B C

There is no necessity for Heron to take account of the position of F in
relation to the side opposite D. For in the first and third cases F must fall

~~
BeE G

in the position in which Euclid draws it in I. 24, w'h:j.tever be the relative
lengths of AB, A C. In the second case the figure may be as annexed, but the
proof is the same, or rather the case needs no proof at all.

PROPOSITION 39.

Equal triangles which are on the same base and on the
same side are also in the same parallels.

Let ABC, DBC be equal triangles which are on the same
base BC and on the same side of it ;

5 [I say that they are also in the same parallels.]
And [For] let AD be joined;

1 say that AD is parallel to Be.
For, if not, let AE be drawn through

the point A parallel to the straight line
10 BC) [I.3r]

and let EC be joined.
Therefore the triangle ABC is equal

to the triangle EBC;
for it is on the same base BC with it and ill the same

IS parallels. [r. 37]

But ABC is equal to DBC;
therefore DBC is also equal to EBC,

the greater to the less: which is impossible.
Therefore AE is not parallel to Be.

20 Similarly we can prove that neither is any other straight
line except AD ;

therefore AD is parallel to Be.
Therefore etc.

Q. E. D.
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5. [1 say that they are also in t~e same parallels.] Heiberg has proved (Hermes,
XXXVII!., 1903, p. 50) from a recently discovered papyrus-fragment (Fayum towns and their
papyri, p. 96, No. IX.) that these words are an interpolation by some one who did not observe
that the words" And let AD be joined" are part of the setting-out (lKIIEcm), but took them
as belonging to the com/ruction (KUTaCTKEU?j) and consequently thought that a {j,Ofl/oCTp.OS or
"definition" (of the thing to be proved) should precede. The interpolator then altered
" And" into "For" in the next sentence.

This theorem is of course the partial converse of I. 37. In I. 37 we have
triangles which are (I) on the same base, (2) in the same parallels, and the
theorem proves (3) that the triangles are equal. Here the hypothesis (I) and
the conclusion (3) are combined as hypotheses, and the conclusion is the
hypothesis (2) of I. 37, that the triangles are in the same parallels. The
additional qualification in this proposition that the triangles must be on tke
same side of the base is necessary because it is not, as in 1.37, involved in the
other hypotheses.

Proclus (p. 4°7, 4-17) remarks that Euclid only converts I. 37 and I. 38
relative to triangles, and omits the converses of I. 35, 36 about parallelograms
as unnecessary becaU6e it is easy to see that the method would be the same,
and therefore the reader may properly be left to prove them for himself.

The proof is, as Proclus points out (p. 408, 5-21), equally easy on the
supposition that the assumed parallel AE meets BD or CD produced
beyond D.

[PROPOSITION 40.

Equal triangles which are on equal bases 'and on the same
side are also in the same parallels.

. Let ABC, CDE be equal triangles on equal bases BC,
CE and on the same side. -

I say that they are also in the same parallels.
For let AD be joined;

I say that AD is parallel to BE.
F or, if not, let AF be drawn through

A parallel to BE [I. 31], and let FE be
joined.

Therefore the triangle ABC is equal
to the triangle FCE ;
for they are on equal bases BC, CE and in the same parallels
BE, AF [I. 38]

But the triangle ABC is equal to the triangle DCE ;
therefore the triangle DCE is also equal to the triangle

FCE, [c. .LV: I]
the greater to the less: which is im·possible.

Therefore AF is not parallel to BE.
H. E. 22
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Similarly we can prove that neither IS any other straight
line except AD;

therefore AD is parallel to BE.
Therefore etc.

Q. E. ~.]

Heiberg has proved by means of the papyrus-fragment mentioned in the
last note that this proposition is an interpolation by some one who thought
that there should be a proposition following 1. 39 and related to it in the same
way as I. 38 is relateq to I. 37, and 1. 36 to 1. 35.

PROPOSITION 41.

If a parallelogram "have the same base with a triangle and
be in the same parallels, the parallelogram is double 0.1 the
triangle.

For let the parallelogram ABCD have the same base BC
with the triangle EBC, and let it be in the same parallels
Be, AE;

I say that the parallelogram A BCD is double of the
triangle BEe.

For let A C be joined.
Then the triangle ABC IS equal to

the triangle EEC;
for it is on the same base BC with it
and in the same parallels BC, A E.

[1. 37]
But the parallelogram ABCD is double of the triangle

ABC;
for the diameter A C bisects it; [I. 34]

so that the parallelogram ABeD is also double of the tria"ngle
EBC.

Therefore etc.
Q. E. D.

On this proposition Proclus (pp. 414, 15-415, 16), "by way of practice"
(yvp,Jlau£as ~J!(Ka), considers the area of a trapezium (a quadrilateral with only
one pair of opposite sides parallel) in comparison with that of the triangles
in the same parallels and having the greater and less of the parallel/sides of
the trapezium for bases respectively, and proves that the trapezium is less
than double of the former triangle and more than double of the latter.

He next (pp. 415, 22-416, 14) proves the proposition that,
.If a "triangle be formed by· joinzilg the middle point of either of the non­

parallel sides to the extremities of the opposite side, the area of the trapezium is
always double of that of tbe triangle.
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[I. 26]

t:><:
B C

[I. 23]

[I. 31]

A F G

~ffi<7
BEe

Let ABCD be a trapezium in which AD, BC are the parallel sides, and
E the middle point of one of the non-parallel sides,
say DC.

Join EA, EB and produce BE to meet AD
produced in F.
- Then the triangles BEC, FED have two angles
equal respectively, and one side CE equal to one
side DE;
therefore the triangles are equal in all respects.

Add to each the quadrilateral ABED;
therefore the trapezium ABCD is equal to the triangle ABF,

that is, to twice the triangle AEB, since BE is equal to EF. [I. 38]
The three properties proved by Proclus may be combined in one enuncia-

tion thus: •
If a triangle be formed by joining the middle point ofone side qf a trapezium

to the extremities of the opposite side, the area of the trapezium is (I) greater
than, (2) equal to, or (3) less than, double the area of the triangle according as
the side the middle point of which is taken is (I) the greater of the parallel sides,
(2) either qf the non-parallel sides, or (3) the lesser qf lite parallel sides.

PROPOSITION 42.

To construct, in a given rectilineal angle, a parallelogram
equal to _a give1l triangle. .

Let ABC be the given triangle, and D the gIven recti­
lineal angle;
thus it is required to construct III the rectilineal angle D a
parallelogram equal to the
triangle ABC.

Let BC be bisected- at E,
and let AE be joined;
on the straight line EC, and
at the point E on it, let the
angle CEF. be constructed
equal to the angle D;
through A let A G be drawn parallel to EC, and
through C let CG be drawn parallel to EF.

ThenFECG is a parallelogram.
And, since BE is equal to EC,
the triangle ABE is also equal to the triangle AEC,

for they are on equal bases BE, EC and in the same parallels
BC, AG; [I. 38]

therefore the triangle -ABC is double of the triangle
AEC.

22-2
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But the parallelogram FECG is also double of the triangle
A EC, for it has the same base with it and is in the same
parallels with it; [1. 41]

therefore the parallelogram FECG is equal to the
triangle ABC

And it has the angle CEF equal to the given angle D.
Therefore the parallelogram FECG has been constructed

equal to the given triangle ABC, in the angle CEF which is
equal to D. Q. E. F.

i<c-------;-=-- ---;D
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PROPOSITION' 43.

In any parallelogram the complements ofthe parallelograms
about the d£ameter are equal to one another. _

Let ABCD be.a parallelogram, and A C its diameter;
and about A C let E H, .FG be parallelograms, and BK, KD

5 the so-called complements;
I say that the complement BK is equal to the complement

KD.
F or, since A BCD is a parallelogram, and A C its diameter,

the triangle ABC is equal to
the triangle A CD. [I. 34]

Again, since EH is a parallelo­
gram, and AK is its diameter,

the triangle A EK is equal to
. the triangle AHK.

15 For the same reason
the triangle KFC is also equal to KGC
Now, since the triangle AEK is equal to the triangle

AHK,
and KFC to KGC,

20 the triangle AEK together with KGC is equal to the triangle
AHK together with KFC [C. N. 2]

And the whole triangle ABC is also equal to the ~ole
ADC;
therefore the complement BK which remains is equal to the

25 complement KD which remains. [C. N. 31
Therefore etc.

Q. E. D.
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I. complements, 7rap<t:n-XTJPwp.aTa, the figures put in to fiIl up (interstices).
4. and about AC.... · Euclid's phraseology here and in the next proposition implies

that the complements as well as the other parallelograms are" about" the diagonal. The
words are here 7rfpl O€ T1)V Ar 7rapaXXTJMypap.p.a floEv lUTW Tel. EO, ZH, TO, m X.-yOP.fVa.
7rapa7rXTJpwp.aTa TO, BK, K~. The expression "the so-called complements" indicates that
this technical use of 7rapa7rX."pwp.aTa was not new, though it might not be universally known.

In the text of Proc1us' commentary as we have it, the end of the note on
I. 41, the whole of that on I. 42, and the beginning of that on I. 43 are
missing.

Proc1us remarks (p. 418, 15-20) that Euclid did not need to give a
formal definition of complement because the name was simply ~uggested by the
facts; when once we have the two "parallelograms about the diameter,"
the complements are necessarily the areas remain-
ing over on each side of the diameter, which fill
up the complete parallelogram. Thus. (p. 411,
1 sqq.) the complements need not be parallelo­
grams. They are so if the two "parallelograms
about the diameter" are formed by straight lines
drawn through one point of the diameter parallel
to the sides of the original parallelogram, but not
otherwise. If, as in the first of the accompanying figures, the parallelograms
have no common point, the complements are five-sided figures as shown.
When the parallelograms overlap, as in the second figure, Proc1us regards
the complements as being the small parallelo­
grams FG, EH. But, if complements are strictly
the areas required to fill up the original parallelo­
gram, Proclus is inaccurate in describing FG, EH
as the complements. The complements are really
( 1 ) the parallelogram FG minus the triangle LMN,
and (2) the parallelogram EH minus the triangle
KMN, respectively; the possibility that the re­
spective differences may be negative merely means the possibility that the
sum of the two parallelograms about the diameter may be together greater
than the original parallelogram. .

In all the cases it is easy to show, as Proc1us does, that the complements
are still equal.

PROPOSITION 44.

To a given straz"ght Nne to apply, z"n a gz"ven rectz"lineal
angle, a paralle~ogram equal to a gz"ven triangle.

Let AB be the given straight line, C the given triangle
and D the given rectilineal angle;

5 thus it is required to apply to the given straight line AB, in
an angle equal to the angle D, a parallelogram equal to the
given triangle C.

Let the parallelogram BEFG be constructed equal to
the triangle C, in the angle EBG which is equal to D [I. 4 2 ] ;

10 let it be placed so that BE is in a straight line with AB; let
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FG be drawn through to H, and let AH be drawn through
A parallel to either B G or E F. (I. 31]

Let H B be joined.

Then, since the straight line H F falls upon the parallels
15AH, EF,

the angles AHF, HFE are equal to two right angles.
(I. 29]

Therefore the angles BHG, GFE are less than two right
angles;
and straight lines produced indefinitely from angles less than

20 two right angles meet; [Post. 5)

therefore HB, FE, when produced, will meet.
Let them be produced and meet at K; through the point

K let KL be drawn parallel to either EA or FH, [r·31]
and let HA, GB be produced to the points L,M.

25 Then H LKF is a parallelogram,
HK is its diameter, and AG, ME are parallelograms, and
LB, BF the so-called complements, about H K;

therefore LB is equal to BF [I. 43]

But BF is equal to the triangle C;
30 therefore LB is also equal to C. [c. N. I]

And, since the angle GBE is equal to the angle ABM,
[r. 15]

while the angle GBE is equal to D,
the angle ABM is also equal to the anglo- D.
Therefore the parallelogram LB equal to the given triangle

35 C has been applied to the givell strai?"ht line AB, in the angle
ABM which is equal to D.

Q. E. F.

lot. since the straight line HF falls.... The verb' is in the aorist (&£1r£<T£v) here and
in similar expressions in the following propositions.

This proposition will always remain one of the most impressive in all
geometry when account is taken (I) of the great importance of the result
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obtained, the transformation of a parallelogram of any shape into another
with the same angle and of equal area but with one side of any given
length, e.g. a unit length, and (2) of the simplicity of the means employed,
namely the mere application of the property that the complements of the
"parallelograms about the diameter" of a parallelogram are equal. The
marvellous ingenuity of the solution is indeed worthy of the" godlike men of
old," as Proclus calls the discoverers of the method of" application of areas";
and there would seem to be no reason to doubt that the particular solution,
like the whole theory, was Pythagorean, and not a new solution due to Euclid
himself.

Application of areas.
On this proposition Proclus gives (pp. 419, 15-420, 23) a valuable note

on the method of "application of areas" here introduced, which was one of
the most powerful methods on which Greek geometry relied. The note runs
as follows:

"These things, says Eudemus (01 7r£pl 'TOV EliSWLOV), are ancient and are
discoveries of the Muse of the Pythagoreans, I mean the application ofareas
(7rapa{3oA7j 'TWV xwp{wv), their exceeding U)7r£p{3oA~) and their falling-short
(ZAA£Ll/t'S). It was from the Pythagoreans that later geometers [i.e. Apollonius]
took the names, which they again transferred to the so-called conic lines,
designating one of these a parabola (application), another a hyperbola
(exceeding) and another an ellipse (falling-short), whereas those godlike men
of old saw the things signified by these names in the construction, in a plane,
of areas upon a finite straight line. For, when you have a straight line set
out and lay the given area exartly alongside the whole of the straight line, then
they say that you apply (7rapa{3aAAHv) the said area; when however you
make the length of the area greater than the straight line itself, it is said to
exceed (V7r£p{3aAA£'v), and when you make it less, in which case, after the area
has been drawn, there is some part of the straight line extending beyond it,
it is said to fall short (£AAd7rHV). Euclid too, in the sixth book, speaks in
this way 'both of exceeding and falling-short; but in this place he needed the
application 'simply, as he sought to apply to a given straight line an area equal
to a given triangle in order that we might have in our power, not only the
construdion (mJ<T'TaITtS) of a parallelogram equal to a given triangle, but also
the application of it to a finite straight line. For example, given a triangle
with an area of 12 feet, and a straight line set out the length of which is
4 feet, we apply to the straight line the area equal to the triangle if we take
the whole length of 4 feet and find how many feet the breadth must be in
order that the parallelogram may be equal to the triangle. In the particular
case, if we find a breadth of 3 feet and multiply the length into the breadth,
supposing that the angle set out is a right angle, we shall have the area. Such
then is the application handed down from early times by the Pythagoreans."

Other passages to a similar effect are quoted from Plutarch. (I)" Pytha­
goras sacrificed an ox on the strength of his proposition (SuI:ypap.p.a) as
Apollodotus (?-rus) says._whether it was the theorem of the hypotenuse, viz.
that the square on it is equal to the squares on the sides containing the
right angle, or the problem about the application of an area." (Non posse
suaviter vivi secundum Epicurum, c. 11.) (2)" Among the most geometrical
theorems, or rather problems, is .the following: given two figures, to apply a
third equal to the one and similar to the other, on the strength of which
discovery they say moreover that Pythagoras sacrificed. This is indeed
unquestionably more subtle and more scientific than the theorem which
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demonstrated that the square on the hypotenuse is equal to the squares on
the sides about the right angle" (Symp. VIII. 2, 4).

The story of the sacrifice must (as noted by Bretschneider and Hankel)
be given up as inconsistent with Pythagorean ritual, which forbade such
sacrifices; but there is no reason to doubt that the first distinct formulation
and introduction into Greek geometry of the method of application of areas
was due to the Pythagoreans. The complete exposition of the application of
areas, their exceeding and their falling-short, and of the construction of a
rectilineal figure equal to one given figure and similar to another, takes us
into the sixth Book of Euclid; but it will be convenient to note here the
general features of the theory of application, exceeding andfalling-short.

The simple application of a parallelogram of given area to a given
straight line as one of its sides is what we have in I. 44 and 45; the general
form of the problem with regard to exceeding and/plling-short may be stated
thus:

"To apply ID a given straight line a rectangle (or, more generally, a
parallelogram) equal to a given rectilineal figure and (I) exceeding or
(2) falling-short by a square (or, in the more general case, a parallelogram
similar to a given parallelogram)."

What is meant by saying that the applied parallelogram (I) exceeds or
(2) falls short is that, while its base coincides and is coterminous at one end
with the straight line, the said base (I) overlaps or (2) falls short of the
straight line at the other end, and the portion by which the applied
parallelogram exceeds a parallelogram of the same angle and height on the
given straight line (exactly) as base is a parallelogram similar to a given
parallelogram (or, in particular cases, a square). In the case where the
parallelogram is to fall short, a oLOpurp.O'i is necessary to express the condition
of possibility of solution.

We shall have occasion to see, when we come to the relative propositions
in the second and sixth Books, that the general problem here stated is
equivalent to that of solving geometrically a mixed quadratic equation. We
shall see that, even by means of II. 5 and 6, we can solve geometrically the
equations

ax± x 2 =b2
,

x 2 -ax=b' ;

but in VI. 28, 29 Euclid gives the equivalent of the solution of the general
equations

b. C
ax+-x =-"-c m

We are now in a position to understand the application of the terms
parabola (application), hyperbola (exceeding) and ellipse (falling-short) to
conic sections. These names were first so applied by Apollonius as expressing
in each case the fundamental property of the curves as stated by him. This
fundamental property is the geometrical equivalent of the Cartesian equation
referred to any diameter of the conic and the tangent at its extremity as (in
general, oblique) axes. If the parameter of the ordinates from the several
points of the conic drawn to the given diameter be denoted by p (p being

accordingly, in the case of the hyperbola and ellipse, equal to d~2, where dis

the length of the given diameter and d' that of its conjugate), Apollonius gives
the properties of the three conics in the following form.
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(r) For the parabola, the square on the ordinate at any point is equal to
a rectangle applied to p as base with altitude equal to the corresponding
abscissa. That is to say, with the usual notation,

f=px.
(2) For the hyperbola and ellipse, the square on the ordinate is equal to

the rectangle applied to p having as its width the abscissa and exceeding (for
the hyperbola) or falling-short (for the ellipse) by a figure similar and similarly
situated to the rectangle contained by the given diameter and p.

x2

That is, in the hyperbola y' = t x + d 2 pd,

or f = px + ~ x· ;

and in the ellipse y" = px - ~ x'.

The form of these equations will be seen to be exactly the same-as that of
the general equations above given, and thus Apollonius' nomenclature followed
exactly the traditional theory of applicatz'on, exceeding, and falling-short.

PROPOSITION 45.

To construct, £n a g£ven rect£l£neal angle, a parallelogram
equal to a g£ven rectilineal figure.

Let ABCD be the given rectilineal figure and E the given
rectilineal angle;

5 thus it is required to construct, in the given angle E, a
parallelogram equal to the rectilineal figure ABCD.

A

o
F' G L

IT!
K H M

Let DB be joined, and let the parallelogram FH be
constructed equal to the triangle ABD, in the angle HKF
which is equal toE;' [I. 42]

10 let the parallelogram GM equal to the triangle DBC be
applied to the straight line GH, in the angle GHM which is
~~~R ~~

Then, since the angle E is equal to each of the angles
HKF,GHM,

IS the angle HKF is also equal to the angle GHM. [C. N. r]
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Let the angle KHG be added to each;
therefore the angles FKH, K HG are equal to the angles
KHG, GHM.

But the angles FKH, KHG are equal to two right angles;
, [1. 29]

20 therefore the angles KHG, GHM are also equal to two right
angles.

Thus, with a straight line GH, and at the point H on it,
two straight lines K H, H M not lying on the same side make
the adjacent angles equal to two right angles;

25 therefore KH is in a straight line wi!h H M. [I. 14]

. And, since the straight line HG falls upon the parallels
KM, FG, the alternate angles MHG, HGF are equal to one
another. [1. 29]

Let the angle HGL be added to each;
30 therefore the angles MH G, H GLare equal to the angles

HGF, HGL. [CO N 2]
But the angles MHG, HGL are equal to two right angles;

[1. 29]
therefore the angles HGF, HGL are also equal to two right
angles. [c. No I]

35 Therefore FG is in a straight line with GL. [1. 14]
And, since FK is equal and parallel to HG, [I. 34]

and HG to ML also,
KF is also equal and parallel to M L ; [c. N 1 ;,1. 30]

and the straight lines KM, FL join them (at their extremities);
40 therefore KM, FL are also equal and parallel. [1.33]

Therefore KFLM is a parallelogram.
And, since the triangle ABD is equal to the parallelogram

FH, and DBC to GM,
45 the whole rectilineal figure. ABCD is equal to the whole

parallelogram KFLM.
Therefore the parallelogram KFLM has been c'onstructed

equal to the given rectilineal figure ABCD, in the angle FKM
which is equal (0 the given angle E. Q. E. F.

2,3,6, 45, 48. rectilineal figure, in the Greek "rectilineal" simply, without "figure,"
.. EIJ8{ryeap,p.oJ1 being here used as a substantive, like the similarly formed 'II'apaXX'YfXfrypap.p.ov.

Transformation of areas.
We can now take stock of how far' the proposition~ 1. 43-45 bring us in

the matter of transformation ofareas, which constitutes so important a part of
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what has been fitly called the geometrical algebra of the Greeks. We have
now learnt how to represent any rectilineal area, which can of course be
resolved into triangles, by a single parallelogram having one side equal to any
given straight line and one angle equal to any given rectilineal angle. Most
important of all such parallelograms is the rectangle, which is one of the simplest
forms in which an area can be shown. Since a rectangle corresponds to the
product of two magnitudes in algebra, we see that application to a given
straight line of a rectangle equal to a given area is the geometrical equivalent
of algebraical division of the product of two quantities by a third. Further
than this, it enables us to add or subtract any rectilineal areas and to represent
the sum or difference by one rectangle with one side of any given length, the
process being the equivalent of obtaining a common factor. But one step _
still remain's, the finding of a square equal to a given rectangle, i.e. to a
given rectilineal figure; and this step is not taken till 11. 14. In general,
the transformation of combinations of rectangles and squares into other'
combinations of rectangles and squares is the subject-matter of Book II., with
the exception of the expression of the sum of two squares as a single square
which appears earlier in the other Pythagorean theorem I. 47. Thus the
transformation of rectilineal areas is made complete in otle direction, i.e. in the
direction of their simplest expression in terms of rectangles and squares, by the
end of Book 11. The reverse process of transforming the simpler rectangular
area into an equal area which shall be similar to any rectilin~al figure requires,
of course, the use of proportions, and therefore does not appear till VI. 25.

Proclus adds to his note on this proposition the remark (pp. 422, 24­
423, 6): "I conceive that it was -in consequence of this problem that the
ancient geometers were led to investigate the squaring of the circle as well.
For, if a parallelogram can be found equal to any rectilineal figure, it is worth
inquiring whether it be not also possible to prove rectilineal figures equal to
circular. And Archimedes actually proved that any circle is equal to the
right-angled triangle which has one of its sides about the right angle [the
perpendicular] equal to the radius of the circle and its base equal to the
perimeter of the circle. But of this elsewhere."

PROPOSITION 46.

On a given straight line to describe a square.

Let AB be the given straight line; c
thus it is required to describe a ~quare
on the straight line A B.

5 Let A C be drawn at right angles to 0 E

the straight line AB from the point A
on it [I. II], and let AD be made equal
toAB;
through the point D let DE be drawn

10 parallel to A B, A B

and through the point B let BE be drawn parallel to AD.
[I. 31]
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Therefore ADEB is a parallelogram;
therefore AB is equal to DE, and AD to BE. [1.34]

But AB is equal to AD;
IS therefore the four straight lines BA, AD, DE, EB

are equal to one another;
therefore the parallelogram ADEB is equilateral.

I say next that it is also right-angled.
For, since the straight line AD falls upon the parallels

2oAB, DE,
the angles BAD, ADE are equal to two right angles.

[I. 29]

sides and
[I. 34] .

is also

But the angle BAD is right;
therefore the angle ADE is also right.

And in parallelogrammic areas the opposite
25 angles are equal to one another;

therefore each of the opposite angles ABE, BED
right;

Therefore ADEB is right. angled.
And it was also proved equilateral.

30 Therefore it is a square; and it is described on the straight
line AB.

Q. E. F.

I, 3, 30. Proclus (p..P3, 18 sqq.) notes the difference between the word construct
(<TU<TT1j<Ta<TOa,) applied by Euclid t<;> the construction of a triangle (and, he might have added,
of an angle) and the words describe on (liva'Ypaq,fLv lill"o) used of drawing a square on a given
straight line as one side. The triangle (or angle) is, so to say, pieced together, while the
describing of a square on a given straight line is the making Of a figure" from" one side,
and corresppnds to the multiplication of the number representing the side by itself.

A'?------=B,.j----~C

Proclus (pp.. 424-5) proves that~ if squares are described on equal straight
lines, the squares are equal; .and, conversely, that,
if two squares are equal, the straight lines are Dr-' .,;.F

equal on which they are described. The first
proposition is immediately obvious if we divide
the squares into two triangles by drawing a
diagonal in each. The converse is proved as
follows.

Place the two equal squares AF, CG so
that AB, BC are in a straight line. Then,
since the angles are right, FB, BG will also
be in a straight line. Join AF, FC, CG, GA.

Now, since the squares are equal, the G E
triangles ABF, CBG are equal.

Add to each the triangle FBC; therefore the triangles AFe, GFC are
equal, and hence they must be in the same parallels.
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Therefore A G, CF are parallel.
Also, since each of the alternate angles AFG, FGC is half~a right angle,

AF, CG are parallel.
Hence AFCG is a parallelogram; and AF, CG are equal.
Thus the triangles ABF, CBG have two angles and one side respectively

equal;
therefore AB is equal to BC, and BFto BG.

PROPOSITION 47.

K

H

o L

In right-angled triangles the square on the side subtending
the n'ght angle is equal to the squares on the sides conta£n£ng
the rz'ght angle.

Let ABC be a right-angled triangle having the angle
5 BAC right; .

I say that the square on Be .is equal to the squares on
BA, AC.

F or let there be described
on BC the square BDEC,

IO and on BA, AC the squares
GB, HC; [i. 46]

through A let AL be drawn
parallel to either BD or CE,
and let AD, FC be joined.

F
15 Then, since each of the ",--~.

angles BAC, BAG is right, ~++--T--=~.

it follows that with a straight·
line BA, and at the point A
on it, the twd straight lines

20 A C, A G not lying on the
same side make the adjacent
angles equal to two right
angles;

therefore CA is in a straight line with A G.
F or the same reason

BA is also in a straight line with AH.
And, since die angle DBC is equal to the angle FBA: for

each is right:
let the angle ABC be added to each;

30 therefore the whole angle DBA IS equal. to the whole
angle FBC. [c. N. 2]
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And, since DB is equal t? BC, and FB to BA,
the two sid~s AB, BD are equal to the two sides FB, BC
respectively;

35 ?nd the angle ABD is equal to the angle FBC;
therefore the base AD is equal to the base FC,

and the triangle ABD is equal to the triangle FBe. [1.4]
Now the parallelogram BL is double of the triangle ABD,

for they have the same base BD and are in the same parallels
40 BD, AL.· [1. 41]

And the square GB is double of the triangle FBC,
for they again have the same base FB.and are in the same
parallels FB, Ge. [I. 41]

[But the doubles of equals are equal to one another.]
45 Therefore the parallelogram BL is also equal to the

square GB.
Similarly, if AE, BK be joined,

the parallelogram CL can also be proved equal to the square
HC;

Q. E. D.

to the two
[G.N.2]

50 therefore the whole square EDEC is equal
squares GB, He.

And the square BDEC is described on BC,
and the squares GE, HC on BA, Ae.

Therefore the square on the side BC is equal
55 squares on the sides BA, Ae.

Therefore etc.

to the

I. the square on, TO ,;"ro...TETpo.-yWVOv, the word o.vo.-ypo.tj>€; or o.Vo.-yE-ypa.P.P.€VOV being
understood.

subtending the right angle. Here inrOTE~VOV<T'1/S, "subtending," is used with the
simple accusative (Trw oplJ:qv -ywvlo.v) instead of being followed by lnra and the accusative,
which seems to be the original and more orthodox construction. Cf. I. 18, note.

33. the two sides AB, BD.... Euclid actually writes" DB, BA," and therefore the
equal sides in the two triangles are not mentioned in corresponding order, though he adheres
to the words fKo.T€po. fKo.T€Pq. "respectively." Here DB is equal to BC and BA to FB.

H' [But the doubles of equals are equal to one another.] Heiberg brackets
these words as an interpolation, since it quotes a Common Notion which is itself interpolated.
Cf. notes on I. 37. p. 332, and on interpolated Common Notions. pp. 223~oj..

"It we listen," says Proclus (p. 426, 6 sqq.), "to th.e who wish to
recount ancient history, we may find some of them referrq.g this theorem to
Pythagoras and saying that he sacrificed an ox in honour of his discovery.
But for my part, while I admire those who first observed the truth of this
theorem, I marvel more at the writer of the Elements, not only because he
made it fast (KaTE&]<To:ro) by a most lucid demonstration, but because he
compelled assent to the still more general theorem by. the irrefragable
arguments of science in the sixth Book. For in that Book he proves
generally that, in right-angled triangles, the figure on the side subtending
the right angle is equal to the similar and similarly situated figures' described
on the sides about the right angle."
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In addition, Plutarch (in the passages quoted above in the note 0 j)~k·
IJiogenes Laertius (VIII. 12) and Athenaeus (x. 13) agree in attributin ~~"'#.
proposition to Pythagoras. It is easy to point out, as does G. Junge ("W ~...
haben die Griechen das Irrationale entdeckt?" in N(YlIae Symbolae Joachimicae, -.
Halle a. S., 1907, pp. 221-264), that these are late witnesses, and that the
Greek literature which we possess belonging to the first five centuries after
Pythagoras contains no statement specifying this or any other particular great
geometrical discovery as due to him. Yet the distich of Apollodorus the
,. calculator," whose date (though it cannot be fixed) is at least earlier than
that of Plutarch and presumably of Cicero, is quite definite as to the existence
of one" famous proposition" discovered by Pythagoras, whatever it was. Nor
does Cicero, in commenting apparently on the verses (De nat. deor. III. c. 36,
§ 88), seem to dispute the fact of the geometrical discovery, but only the story
of the sacrifice. Junge naturally emphasises the apparent uncertainty in the
statements of Plutarch and Proclus. But, as I read the passages of Plutarch,
I see nothing in them inconsistent with the supposition that Plutarch
unhesitatingly accepted as discoveries of Pythagoras both the theorem.c1f the
square of the hypotenuse and the problem of the application of an area, and
the only doubt he felt was as to which of the two discoveries was the more
appropriate occasion for the supposed sacrifice. There is also other evidence
not without bearing on the question. The theorem is closely connected with
the whole of the matter of Eucl. Book II., in which one of the most prominent
features is the use of the gnomon. Now the gnomon was a well-understood
term with the Pythagoreans (cf. the fragment of Philolaus quoted on p. 141 of
Boeckh's Philolaos des Pytllagore.ers Lellren, 1819). Aristotle also (Physics
III. 4, 203 a 10-15) clearly attributes to the Pythagoreans the placing of odd
numbers as gnomons round successive squares beginning with I, thereby
forming new squares, while in another place (eateg. 14, 15 a 30) the word
gnomon occurs in the same (obviously familiar) sense: "e.g. a square, when a
gnomon is placed round it, is increased in size but is not altered in form." The
inference must therefore be that practically the whole doctrine of Book II. is
Pythagorean. Again Heron (1St cent. A.D.), like Proclus, credits Pythagoras
with a general rule for forming right-angled triangles with rational whole
numbers for sides. Lastly, the Eudemian summary in Proclus (p. 65. 19)
credits Pythagoras with the discovery of the theory of irrationals. [It is true
that Junge will not accept this either. . But in order to support his thesis he
has to reject Friedlein's reading dA~ywv (" irrationals") in favour of dvaAoywv
(" proportionals") or avaAoyu;;v (" proportions "), the only basis of which is a
note "(alii avaAoywv)" in August's Euclid I. p. 290, and which is certainly
not confirmed by the two Scholia, x. No. I definitely attributing the discovery
of the incommensurable to the Pythagoreans and v. No. I crediting Eudoxus
with the whole theory of Book v. and making no mention of the Pythagoreans
in this connexion.] Now everything goes to show that this discovery of the
irrational was made with reference to ..)2, the ratio of the diagonal of a
square to its side. It tis clear that this presupposes the knowledge that I. 47
is true of an isosceles right-angled triangle; and the fact that some triangles
of which it had been discovered to be true were rational right-angled triangles
was doubtless what suggested the inquiry whether the ratio between the
lengths of the diagonal and the side of a square could also be expressed in
whole numbers. On the whole, therefore, I see no sufficient reason to question
the tradition that, so far as Greek geometry is concerned (the possible priority
of the discovery of the same proposition in India will be consid~red later),

1. 41]
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Pythagoras was the first to introduce the theorem of I. 47 and to give a
general proof of it.

On this assumption, how was Pythagoras led to this discovery? All that
we can say is that it is probable that the Egyptians were aware that a triangle
with its sides in the ratio 3, 4, 5 was right-angled. Cantor inferred this from
the fact that this was precisely the triangle with which Pythagoras began, if
we may accept the testimony of Vitruvius (IX. 2) that Pythagoras taught how
to make a right angle by means of three lengths measured by the numbers
3, 4, 5· If then he took from the Egyptians the triangle 3, 4, 5, he presum­
ably learnt its property from them also. Now the Egyptians must certainly
be credited from a period at least as far back as 2000 B.C. with the knowledge
that 42+ 32= 52. This has been proved recently by new evidence. Cantor
(Archil) der Mathematik und Physik, VIII., 1905, p. 66) refers to a fragment
of papyrus belonging to the time' of the 12th Dynasty newly discovered at
Kahun. In this papyrus we have extractions of square roots: e.g. that of 16
is 4, that of I-flf is I.t, that of 6t is 2%, and the following equations can be
traced:

1
2 + (~l = (Ill

82 + 62 = 102

22+ (1%)2 = (2%?
162+ 122 =202•

It will be seen that 42+ 32= 52 can be derived from each of these by
multiplying, or dividing out, by one and the same factor. No doubt
42+ 32= 52 itself was omitted as too well known to need mention. The
Babylonians were, as well as the Egyptians, probably aware t,hat the triangle
with sides 3, 4, 5 was right-angled (Cantor, Geschichte der Mathematik 13 ,

pp. 49, 50); the Chinese were certainly aware of it (ibid. p. 181).
How then did Pythagoras discover the general theorem? Observing that

3, 4, 5 was a right-angled triangle, while 32+ 42= 5", he ~as probably led to

consider whether a similar relation was true of the sides of right-angled
triangles other than the particular one. The simplest case (g~ometrically) to
investigate was that of the isosceles right-angled triangle; and the truth of the
theorem in this particular case would easily appear from the mer~construction

of a figure. Cantor (I., p. 185) and Allman (Greek Geometry from .Thales to
Euclid, p. 29) illustrate by a figure in which the squares are drawn outwards,
as in I. 47, and divided by diagonals into equal triangles; but I think that the
truth wa~ morelikely to be first observed from a figure of the kind suggested
by Biirk (Das Apaslamba-,!-,'ulba-Siitra in Zeitschrijt der delltsellen morgenland.
Gesellschaft, LV., 1901, p. 557) to explain how the Indians arrived at the
same thing. The two figures are as shown above. When the geometrical
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A
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B D C

consideration of the figure had shown that the isosceles right-angled triangle
had the property in question, the investigation of the same fact from the
arithmetical point of view would ultimately lead Pythagoras to the other
momentous discovery of the irrationality of the length of the diagonal of a
square expressed in terms of its side.

The irrational will come up for discussion later; and our next question
is: Assuming that Pythagoras had observed the geometrical truth of the
theorem in the case of the two particular triangles, and doubtless of other
rational right-angled triangles, how did he establish it generally?

There is no positive evidence on this point. Two possible lines are
however marked out. (I) Tannery says (La Geometrie grecque, p. l0S) that
the geometry of Pythagoras was sufficiently advanced to make it possible
for him to prove the theorem by similar triangles. He does not say in
what particular manner similar triangles would be used, but their use must
apparently have involved the use of proportions, and, in order that the proof
should be conclusive, of the theory of proportions in its complete form
applicable to incommensurable as well as commensurable magnitudes. Now
Eudoxus was the first to make the theory of proportion independent of the
hypothesis of commensurability; and as, before Eudoxus' time, this had not
been done, any proof of the general theorem by means of proportions given
by Pythagoras must at least have been inconclusive. But this does not
constitute any objection to the supposition that the truth of the general
theorem may have been discovered in such a manner; on the contrary, the
supposition that Pythagoras proved it by means of an imperfect theory of
proportions would better than anything else account for the fact that Euclid
had to devise an entirely new proof, as Proclus says he did in I. 47. This
proof had to be independent of the theory of proportion even in its rigorous
form, because the plan of the Elements postponed that theory to Books v.
and VI., while the Pythagorean theorem was required as early as Book II.

On the other hand, if the Pythagorean proof had been based on the doctrine
of Books 1. and II. only, it would scarcely have been necessary for Euclid to
supply a new proof.

The possible proofs by means of proportion would seem to be practically
limited to two.

(a) One method is to prove, from the similarity of the triangles ABC,
DBA, that the rectangle CB, BD is equal to the
1>quare on BA, and, from the similarity of the
triangles ABC, DA C, that the rectangle BC, CD
is equal to the square on CA; whence the result
follows by addition.

It will be observed that this proof is in substance
identical with that of Euclid, the only difference
being that the equality of the two smaller squares
to the respective rectangles is inferred by the method of Book VI. instead
of from the rel-ation between the areas of parallelograms and triangles on the
same base and between the same parallels established in Book I. It occurred
to me whether, if Pythagoras' proof had come, even in substance, so near to
Euclid's, Proclus would have emphasised so much as he does the originality
of Euclid's, or would have gone so far as to say that he marvelled more at
that proof than at the original discovery of the theorem. But on the whole
I see no difficulty; for there can be little doubt that the proof by proportion
is what suggested to Euclid the method of I. 47, and the transformation of

H. E. 23
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the method of proportions into one based on Book I. only, effected by a
construction and proof so extraordinarily ingenious, is a veritable tour de
force which compels admiration, notwithstanding the ignorant strictures of
Schopenhauer, who wanted something as obvious as the second figure in
the case of the isosceles right-angled triangle (p. 352), and accordingly
(Siimmtliche Werke, Ill. § 39 and I. § 15) calls Euclid's proof "a mouse-trap
proof" and "a proof walking on stilts, nay, a mean, underhand, proof." ("Des
Eukleides stelzbeiniger, ja, hinter listiger Beweis ").

(0) The other possible method is this. As it would be seen that the
triangles into which the original triangle is divided by the perpendicular from
the right angle on the hypotenuse are similar to one another and to the whole
triangle, while in these three triangles the two sides about the right angle in the
original triangle, and the hypotenuse of the original triangle, are corresponding
sides, and that the sum of the two former similar triangles is identically equal
to the similar triangle on the hypotenuse, it might be inferred that the same
would also be true of ~quares described on the corresponding three sides
respectively, because squares as well as similar triangles are to one another in
the duplicate ratio of corresponding sides. But the same thing is equally true
of any similar rectilineal figures, so that thls proof would practically establish
the extended theorem of Eucl. VI. 31, which theorem, however, Proclus
appears to regard as being entirely Euclid's discovery.

On the whole, the most probable supposition seems to me to be that
Pythagoras used the first method (a) of proof by means of the theory of
proportion as he knew it, i.e. in the defective form which was in use up to the
date of Eudoxus.

(2) I have pointed out the difficulty in the way of the supposition that
Pythagoras' proof depended upon the principles of Eucl. Books I. and II. only.

a b a b

... ~ ..~
b c··· .. b c

a

'.

\ a c
b

a

Were it not for this difficulty, the conjecture of Bretschneider (p. 82), followed
by Hankel (p. 98), would be the most tempting hypothesis. According to this
suggestion, we are to suppose a figure like that of Eucl. II. 4 in which a, 0 are
the sides of the two inner squares respectively, and a + b is the side of the
complete square. Then, if the two complements, which are equal, are divided
by their two diagonals into four equal triangles of sid~s a, 0, c, we can place
these triangles round another square of the same size as the whole square, in:the
manner shown in the second figure, so that the sidesa, b of successi'llc triangles
make up one of the sides of the square and are arranged in cyclic order. It
readily follows that the remainder of the square when the four triangles are
deducted is, in the one case, a square whose side is c, and·in the other the sum of
two squares whose sides are a, b respectively. Therefore the square on c is equal
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to the sum of the squares on a, b. All that can be said against this con­
jectural proof is that it has no specifically Greek colouring
but rather recalls the Indian method. Thus Bhaskara
(born 1114 A.D.; see Cantor, 13 , p. 656) simply draws
four right-angled triangles equal to the original one in­
wards, one on each side of the square on the hypotenuse,
and says "see! ", without even adding that inspection
shows that

c
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Though, for the reason given, there is difficulty in supposing that
Pythagoras used a general proof of this kind, which applies of course to right­
angled triangles with sides incommensurable as well as commensurable, there
is no objection, I think, to supposing that the truth of tpe proposition in the
case of the first rational right-angled triangles discovered, e.g. 3, 4, 5, was
proved by a method of this sort. Where the sides are commensurable in this
way, the squares can be divided up into small (unit) squares, which would
much facilitate the comparison b~ween tp.em. That this subdivision was in
fact resorted to in adding and subtracting squares is made probable by
Aristotle's allusion to odd numbers as gnomons placed round unity to form
successive squares in Physics III. 4; this must mean that the squares were
represented by dots arranged in the form of a square and a gnomon formed of
dots put 'round, or that (if the given square was drawn in the usual way) the
gnomon was divided up into unit squares. Zeuthen has shown (" Theoreme
de Pythagore," Ongine de la 'Geometrie scientijique in Comptes rend'us du
I/"u Congres international de Philosophie, Geneve, 19°4), how easily the
proposition could be proved by a method of this kind for the triangle 3, 4, 5.
To admit of the two smaller squares being shown side by side, take a square
on a line containing 7 units of length (4 + 3), and divide it up into 49
small squares. It would be obvious that the
whole square could be exhibited as containing
four rectangles of sides 4, 3 cyclically arranged
round the figure with one unit square in the
middle. (This same figure is given by Cantor, 13 ,

p. 680, to illustrate the method given in the
Chinese" Tcheou pei ".) It would be seen that

(i) the whole square (73
) is made up of two

squares 32 and 42
, and two rectangles 3, 4;

(ii) the same square is made up of the square
EFGH and the halves of four of the same rect­
angles 3, 4, whence the square EFGH, being equal
to the sum of the squares 32 and 42

, must contain 25 unit squares. and its side,
,or the diagonal of one of the rectangles, must contain 5 units of length.

Or the result might equally be seen by observing that
.:(i) the square EFGH on the diagonal of one of the rectangles is made

up of the halves of four rectangles and the unit square in the middle, while
(ii) the squares 32 and 42 placed at adjacent corners of the large square

make up two rectangles 3, 4 with the unit square in the middle.
The procedure would be equally easy for any rational right-angled triangle,

and would be a natural method of trying to pr01·e the property when it had

23- 2
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once been empirically observed that triangles like 3, 4, 5 did in fact contain a
right angle.

Zeuthen has, in the same paper, shown in a most ingenious way how the
property of the triangle 3, 4, 5 could be verified by a sort of combination of
the second possible· method by similar triangles,
(b) on p. 354 above, with subdivision of rectangles A
into similar small rectangles. I give the method on
account of its interest, although it is no doubt too
advanced to have been used by those who first
proved the property of the particular triangle. Bi("--'--.L....--'-~--'---~

Let ABC be a triangle right-angled at A, and
such that the lengths of the sides A B, A Care 4 and
3 units respectively.

Draw the perpendicular AD, divide up AB, A C
into unit lengths, complete the rectangle on 'BC as
base and with AD as altitude, and subdivide this rectangle into small
rectangles by drawing parallels to BC, AD through the points of division of
AB, AC.

Now, since the diagonals of the small rectangles are all equal, each being
of unit length, it follows by similar triangles that the small rectangles are all
equal. And the rectangle with AB for diagonal contains 16 of the small
rectangles, while the rectangle with diagonal A C contains 9 of them.

But the sum of the triangles ABD, ADC is eqmil to the triangle ABC.
Hence the rectangle with BC as diagonal contains 9 + 16 or 25 of the

small rectangles;
and therefore BC =: 5.

Rational right-angled triangles from the arithmetical stand­
point.

Pythagoras investigated the arithmetical Itroblem of finding rational
numbers which could be made the sides of right-angled triangles, or of finding
square numbers which are the sum of two squares; and herein we find the
beginning of the indeterminate analysis which reached so high a stage of
development in Diophantus. Fortunately Proclus has preserved Pythagoras'
method of solution in the following passage (RI>. 428, 7-429, 8). "Certain
methods for the discovery of triangles of this mld are handed down, one of
which they refer to Plato, and another to Pythagoras. [The latter] starts from
odd numbers. For it makes the odd number the smaller of the sides about
the right angle; then- it takes the square of it, subtracts unity, and makes
half the difference the greater of the sides about the right angle; lastly it adds
unity to this and so forms the remaining side,. the hypotenuse. For example,
taking 3, squaring it, and sJlbtracting unity from the 9, the method takes half
of the 8, namely 4; then, adding unity to it again, it makes 5, and a right­
angled triangle has been found with one side 3, another 4 and another 5. But
the method of Plato argues from even numbers. For it takes the given even
number and makes it one of the sides about the right angle; then, bisecting
this number and squaring the half, it adds unity to the square to form the
hypotenuse, and subtracts unity from the square to form the other side about
the right angle. For example, taking 4, the method squares half of this, or
2, and so makes 4; then, subtracting unity, it produces 3, and adding unity
it produces 5. Thus it has formed the same triangle as that which was
obtained by the other method."
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The formula of Pythagoras amounts, if m be an odd number, to

., (111" - 1)2 (1112+ 1)2
fir + ~2- = -2-·· ,

111" - 1 m" + 1
the sides of the right-angled triangle being m, Cantor

2 2

(la, pp. 185--6), taking up an idea of Roth (Gescllichte der abmdlii1ldischen
Philosophie, II. 527), gives the following as a possible explanation of the way in
which Pythagoras arrived at his formula. It c" == a2 + b2

, it follows that

a" =r - b2 = (c + b) (c - b).

Numbers can be found satisfying the first equation if (1) C + band c - bare
either both even or both odd, and if further (2) C + band c- b are such
numbers as, when multiplied together, produce a square number. The first
condition is necessary because, in order that c and b may both be whole
numbers, the sum and difference of c + band c - b must both be even. The
second condition is satisfied if c + band c -- b are what were called sinulat"
/lumbers (6P.OLOL apdip.oE); and that such nnmbers were most probably known
in the time before Plato may be inferred from their appearing in Theon of
Smyrna (Expositio rerum mathematicarum ad legendum Platomm utilium, ed.
Hiller, p. 36, 12), who says that similar plane numbers are, first, all square
numbers and, secondly, such oblong numbers as have the sides which contain
them proportional. Thus 6 is an oblong number with length 3 and breadth 2;
24 is another with length 6 and breadth 4. Since therefore 6 is to 3 as 4 is
to 2, the numbers 6 and 24 are similar. .

Now the simplest case of two similar numbers is that of 1 and a2
, and,

since I is odd, the condition (1) requires that a2
, and therefore a, is also odd.

That is, we may take I and (2/l + 1)2 and equate them respectively to c- band
c + b, whence we have

b=(211+1)2_ 1

2 '

(211 + 1)2 - I
c= 2 +1,

while a = 211 + I.

As Cantor remarks, the form in whi.ch c and b appear correspond sufficiently
closely to the description in the text of Proclus.

Another obvious possibility would be, instead of equating c- b to unity, to
put c - b = 2, in which case the similar number c + b must be equated to
double of some square, i.e. to a number of the form 211", or to the half of an

even square number, say (211)". This would give..
2

a = 211,

b=1I2
- I,

C == 11
2 + I,

which is Plato's solution, as given by Proclus.
The two solutions supplement each other. It is interesting to observe that

the method suggested by Roth and Cantor is very like that of Eucl. x.
(Lemma I following Prop. 28). We shall come to this later, but it may be
mentioned here that the problem is to fi1ld two square 1Iumbers such that tluir
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whence
and

sum is also a square. Euclid there uses the property of II. 6 to the effect that,
if AB is bisected at C and produced to D, -

AD.DB+BC"=CD".
We may write this uv = Cl- b2

,

where u =c+ b, v =c - b.
In order that uv may be a square, Euclid points out that u and v must be
similar numbers, and further that u and v must be either both odd or both
even in order that b may be a whole number. We may then put for the
similar numbers, say, afP and ay", whence (if afP, ay" are either both odd or
both even) we obtain the solution

afP. ay" +CfP ~ ai )" '= efP; a
y2y.

But I think a serious, and even fatal, objection to the conjecture of Cantor
and Roth is the very fact that the method enables both the Pythagorean and
the Platonic series of triangles to be deduced with equal ease. If this had
been the case with the method used by Pythagoras, it would not, I think, have
been left to Plato to discover the second series of such triangles. It seems to
me therefore that Pythagoras must have used some method which would
produce his rule only; and further it would be some less recondite method,
suggested by direct observation rather than by argument from general
principles.

One solution satisfying these conditions is that of Bretschneider (p. 83),
who suggests the following simple method. Pythagoras was certainly aware
that the successive odd numbers are gnomons, or the differences between
successive square numbers. It was then a simple matter to write down in
three rows (a) the natural numbers, (b) their squares, (c) the successive odd
numbers constituting the differences between the successive squares in (b), thus:

1 2 3 4 5 6 7 8 9 10 I I 12 13 14
I 4 9 16 25 36 49 64 81 100 121 144 169 196

1 3 5 7 9 II 13 IS 17 19 21 23 25 27
Pythagoras had then only to pick oat the numbers in the third row which are
squares, and his rule would be obtained by finding the formula connecting the
square in the third line with the two adjacent squares in the second line. But
even this would require some little argument; and I think a still better
suggestion, because making pure observation play a greater part, is that of
P. Treutlein (Zeitschnft fur Mathematik und Ph)'Sik, XXVIII., 1883, Hist.-litt.
Abtheilung, pp. 209 sqq.).

We haye the best evidence (e.g. in Theon ,Of Smyrna) of the practice of
representing square numbers and other figured numbers, e.g. oblong, triangular,
hexagonal, by dots or signs arranged tn the shape of the particular figure.
(Cf. Aristotle, Metaph. 1092 b 12). Thus, says' Treutlein, it would be easily
seen that any square number can be turned into the next higher square
by putting a single row of dots round two adjacent sides, in the form of a
gnomon (see figures on next page).

If a is the side of a particular square, the gnomon round it is shown by
simple inspection to contain 2a + I dots or units. Now, in order that 2a + I

may itself be a square, let us suppose
2a + I = n2,

a = i(n2- I),
a+ I = i(n2 + I).
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In order that a and a + 1 may be integral, 11 must be odd, and we have at
once the Pythagorean formula

. (n2
_ 1)2 (n2 + 1)2

112 + -- = -- .
2 2

I think Treutlein's hypothesis is shown to be the correct one by the' passage
in Aristotle's Physics already quoted, where the reference is undoubtedly to the
Pythagoreans, and odd numbers are clearly identified with gllomons "placed
round 1." But the ancient commentaries on the passage make the matter
clearer still. Philoponus says: "As a proof. .. the Pythagoreans refer to what

..
... . .

~m.. '.'1 •
~... ...... ......

·..........'--..·.. ........
·... ... ...... ....

..• • I •

· .:.· .'.

happens with the addition of numbers; for when the odd numbers are
successively added to a square number they keep it square and equilateral.. ..
Odd numbers are accordingly called gnomons because, when added to what are
already squares, they preserve the square form.... Alexander has excellently
said in explanation that the phrase 'when gnomons are placed round' means
making a figure with the odd numbers (T~V KaTCx TOV~ 'IrEP(TTOV~ apdJp.ov<;
uX'/p.aToypaep{av) ... for it is the practice with the Pythagoreans to represent
things in figures (uX"1p.aToypaepliv)."

The next question is: assuming this explanation of the Pythagorean
formula, what are we to say of the origin of Plato's? It could of course be
obtained as a particular case of the general formula of Eucl. x. already
referred to; but there are two simple alternative explanations in this case also.
(1) Bretschneider observes that, to obtain Plato's formula, we have only to
double the sides of the squares in the Pythagorean formula,
for (2n)2 + (n2

- 1)2 = (n2 + 1)2,
where however n is not necessarily odd.

(2) Treutlein would explain by means of an extension of the gnomon idea.
As, he says, the Pythagorean formula was obtained by placing a gnomon
consisting of a single row of dots round two adjacent sides of a square, it
would be natural to try whether another solution could not
be found by placing round the square a gnomon consisting of
a double row of dots. Such a gnomon would equally turn the
square into a larger square; and the question would be
whether the double-row gnomon itself could be a square. If
the side of the original square was a, it would easily be seen
that the number of units in the double-row gnomon would be 4a + 4, and we
.have only to put
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whence a = n2
- I,

a+2=n2 +1,

· ..· ..

·..

and we have the Platonic formula
(2n), + (n2-- I)' = (n2+ I)".

I think this is, in substance, the right explanation, but, In form, not quite
correct. The Greeks would not, I think, have
treated the double row as a gnomon. Their com­
parison would have been between (I) a certain
square plus a single-row gnomon and (2) the same
square min,us a single-row gnomon. As the
application of Euc1. II. 4 to the case where the
segments of the side of the square are a, I enables
the Pythagorean formula to be obtained as.
Treutlein obtains it, so I think that Euc1. II. 8
confirms the idea that the Platonic formula was
obtained by comparing a square plus a gnomon
with the same square minus a gnomon. For ll. 8 proves that

4ab + (a - b)' = (a + b)2,
whence, substituting I for b, we have

4a + (a - I Y= (a + 1)2,

and we have only to put a = n2 to obtain Plato's formula.

The "theorem of Pythagoras" in India.
This question has been discussed anew in the last few years a§.. the result

oJ the publication of two important papers by Albert Biirk on Das Apastamba­
Sulba-Siltra in the Zeitschrift der deutschen morgenlandischen Gesellschaft
(LV., 1901, pp. 543-591, and LVI., 1902, pp. 327-391). The first of
the two papers contains the introduction and the text, the second the
translation with notes. A selection of the most important parts of the
material was made and issued by G. Thibaut in the Journal of the Asiatic
Society of/Bengal, XLIV., 1875, Part I. (reprinted also at Calcutta, 1875,
as The Sulvasutras, by G. Thibaut). Thibaut, in this work gave a most
~luable comparison of extracts from the three Sulvasiitras by Baudhayana,
Apastamba and Katyayana respectively, *-,ith a running commentary and an
estimate of the date and originality of the geOITletry of th<: Indians. Biirk
has however done good service by making the Apastamba-S.-S. accessible in
its entirety and investigating the whole subject afresh. With the natural
enthusiasm of an editor for the work he is editing, he roundly maintains, not
only that the Pythagorean theorem was known and proved in all its generality
by the Indians long before the date of Pythagoras (about 580-500 B.C.), but
that they had also discovered the irrational; and further that, so far from
Indian geometry being indebted to the Greek, the much-travelled Pythagoras
probably obtained his theory from India (loc. cit. LV., p. 575 note). Three impor­
tant notices and criticisms of Biirk's work have followed, by H. G. Zeuthen
(" Theoreme de Pythagore," Qrigine de la Geometrie scientijique, 1904, already
quoted), by Moritz Cantor ( Cber die alteste indische Mathematik in the Archiv
der Mathematik und Physik, VIII., 1905, pp. 63-72) and by Heinrich Vogt
(Haben die alten Inder den Pythagoreischen Lehrsatz und das Irrational!}'
gekannt? in the Bibliotheca Mathematica, V1l3 , 19°6, pp. 6-23. See alSo
Cantor's Geschichte der .iJlathematik, 13, pp. 635 -645.
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The general effect of the criticisms is, I think, to show the necessity ~for
the greatest caution, to say the least, in accepting Biirk's conclusions.
_ I proceesI to give a short summary of the portions of the contents of the
Apastamba-S.-S. which are important in the present connexion. It may be
premised that the general object of the book is to show how to construct
altars of certain shapes, and to vary the dimensions of altars without altering
the form. It is a collection of rules for carrying out certain constructions.
There are no proofs, the nearest approach to a proof being in the rule for
obtaining the area of an isosceles trapezium, which is done by drawing a
perpendicular from one extremity of the smaller of the two parallel sides to
the greater, and then taking away the triangle so cut off and placing it, the
other side up, adjacent to the other equal side of the trapezium, thereby
g-ansforming the trapezium into a rectangle. It should also be observed that
Apastamba does not speak of right-angled triangles, but of two adjacent sides
and the diagonal of a rectangle. For brevity, I shall use the expression
"rational rectangle" to denote a rectangle the two sides and the diagonal of
which can be expressed in terms of rational numbers. The references in
brackets are to the chapters and numbers of Apastamba's work.

(I) Constructions of right angles by means of cords of the following
relative lengths respectively:

(r. 6)

(u. 3)

(Ill. 4)
(III. 6)
(Ill. 6)
(III. 8)"

"
"
"

3
I.!

2
"
"

"
"

{

3, 4, S (1. 3, v. 3)
12, 16, 20 (v. 3)
IS, 20, 2S (v. 3)

{
5, 12, 13 (v. 4)

15, 36, 39 (I. 2, V. 2, 4)
8, 15, I7 (v. S)

12,35,37 (v. S)

(2) A general enunciation of the Pythagorean theorem thus: " The
diagonal of a rectangle produces [i.e. the square on the diagonal is equal to]
the sum of what the longer and shorter sides separately produce [i.e. the
squares on the two sides]." (r. 4)

(3) The application of the Pythagorean theorem to a square instead of a
rectangle [i.e. to an isosceles right-angled triangle]: "The diagonal of a square
produces an area double [of the original square]." (1. S)

(4) An approximation to the value of J2; the diagonal of a square is

(
I I I). h'dI + - +- - ---- tImes t e Sl e.
3 3·4 3·4 ·34

(5) Application of this approximate value to the construction of a square
with side of any length. (n. I)

(6) The construction of a J3, by means of the Pythagorean theorem, as
the diagonal of a rectangle with sides a and a J2. (II. 2)

(7) Remarks equivalent to the following:

(a) a Jf is the side of -} (a J3)", or a JI=!a J3.

(b) A square on length of I unit gives I unit square
" " 2 units gives 4 unit squares
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A square on length of 2! units gives 6t unit squares (III. 8)
" " ! unit gives i unit square (III. 10)
" " 1 " j" (Ill. 10)

(c) Generally, the square on any length contains as many rows (of
small, unit, squares) as the length contains units. (III. 7)

(8) Constructions, by means of the Pythagorean theorem, of
(a) the sum of two squares as one square, (II. 4)
(b) the difference of two squares as one square. (II. 5)

(9) A transformation of a rectangle into a square. (II. 7)
[This is not directly done as by Euclid in II. 14, but the rectangle is first

transformed into a gnomon, i.e. into the difference
between two squares, which difference is then tra;ns­
formed into one square by the preceding rule. If
ABCD be the given rectangle of which BC is the
longer side, cut off the square ABEE, bisect the
rectangle DE left over by HC parallel to FE, move
the upper half DC and place it on A F as base in the
position AK. Then the rectangle ABCD is equal to
the gnomon which is the difference between !he square
LB and the square LF. In other words, Apastamba
transforms the rectangle ab into the difference between

the squares e;by ande~ bY.] .
(10) An attempt at a transformation of a square (a2

) into a rectangle
which shall have one side of given length (b). (III. I)
. [This shows no sign of such a procedure as that of Eucl. I. 44, and indeed
does no more than say that we must subtract ab from a2 and then adapt the
remainder a2

- ab so that it may" fit on" to the rectangle abo The problem
1s therefore only reduced to another of the same kind, and presumably it was
only solved arithmetically in the case where a, b are given numerically. The
Indian was therefore far from the general, geometrical, solution.]

(II) Increasepf a given square into a larger square. (III. 9)

[This amounts to saying that you must add two rectangles (a, b) and
another square (b2

) in order to transform a square a2 into a square (a + b)2.
The formula is therefore that of Eucl. II. 4, a2 + zab + b2 = (a +b)2.]

The first importa_nt questio~ in relation to the above is that of date.
Biirk assigns to the Apastam6a-Sulba-Sutra a date at least as early as the 5th
or 4th century B.C. He observes however (what is likely enough) that the
matter of it must have been much older than the book itself. Further, as
regards one of the constructions for right angles, that by means of cords of
lengths 15, 36, 39, ~e shows that it was known at the time of the Tiiittir;ya:'
Sa,!,hitii and the Satapatha-Briihma1Jf~, still older works belonging to the
8th century B.C. at latest. When however Biirk says (loc. cit. LV., p. 575) that
the theorem of the square of the hypotenuse and rational right-angled
triangles cannot be found anywhere so early as in India, it would appear
that he is mistaken, if the formulae (all obtainable from 42 + 32= 52 by
multiplying throughout by the squares of integers or fractions) which are
quoted by Cantor from the recently discovered Egyptian papyrus of date more
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than 2000 years B.C. really justifies the assumption that they were known to
represent rational right-angled triangles. _

As regards the various" rational rectangles" used by Apastamba, it is to
be observed that two of the seven, viz. 8, IS, I7 and 12, 35,37, do not belong
to the Pythagorean series, the others consist of two which belong to it, viz. 3,
4, 5 and 5, 12, 13, and multiples of these. It is true, as remarked by
Zeuthen (op. cit. p. 842), that the rules of II. 7 and III. 9, numbered (9) and
(II) above respectively, would furnish the means of finding any number of
"rational rectangles." But it would not appear that the Indians had been
able to formulate any general rule; Qtherwise their list of such rectangles
would hardly have been so meagre. Apastamba mentions seven only, really
r;educible to four (though one other, 7, 24, 25, appears in the Bi!..udhiiyana­
5.-5., supposed to be older than Apastamba). These are all that Apastamba
knew of, for he adds (v. 6): "So many recognisable (erkennbare) constructions
are there," implying that he knew of no other "rational rectangles" that could
be employed. But the words also imply that the theorem of the square on
the diagonal is also true of other rectangles not of the" recognisable" kind,
i.e. rectangles in which the sides and the diagonal are not in the ratio of
integers; this is indeed implied by the constructions for'; 2, ./3 etc. up to J6
(cf. II. 2, VIII. 5). This is all that can be said. The theorem is, it is true,
enunciated as a general proposition, but there is no sign of anything like a
general proof; there is nothing to show that the assumption of its universal
truth was founded on anything better than an imperfect induction from a
certain number of cases, discovered empirically, of triangles with sides in the
ratio of whole numbers in which· the property (I) that the square on the
longest side is equal to the sum of the squares on the other two sides was
found to be always accompanied by the property (2) that the latter two sides
include a right angle.

It remains to consider Brirk's claim that the Indians had discovered the
ljrational. This is based upon the approximate value of J 2 given by
Apastamba in his rule I. 6 numbered (4) above. There is nothing to show
how this was arrived at, but Thibaut's suggestion certainly seems the best and·
most natural. The Indians may have observed that 17 2 = 289 is nearly
double of 12' = 144. If so, the next question which would naturally occur to
them would be, by how much the side 17 must be diminished in order that
the square on it may be 288 exactly. If, in accordance with the Indian
'fashion, a gnomon with unit area were to be subtracted from a square with
17 as side, this would approximately be secured by 'giving the gnomon the
breadth :ft, for 2 x 17 x -14 = I. The side of the smaller square thus arrived
at would be 17 - -A = 12 + 4 + I - 3\' whence, dividing out by 12, we have

J
I I I .

2 = I + - + -- - ---, approxImately.
3 3·4 3·4·34

But it is a far cry from this calculation of an approximate value to the
discovery of the irrational. First, we ask, is there any sign that.. this value
was known to be inexact? It comes directly after the statement (I. 6) that
the square on the diagonal of a square is double of that square, and the rule is
quite boldly stated without any qualification: "lengthen the unit by one-third
and the latter by one-quarter of itself less one-thirty-fourth of this part."
Further, the approximate value is actually used for the purpose of constructing
a square when the side .is given (II. I). SO familiar was the formula that it
was apparently made the basis of a sub-division of measures of length.
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Thibaut observes (Journal of the Asiatic Society of Bengal, XLIX., p. 241) that,
according to Baudhayana, the unit of length was divided into 12 jingerbreadths,
and that one of two divisions of the jingerbreadth was into 34 sesame-corns, and
he adds that he has no doubt that this division, which he has not elsewhere
met, owes its origin to the formula for ,,)2. The result of using this sub­
division would be that, in a square with side equal to 12 jingerbreadths, the
diagonal would be 17 jingerbreadths less 1 sesame-corn. Is it conceivable that
, sub-division of a measure of length would be based on an evaluation known
to be inexact? No doubt the first discoverer would be aware that the area of
a gnomon with breadth -,l-f and outer side J 7 is not exactly equal to 1 but less
than it by the square of a\ or by rln, and therefore that, in taking that
gnomon as the proper area to be subtracted from 172

, he was leaving out of
account the smal1 fraction Tin; as, however, the object of the whole
proceeding was purely practical, he would, without hesitation, ignore this as
being of no practical importance, and, thereafter, the formula would be
handed down and taken as a matter of course without arousing suspicion as
to its accuracy. This supposition is confirmed by reference to the sort of
l}lles which the Indians al10wed themselves to regard as accurate. Thus
Apastamba himself gives a construction for a circle equal in area to a given
square, which is equivalent to taking 7r = 3'09, and yet observes that it gives the
required circle" exactly" (III. 2), while his construction of a square equal to
a circle, which he equal1y calls" exact," makes the side of the square equal
to ~~ths of the diameter of the circle (III. 3), and is equivalent to taking
7r = 3.004. But, even if some who used the approximation for ,,)2 were
conscious that it was not quite accurate (of which there is no evidence), there
is an immeasurable difference between arrival at this consciousness and the
discovery 9f the irrational. As Vogt says, three stages had to be passed
through before the irrationality of the diagonal of a square was discovered in
any real sense. (J) All values found by direct measurement or calculations
based thereon have to be recognised as being inaccurate. Next (2) must
supervene the conviction that it is impossible to arrive at an accurate arithmetical
expression of the value. And lastly (3) the impossibility must be proved.
Now there is no real evidence that the Indians, at the date in question, had
even reached the first stage, still less the second or third.

The net results then of Biirk's papers and of the criticisms to which they
have given rise appear to be these. (I) It must be admi~ted that Indian
geometry had reached the stage at which we find it in Apastamba quite
independently of Greek influence. But (2) the old Indian geometry was
purely empirical and practical, far removed from abstractions such as the
irrational. The Indians had indeed, by trial in particular cases, persuaded
themselves of the truth of the Pythagorean theorem and enunciated it in all
its generality; but they had not established it by scientific proof.

Alternative proofs.

1. The well-known proof of I. 47 obtained by ~tting two squares side
by side, with their bases continuous, and cutting right-angled triangles
which can then be put on again in different pos tions, is attributed by
an-NairlzI to Thabit b. Qurra (826-901 A.D.).

His actual construction proceeds thus.
Let ABC be the given triangle right-angled at A.
Construct on AB the square AD;

produce A C to F so that EF may be equal to A C.



I. 47] PROPOSITION 47

A

l

K

Ec

F

F

Construct on EF the square EG, and produce DH to K so that DK
may be equal to A C.

I t is then proved that, in the triangles
BAC, CFG, KHG, BDK,
the sides BA, CF, KH, BD are all equal,
and
the sides A C, FG, HG, DK are all equal.

The angles included by the equal sides
are all right angles; hence the four triangles
are equal in all respects. [I. 4]

Hence BC, CG, GK, KB are all equal.
Further the angles DBK, ABC are equal;

hence, if we add to each the angle DBC,
the angle KBC is equal to the angle ABD
and is therefore a right angle.

In the same way the angle CGK is right;
therefore BCGK is a square, i.e. the square on Be.

Now the sum of the quadrilateral GCLH and the triangle LDB together
with two of the equal triangles make the squares on AB, A C, and together
with the other two make the square on BC.

Therefore etc.

II. Another proof is easily arrived at by taking the particular case of
Pappus' more general proposition given below in which the given triangle
is right-angled and the parallelograms on the sides containing the right angles
are squares. If the figure is drawn, it will be seen that, with no more than
one additional line inserted, it contains Thabit's figure, so that Th1ibit's proof
may have been practically derived from that of Pappus.

III. The most interesting of the remaining proof.~ seems to be that
shown in the accompanying figure.
It is given by J. W. Miiller, Systema­
tische Zusammenstellung der wichtigsten
bisller bekannten Beweise des Pythag.
Lehrsatzes (Niirnberg, 1819), and in
,the second edition (Mainz, 1821) of
Ign. Hoffmann, Der Pythag. Lehr­
satz mit 32 thetIS bekannten theils
neuen Be7£leisen [3 more in second
edition]. It appears to come from
one of the scientific papers of Lion- E"-o-----='1k'---Yr

ardo da Vinci (1452-1519).
The triangle HKL is constructed

on the base KH with the side KL
equal to BC and the side LH equal
to AB.

Then the triangle HLK is equal 111 all respects to the triangle ABC,
and to the triangle EBE.

Now DB, BG, which bisect the angles ABE, CBF respectively, are
in a straight line. Join BL.

It'is easily proved that the four quadrilaterals ADGC, EDGF, ABLK,
HLBC are all equal.
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Hence the hexagons ADEFGC, ABCHLK are equal.
Subtracting from the former the two triangles ABC, EBF, and from the

latter the two equal triangles ABC, HLK, we prove that
the square CK is equal to the sum of the squares A E, CF.

F

H

Pappus' extension of I. 47.
In this elegant extension the triangle may be any triangle (not necessarily

nght-angled), and any parallelograms take the place of squares on two of the
sides.

Pappus (IV. p. 177) enunciates the theorem as follows:
If ABC be a triangle, and any parallelograms whatever ABED, BCFG

be describedon AB, BC, and if DE, FG be
produced to H, and HB be joined, the
parallelograms ABED, BCFG are equal
to the parallelogram contained by AC,
HB in an angle which is equal to the
sum of the angles BAC, DHB.

Produce HB to K; through A, C
draw AL, CM parallel to H K, and join
LM.

Then, since ALHB is a parallelo- 0
gram, AL; HB are equal and parallel.
Similarly MC, HB are equal and parallel.

Therefore AL, MC are equal and
parallel;
whence LM, A C are also equal and parallel,

and ALMC is a parallelogram.
Further, the- angle LA C of this parallelogram is equal to the sum of the

angles BAC, DHB, since the angle DHB is equal to the angle LAB.
Now, since the parallelogram DABE is equal to the parallelogram LABH

(for they are on the same base AB and in the same parallels AB, DH),
and likewise LABH is equal to LAKN (for they are on the same base LA
and in the same parallels LA, HK),

the parallelogram DABE is equal to the parallelogram LAKN.
For the same reason,

the parallelogram BGFC is equal to the parallelogram NKCM.
Therefore the sum of the parallelograms DABE, BGFC is equai to the

parallelogram LA CM, that is, to the parallelogram which is contained by 4 C,
HB in an angle LAC which is equal to the sum of the angles BA C, BHD.

" And this is far more general than what is proved in the Elements about
squares in the case of right-angle'd (triangles)." -

Heron's proof that AL, BK, CF in Euclid's figure meet in
a point.

The final words of Proclus' note on I. 47 (p. 429, 9-15) are historically
interesting. He says: "The demonstration by the writer of the Elements being
clear, I consider that it is unnecessary to add anything further, and that we may
be satisfied with what has been written, since in fact those who have added
anything more, like Pappus and Heron, were obliged to draw upon what is
proved in the sixth Book, for no really useful object." These words cannot
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of course refer to the extension of I. 47 given by Pappus; but the key to
them, so far as Heron is concerned, is to be found in the commentary of
an-Nairizi (pp. 175-185, ed. Besthorn-Heiberg; pp. 78-84, ed. Curtze) on
I. 47, wherein he gives Heron's proof that the lines AL, FC, BK in Euclid's
figure meet in a point. Heron proved this by means of three lemmas which
would most naturally be proved from the principle of similitude as laid down
in Book VI., but which Heron, as a tour de force, proved on the principles of
Book I. only. Theftrst lemma is to the following effect. ,

If, in a triangle ABC, DE be drawn parallel to the base BC, and if AF be
drawn from the vertex A to the middle point F of BC, then AF will also
bisect DE.

This is proved by drawing HK through A parallel
to DE or Be, and HDL, KEM through D, E re­
spectively parallel to AGF, and lastly joining DE, EF

Then the triangles ABF, AFC are equal (being
on equal bases), and the triangles DBF, EEC are also
equal (being on equal bases and between the same
parallels).

Therefore, by subtraction, the triangles ADE, AEF
are equal, and hence the parallelograms AL, AM are
~~ -

These parallelograms are. between the same parallels LM, HK; therefore
LF, FM are equal, whence DG, GE are also equal.

The second lemma is an extension of this to the case where DE meets
BA, CA produced beyond A.

The tht;-d lemma proves the converse of Euclid I. 43, that, If a paral­
lelogram AB is cut into four others ADGE, DF, FGCB, CE, so that DF,
CE are equal, the common vertex G will be on the diagonal AB.

Heron produces A G till it meets CF in H. Then, if we join HB, we
have to prove that A H B is one straight line. The
proof is as follows. Since the areas DE, EC are
equal, the triangles DGF, ECG are equal.

If we add to each the triangle GCF,
the triangles ECF, DCE are equal;

therefore ED, CF are parallel.
Now it follows from I. 34, 29 and 26 that the

triangles AKE, GKD are equal in all respects;
therefore EK is equal to KD.

Hence, by the second lemma,
cn is equal to HF.

Therefore, in the triangles FHB, CHG,
the two sides BE, EH are equal to the two sides GC, Cn,

and the angle BFH is equal to the angle GCH;
hence the triangles are equal in all respects,
and the angle BHFis equal to the angle GHC.

Adding to each the angle GHE, we find that the angles BHE, FHG are
equal to the angles CHG, GHF,

and therefore to two right angles.
Therefore AHB is a straight line.
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Heron now proceeds to prove the proposition that, in the accompanying
figure, if AKL perpendicular to BC meet
EC in M, and if BM, MG be joined,

BM, MG are in one straight line.
_ ~arallelograms are completed as shown

in the figure, and the diagonals OA, FH
of the parallelogram FH are drawn.

Then the triangles FAH, BA Care
clearly equal in all respects; ,

therefore the angle HFA is equal to E
the angle ABC, and therefore to the angle
CAK (since AK is perpendicular to Be).

But, the diagonals of the rectangle
FH cutting one another in Y,

FYis equal to YA,
and the angle HFA is equal to the

angle OAF.
Therefore the angles OAF, CAK are

equal, and accordingly
OA, AK are in a straight line.

Hence OM is the diagonal of SQ;
therefore AS is equal to A Q,

and, if we add A jlf to each,
FM is equal to MH.

But, sin~e EC is the diagonal of the parallelogram FN,
FM is equal to MN.

Therefore MH is equal to MN;
and, by the third lemma, BM, llfG are in a straight line.

PROPOSITION 48.

If £n a triangle the square on one of the sides be equal to
the squares on the remaining two sides of the triangle, the
angle conta£ned by the remaining two sides of the tr£angle is
right.

For in the triangle ABC let the square on one side BC
be equal to the squares on the sides BA, AC;

I say that the angle BA C is right. c
For let AD be drawn from the point A at

right angles to the straight line A C, let AD
be made equal to BA, and let DC be joined.

Since DA is equal to A B,
the square on DA is also equal to the square
onAB. '

Let the square on A C be added to each; ..
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therefore the squares on DA, AC are equal to the squares
on BA, AC.

But the square on DC is equal to the squares on DA,
AC, for the angle DAC is right; [1.47]

and the square on BC is equal to the squares on BA, A C, for
this is the hypothesis;

therefore the square on DC is equal to the square on BC,
so that the side DC is also equal to Be.

And, since DA is equal to AB,
and A C is common,

the two sides DA, AC are equal to the two sides BA,
AC;
and the base DC is equal to the base BC;

therefore the angle DA C is equal to the angle BA e. [I. 8]

But the angle DA C is right;
therefore the angle BA C is also right.

Therefore etc. Q. E. D

Proclus' note (p. 430) on this proposItIOn, though it does not mention
Heron's name, gives an alternative proof, which is the same as that definitely
attributed by an-Nairizl to Heron, the only difference being that Proclus
demonstrates two cases in full, while Heron dismisses the second with a
"similarly." The alternative proof is another instance of the use of l. 7 as a
means of answering objections. If, says Proclus, it be not admitted that the
perpendicular AD may be drawn on the opposite side of A C from B, we may
draw it on the same side as A B,in which case it is impossible that it should
hot coincide with AB. Proclus takes two cases,
first supposing that the perpendicular falls, as AD,
within the angle CAB, and secondly that it falls,

, as AE, outside that angle. In either case the
absurdity results that, on the same straight line A C
and on the same side of it, AD, DC must be rc­
spectively equal to AB, BC, which contradicts l. 7.

Much to the same effect is the note of De Morgan that there is here "an
appearance of avoiding indirect demonstration by drawing the triangles on
different sides of the base and appealing to l. 8, because drawing them on the
same side would make the appeal to l. 7 (on which, howcver, I. 8 is founded)."

H. E.
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DEFINITIONS.

I. Any rectangular parallelogram is said to be contained
by the two straight lines containing the right angle.

2. And in any parallelogrammic area let anyone whatever
of the parallelograms about its diameter with the two comple­
ments be called a gnomon.

DEFINITION I.

nay 7rapaAA'1iAoypapp.ov Op8oyWVLOV 7rEptEXEU8aL AEyETaL V7rO OVO T.oV T7]V
op8~v ywvlav 7rEpLEXOVU.oV EMEL.ov.

As the full expression in Greek for "the angle BA C" is "the angle
contained by the (straight lines) BA, AC," Ij lnrO nov BA, Ar 7rEpLEXOp.,EV1]
ywr[a, so the full expression for "the rectangle contained by BA, A C"
is TO lJ7rO T.oV BA, Ar 7rEPLEXOPEVOV op80yWVLOV. In both cases the
substantive and participle can be omitted because the feminine or neuter of
the article enables us to distinguish whether an angle or a rectangle is meant;
but the difference in Euclid's phraseology is that the words V7rO T.oV BA, Ar
appear always in full for the rectangle, whereas the shorter lnrO BAr is used in
describing the angle. Archimedes and Apollonius, on the other hand,
frequently use the expression TO V7rO BAr for the rectangle BA, A C, just as
they use rj V7rO BAr for the angle BA C.

DEFINITION 2.

naVTO~ OE 7rapaAATJAoypapp.,ov xwp[ov nov 7rEpt T7]V olap.,ETpov aVTov 7rapaAATJ­
Aoypapp.wv ~v 07rOLOVOVV ulw TOt~ oVUt 7rUpa7rATJpwp.,auL yvwpwv KaAElu8w.

Meaning literally a thing enabling something to be known, obserz'ed or
verified, a teller or marker, as we might say, the word gnomon (yvwpwv) was
first used in the sense (I) in which it appears in a passage of Herodotus (II. 109)
stating that" the Greeks learnt the 7rOAO~, the gnomon and the twelve parts of
the day from the Babylonians." According to Suidas, it was Anaximander
(611-545 B.C.) who introduced the gnomon into Greece. Whatever may be
the details of the construction of the two instruments called the 7rOAO~ and
the gnomon, so much is certain, that the gnomon had to do with the
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measurement of time by shadows thrown by the sun, and that the word
signified the placing of a staff perpendicular to the horizon. This is borne
out by the statement of Proclus that Oenopides of Chios, who first investigated
the problem (Eucl. 1. 12) of drawing a perpendicular from an external point
to a given straight line, called the perpendicular a straight line drawn
"gnomon-wise" (KaTtl. yvwJLova). Then (2) we find the
term used of a mechanical instrument for drawing right [b
angles, as shown in the figure annexed. Thi's seems to be ,
the meaning in Theognis 80S, where it is said that the
envoy sent to consult the oracle at Delphi should be
"straighter (LBVTEpO~) than the TC;pVO~, the UTC1.0JL'YJ and the
gnomon," and all three words evidently denote appliances,
the TrJPVO~ being an instrument for drawing a circle
(probably a string stretched between a fixed and a moving point), and the
UTC1.BJL'YJ a plumb-line. Next (3) it was natural that the gnomon, owing to its
shape, should become the figure which remained of a square when a smaller
square was cut out of one corner (or the figure, as Aristotle says, which when
added to a square increases its size but does not alter its form). We have
seen (note on I. 47, p. 351) that the Pythagoreans used the term in this sense, and
further applied it, by analogy, to the series of odd numbers as having the same
property in relation to square numbers. The earliest fvidence for this is the
fragment of Philolaus (c. 460 B.C.) already mentioned (see Boeckh, Philolaos
des Pythagoreers Lehren, p. 141) where he says that "number makes all things
knowable and mutually agreeing (7rOTo.yopa o.AMAot~) in the way characteristic of
the gnomon" (KaTtl. yrwJLoyo~ ¢wtr). As Boeckh says (p. 144), it would appear
from the fragment that the connexion between the gnomon and the square to
which it is added was regarded as symbolical of union and agreement, and that
Philolaus used the idea to explain the knowledge of things, making the
knowing embrace and grasp the known as the gnomon does the square. Cf.
Scholium II. No. II (Euclid, ed. Heiberg, Vol. v. p. 225), which says" It is
to be noted that the gnomon was discovered by geometers with a view to
brevity, while the name came from its incidental property, namely that from
it the whole is known. whether of the whole area or of the remainder, when it
is either placed round or taken away. In sundials too its sole function is to
make the actual time of day known."

The geometrical meaning of the word is extended in the definition of
gnomon given by Euclid, where (4) the gnomon has
the same relation to any parallelogram as it before
had to a square. From the fact that Euclid says
" Iff" the figure described" be called a gnomon" we
may infer that he was using the word in the wider
sense for the first time. Later still (5) we find
Heron of Alexandria (I st cent. A. D.) defining a gnomon
in general as any figure which, when added to any
figure whatever, makes the whole figure similar to that to which it is added.
In this definition of Heron (Def. 59) Hultsch brackets the words which make it
apply to any number as well; but Theon of Smyrna, who explains that plane,
triangular, square, solid and other kinds of numbers are so called after the
likeness of the areas which they measure, does make the term in its most
general sense apply to numbers. "All the successive numbers which [by
being successively added] produce triangles or squares or polygons are called
gnomons" (p. 37, 11-13, ed. Hiller). Thus the successive odd numbers added

24-2
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together make square numbers; the gnomons in the case of triangular
numbers ar~ the successive numbers I, z, 3, 4 ... ; those for pentagonal
numbers are the series I, 4, 7, 10 ... (the common difference being 3), and so
on. In gjlfral, the successive gnomonic numbers for any polygonal number,
say of n Siaes, have n - z for their common difference (Theon of Smyrna,
p. 34, 13-1 5).

GEOMETRICAL ALGEBRA.

We have already seen (cf. part of the note on I. 47 and the above note on
the gnomon) how the Pythagoreans and later Greek mathematicians exhibited
different kinds of numbers as forming different geometrical figures. Thus,
says Theon of Smyrna (p. 36, 6- II), "plane numbers, triangular, square
and solid numbers, and the rest, are not so called independently (KVpLW,) but
in virtue of their similarity to the areas which they measure; for 4, since it
measures a square area, is called square by adaptation from it, and 6 is called
oblong for the same reason." A" plane number" is similarly described as a
number obtained by multiplying two numbers together, which two numbers
are sometimes spoken of as "sides," sometimes as the "length" and
" breadth" respectively, of the number which is their product.

The product of two numbers was thus represented geometrically by the
rectangle contained by the straight lines representing the two numbers
respectively. It only needed the discovery of incommensurable or irrational
straight lines in order to represent geometrically by a rectangle the product of
any two quantities whatever, rational or irrational; and it was possible to ad­
vance from a geometrical arithmetic to a geometrical algebra, which indeed by
Euclid's time (and probably long before) had reached such a stage of develop­
ment that it could solve the same problems as our algebra so far as they do
not involve the manipulation of expressions of a degree higher than the
second. In order to make the geometrical algebra so generally effective, the
theory of proportions was essential. Thus, suppose that x, y, z etc. are
quantities which can be represented by straight lines, while a, {3, y etc. are
coefficients which can be expressed by ratios between straight lines. We can
then by means of Book VI. find a single straight line d stich that

ax + {3)' + y;; + ... = d.

To solve the simple equation in its general form

ax + a = b, I

where a represents any ratio between straight lines, also requires recourse to
the sixth Book, though, e.g., if a is ~ or ! or any submultiple of unity, or if a is
z, 4 or any power of z, we should not require anything beyond Book I. for
solving the equation. Similarly the general form of a quadratic equation
requires Book VI. for its geometrical solution, though particular quadratic
equations may be so solved by means of Book II. alone.

Besides enabling us to solve geometrically these particular quadratic.
equations, Book II. gives the geometrical proofs of a number of algebraical
formulae. Thus the first ten propositions give the equivalent of the several
identities

I. a(b+c+d+ ... )=ab+ac+ad+ ... ,

z. (a+o)a+(a+b)o=(a+liY,

3. (a+b)a=ao+a2
,

4. (a + 0)2 = a2+ b2+ zab,
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5. ab + (a ; b -- by = (~; bY,

or (a + (3) (a- (3) + (3" = a",

6. (2a+b)b+a2 =(a+b)",

or (a + (3) «(3 - a) + a2= f1',
7. (a + b)" + a2= 2 (a + b) a + b2,

or a2 + f1' = 2a(3 -'- (a - (3)2,

8. 4 (a + b) a + b2= {(a + b) + a}".
or 4a(3 + (IL - /3)2 = (a + (3)2,

9. a2+b2=2{(~;by+(a;b_b)},

or (a + 8)2 + (a - (3)2 = 2 (a2+ (3"),

10. (2a + b)2 + /12 = 2 {a2+ (a +-b)2},

or (a + (3)" + «(3 - a)2 = 2 (a2+ (3").

The form of these identities may of course be varied according to the different
symbols which we may use to denote particular portions of the lines given in
Euclid's figures. They are, for the most part, simple identities, but there is no
reason to suppose that these were the only applications of the geometrical
algebra that Euclid and his predecessors had been able to make. We may
infer the very contrary from the fact that Apollonius in his Conics frequently
states without proof much more. complicated propositions of the kind.

It is important however to bear in mind that the whole procedure of
Book II. is geometrical; rectangles and squares are shown in the figures, and
the equality of certain combinations to other combinations is proved by those
figures. We gather that this was the classical or standard method of proving
such propositions, and that the algebraical method of proving them, with no
figure except a line with points marked thereon, was a later introduction.
Accordingly Eutocius' method of proving certain lemmas assumed by
Apollonius (Collies, II. 23 and III. 29) probably represents more nearly than
Pappus' proof of the same the point of view from which Apollonius regarded
them.

It would appear that Heron was the first to adopt the algebraital method
of demonstrating the propositions of Book II., beginning from the second,
without figures, as consequences of the first proposition corresponding to

a (b + c + d) = ab + ac + ad.

According to an-Nairlzl (ed. Curtze, p. 89), Heron explains that it is not
possible to prove II. I without drawing a number of lines (i.e. without actually
drawing. the rectangles), but that the following propositions up to II. 10

. inclusive can be proved by merely drawing one line. He distinguishes two
varieties of the method, one by dissolutio, the other by compositio, by which he
seems to mean splitting-up of rectangles and squares, and combination of them
into others. But in his proofs he sometimes combines the two varieties.

When he comes to II. I I, he says that it is not possible to do without a
figure because the proposition is a problem, which accordingly requires an
operation and therefore the drawing of a figure.

The algebraical method has been preferred to Euclid's by some English
editors; but it should not find favour with those who wish to preserve the
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essential features of Greek geometry as presented by its greatest exponents, or
to appreciate their point of view.

It may not be out of place to add a word with reference to the geometrical
equivalent of the algebraical operations. The addition and subtraction of
quantities represented in the geometrical algebra by lines is of course effected
by.ducing the line to the required extent or cutting off a portion of it. The
equivalent of multiplication is the construction of the rectangle of which the
given lines are adjacent sides. The equivalent of the division of one quantity
represented by a line by another quantity represented by a line is simply the
statement of a ratio between lines on the principles of Books v. and VI. The
division of a product of two quantities by a third is represented in the
geometrical algebra by the finding of a rectangle with one side of a given
length and equal to a given n,ctangle or square. This is the problem of
application of areas solved in I. 44, 45. The addition and subtraction of
products is, in the geometrical algebra, the addition and subtraction of
rectangles or squares; the sum or difference can be transformed into a single
rectangle by means of the application of areas to any line of given length,
corresponding to the algebraical process of finding a common measure. Lastly,
the extraction of the square root is, in the geometrical algebra, the finding of a
square equal to a given rectangle, which is done in II. 14 with the help of I. 47.
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PROPOSITION I.

cA----o E

K L H

I.f there be two straight lines, and one of them be cut into
any number of segments whatever, the rectangle'contained by
the two straight lines is equal to the rectangles conta~ned by the
uncut straight line and each of the segments. .

5 Let A, BC be two straight lines} and let BC be cut at
random at the points D, E ;
I say that the rectangle contained by A, BC is equal to the
rectangle contained by A, BD,
that contained by A, DE and

10 that contained by A, Ee.
B

For let BF be drawn from B
at right angles to BC; [I. II]
let BG be made equal to A, [I. 3]
through G let. GH be drawn G

IS parallel to BC, [I. 31]
and through D, E, C let DK, F

EL, CH be drawn parallel to
BG.

Then BH is equal to BK, DL, EH.
Now BH is the rectangle A, BC, for it is contained by

GB, BC, and BG is equal to A ;
BK is the rectangle A, BD, for it is contained by GB,

BD, and BG is equal to A ;
and DL is the rectangle A, DE, for DK, that is BG [I. 34],

25 is equal to A.
Similarly also EH is the rectangle A, Ee.
Therefore the rectangle A, BC is equal to the rectangle

A, BD, the rectangle A, DE and the rectangle A, Ee.
Therefore etc.

20

Q. E. D.
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20. the ~ngle A, Be. From this point onward I shall translate thus in cases where
Euclid leaves out the word contained (-lreptfx6p.evov). Though the word" rectangle" is also
omitted in the Greek (the neuter article being sufficient to show that the rectangle is
meant), it cannot be dispensed with in English. De Morgan advises the use of the expres­
sion "the rectangle under two lines." This does not seem to me a very good expression,
and, if used in a translation from the Greek, it might suggest that l11r6 in TO l11r6 meant
under, which it does not.

This proposition, the geometrical equivalent of the algebraical formula
a (b + c + d + ... ) = ab + ac + ad + ... ,

can, of course, easily be extended so as to correspond to the more general
algebraical proposition that the product of an expression consisting of any
number of terms added together and another expression also consisting of
any number of terms added together is equal to the sum of all the products
obtained by multiplying each term of one expression by all the terms of the
other expression, one after another. The geometrical proof of the more
general proposition would be effected by means of a figure showing all the
rectangles corresponding to the partial products, in the same way as they are
shown in the simpler case of II. I ; the difference would be that a series of
parallels to Be would have to be drawn as well as the series of parallels
to BF.

PROPOSITION 2.

B

E

c

F

A

o

If a straight Nne be cut at random, the rectangle contained
by the whole and both of the segments is equal to the square on
the whole.

For let the straight line AB be cut at random at the
point C;
I say that the rectangle contained by.AB, BC together with
the rectangle contained by BA, AC is equal
to the square on AB.

For'let the square ADEB be described
on AB [I. 46], and let CF be drawn through
C parallel to either AD or BE. [I, 31]

Then AE is equal to AF, CEo
Now AE'is the square on AB;
AF is the rectangle contained by BA,

A C, for it is contained by D A, A C, and
AD is equal to AB;

and CE is the rectangle AB, BC, for BE IS equal to
AB.

Therefore the rectangle BA, AC together with the rect­
angle A B, BC is equal to the square on AB.

Therefore etc.
Q. E. D.
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The fact asserted in the enunciation of this proposition has already been
used in the proof of r. 47 ; but there was no occasion in that proof to observe
that the two rectangles BL, CL making up the square on BC are the
rectangles contained by BC and the two parts, respectively, into which it is
divided by the perpendicular from A on BC. It is this fact which it is
necessary to state in this proposition, in accordance with the plan of Book II.

The second and third propositions are of course particular cases of the
first. They were no doubt separately enunciated by Euclid in order that they
might be immediately available for use hereafter, instead of having to be
deduced for the particular occasion from II. I. For, if they had not been thus
separately stated, it would scarcely have been practicable to quote them later
without explaining at the same time that they are included in II. I as particular
cases. And, though the propositions are not used by Euclid in the later
propositions of Book II., they are used afterwards in XIII. 10 and IX. 15
respectively; and they are of extreme importance for geometry generally,
being constantly used by Pappus, for example, who frequently quotes the
third proposition by the Book and number.

Attention has been called to the fact that II. I is never used by Euclid;
and this may seem no less remarkable than the fact that II. 2, 3 are not again
used in Book II. But it is important, I think, to observe that the proofs of
all the first ten propositions of Book n. are practically independent of each
other, though the results are really so interwoven that they can often be
deduced from each other in a variety of ways. What then was Euclid's
intention, first in inserting some propositions not immediately required, and
secondly in making the proofs of the first ten practically independent of
each other? Surely the object' was to show the power of the method of
geometrical algebra as much as to arrive at results. From the point of view
of illustrating the method, there can be no doubt that Euclid's procedure is
far more instructive than the semi-algebraical substitutes which seem to find
a good deal of favour; practically it means that, instead of relying on our
memory of a few standard formulae, we can use the machinery given us by
Euclid's method to prove immediately ab initio any of the propositions taken
at random.

Let us contrast with Euclid's plan the semi-algebraical alternative. One
editor, for example, thinks that, as II. I is not used by Euclid afterwards, it
seems more logical to deduce from it those of the subsequent propositions
which can be readily so deduced. Putting this idea into practice, he proves
II. 2 and 3 by quoting II. I, then proves II. 4 by means of II. I and 3, II. 5 and
6 by means of II. I, 3 and 4, and so on. The result is ultimately to deduce
the whole of the first ten propositions from II. I, which Euclid does not use at
all; and this is to give an importance to II. I which is altogether dispro­
portionate and, by starting with such a narrow foundation, to make the whole
structure of Book II. top-heavy.

Editors have of course been much influenced by a desire to make th.e
proofs of the propositions of Book II. easier, as they think, for schoolboys.
But, even from this point of view, is it an improvement to deduce II. 2 and 3
from II. I as corollaries? I doubt it. For, in the first place, Euclid's figures
visualise the results and so make it easier to grasp their meaning; the truth
of the propositions is made clear even to the eye. Then, in the matter of
brevity, to which such an exaggerated importance is attached, Euclid's proof
positively has the advantage. Counting a capital letter or a collocation of such
as one word, I find, e.g., that Mr H. M. Taylor's proof of II. 2 contains
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120 words, of which 8 represent the construction. Euclid's as above trans-·
lated has 126 words, of which 22 are descriptive of the construction; therefore
the actual proof by Euclid has 8 words fewer than Mr Taylor's, and the extra
words due to the construction in Euclid are much more than atoned for by
the advantage of picturing the result in the figure.

The advantages then which Euclid's method may claim are, I think, these:
in the case of II. 2, 3 it produces the result more easily and clearly than does
the alternative proof by means of II. I, and, in its general application, it is
more powerful in that it makes us independent of any recollection of results.

PROPOSITION 3.

E

B

o

cA

be de­
lI. 46]

1./ a straight line be cut at random, the rectangle contained
by the 'whole and one of the segments is equal to the rectangle
contained by the segments and the square Oil the a./oresaid
segment.

For let the straight line AB be cut at random at C;
I say that the rectangle contained by A B, BC is equal to the
rectangle contained by A C, CB together
with the square on Be.

For let the square CDEB
scribed on CB;
let ED be drawn through to F, .
and through A let A F be drawn parallel
to either CD or BE. [1.31] F

'- Then AE is equal to AD, CEo
Now A E is the rectangle contained by A B, BC, for it is

contained by AB, BE, and BE is equal to BC;
A D is the rectangle A C, CB, for DC is equal to CB;
and DB is the square on CB.

Therefore the rectangle contained by AB, BC is equal to
the rectangle contained by A C, CB together with the square
onBC.

Therefore etc.
Q. E. D.

If we leave out of account the contents of Book II. itself and merely look
to the applicability of propositions to general use, this proposition and the
preceding are, as already indicated, of great importance, and particularly so to
the semi-algebraical method just described, which seems to have found its first
exponents in Heron and Pappus. Thus the proposition that the difference of
the squares on two straight fines is equal to the rectangle contained by the sum
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-and the difference if the straight lilies, which is generally given as equivalent to
II. 5, 6, can be proved by means of II. I, 2, 3, as shown
by Lardner. For suppose the given straight lines are ~ C B
AB, BC, the latter being measured along BA.

Then, by II. 2, the square on AB is equal to the sum of the rectangles
AB, BC and AB, Ae.

By II. 3, the rectangle AB, BC is equal to the sum of the square on,BC
and the rectangle A C, CB. ,

Therefore the square on AB is equal to the square BC together with the
sum of the rectangles A C, A B and A C, CB.

But, by II. I, the sum of the latter rectangles is equal to the rectangle
contained by A C and the sum of AB, BC, i.e. the rectangle contained by the
sum and difference of AB, Be.

Hence the square on AB is equal to the square on BC and the rectangle
,contained by the sum and difference of AB, BC;

that is, the difference of the squares on AB, BC is equal to the rectangle
contained by the sum and difference of AB, BC.

PROPOSITION 4.

B

E

c

F

A

o

HI-----tG--lK

interior and opposite
[I. 29]

ADEB be de­
o [I. 46]

20

1./ a stra£ght Nne be cut at random, the square on the whole
£s equal to the squares on the ,segments and tw£ce the rectangle
contained by the segments.

For let the straight line AB be cut at random at C;
5 I say that the square on AB is equal to the squares on AC,

CB and twice the rectangle contained
by AC, CB.

For let the square
scribed on AB,

10 let BD be joined;
through C let CF be drawn parallel to
either AD or EB,
and through G let H K be drawn parallel
to either AB or DE. [I. 3 1 ]

15 Then, since CF is parallel to AD,
andBD has fallen on them,
the exterior angle CGB is equal to the
angle A DB.

But the angle ADB is equal to the angle ABD,
since the side BA is also equal to AD; [I. 5]

therefore the angle CGB is also equal to the angle GBC,
so that the side Be is also equal to the side eG. [I. 6]
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But CB is equal to' GK, and CG to KB;
therefore GK is also equal to KB;

therefore CGKB is equilateral.
I say next that it is also right-angled.
For, since CG is parallel to BK,

the angles KBC, GCB are equal to two right angJes.
[I. 29]

But the angle KBC is right;
therefore the angle BCG is also right,

so that the opposite angles CGK, GKB are also right.
. [1. 34]

Therefore CGKB is right-angled;
and it was also proved equilateral; .

therefore it is a square;
35 and it is described on CB.

F or the same reason
H F is also a square;

and it is described on HG, that is A C. [I. 34]

Therefore the squares H F, KC are the squares on A C, CB.
4° Now, since A G is equal to GE,

and AG is the rectangle AC, CB, for GC is equal to CB,
therefore GE is also equal to the rectangle AC, CB.

Therefore A G, GE are equal to twice the rectangle A C,
CB.

45 But the squares H F, CK are also the squares on A C, CB;
therefore the four areas HF, CK, AG, GE are equal to
the squares on A C, CB and twice the rectangle contained by
AC, CB.

But HF, CK, AG, GE are the whole ADEB,
50 which is the square on A B.

Therefore the square on AB is equal to the squares on
AC, CB and twice the rectangle contained by AC, CE.

Therefore etc. Q. E. D.

3°

2. twice the rectangle contained by the segments. By a curious idiom this is in
Greek "the rectangle t7vice contained by the segments." Similarly" twice the rectangle
contained by A C, CB" is expressed as "the rectangle twice cOJ/tained by A C, CB" (TO ais
;111'0 TWV Ar, rB TrEPIEX0p.€POP opOOyWPLOP).

35, 38. described. 39,45. the squares (before "on"). These words are not in the
Greek, which simply says that the squares" are on" (E;O'iv ciTro) their respective sides.

+6. areas. It is necessary to supply some substantive (the Greek leaves it to be under­
stood); and I prefer "areas" to " figures."
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The editions of the Greek text which preceded that of E. F. August
(Berlin, 1826-9) give a second proof of this proposition introduced by the
usual word liAAII., or "otherwise thus." Heiberg follows August in omitting
this proof, which is attributed to Theon, and which is indeed not worth
reproducing, since it only differs from the genu.ine proof in that portion of it
which proves that CGKB is a square. The proof that CGKB is equilateral
is rather longer than Euclid's, and the only interesting point to notice is that,
whereas Euclid still, as in I. 46, seems to regard it as necessary to prove that
all the angles of CGKB are right angles before he concludes that it is right­
angled, Theon says simply" And it also has the angle CBK right; therefore
CK is a square." The shorter form indicates a legitimate abbreviation of the
genuine proof; because there can be no need to repeat exactly that part of the
proof of I. 46 which shows that all the angles of the figure there constructed
are right when one is.

There is also in the Greek text a Porism which is undoubtedly interpolated:
"From this it is manifest that in square areas the parallelograms about the
diameter are squares." Heiberg doubted its genuineness when preparing his
edition, and conjectured that it too may have been added by Theon; but the
matter is placed beyond doubt by a papyrus-fragment referred to already (see
Heiberg, Paralipome1la zu Euklid, in Herme:. XXXVIIl., 1903, p. 48) in which
the Porism was evidently wanting. It is the only Porism in Book II., but
does not correspond to Proclus' remark (p. 304, 2) that" the Porism found in
the second book belongs to a problem." Heiberg regards these words as
referring to the Porism to IV. IS, the correct reading having probably been not
oEvdp'l! but 8', i.e. TETapT'l!'

The semi-algebraical proof of this proposition is very easy, and is of course
old enough, being found in Clavius and in most later editions. It proceeds
thus.

By II. 2, the square on AB is equal to the sum of the rectangles AB, AC
and AB, CB.

But, by II. 3, the rectangle AB, A C is equal to the sum of the square on
A C and the rectangle A C, CB ;

while, by II. 3, the rectangle A B, CB is equal to the sum of the square on
BC and the rectangle A C, CB.

Therefore the square on AB is equal to the sum of the squares on
A C, CB and twice the rectangle A C, CB.

The figure of the proposition also helps to visualise, in the orthodox
manner, the proof of the theorem dedu<;ed above from II. 1-3, viz. that tIle
difference fJj the squares on two gillen stra(i{ltt lines is equal to the rectangle
contained Iry the sum and the dijference oj tIle lines.

For, if the lines be A B, BC respectively, the shorter of the lines being
measured along BA, the figure shows that

the square AE is equal to the sum of the square CK and the rectangles
AF, FK;

that is, the square on AB is equal to the sum of the square on BC and
the rectangles AB, AC and AC, Be.

But the rectangles AB, A C and BC, A C are, by II. I, together equal to
the rectangle contained by A C and the sum of A B, B C,

i.e. to the rectangle contained by the sum and difference of AB, BC.
Whence the result follows as before.
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The proposition n. 4 can also be extended to the case where a straight
line is divided into any number of segments; for the figure will show in like
manner that the square on the whole line is equal to the sum of the squares
on all the parts together with twice the rectangles contained by every pair of
the parts.

PROPOSITION S.

If a straight line be cut into equal and unequal segments,
the rectangle contained by the unequal segments of the whole
together with the square on the straight line between the
points of section is equal to the square Olt the half.

For let a straight line AB be 'cut into equal segments
at C and into unequal segments at D;
I say that the rectangle contained by AD, DB together with
the square on CD is equal to the square on CB.

A C 0

K'<,------.-t---.'o--"-7l'e..-;-------lM

E G F

For let the square CEFB be described on CB, [1.46]

and let BE be joined;
through D let DC be drawn parallel to either CE or BF,
through H again let KM be drawn parallel to either A B or
EF,
and again through A let AK be drawn parallel to either CL
or BM. [I. 31]

Then, since the complement CH is equal to the comple-
ment H F, [I. 43]

let D M be added to each;
therefore the whole CM is equal to the whole DF.
But CM is equal to AL,

since A C is also equal to CB; [I. 36]

therefore AL is also equal to'DF.
Let CH be added to each;

therefore the whole AH is equal to the gnomon NOP.
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Ac.:.r -i9'-' +~-'_-:::0'

A-'-- c;r--__-+~---'B

But AH is the rectangle AD, DB, for DH IS equal to
DB,

therefore the gnomon NOP is also equal to the rectangle
AD,DB.

Let LG, which is equal to the square on CD, be added to
each;

therefore the gnomon NOP and LG are equal to the
rectangle contained by AD, DB and the square on CD.

But the gnomon NOP and LG are the whole square
CEFB, which is described on CB ;

therefore the rectangle contained by AD, DB together
with the square on CD is equal to the square on CB.

Therefore etc. Q. E. D.

3. between the points of section, literally" between the sections," the word being
the same (ro!">7) as that used uf a conic sectzon.

It will be observed that the gnomon is indicated in the figure by three separate letters
and a dotted curve. This is no doubt a clearer way of showing what exactly the gnomon is
than the method usual in our text-books. In this particular case the fignre of the MSS. has
two M's in it, the gnomon being MNZ. I have corrected the lettering to avoid confusion.

It is easily seen that this proposition and the next give exactly the
theorem already alluded to. under the last propositions, namely that the
differl'1lce of the squares on two straigld lines is equal to the rectangle contained
by their sum and difference. The two given lines are, in II. 5, the lines CB
and CD, and their sum and difference are respectively equal to AD and DB.
To show that II. 6 gives the same theorem we have only to make CD the
greater line and CB the less, i.e. to
draw CD' equal to CB, measure
C B' along it equal to CD, and then
produce B'C' to A', making A'C' equal
to B'C, whence it is immediately clear
that A'D' on the second line is equal
to f1.D on the first, while D'B' is also equal to DB, so that the rectangles
AD, DB and A'D', D'B' are equal, while the difference of the squares on
CB, CD is equal to the difference of the squares on CD', CE'.

Perhaps the most important fact about II. 5, 6 is however their bearing on
the

Geometrical'solution of a quadratic equation.
Suppose, in the figure of II. 5, that A B = a, DB == x ;

then ax - x 2 == the rectangle AU
== the gnomon NOP.

Thus, if the area of the gnomon is given (== b2
, say), and if a IS given

(== AB), the problem of solving the equation
ax-r==b2

is, in the language of geometry, To a given straight line (a) to apply a rectangle
which shall be equal to a given square W) and shallfall short by a square figure,
i.e. to construct the rectangle AH or the gnomon NOP.

Now we are told by Proclus (on I. 44) that "these propositions are ancient
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B

and the discoveries of the Muse of the Pythagoreans, the application of
areas, their exceeding and their falling-short." We can therefore hardly
avoid crediting the Pythagoreans with the geometrical solution, based upon
II. 5, 6, of the problems corresponding to the quadratic equations which
are directly obtainable from them. It is certain that the Pythagoreans solved
the problem in II. I I, which corresponds to the quadratic equation

a(a-x)==x2
,

and Simson has suggested the following easy solution of the equation now in
question,

on exactly similar lines.
Draw CO perpendicular to AB and equal to b; produce OC to N so

that ON== CB (or ~a); and with 0 as centre
and radius ON describe a circle cutting .CB
inDo

Then DB (or x) is found, and therefore
the required rectangle A H.

'For the rectangle AD, DB together with
the square on CD is equal to the square on
CB, [II. 5]

i.e. to the square on OD,
i.e. to the squares on OC, CD; [I. 47]

whence the rectangle AD, DB is equal to the square on OC,
ill ~-~=~

It is of course a necessary condition of the possibility of a real solution
that b2 must not be greater that (~a)". This condition itself can easily be
obtained from Euclid's proposition; for, since the sum of the rectangle AD,
DB and the square on CD is equal to the square on CB, which is constant,
it follows that, as CD diminishes, i.e. as D moves nearer to C, the rectangle
AD, DB increases and, when D actually coincides with C, so that CD
vanishes, the rectangle AD, DB becomes the rectangle A C, eB, i.e. the
square on CB, and is a maximum. It will be seen also that the geometrical
solution of the quadratic equation derived from Euclid does not differ from
our practice of solving a quadratic by completing the square on the side
containing the terms in x 2 and x.

But, while in this case there are two geometrically real solutions (because
the circle described with ON as radius will not only cut CB in D but will
also cut A C in another point E), Euclid's figure corresponds to one only of .
the two solutions. Not that there is any doubt that Euclid was aware that the
method of solving the quadratic gives two solutions; he could not fail to see
that x == BE satisfies the equation as well as x == BD. If however he had
actually given us the solution of the equation, he would probably have
omitted to specify the solution x = BE because the rectangle found by means
of it, which would be a rectangle on the base AE (t!qual to BD) and with
altitude EB (equal to A D), is really an equal rectangle to that corresponding
to the other solution x == B D ; there is therefore no real object in distinguishing
two solutions. This is easily understood when we regard the equation as a
statement of the problem of finding two magnitudes when their sum (a) and
product (b2

) are given, i.e. as equivalent to the simultaneous equations
x+y=a,

xy ==b2
•
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These symmetrical equations have really only one solution, as the two apparent
solutions are simply the result of interchanging the values of x and y. This
form of the problem was known to Euclid, as appears from the Data, Prop.
85, which states that, .If two straight lines contain a parallelogram given in
magnitude in a given angle, and if the sum of them be given, then shall each
of them be given.

This proposition then enables us to solve the problem of finding a
rectangle the area and perimeter of which are both given; and it also enables
us to infer that, of all rectangles of given perimeter, the square has the
greatest area, while, the more unequal the sides are, the less is the area.

If in the figure of II. 5 we suppose that AD =a, BD =b, we find that
CB=(a+b)/2 and CD=(a-b)f2, and we may state the result of the
proposition in the following algebraical forme:bY _ (a ~bY=ab.

This way of stating it (which could hardly have escaped the Pythagoreans)
gives a ready means of obtaining the two rules, respectively attributed to the
Pythagoreans and Plato, for finding integral square numbers which are the
sum of two other integral square numbers. We have only to make ab a
perfect square in the above formula. The simplest way in which this can be
done is to put a = n2

, b = I, whence we have

(n
2

: Iy _(n2~ Iy =n2,

and in order that the fir-st two squares may be integral n2
, and therefore n,

must be odd. Hence the Pythagorean rule.
Suppose next that a =2n2

, b=2, and we have
(n2+ 1)2 _ (n2 _ 1)2 = 4n2,

whence Plato's rule starting from an even number 2n.

PROPOSITION 6.

If a straight line be b£sected and a stra£ght l£ne be added
to it in a sh'a£ght line, the rectangle contained by the whole
with the added stra£ght line and the added straight line together
with the square on the half is equal to the square on the
stra£ght line made up of the half and the added stra£ght
line.

For let a straight line AB be bisected at the point C, and
let a straight line BD be added to it in a straight line;

I say that the rectangle contained by AD, DB together
with the square on CB is equal to the square on CD.

For let the square CEFD be described on CD, [I. 46]
and let DE be joined;
through the point B let BG be drawn parallel to either EC or
DF,

H. E.
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through the point H let KM be drawn parallel to either AB
or EF,
and further through A let AK A~__-1"C~ BT--iD

be drawn parallel to either CL /" _.0

or DM. [I. 3 1 ] K L ~'H~ M

Then, since A C is equal P /

to CB,
AL is also equal to CH. [I. 36]

But CH is equal to H F. [I, 43]

Therefore AL is also equal
to HF.

Let CM be added to each;
therefore the whole AM is equal to the gnomon NOP.

But AM is the rectangle AD, DB,
for DM is equal to DB;

therefore the gnomon NOP is also equal to the rectangle
AD,DB.

Let LG, which is equal to the square on Be, be added
to each;

therefore the rectangle contained by AD, DB together
with the square on CB is equal to the gnomon NOP and LG.

But the gnomon NOP and LG are the whole square
CEFD, which is described on CD;

therefore the rectangle contained by AD, DB together
with the square on CB is equal to the square on CD.

Therefore etc.
Q. E. D.

In this case the rectangle AD, DB is "a rectangle applied to a given
straight line (AS) but exceedi1tg by a square (the side of which is equal to
BD) "; and the problem suggested by n. 6 is to find a rectangle of this
description equal to a given area, which we will, for convenience, suppose to
be a square; i.e., in the language of geometry, to apply to a given straight
line a rectangle which shall be equal to a given square and shall exceed by a
square figure. .

We suppose that in Euclid's figure AB=a, BD=x; then, if the given t

square be b", the problem is to solve geometrically the equation

ax+x2 =b2
•

The solution of a problem theoretically equivalent to the solution of a
quadratic equation of this kind is presupposed in the fragment of Hippocrates'
Quadrature oj lunes preserved in a quotation by Simplicius (Comment. in
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Aristot. Phys. pp. 61-68, ed. Diels) from Eudemus' History of Geometry. In
this fragment Hippocrates (5th cent. B.C.) assumes the following construction.

AB being the diameter and 0 the centre of a semicircle, and C being the
middle point of DB and CD at right
angles to AB, a straight line of length
such that its square is I~ times the square
on the radius (i.e. of length aJf, where
a is the radius) is to be so placed, as EF,
between CD and the circumference AD
that it "verges towards B," that is, EE
when produced passes through B.

Now the right-angled triangles BEC,
BAE are similar, so that

BE: BC=BA: BE,
and therefore the rectangle BE, BE= rect. BA, BC

= sq. on BO.

In other words, EE (=a Jf) being given in length, BE (=x, say) has
to be found such that

(Jf a+x)x=a2
;

or the quadratic equation

has to be solved.
A straight line of length aJf would easily be constructed, for, in the

figure, CJJ2=AC. CB=i;a2
, or CD=~aJ3, and aJf is the diagonal of

a square of which CD is the side.
There is no doubt that Hippocrates could have solved the equation by

the geometrical construction given below, but he may have contemplated, on
this occasion, the merely mechanical process of placing the straight line of the
length required between CD and the circumference AD and moving it until
E, F, B were in a straight line. Zeuthen (Die Lehre von den Kegelschnitten
im Altertum, pp. 270, 271) thinks this probable because, curiously enough,
the fragment speaks immediately afterwards of "joining B to F."

To solve the equation
ax+x2 =b2 Q

we have to find the rectangle A H, or the
gnomon NOP, which is equal in area to b2 and
has one of the sides containing the inner right
angle equal to CB or ~a. Thus we know
(~a)2 and b2, and we have to find, by I. 47,
a square equal to the sum of two given
squares.

To do this Simson draws BQ at right
angles to AB and equal to b, joins CQ and,

. with centre C and radius CQ, describes a
circle cutting AB produced in D. Thus
BD, or x, is found.

Now the rectangle AD, DB together with the square on CB
is equal to the square on CD,
i.e. to the square on CQ,
i.e. to the squares on CB, BQ.
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Therefore the rectangle AD, DB is equal to the square on BQ, that is,
ax+r=b2

•

From Euclid's point of view there would only be one solution in this case.
This proposition enables us also to solve the equation

x2 -ax=b2

in a similar manner.
We have only to suppose that AB = a, and AD (instead of BD) = x; then

x 2
- ax = the gnomon.

To find the gnomon we have its area W) and the area, CB2 or (~a)2, by
which the gnomon differs from CO. Thus we can find D (and therefore
AD or x) by the same construction as that just given.

Converse propositions to II. 5, 6 are given by Pappus (VII. pp. 948-950)
among his lemmas to the Conics of Apollonius to the etfect that,
(1) if D be a point dividing AB unequally, and C another point on AB

such that the rectangle AD, DB together with the square on CD is
equal to the square on A C, then

AC is equal to CB;
(2) if D be a point on AB produced, and C a point on AB such that the

rectangle AD, DB together with the square on CB is equal to the
square on CD, then

A C is equal to CB.

E

Bc

No·

A

PROPOSITION 7.

If a stra£ght Nne be cut at random, the square on the
whole and that on one of the segments both together are equal
to tWlce the rectangle conta£ned by the whole and the' said
segment and the square on the rema£n£ng segment.

For let a straight line AB be cut at random at the point C;
I say that the squares on AB, BC are equal to twice the

rectangle contained by AB, BC and the
square on CA.

For let the square ADEB be
described on AB, [I. 46]
and let the figure be drawn. H

Then, sinceAG is equal to GE, [1.43]
let CF be added to each;

therefore the whole AF is equal to
the whole CEo

Therefore AF, CE are double of
AF

But AF, CE are the gnomon KLM and the square CF;
therefore the gnomon KLM and the square CF are double
ofAF
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But twice the rectangle AB, BC is also double of AF;
for BF is equal to BC;
therefore the gnomon KLM and the square CF are equal to
twice the rectangle AB, BC

Let DC, which is the square on A C, be added to each;
therefore the gnomon KLM and the squares BC, CD are
equal to twice the rectangle contained by AB, BC and the
square on AC

But the gnomon KLM and the squares BC, CD are the
whole ADEB and CF,

which are squares described on AB, BC;
therefore the squares on AB, BC are equal to twice the
rectangle contained by AB, BC together with the square on
AC

Therefore etc.
Q. E. D.

An interesting variation of the form of this proposition may be obtained by
regarding AB, BC as two given straight lines of which AB is the greater, and
A C as the difference between th~ two straight lines. Thus the proposition
shows that the squares on two straight lines are together equal to twice the
rectangle contained by them and the square on their difference. That is, the
square on the difference of two straight lines is equal to the sum of the squares on
the straight lines diminished by twice the rectangle contained by them. In other
words, just as II. 4 is the geometrical equivalent of the identity

(a+b)2=a2 + b2 + zab,
so II. 7 proves that

(a _b)2=a2+ b2_ zab.

The addition and subtraction of these formulae give the algebraical equivalent
of the propositions II. 9, 10 and II. 8 respectively j and we have accordingly
a suggestion of alternative methods of proving those propositions.

PROPOSITION 8.

If a straight line be cut at random, four tz'mes the rectangle
contained by the whole and one of the segments together w£th
the square on the remaining segment z's equal to the square
described on the whole and the aforesaid segment as on one
straight line.

, For let a straight line AB be cut at random at the point C;
I say that four times the rectangle contained by AB, BC

together with the square on A C is equal to the square
described on AB, Be as on one straight line.
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For let [the straight line] BD be produced in a straight
line [with ABJ, and let BD be
made equal to CB;
let the squareAEFD be described
on AD, and let the figure be M

drawn double. .
Then,since CB is equal to BD,

while CB is equal to GK, and
BD to KN,
therefore GK is also equal to KN.

F or the same reason
QR is also equal to RP.

,And, since BC is equal to BD, and GK to KN,
therefore CK is also equal to KD, and GR to RN. [I. 36]

But CK is equal to RN, for they are complements of the
parallelogram CP; [I. 43]

therefore KD is also equal to GR;
therefore the four areas DK, CK, GR, RN are equal to one
another.

Therefore the four are quadruple of CK.
Again, since CB is equal to BD,

while BD is equal to BK, that is CG,
and CB is equal to GK, that is GQ,

therefore CG is also equal to GQ.
And, since CG is equal to GQ, and QR to RP,

A G is also equal to MQ, and QL to RF. [I. 36]

But MQ is equal to QL, for they are complements of the
~~~~~; ~~

therefore A G is also equal to RF;
therefore the four areas A G, MQ, QL, RF are equal to one
another.

Therefore the four are quadruple of A G.
But the four areas CK, KD, GR, RN were proved to be
quadruple of CK;

therefore the eight areas, which contain the gnomon
STU, are quadruple of AK.

Now, since AK is the rectangle AB, BD, for BK is equal
toBD,
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Q. E. D.

therefore four times the rectangle AB, BD IS quadruple of
.AK.

But the gnomon STU was also proved to be quadruple
of AK;

therefore four times the rectangle AB, BD is equal to the
gnomon STU.

Let ON, which is equal to the square on AC, be added
to each;

therefore four times the rectangle AB, BD together with
the square on AC is equal to the gnomon STU and OH.

But the gnomon STU and OHare the whole square
AEFD,

which is described on AD;
therefore four times the rectangle AB, BD together with
the square on AC is equal to the square on AD.

But BD is equal to BC;
therefore fbur times the rectangle contained by AB, BC
together with the square on A C is equal to the square on
AD, that is to the square described on AB and BC as on
one straight line.

Therefore etc.

L M

NP

This proposition is quoted by Pappus (p. 428, ed. Hultsch) and is used
also by Euclid himself in the Data, Prop. 86. Further, it is of decided use
in proving the fundamental property of a parabola.

Two alternative proofs are worth giving.
The first is that suggested by the consideration mentioned in the last

note, though the proof is old enough, being given by Clavius and others. It
is of the semi-algebraical type.

Produce AB to D (in the figure of the pro- 0 A C B
position), so that BD is equal to BC.

By II. 4, the square on AD is equal to the
squares on AB, BD and twice the rectangle AB, G
BD, i.e. to the squares on AB, BC and twice
the rectangle AB, BC.

By 11. 7, the squares on AB, BC are equal to
twice the rectangle AB, BC together with the K
square on A C. .

Therefore the square on AD is equal to four
times the rectangle AB, BC together with the F H E
square on A C.

The second proof is after the manner of Euclid but with a difference.
Produce BA to D so that AD is equal to Be. On BD construct the square
BEFD.
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Take BG, En, EK each equal to BC or AD, and draw ALP, HNM
parallel to BE and GML, KPNparallel to BD.

Then it can be shown that each of the rectangles BL, AK, EN, EM is
equal to the rectangle AB, Be, and that PM is equal to the square on AG.

Therefore the square on BD is equal to four times the rectangle AB,
BC together with the square on AG.

PROPOSITION 9.

Bo

E

c

If a straight l£ne be cut into equal and unequal segments,
the squares on the unequal segments of the whole are double
of the square on the halfand of the squar.e on the straight line
between the points of section.

For let a straight line AB be cut into equal segments
at C, and into unequal segments at D;

I I say that the squares on AD, DB are double of the
squares on A C, CD.

For let CE be drawn from
C at right angles to AB,
and let it be made equal to
either A C or CB ;
let EA, EB be joined,
let DF be drawn through D
parallel to E C,

A
and FG through F parallel to
AB,
and let AF be joined.

Then, since A C is equal to CE,
the angle EA C is also equal to the angle AEC.

And, since the angle at C is right,
the remaining angles EAC, AEC are equal to one

right angle. [I. 32]
And they are equal;

therefore each of the angles CEA, CAE is half a right
angle.

F or the same reason
each of the angles CEB, EBC is also half a right angle;

therefore the whole angle AEB is right.
And, since the angle GEF is half a right angle.
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and the angle EGF is right, for it is equal to the interior and
opposite angle ECB, [I. 29]

the remaining angle EFG is half a right angle; [I. 32]
therefore the angle GEF is equal to the angle EFG,

so that the side EG is also equal to GF. [I. 6]
Again, since the angle at B is half a right angle,

and the angle FDB is right, for it is again equal to the interior
and opposite angle ECB, [I. 29]

the remaining angle BFD is half a right angle; [I. 32]
therefore the angle at B is equal to the angle DFB,

so that the side FD is also equal to the side DB. [I. 6]
Now, since A C is equal to eE,
the square on A C is also equal to the square on CE;

therefore the squares on A C, CE are double of the square
on AC.

But the square on EA is equal to the squares on A C, CE,
for the angle A CE is right; [I. 47]

therefore the square on EA is double of the square on A C.
Again, since EG is equal to GF,
the square on EG is also equal to the square on GF;

therefore the squares on EG, GF are double of the square on
GF.

But the square on EF is equal to the squares on EG, GF;
therefore the square on EF is double of the square on GF.

But GF is equal to CD; [1.34]
therefore the square en EF is double of the square on CD.

But the square on EA is also double of the square on A C;
therefore the squares on AE, EFare double of the squares

on AC, CD.
And the square on AF is equal to the squares on AE, EF,

for the angle AEF is right; [I. 47]

therefore the square on AF is double of the squares on AC,
CD.

But the squares on AD, DF are equal to the square on
AF, for the angle at D is right; [I. 47]

therefore the squares on AD, DF are double of the squares
on AC, CD.
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And DF is equal to DB;
therefore the squares on AD, DB are double of the squares
on AC, CD.

Therefore etc.
Q. E. D.
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It is noteworthy that, while the first eight proposItIOns of Book II. are
proved independently of the Pythagorean theorem I. 47, all the remaining
propositions beginning with the 9th are proved by means of it. Also the 9th
and loth propositions mark a new departure in another respect; the method
of demonstration by showing in the figures the various rectangles and squares
to which the theorems relate is here abandoned.

The 9th and loth propositions are related to one another in the same way
as the 5th and 6th; they really prove the same result which can, as in the
earlier case, be comprised in a single enunciation thus: The sum ofthe squares
on the sum and difference of two given straight lines is equal to twice the sum of
the squares on the lines.

The semi-algebraical proof of Prop. 9 is that suggested by the remark on
the algebraical formulae given at the end of the note on II. 7. It applies
with a very slight modification to both II. 9 and II. 10. We will put in
brackets the variations belonging to II. 10.

The first of the annexed lines is the figure A COB
for II. 9 and the second for II. I O. :..:-----~--,__----0

By II. 4, the square on AD is equal to
the squares on A C, CD and twice the
rectangle AC, CD.

By II. 7, the squares on CB, CD (CD, CB) are equal to
twice the rectangle CB, CD together with the square on BD.

By addition of these equals crosswise,
the squares on AD, DB together with twice the rectangle CB, CD are

equal to the squares on A C, CD, CB, CD together with twice
the rectangle A C, CD.

But A C, CB are equal, and therefore the rectangles A C, CD and CB,
CD are equal.

Taking away the equals, we see that
the squares on AD, DB are equal to the squares on A C, CD, CB, CD,

i.e. to twiCe the squares on A C, CD. .
To show also that the method of geometrical algebra illustrated by

II. 1-8 is still effective for the purpose of
proving II. 9, 10, we will now prove II. 9 in
that manner.

Draw squares on AD, DB respectively K
as shown in the figure. Measure DH along 0
DE equal to CD, and HL along HE also
equal to CD.

Draw HK, LNO parallel to EF, and
CNM parallel t'O DE.

Measure NP along NO equal to CD,
and draw PQ parallel to DE.
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Now, since AD, CD are respectively equal to DE, DH,
HE is equal to AC or CB;

and, since HL is equal to CD, LE is equal to DB.
Similarly, since each of the segments EM, MQ is equal to CD,

FQ is equal to EL or BD.
Therefore OQ is equal to the square on DB.
We have to prove that the squares on AD, DB are equal to twice the

squares on A C, CD.
Now the square on AD includes KM (the square on A C) and CH, HN

(that is, twice the square on CD).
Therefore we have to prove that what is left over of the square on AD

together with the square on DB is equal to the square on A C.
The parts left over are the rectangles CK and NE, which are equal to

KN, PM respectively.
But the latter with_ the square on DB are equal to the rectangles KN,

PM and the square OQ,
i.e. to the square KM, or the square on A C.

Hence the required result follows.

PROPOSITION 10.

;;:E'--- --=.F

o

G

B

If a straight line be bisected, and a straight l£ne be added
to it in a straight line, the square on the whole with the added
straight l£ne and the square on the added straight l£ne both
together are double of the square on the half and of the square
described on the straight Nne made up of the half and the
added straight line as on one straight line.

For let a straight line AB be bisected at C, and let a
straight line BD be added to it in a straight line;

I say that the squares on AD, DB are double of the
squares on A C, CD.

For let CE be drawn from
the point C at right angles to
AB [I. II], and let it be made
equal to either A C or CB [1. 3] ;

let EA, EB be joined;

through E let EF be drawn A

parallel to AD,

and through DIet FD be drawn
parallel to CEo [I. 31]

, Then, since a straight line EF falls on the parallel straight
lines EC, FD,
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[I. 5]

therefore the angle DGB is equal to the angle DBG,
so that the side BD is also equal td the side GD. [I. 6]

Again, since the angle EGF is half a right angle,
and the angle at F is right, for it is equal to the opposite
angle, the angle at C, [I. 34]

the remaining angle FEG is half a right angle; [I. 32]

therefore the angle EGF is equal to the angle FEG,
so that the side GF is also equal to the side EF. [I. {i]

Now, since the square on EC is equal to the square on
CA,
the squares on EC, CA are double of the square on CA.

But the square on EA is equal to the squares on EC, CA;
[I. 47]

therefore the square on EA is double of the square on A C.
[c. N. I]

the angles CEF, EFD are equal to two right angles; [I. 29]
therefore the angles FEB, EFD are less than two right
angles.

But straight lines produced from angles less than two
right angles meet; . [I. Post. 5)

therefore EB, FD, if produced in the direction B, D, will
meet.

Let them be produced and meet at G,
and let A G be joined.

Then, since A C is equal to CE,
the angle EA C is also equal to the 'angle AEC ;
and the angle at C is right;

therefore each of the angles EA C, AEC is half a right
angle. [I. 32)

F or the same reason
each of the angles CEB, EEC is also half a right angle;

therefore the angle AEB is right.
And, since the angle EBC is half a right angle,

the angle DBG is also half a right angle.
But the angle BDG' is also right,

for it is equal to the angle DCE, they being alternate; [I. 29]
therefore the remaining angle DGB is half a right angle;

[I. 32]
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Again, since FG is equal to EF,
the square on FG is also equal to the square on FE;
therefore the squares on GF, FE are double of the square on
EE.

But the square on EG is equal to the squares on GF, FE;
[I. 47]

therefore the square on EG is double of the square on EE.
And EF is equal to CD; [1·34]

therefore the square on EG is double of the square on CD.
But the square on EA was also proved double of the square
on AC;
therefore the squares on AE, EG are double of the squares
on AC, CD.

And the square on AG is equal to the squares on AE,
EG; [1.47]

therefore the square on A G is double of the squares on A C,
CD.
But the squares on AD, DG are equal to the square on A G ;

. [I. 47]
therefore the squares on AD, DG are double of the squares
on AC, CD.

And DG is equal to DB;
therefore the squares on AD, DB are double of the squares
on AC, CD.

Therefore etc.
Q. E. D.
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The alternative proof of this proposItIOn by means of the principles
exhibited in II. 1-8 follows the lines of that
which I have given for the preceding proposition.

It is at once obvious from the figure that the
square on AD includes within it twice the square
on A C together with once the square on CD.
What is left over is the sum of the rectangles AH,
KE. These, which are equivalent to BH, GK,
make up the square on CD less the square on
BD. Adding therefore the square BG to each
side, we have the required result.

Another alternative proof of the theorem which Fl.-------'----J
includes both II. 9 and 10 is worth giving. The E
theorem states that the sum of the squares on the
sum and difference of two given straight lines is equal to twice the sum of the
squares on the lines.
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Let AD, DB be the two given straight lines (of which AD is the greater),
placed so as to be in one straight line. Make A C equal to DB and com­
plete the figure as shown, each of the segments CG
and DH being equal to AC or DB.

Now, AD, DB being the given straight lines, AB
is their sum and CD is equal to their difference.

Also AD is equal to Be.
And AE is the square on AB, GK is equal to

the square on CD, AK or FHis the square on AD,
and BL the square on CB, while each of the small
squares A G, BH, EK, FL is equal to the square on
ACorDB.

We have to prove that twice the squares on AD,
DB are equal to the squares on AB, CD.

Now twice the square on AD is the 'sum of the squares on AD, CB,
which is equal to the sum of the squares BL, FH; and the figure shows
these to be equal to twice the inner square GK and once the remainder of
the large square AE eXcluding the two squares A G, KE, which latter squares
are equal to twice the square on A C or DB.

Therefore twice the squares on AD, DB are equal to twice the inner
square GK together with once the remainder of the large square AE, that is,
to the sum of the squares AE, GK, which are the squares on AB, CD.

or

"Side" and" diagonal" numbers giving successive approxi­
mations to J2.

Zeuthen pointed out (Die Lehre von den Kegelschnitlen im Altertum, 1886,
pp. 27, 28) that II. 9, 10 have great interest
in connexion with a problem of indeterminate A:-------:Ct""'----;tD~-----;B
analysis which received much attention from
the ancient Greeks. If we take the straight line AB divided at C and D as
in II. 9, and if we put CD = x, DB = y, the result obtained by Euclid, namely:

AD + DR' = 2AC2 + 2 CD,

AD- 2AC2= 2CD2-DR',

becomes the formula
(2X +y)2 _ 2 (x +y)2 = 2X2_ y2.

If therefore ·X, y be numbers which satisfy one of the two equations
2X2 _ y2 = ± I,

the formula gives us two higher numbers, x +y and 2X +y, which satisfy the
other of the two equations.

Euclid's propositions thus give a general proof of the very formula used
for the formation of the succession of what were called" stile" and" diagonal
numbers."

As is well known, Theon of Smyrna (pp. 43, 44, ed. Hiller) describes this
system of numbers. The unit, being the beginning of all things, must be
potentially both a side and a diameter. Consequently we begin with two units,
the one being the first side and the other the first diameter, and (a) from the
sum of them, (b) from the sum of twice the first unit and once the second, 'Ye
form two new numbers

I. I + I = 2, 2. I + I = 3.
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Of these new numbers the first is a side- and the second a diagonal-number,
or (as we may say)

a2 =z, d2 =3·
In the same way as these numbers were formed from al = I, dl = I, successive
pairs of numbers are formed from a2 , d2 , and so on, according to the formula

an+l = an + dn, dn+l = 2an + dn.

Thus aa = 2 + 3 = 5, da = 2 • 2 + 3 = 7,
a4 = 5 + 7 = 12, d4 = 2 . 5 + 7 = 17,

and so on.
Theon states, with reference to these numbers, the general proposition that

dn
2 = 2an

2 ± I,

and he observes (I) that the signs alternate as successive d's and a's are taken,
dl

2
- 2a/ being equal to - I, d2

2
- 2a/ equal to + I, da

2
- 2aa

2 equal to - I, and
so on, (2) that the sum of the squares of all the d's will be double of the sum
of the squares of all the a's. [If the number of successive terms in each
series is finite, it is of course necessary that the number should be even.]
The proof, no doubt omitted because it was well known, may be put
algebraically thus

dn2 - 2an2 = (2an_l + dn_l )2 - 2 (an- l + dn_l )2

= 2an_ l
2 - dn_ l

2

= - (dn _ l
2 - 2an _ l

2 )

= + (dn_ 2
2 - 2an _2

2
), in like manner,

and so on, while dl
2

- 2a? = - I. Thus the theorem is established.
Euclid's propositions enable us to establish the theorem geometrically;

and this fact might well be thought to confirm the conjecture that the
investigation of the indeterminate equation 2X2

- y2 = ± I in the manner
explained by Theon was no new thing but began at a period long before
Euclid's time. Noone familiar with the truth of the proposition stated by
Theon could have failed to observe that, as the corresponding side- and
diagonal-numbers were successively formed, the value of dn2/an2 would
approach more and more nearly to 2, and consequently that the successive
fractions dn/an would give nearer and nearer approximations to the value of

I . 1 3 7 17 41
V 2, VIZ. I' 2' 5' 12' 29'.... .

It is fairly clear that in the famous passage of Plato's Republic (546 c)
about the "geometrical number" some such system of approximations is
hinted at. Plato there contrasts the "rational diameter of five" (p7JT7J SUL}L£TPO<;
T7j<; 71"£}L7I"uSo.) with the "irrational" (diameter). This was certainly taken
from the Pythagorean theory of numbers (cf. the expression immediately
preceding, 546 B, C 71"UI'Ta 71"poa-rjyopa Kat p7JTa 71"PO<; aAA7JAa a7l"£<p7Jl'al', with the
phrase 7I"CI.I'Ta YVWITTa Kat 71"OTlf.yopa aAAaAot. a7l"£pya'£Tat in the fragment of
Philolaus). The reference of Plato is to the following consideration. If the
square of side 5 be taken, the diagonal is J2:25 or .j50. This is the
Pythagorean "irrational diameter" of 5 j and the "rational diameter" was
the approximation ,J50 - I, or 7.

But the conjecture of Zeuthen, and the attribution of the whole theory of
side- and diagonal-numbers to the Pythagoreans, have now been fully confirmed
by the publication of Kroll's edition of ProcH Diadochi in Platonis rempublicam
commentarii (Teubner), Vol. II., 1901. The passages (cc. 23 and 27, pp. 24,
25 and 27-29) which there saw the light for the first time describe the same
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system of forming side- anddzagonal-numbers and definitely attribute it, as
well as the distinction between the" rational" and" irrational diameter," to
the Pythagoreans. Proclus further says (p. 27, 16-22) that the property of the
side- and dzagontil-numbers "is proved graphically (ypafLfL£KW,) in the second
book of the Elements by 'him' (a7r' EKE[VOV). For, if a straight line be bisected
and a straight line be added to it, the square on the whole line including the
added straight line and the square on the latter alone are double of the .square on
the half of the original straight line and of the square on the straight line made
up ofthe half and of the added straight line." And this is simply Eucl. II. 10.

Proclus then goes on to show specifically how this proposition was used to
prove that, with the notation above used, the diameter corresponding to the
side a + d is 2a + d. Let AB be a side and BC equal to it, while CD is the
diameter corresponding to AB, i.e. a straight line such that the square on it is
double of the square on AB. (1 use the figure supplied by Hultsch on p. 397
of Kroll's Vol. II.) •

K~---------,

Then, by the theorem of EucL II. 10, the squares on AD, DC are double
of the squares on AB, BD.

But the square on DC (i.e. BE) is double of the square on AB; therefore,
by subtraction, the square on AD is double of the square on BD.

And the square on DF, the diagonal corresponding to the side BD, is
double the square of BD.

Therefore the square on DF is equal to the square on AD, so that DFis
equal to AD.

That is, while the side BD is, with our notation, a + d, the corresponding
diagonal, being equal to AD, is 2a + d.

In the above reference by Proclus to II. 10 a7r' EKE[VOV "by him" must
apparently mean tnr' EVKAEtOOV, "by Euclid," although Euclid's name has not
been mentioned in the chapter; the phrase would be equivalent to saying
"in the second Book of the famous Elements." But, when Proclus says "this
is proved in the second Book of the Elements," he does not imply that it had
not been proved before; on the contrary, it is clear that the theorem had
been proved by the Pythagoreans, and we have therefore here a confirmation
of the inference from the part played by the gnomon and by I. 47 in Book II.

that the whole of the substance of that Book was Pythagorean. For further
detailed explanation of the passages of Proclus reference should be made to
Hultsch's note in Kroll's VoL II. pp. 393-400, and to the separate article,
also by Hultsch, in the Bibliotheca Mathemat£ca la, 1900, pp. 8-12.

P. Bergh has an ingenious suggestion (see Zeitschrift fur Math: u. Physik
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XXXI. Hist.-litt. Abt. p. 135, and Cantor, Geschichte der Mathematik, 13 •
as to the way in which the formation of the successive ' .
side- and diagonal-numbers may have been discovered, E~~
namely by observation from a very simple geometrical
figure. Let ABC be an isosceles triangle, right-angled at G
A, with sides a"-I> a"_I' d"_1 respectively. If now the C
two sides AB, A C about the right angle be lengthened F
by adding d"_1 to each, and the extremities D, E be
joined, it is easily seen by means of the figure (in which ABO
BF, CG are perpendicular to DE) that the new diagonal
d" is equal to 2a"_1 + d"_I> while the equal sides a" are, by construction, equal
to a"_1 + d"_I'

Important deductions from II. 9, 10.

I. Pappus (VII. pp. 856-8) uses II. 9, 10 for proving the well-known
theorem that

The sum of the squares on two sides ofa triangle is equal to twice the square
on half the base together 'wz"th twice the square on the straight line joining the
middle point of the base to the opposite vertex.

Let ABC be the given triangle and D the middle point of the base BC.
Join AD, and draw AE perpendicular to BC (produced if necessary).

Lit
B 0 E C

A

~
8 DeE

Now, by II. 9, 10,

the squares on BE, EC are equal.to twice the squares on BD, DE.
Add to each twice the square on AE.
Then, remembering that

the squares on BE, EA are equal to the square on BA,
the squares on AE, EC are equal to the square on A C,

and the squares on AE, ED are equal to the square on AD,
we find that

the squares on BA, A C are equal to twice the squares on AD, BD.
The proposition is generally proved by means of II. 12, 13, but not, I

think, so conveniently as by the method of Pappus.

II. The inference was early made by Gregory of St. Vincent (1584-1667)
and Viviani (1622-11°3) that In any parallelogram the squares on the diagonals
are together equal to the squares on the sides, or to twice the squares on adjacent
sides.

III. It appears that Leonhard Euler (11°7-83) was the first to discover
the corresponding theorem with reference to any quadrilateral, namely that
In any quadrilateral the sum of the squares on tlte sides is equal to the sum of the
squares on the diagonals andfour times the square on the line joining the middle

H. E. 26
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points of the diagonals. Euler seems however to have proved the property
from the corresponding theorem for parallelograms just quoted (cf. Camerer's
Euclid, Vol. I. pp. 468,469) and not from the property of the triangle, though
the latter brings out the result more easily.

PROPOSITION I 1.

A H B

E//

oK

a

c

F

To cut a g£ven stra£ght line so that the rectangle contained
by the whole and one of the segments £s equal to the square on
the rema£n£ng segment.

Let AB be the given straight line;.
thus it is required to cut AB so that the rectangle contained
by the whole and one of the segments is
equal to the square on the remaining
segment.

For let the square ABDC be described
on AB; [I. 46]

let A C be bisected at the point E, and let
BE be joined;
let CA be drawn through to F, and let EF
be made equal to BE;
let the square FH be described on AF, and
let GH be drawn through to K.

I say that AB has been cut at H so as to make the
rectangle contained by AB, BH equal to the square on AH.

For, since the straight line A C has been bisected at E,
and FA is added to it, .

the rectangle contained by CF, FA together with the
square on AE is equal to the square on EF. [n.6]

But EF is equal to EB;
therefore the rectangle CF, FA together with the square

on AE is equal to the square on EB..
But the squares on BA, A E are equal to the square on

EB, for the angle at A is right; [I. 47]

therefore the rectangle CF, FA together with the square
on AE is equal to the squares on BA, AE.

Let the square on AE be subtracted from each;
therefore the rectangle CF, FA which remains is equal to

the square on AB.
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Now the rectangle CF, FA is FK, for AF is equal to
FG;
and the square on AB is AD;

therefore FK is equal to AD.
Let AK be subtracted from each;
therefore FH which remains is equal to HD.
And HD is the rectangle AB, BH, for AB is equal to

BD;
and FH is the square on AH;

therefore the rectangle contained by AB, BH is equal
to the square on HA.

therefore the given straight line AB has been cut at H
so as to make the rectangle contained by AB, BH equal to
the square on HA.

Q. E. F.

As the solution of this problem is necessary to that of inscribing it regular
pentagon in a circle (Eucl. IV. 10, II), we must necessarily conclude that it
was solved by the Pythagoreans, or, in other words, that they discovered the
geometrical solution of the quadratic equation

a (a - x) = r,
or x 2 + ax = a2

•

The solution in II. I I, too, exactly corresponds to the solution of the more
general equation

x 2 +ax=lr,
which, as shown above (pp. 387-8), Simson based upon II. 6. Only Simson's
solution, if applied here, gives us the point F on CA produced and does not
directly find the point H It takes E the middle point of CA, draws AB at
right angles to CA and of length equal to CA; and then describes a circle
with EB as radius cutting EA produced in F. The only difference between·
the solution in this case and in the more general case is that AB is here equal
to CA instead of being equal to another given straight line b.

As in the more general case, there is, from Euclid's point of view, only one
solution. '

The construction shows that CF is also divided at A in the manner
described in the enunciation, since the rectangle CF, FA is equal to the
square on CA.

The problem in n. I I reappears in VI. 30 in the form of cutting a given
straight lz'ne in extreme and mean ratio.

PROPOSITION 12.

In obtuse-anf[led triangles the square on the side subtending
the obtuse angle is greater than the squares on the sides con­
taining the obtuse angle by twice the rectangle contained by one
of the sides about the obtuse angle, namely that on which the

26-2
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o

perpendicular falls, and the straight line cut off outside by the
perpendicular towards the obtuse angle.

Let ABC be an obtuse-angled triangle having the angle
BA C obtuse, and let BD be drawn from the point B per­
pendicular to CA produced;

I say that the square on BC is greater than the squares
on BA, A C by twice the rectangle con-
tained by CA, AD. B

F or, since the straight line CD has
been cut at random at the point A,
the square on DC is equal to the
squares on CA, AD and twice the rect­
angle contained by CA, AD. [II. 4]

Let the square on DB be added to
each;
therefore the squares on CD, DB are equal to the squares on
CA, AD, DB and twice the rectangle CA, AD.

But the square on CB is equal to the squares on CD, DB,
for the angle at D is right; [I. 47]

and the square on AB is equal to the squares on AD,
DB; [1.47]

therefore the square on CB is equal to the squares on CA, AB
and twice the rectangle contained by CA, AD;

so that the square on CB is greater than the squares on
CA, AB by twice the rectangle contained by CA, AD.

Therefore etc. Q. E. D.

Since in this proposition and the next we have to do with the squares on
the sides of triangles, the particular form of graphic representation of areas
which we have had in Book II. up to this point does not help us to visualise
the results of the propositions in the same way, and only two lines of proof
are possible, (1) by means of the results of certain earlier propositions in
Book II. combined with the result of I. 47 and (2) by means of the procedure
in Euclid's proof of I. 47 itself. The alternative proofs of II. 12, 13 after the
manner of Euclid's proof of I. 47 are therefore alone worth giving.

These proofs appear in certain modern text-books (e.g. Mehler, Henrici and
Treutlein, H. M. Taylor, Smith and Bryant). Smith and Bryant are not
correct in saying (p. 142) that they cannot be traced further back than
Lardner's Euclid (1828); they are to be found in Gregory of St. Vincent's
work (published in 1647) Opus geometricum quadraturae circuli et sedionum
coni, Book I. Pt. 2, Props. 44, 45 (pp. 31, 32).

To prove II. 12, take an obtuse-angled triangle ABC in which th~ angle at
A is the obtuse angle.
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~
A C

F

Ep

Describe squares on Be, CA, AB, as BCED, CAGE, ABKH.
Draw AL, BM, CN, perpendicular to BC, CA, AB (produced if neces­

sary), and produce theJIl to meet the further
sides of the squares on them in P, Q, R re­
spectively.

Join AD, CK.
Then, as in I. 47, the triangles KBC, ABD

are equal in all respects;
therefore their doubles, the parallelograms in
the same parallels respectively, are equal;

that is, the rectangle BP is equal to the
rectangle BR.

Similarly the rectangle CP is equal to the
rectangle CQ.

Also, if BG, CH be joined, we see that
the triangles BA G, HA C are equal m

all respects; 0

therefore their doubles, the rectangles A Q, AR, are equal.
Now the square on BC is equal to the sum of the rectangles BP, CP,

i.e. to the sum of the rectangles BR, CQ,
i.e. to the sum of the squares BH, CG and

the rectangles AR, A Q.
But the rectangles AR,. A Q are equal, and they are respectively the

rectangle contained by BA, ANand the rectangle contained by CA, AM.
Therefore the square on BC is equal to the squares on BA, A C together

with twice the rectangle EA, ANor CA, AM.
Incidentally this proof shows that the rectangle BA, ANis equal to the

rectangle CA, AM: a result which will be seen later on to be a particular
case of the theorem in III. 35.

Heron (in an-NairlzI, ed. Curtze, p. 109) gives a "converse" of II. 12

related to it as I. 48 is related to I. 47.
In any triangle, if the square on one d the sides is greater than the squares

on the other two sides, the angle contained by the latter is obtuse.
Let ABC be a triangle such that the square on BC is greater than the

squares on BA, A C.
Draw AD at right angles to A C and

of length equal to AB.
Join DC.
Then, since DA C is a right angle,

the square on DC is equal to the squares
on DA, AC, [I. 47J

i.e. to the squares on BA, A C.
But the square on BC is greater than

the squares on BA, AC; therefore the square on BC is greater than the
square on DC.

Therefore B C is greater than DC.
Thus, in the triangles BA C, DA C,

the two sides BA, A C are equal to the two sides DA, A C respectively,
but the base BC is greater than the base DC.
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A

Therefore the angle BAC is greater than the angle DA C;
that is, the angle BA C is obtuse.

PROPOSITION 13.

In acute-angled triangles the square on the side subtending
the acute angle is less than the squares on the sides containing
the acute angle by twice the rectangle contained by one of the
sides about the acute angle, namely that on which the per­
pendicular falls, and the straight Nne cut off within by the
perpendicular towards the acute angle.

Let ABC be an acute-angled triangle having the angle
at B acute, and let AD be drawn from the point A perpen-
dicular to BC; .

I say that the square on A C is less than the squares on
CB, BA by twice the rectangle contained

"by CB, BD.
For, since the straight line CB has

been cut at random at D,
the squares on CB, BD are equal to

twice the rectangle contained by CB, BD
and the square on DC. [u·7] Bt:------..O,-----;'lo

Let the square on DA be added to
each;
therefore the squares on CB, BD, DA are equal to twice
the rectangle contained by CB, BD and the squares on AD,
DC.

But the square on AB is equal to the squares on BD,
DA, for the angle at D is right; [1.47]
and the square on A C is equal to the squares on AD, DC;
therefore the squares on CB, BA are equal to the square on
A C and twice the rectangle CB, BD,

so that the square on A C alone is less than the squares
on CB, BA by twice the rectangle contained by CB, BD.

Therefore etc.
Q. E. D.

As the text stands, this proposition is unequivocally enunciated of acute~

angled triangles; and, as if to obviate any doubt as to whether the restriction
was fully intended, the ·enunciation speaks of the rectangle contained by one
of the sides containing the acute angle and the straight line intercepted
within by the perpendicular towards the acute angle. On the other hand, it
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Ld
B C

is curious that it speaks of the square on the side subtending the acute angle;
and again the setting-out begins" let ABC be an acute-angled triangle hmJing
the angle at B acute," though the last words have no point if all the angles of
the triangle are necessarily acute.

It was however very early noticed, not only by Isaacus Monachus,
Campanus, Peletarius, Clavius, Commandinus and the rest, but by the Greek
scholiast (Heiberg, Vol. v. p. 253), that the relation between the sides of a
triangle established by this theorem is true of the side opposite to, and the
sides about, an acute angle respectively in any sort of triangle whether acute­
angled, right-angled or obtuse-angled. The scholiast tries to explain away the
word "acute-angled" in the enunciation: "Since in the definitions he cans
acute-angled the triangle which has three acute angles, you must know that he
does not mean that here, but calls an triangles acute-angled because all have
an acute angle, one at least, if not all. The enunciation therefore is: 'In any
triangle the square on the side subtending the acute angle is less than the
squares on the sides containing the acute angle by twice the rectangle, etc.'''

We may judge too by Heron's enunciation of his "converse" of the
proposition that he would have left the word "acute-angled" out of the
enunciation. His converse is: In any triangle in which the square on one of
the sides is less than the squares on the other two sides, the angle containedby the
latter sides is acute.

If the triangle that we take is a right-angled triangle, and the perpendicular
is drawn, not from the right angle, but from the acute angle
not referred to in the enunciation, the proposition reduces
to I. 47, and this case need not detain us.

The other cases can- be proved, like II. 12, after the
manner of 1. 4-7.

Let us take first the case where all the angles of the
triangle are acute.

H
R

G

K

F

OPE

. As before, if we draw ALp, BMQ, CNR perpendicular to BC, CA, AB
and meeting the further sides Of the squares on BC, CA, AB in P, Q, R, and
if we join KC, AD, we have

the triangles KBC, ABD equal in an respects,
and consequently the rectangles BP, BR equal to one another.

Similarly the rectangles CP, CQ are equal to one another.
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Next, by joining BG, CH, we prove in like manner that the rectangles AR,
A Q are equal.

Now the square on BC is equal to the sum of the rectangles BP, CP,
i.e. to the sum of the rectangles BR, CQ,
i.e. to the sum of the squares BH, CG diminished by the rectangles

AR,AQ.
But the rectangles AR, A Q are equal, and they are respectively the

rectangles contained by BA, AN and by CA, AM.
Therefore the square on BC is less -than the squares on BA, AC by

twice the rectangle BA, AN or CA, AM.

Next suppose that we have to prove the theorem in the case where the
triangle has an obtuse angle at A.

Take B as the acute angle under considera-
tion, so that A C is the side opposite to it. .

Now the square on CA is equal to the
difference of the rectangles CQ, A Q,

i.e. to the difference between CP and
A~ F

i.e. to the difference between the square
BE and the sum of the rectangles
BP, AQ,

i.e. to the difference between the square
BE and the sum of the rectangles
Bp, AR,

i.e. to the difference between the sum of
the squares BE, BH and the sum P E
of the rectangles Bp, BR

(since AR is the difference between BR and BU).
But BP, BR are equal, and they are respectively the rectangles CB, BL

and AB, BN.
Therefore the square on CA is less than the squares on AB, BC by twice

the rectangle CB, BL or AB, BN.

Heron's proof of his converse proposition (an-Nairizi, ed. Curtze, p. II 0),
which is also given by the Greek scholiast above quoted,
is of course simple. For let ABC be a triangle in which 0
the square on A C is less than the squares on AB, BC.

Draw BD at right angles to BC and of length equal
toBA.

Join DC.
Then, since the angle CBD is right,

the square on DC is equal to the squares on DB, B C,
i.e. to the squares on AB, BC. [1.47]

But the square on A C is less than the squares on C
AB, BC.

Therefore the square on A C is less than the square on ·DC.
Therefore A C is less than DC.

Hence in the.two triangles DBC, ABC the sides about the angles DBC,
ABC are respectIvely equal, but the base DC is greater than the base A C.
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Therefore the angle DBC (a right angle) is greater than the angle ABC
[I. 25], which latter is therefore acute. •

It may be noted, lastly, that II. 12, 13 are supplementary to 1. 47 and
complete the theory of the relations between the squares on the sides of any
triangle, whether right-angled or not.

PROPOSITION I4.

To construct a square equal to a g£ven rectilineal figure.
Let A be the given rectilineal figure;

thus it is required to construct a square equal to the rectilineal
figure A.

oc

Bf-----k---~-=

5 F or let there be constructed the rectangular parallelogram
BD equal to the rectilineal figure A. [I. 45]

Then, if BE is e'qual to ED, that which was enjoined
will have been done; for a square BD has been constructed
equal to the rectilineal figure A.

10 But, if not, one of the straight lines BE, ED is greater.
Let BE be greater, and let it be produced to F;

let EF be made equal to ED, and let BF be bisected at G.
With centre G and distance one of the straight lines GB,

GF let the semicircle BHF be described; let DE be produced
IS to H, and let GH be joined.

Then, since the straight line BF has been cut into equal
segments at G, and into unequal segments at E,

the rectangle contained by BE, EF together with the
square on EG is equal to the square on GF. [II. 5]

20 But GFis equal to GH;
therefore the rectangle BE, EF together with the square on
GE is equal to the square on GH.

But the squares on HE, EG are equal to the square on
GH; [1.47]

25 therefore the rectangle BE, EF together with the square on
GE is equal to the squares on HE, EG.

Let the square on GE be subtracted from each;
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therefore the rectangle contained by BE, EF which
remains is equal to the square on EH.

30 But the rectangle BE, EF is BD, for EF is equal to ED;
therefore the parallelogram BD is equal to the square on

HE.
And BD is equal to the rectilineal figure A.
Therefore the rectilineal figure A is also equal to the square

35 which can be described on EH.
Therefore a square, namely that which can be described

on EH, has been constructed equal to the given rectilineal
figure A. Q. E. F.

7. that which was enjoined will have been done, literally" would have been
done," 'YE/'OVOS &v €(7/ TO f.1rITaX()h.

35, 36. which can be described, expressed by the future passive participle, a.va'Ypa<p7/­
tJ'opiv'I', a.va-ypa<p7/tJ'op.€Vov.

Heiberg (Mathematisches zu Aristoteles, p. 20) quotes as bem-ing on this
proposition Aristotle's remark (De anima II. 2, 413 a 19: cf. Metaph. 996 b 21)
that "squaring" (T£TpaYWVtlTp.o<;) is better defined as the "finding of the mean
(proportional)" than as "the making of an equilateral rectangle equal to a
given oblong," because the former definition states the cause, the latter the
conclusion only. This, Heiberg thinks, implies that in the text-books which were
in Aristotl~'s hands the problem of II. 14 was solved by means of proportions.
As a matter of fact, the actual construction is the same in II. I4 as in VI. 13 j

and the change made by Euclid must have been confined to substituting -in
the proof of the correctness of the construction an argument based on the
principles of Books I. and II. instead of Book VI.

As II. 12, 13 are supplementary to I. 47, so II. 14 completes the theory of
transformation of areas so far as it can be carried without the use of proportions.
As we have seen, the propositions I. 42, 44, 45 enable us to construct a
parallelogram having a given side and angle, and equal to any given rectilineal
figure. The parallelogram can also be transformed into an equal triangle with
the same given side and angle by making the other side about the angle twice
the length. Thus we can, as a particular case, construct a rectangle on a
given base (or a right-angled triangle with one of the sides about the right
angle of given length) equal to a given square. Further, I. 47 enables us
to make a square equal to the sum of any number of squares or to the ­
difference between any two squares. The problem still remaining unsolved is
to transform any rectangle (as representing an area equal to that of any
rectilineal figure) into a square of equal area. The solution of this problem,
given in II. 14, is of course the equivalent of the extraction of the square root,
or of the solution of the pure quadratic equation

XJ= abo
Simson pointed out that, in the construction given by Euclid in this case,

it was not necessary to put in the words "Let BE be .greater," since the
construction is not affected by the question whether BE or ED is the greater.
This is true, but after all the words do little harm, and perhaps Euclid may
have regarded it as conducive to clearness to have the points B, G, E, Fin
the same relative positions as the corresponding points A, C, D, B in the
figure of II. 5 which he quotes in the proof.
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d'YdwLOV, angle·less (figure) 187
dauVltTOV: 7j El~ TO da. d....lt'YW'Y'l, 7j aLi, TOU dB.

Mi!;L~, 7j El~ TO da. ci'YOUcr4 d....OOEL!;L~ 136
dKLaOELa?/~, barb·like 188
dp.fJXiilt ('Ywv1lt), obtuse (angle) 181
dlJ.fJXV'YJmo~, obtuse-angled 187
o.P.EP?/~, indivisible 41, 268
dp.rpIKoLXo~ (of curvilineal angles) 178
o.P.eplKuPTO~ 178
o.Vlt'Ypo.rpEW o.,..a to describe on contrasted with

to construct (crUcrT?/UltUOltL) 348
o.vaXuap.Evo~ (T6,..o~), Trearury if Analysis 8,

10, I I, 138
o.VltcrTporpLKa~ (species of locus) 330
o.vOIJ.OLOP.EP?/~, non-uniform 40, 161-2
dVTLUTpOrp?/, conversion 256-7: leading variety,

7j "'p07/'YOUP.1v7J or 7j Kupl",., ibid.
dvu,..apKTo~, non-existent 129
o.6PLUTO~, indeterminate: (of lines or curves)

16o: (of problems) 129
d,..a'Yw'Y>j, reduction 135: El~ TO daUvaTOV 136
4"'ELpo~, infinite: 7j i,..' 4,... iKfJaXXop.EV7J of

line or curve extending without limit and
not "forming a figure" 160-1: i,..' 4,... or
El~ 4,... adverbial 190: i,..' ci,... aLaLpiiuOaL
268: Aristotle on TO 4,..ELpoV 232-4

a,..Xou~, simple: (of lines or curves) 161-2:
(of surfaces) 170 .

ci....66EL!;L~, proif (one of necessary divisions of
a proposition) 129, 130

ii.,..TEcrOltL, to meet (occasionally touch) 57
ciPP7JTo~, irrational: of M'Yo~ 137: of diameter

(diagonal) 399
d<TUp.fJaTo~, incompatible 129
dUUP.....TWTO~, not·meeting, non-secant, asymp·

totic 40, 161, 203
dUUVOETOS, incomposite: (of lines) 160, 161:

(of surfaces) 170 .
4TltKTO~, unordered: (of problems) 128: (of

irrationals) JI 5
4TOP.OL 'Ypltp.p.rU, "indivisible lines" 268
a.pl~= segment of circle less than semicircle

187
fJa.Oo~, depth 158-9
fJa.crL~, base 248-9
'YE'Ypa.rpfJw 242
'Yvwp.wv, see gnomon
'Ypltp.p.>j, line (or curve) q.v.
'Ypap.IJ.LKw~, graphically 400
aEaop,lvo~ given, different senses 132-3:

Euclid's aEaOP.£vlt or Data, q.v.
aEI'Yp.aTlt, illustrations, of Stoics 329
aE' a>j, "thus it is required," introducing

aLOpLcrp.a~ 293
aLa.'Ypap.p.lt = proposition (Aristotle) 252
aLalpEcrL~: point if division (Aristotle) 165,

170, 171: method of division (exhaustion)
285: Euclid's"'Epl aLltLpiuEWV 8,9, 18,87, 1I0

aL=TcicrEL~, almost = dimensions 157, 158
a,acrTltTaV extended, irp' gv one way, i,..l auo

two ways, i,..l Tpllt three ways (of lines,
surfaces and solids respectively) 158, 170

aLa.uT7Jp.a, distance 166, 167, 207: (ofradius of
circle) 199: (ofan angle) = divergence 176-7

aLE!;OaLKa~ (of a class of loci) 330
aL?/XOW, "let it be drawn through" (= pro·

duced) 280
aLOpLup.a~ = (I) particular statement or defini·

tion, one of the formal divisions of a pro­
position 129: (2) statement of condition of
possibility 128,129,130,131,234,243,293

Elult'Yw'Y7J app.ovLK>j, Introduction to Harmony,
by Cleonides 17

€KltTEpq. €KaTEpq., meaning respectively 248,350
iKfJEfJX>jUOWUltV, use of, 244
'KE'VO~ = Euclid 400
iKOEUL~, setting-out, one of formal divisions of

proposition 129: may be omitted some­
times 130

iKT6~, KltTa TO (of an exterior angle in sense
of re-entrant) 263: " 'KTO~ 'Ywv1a, the
exterior angle 280

EXLKOELa?js, spiral-shaped 159
D..XEL.pL~, fa";,zg-short (with reference to

application of areas) 36, 343-5, 383-4
.XXL"'~~ ,..p6fJX7Jp.lt, a deficient (= indeter·

minate) problem 129
'vltXM~, alternately or (adjectivally) alternate

308
iwoLa, notion, use of, 22 I

ivuTacTL', objection 135
iVTO~, KaT'" TO or " iVTiH (ywvla) of an interior

angle 263, 28o: 7j iVTO' Kal <!.,..EvltvTlov
'Ywv1a, the interior and opposite angle 280

',..ErEUXOwuav (b"LrE~UP.L, join) 242
',..I,..Eaov, plane in Euclid, used for sutface

also in Plato and Aristotle 169
i"'L7l'pOuOiiv, i,..l,..pouOov ElvaL, to stand in

front of (hiding from view) 165, 166
."'Lrpa.VELlt, surface (Euclid) 169
ETEpap.7JKES, oblong 151, 188
E60';, Ta, the straight 159: E60<',a (ypltp.p.>j) ,

straight line 165-9
EWU"fpltP.IJ.O~, rectilineal 187: neuter as sub­

stantive 346
,rpa.,.....uOaL, to touch 57
irpapp.arEW, to coincide, irpapp.6rEuOaL, to be

applied to 168, 224-5, 249
irpEKTLKo< (of a class of loci) 330
irpE;ij., "in order" 181: of atijacent angles'

181, 278
OEWP7JP.4, theorem q.v.
OupE6~ (shield)=ellipse 165
t,..,..ou 7f1lJ'Y} (horse.fetter), name for a certain

curve 162-3, 176
luop,lTpwv crX7JP.a.TWV, "'Epl, on isometric figures

(Zenodorus) 26, 27, 333
K<!.OETO' E68,ia 'YPltp.p.>j, perpendicular 181-2,

271: "plane" and "solid" 272
K4P.7rUXO., curved (of lines) 159
KaTauKEu>j, construction, or machinery, one of

divisions of a proposition 129: sometimes
unnecessary 130

KltTltTOP.7J Kavavo., Sectio canonis, of Euclid 17
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K€l<T861, "let it be made" 169
K~Kap.p.Ev'Y}, bent (of lines) 159, 176
KEVTpOV, centre 183, 184, 199: .q eK TOU KEVTpOU

==radius 199
K~pa.TO£<OllS (-ywvla), horn-like (angle) 177,

178, 181
K"J..«V, to injlect or d'!flect, K~K"J..d.<T8a£, K~K"J..a<T­

plv'Y}, KM<T£s II8, 150, 159, 176, 178
K"J..I<TtS, inclination, 176
KO£"J..rryJJV£ov, hollow.angled figure (Zenodorus)

17, 188
Ko£val /fvvo""" Common Notions (==axioms)

111-1: called also Ta Komi, KOlval oo~al

(Aristotle) 110, HI

KO£V1J 7rpo<TK~I<T8w, a</>vpf]<T8w 176
KOPU</>f], vertex: KaTa KOpU</>f]v, vertical (angles)

178
KplKos, ring (Heron) 163
"J..fjp.p.a, lemma (==something assumed, "J..ap.­

(Javop.~vov) 133-4
"J..o£7ros: "J..o£lrll .q AA "J..o£7rV TV BH (<T'Y) e<TTlv 145
p.€p'Y}, parts (== direction) 190, 308, 313:

(==side) 171
P.~KOS, length, 158-9
p.'Y}vo~£of]s, lune·like (of angle) 16, 101: TO

p.'Y}voe£Ofs (<TX~p.a), lune 187
p.£nos, "mixed" (of lines or curves) 161, 161:

(of surfaces) 170
p'ovas 7rpo<T"J..a(3ou<Ta 8E<T£V, definition of a point

155
p.ov6<TTpo</>os 1f"J..£~ "single-turn spiral" 111­

3 n., 164-5: in Pappus==cylindrical- helix
165

veU<T<£s; inclinations, a class of problems
150-1: v~u£<v, to verge 118, 150

~U(fTPO<£Of]S, scraper-like (of angle) 178
OP.O~lOf]S, "of the same form" 150
lJp.o£os, "similar" (ofnumbers) 357: (ofangles)

==equal (Thales, Aristotle) 151
op.o£Op.~pf]s, uniform (of lines or curves) 40,

161-1
o~~la (-ywvla), acute (angle) 181
O~UYWVlOS, acute·angled 187
07r~P /fo .. o~l~a£ (or "'O£~<Tal) Q.E.D. (or F.) 57
oP80YWVlOS, right.angled: as used of quadri-

laterals = rectangular 188-9
lipos, Iip£<Tp.os, definition 143: original mean·

ing of IJpos r43: == boundary, limit 181
6.p£s, visual ray 166
7ravT17 p.~Ta"J..ap.fJavo~va£, "taken together in

any manner" 181
7rapa{JoAlI TWV xwpl61v, application ofareas 36,

343-5: contrasted with V7r~p{Jo"J..f] (exceed­
ing) and /f"J.."J..<£.p£s (falling-short) 343: npa·
fJo"J..f] contrasted with <TU<TTa<T£S (construction)
343: application of terms to conics by
Apollonius 344-5

7rapaoo~os T07rOS, 0, "the Treasury of Para-
doxes" 319

7rapa"J.."J..aTT61, "fall beside" or "awry" 161
7rapa7r"J..f]p61p.a, complement,- q. v.
7ripas, extremity 165, 181: "'Epas cTlJYK"J..~lov

(Posidonius' definition ofjigure) 183
7r~p£€xop.iV'YJ (of angle), 7rEP£€XOP.~vov (of rect­

angle), contained 370: TO ols 7r~P£€XO~VOV,

twice the rectangle contained 380: (of figure)
contained or bounded 181,183,184,186,187

7r~p£""p"a, circumference 184
7r~Pl</>~pf]S, circular 159
"'~Pl</>~p6ypap.p.os, contained by a circumference

of a circle or by arcs of circles 181, 184
7rMTOS, breadth 158-9
7r"J..~ova!ov (7rpo(3"J..'Y}p.a), "(problem) in excess"

119 _.
7ro"J..os, a mathematical instrument 370
7ro"J..67r"J..eupov, many-sided figure 187
7rop£<Ta<T8a£, to "find" .or "furnish" 115
",Opl<Tp.a, porism q.v.

- 7rpO(3A'Y}p.a, problem q.v.
7rporrtoup.~vos, leading: (of conversion) ==com·

plete156-7: 7rPOrrt0up.<vov (8~wp'Y}p.a) leading
(theorem) contrasted with converse 157

7rpOS, in g<:ometry, yarious meanings 177
7rp6Ta<TlS, enunciation 119-30
7rpOTe£V61, "propound" 118
7rpWTOS, prime, two senses of, 146
7rTW<T£S, case 134
p'Y}TOS, rational 137: P'Y}TlI olap.upos T~S 7r~p.-

7raoos (" rational diameter of 5 ") 399
<T'Y}p.~lov, point 155-6
<1Ta8p.'Y}, a mathematical instrument 371
<TTIYP.f], point 156
<TTO£X~lov, element 114-6
<TTpoyyU"J..OV, TO, round (circular), in Plato

159, 184:. <TTportU"J..6T'Y}S, roundness 181
tfup.7rEpa.<Tp.a, conclusion (of a proposition)

119, 130
<TUV8~TOS, com\?osite: (of lines or curves) 16o:

(of surfaces) 170
<TUVW<T£S, convergence 282
<Tuv£<TTa<T8a,; construct: special connotation

259, 189: with iVTOS 189: contrasted with
7rapafJa."J..A<£v (apply) 343

<TX'Y}p.aTrrypa</>'w, <TX'Y}p.aToypa</>£a, represent­
ing (numbers) by figures of like shape 359

<TX'Y}p.aT07rO£OU<Ta or <Tx~p.a 7rOIOU<Ta, forming a
. figure (of a line or curve) 160-1
T~Tayp.Evov (of a problem), "ordered" 118
TupaywVI<Tp.OS, squaring, definitions of 14<)­

50, 410
T~Tp<iywvOV, square: sometimes (but not in

Euclid) any four-angled figure 188
T~Tp6.7r"J..Wpov, quadrilateral 187
TOP.f], section, =point of section 170, 171, 278
T07r£KOV 8~wp'Y}p.a, locus-theorem 319
TO".OS: locus 31<)-31: room or space 23n.:

place (where things nlliy be found), thus
T07rosava"J..uop.~vos8,10: 7rapaOO~osT07rOS 319

TOpVOS, instrument for drawing a circle 371
Tp£7rA<UpOV, three·sided figure 187
TUXOV <T'Y}p.~lov, a point at random 252
V7r~p{Jo"J..f], exceeding, with reference to method

of application of areas 36, 343-5, 386-7
V7rO, in expressions for an angle (.q V7rO BAr

ywv£a) 149, and a rectangle 370
V7rOK£<Ta£, "is by hypothesis" 3°3, 311
v7roT€lv~£v, subtend, with acc. or V7rO and acc.

149. 283. 350
WPI<Tp.€V'Y} "Ypap.p.f], determinate line (curve),

"forming a figure" 160
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al-'Abbas b. Sa'id al-]auhari 85
"Abthiniathus" (or" Anthisathus") 203
Abii '1 'Abbas al-Fa<.il b. l;Iatim, set an-

Nairizi
Abii 'Abdallah Mu/.1. b. Mu'adh al-]ayyani 90
Abii 'Ali al-Basri 88
Abii 'Ali aI-HaSan b. aI-Hasan b. al-Haitham

88,89' .
Abii Da'ud Sulaiman b. 'Uqba 85, 90
Abii ]a'far al-Khiizin 77, 85
Abii ]a'far Mu/.1. b. Mu/.1. b. al-l;Iasan

Na~iraddin a!-Tiisi, see N~iraddin

AbU Mu/.1. b. Abdalbaqi al-Bagdadi al·Fara<.ii
8n., go

Abii Muh. aI-Hasan b. 'Ubaidallah b. Sulai-
man b: \Yahb 87

Abu N~r Gars aI-Na'ma 90
Abii Na~r Mansiir b. 'Ali b. 'Iraq 90
Abu Nasr Muh. b. Muh. b. Tarkhiin b.

Uzlag 'al-Far~bi 88 .
Abii Sahl Wijan b. Rustam al·Kiihi 88
Abu Sa'id Sinan b. Thabit b. Qurra 88
Abu 'Uthman ad-Dimashqi 25, 77
Abu 'I Warn al-Biizjani 77, 85, 86
Abii Yiisuf Ya'qub b. Is/.1aq b. ~-~abba/.1 al·

Kindi 86
Abu Yusuf Ya'qub b. Mu/.1. ar-Riizi 86
Adjacent (e.pE~i1'), meaning 181
Aenaeas (or Aigeias) of HierapoHs 28, 31 I
Aganis 27-8, 191
A/.1mad b. al-l;Iusain al-Ahwazi al-Katib 89
A/.1mad b. 'Umar al·Karabisi 85
al-Ahwazi 89
Aigeias (?Aenaeas) of Hierapolis 28, 31I
Alexander Aphrodisiensis 7 n., 29
Algebra, geometrical, 372-4: classical method

was that of Eucl. II. (cf. Apollonius) 373:
preferable to semi-algebraical method 377­
8: semi-algebraical method due to Heron
373, and favoured by Pappus 373: geome­
trical equivalents of algebraical operations
374: algebraical equivalents of propositions
in Book II. 372-3

'Ali b. A/.1mad Abii 'I Qasim al-An!aki 86
Allman, G. ]. I35n., 318, 352
Alternate (angles) 308
Alternative proofs, interpolated, 58, 59
Amaldi 175, 179-80, 193, 201, 313, 328
Ambiguous case 306-7
Amphinomus 125, 128, ISO n.
Amyclas of Heraclea II7
Analysis (and synthe$is) 18: alternative

proofs of XIII. 1-5 by, 137: definitions of,

INDEX.

interpolated, 138: described by Pappus
138-9: modern studies of Greek analysis
139: theoretical and problematical analysis
138: Tnasury 0/ analysis (T07fOS dva>'vo­
/LEVOS) 8, 10, I I, 138: method of analysis
and precautions necessary to 139-40 :
analysis and synthesis of problems 140-2:
two parts of analysis (a) traniformation,
(b) resolution, and two parts of synthesis,
(a) construction, (b) demonstratt'Otl 141:
example from Pappus 141-2: analysis
should also reveal ~IOPI(j/LOS (conditions of
possibility) 142

Analytical method 36: supposed discovery
of, .by Plato~I34, 137

Anaxlmander 370
Anchor-ring 163
Andron 126
Angle. Curvilineal and rectilineal, Euclid's

definition of, 176 sq.: definition criticised
by Syrianus 176: Aristotle's notion of
angle as KMulS 176: Apollonius' view of,
as contractzon 176, 177: Plutarclr and
Carpus on, 177: to which category does it
belong? quantum, Plutarch, Carpus, "A­
ganis" 177, Euclid 178: quale, Aristotle
and Eudemus 177-8: relatt'on, Euclid 178:
Syrianus' compromise 178: treatise on tke
Angle by Eudemus 34, 38, 177-8: classifi­
cation of angles (Geminus) 178-9: curvi·
lineal and "mixed" angles 26, I78--g,
korn-like (KEpaTOElo?js) 177, 178, 182, 265,
lune-like (/L'1VOElo?j,) 26, 178-9, scraper-like
(~VUTPOElO?jS) 178: angle ofa segment 253:
angle of a semicir~le 182, 253: definitions
of angle classified 1\79: recent Italian views
179-8 I: angle as ~Iuster of straight lines
or rays 180-I, defi\1ed by Veronese 18o:
as part of a plane ("angular sector") 179­
80:jlat angle (Veronese etc.) 180-1, 269:
three kinds of angles, which is prior
(Aristotle)? 181-2: adjacent angles 181:
alternate 308: similar (=equal) 178, 182,
252: vertical 278: exten'or and interior
(to a figure) 263, 28o: exterior when re­
entrant 263: interior and opposite 28o:
constrnction by Apollonius of angle equal
to angle 296: angle in a semicircle, theorem
of, 317-19: trisection of angle, byconchoid
of Nicomedes 265-6, by quadratrix of
Hippias 266, by spiral of Archimedes 267

al-Antaki 86
Antiphon 7 n., 35
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"Anthisathus" (or "Abthiniathus") 203
Apastamba-Sulba-Sutra 352: evidence in, as

to early discovery of Eucl_ I, 47 and use
of gnomon 360-4: BUrk's claim that
Indians had discovered the irrational 363­
4: approximation to ..12 and Thibaut's
explanation 361, 363-4: inaccurate values
of,.. in, 364

Apollodorus "Logisticus" 37, 319, 351
Apollonius: disparaged by Pappus in com­

parison with Euclid 3: supposed by some
Arabians to be author of the Elements 5:
a .. carpenter" 5: on elementary geometry
42: on the line 159: on the angle 176:
general 4efinition of diameter 325: tried to
prove axioms 42, 62, 222-3: his" general
treatise" 42: constructions' by, for bisec­
tion of straight line 268, for a perpendicular
270, for an angle equal to an angle 296:
on parallel-axiom (?) 42-3: adaptation to
conics 'of theory of application of areaj;
344-5: geometrical algebra in, 373: Plane
Loci 14.259,33°: Planev€>J"ELS 151: com­
parison of dodecahedron and icosahedron
6 : on the cochlias 34; 42, 162: on unordered
irrationals42, 115: [38,188,221,222,246,
259, 370, 373

Application of areas 36, 343-S: contrasted
with exceeding and falling-short 343:
complete method equivalent to geometric
solution of mixed quadratic equation 344-3'
383-5, 386-8: adaptation to conics (Apol­
lonius) 344-5: application contrasted with
construction (Proclus) 343

"Aqaton" 88
Arabian editors and commentators 75-90
Arabic numerals in scholia to Book x.,

12th c., 71
Archimedes 116,142: "postulates" in, 120,

123: famous "lemma" (assumption) known
as Postulate of Archimedes 234: "Porisms"
in, I In., 13: spiral of, 26, 267: on straight
line 166: on plane 17'-2: 22S, 370

Archytas 20
Areskong, M. E. I 13
Arethas, Bishop of Caesarea 48: owned

Bodleian MS. (B) 47-8: had famous Plato
MS. of Patmos (Cod. Clarkianus) written 48

Argyrus, Isaak 74 ,
Aristaeus 138: on conics 3: Solid Loci [6,

329: comparison of five (regular solid)
figures 6

Aristotelian Problems 166, 182, 187
Aristotle: on nature of elements 116: on

first principles 117sqq.: on definitions 117,
IIg--20, 143-4, 146-50: on distinction he­
tween hypotheses and definitions 119, 120,
between hypotheses and postulates 118,
I19, between hypotheses and axioms 120:
on axioms 119-21:. axioms indemon­
strable 121: on definition by negation
156-7: on points 15S-6, I6S: on lines,
definitions of 158-9, classification of 159­
6o: quotes Plato's definition of rtraight
line 166: on definitions of surface 170:

on the angle 176-8: on priority as between
right and acute angles 181-2: on figure
and definition of 182-3: definitions of
"squaring" 149-So, 410: on parallels 190­
2, 3°8-9: on gnomon 351, 35S, 359: on
attributes KaTa ,..avros and "'pWTov Ka8oXoIJ
319, 320, 325: on the objection 135: on
reduction 135: on reductio ad absurdum
136: on the infinite 232-4: supposed pos­
tulate or axiom about divergent lines taken
by Proclus from, 45, 2°7: gives pre- Eucli­
dean proof of I. 5 252-3: on theorem of
angle in a semicircle 149: on sum of angles
of triangle 3Ig--21: on sum of exterior
angles of polygon 322: 38,45, II7, I50n.,
18r, 184, 18S, 187, r88, 195, 202, 2°3,
221, 222, 223, 226, 259, 262-3, 283

al-Arjani, Ibn Rahawaihi 86
Ashkal'at-ta'sis 5 n.
Ashraf Shamsaddin as-Samarqandi, Mul].. b.

5 '1., 89
Astaroff, Ivan I 13
Asymptotic (non-secant)' lines 40, 16r,. 203
Athelhard of Bath 78, 93-6
Athenaeus of Cyzicus I r7
August, E. F. r03
Austin, W. r03, I II
Autolycus, On, the moving sphere [7
Avicenna 77, 89
Axioms, distinguished from postulates by

Aristotle II8-9, by Proclus (Geminus and
"others") 40, 121-3: Proclus on diffi­
culties in distinctions 123-4: distingnished
from hypotheses, by Aristotle 120-I, by
Proclus 121-2: indemonstrable 121: at­
tempt by Apollonius to prove 222-3:
=" common (things)" or "common
opinions" in Aristotle 120, 221: common
to all sciences I 19, 120: called "common
notions" in Euclid I2I, 22" which are
genuine? 221 sqq.: Proclus recognises five
222, Heron three 222: interpolated axioms
224, 232: Pappus' additions to axioms
25, 223, 224, 232: axioms of congruence,
(r) Euclid's Common' Notion 4, 224-7,
(2) modern systems (Pasch. Veronese and
Hilbert) 228-31: "axiom" with Stoics=
every simple declaratory statement 41, HI

Babylonians, knowledge of triangle 3, 4, 5,
352

Bacon, Roger 94
Balbus, de mensuris 91
Barbarin 219
Barlaam, arithmetical commentary on Eucl. Ll:

74
Barrow 103, lOS, 110, I I I

Base, meaning 248-9
Basel, editio princeps of Eucl. 100-1
~asilides of Tyre 5, 6 .
Baudhiiyana Sulba-Siitra 360
Bayfius (Barf, Lazare) 100
Becker, J. K. 174
Beez 176
Beltrami, E. 219
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Benjamin of Lesbos I 13
Bergh, P. 400-1
Bernard, Edward 102
Besthorn and Heiberg, edition of al-I:lajjaj's

translation and an-Nairizi's commentary
22, 27 n., 79 n.

Bhaskara 355
Billingsley, Sir Henry 1°9-10
al-BiJiini 90
Bjornbo, Axel Anthon 17 n., 93
Boccaccio 96
Bodleian MS. (B) 47, 48
Boeckh 351, 371
Boethius 92, 95, 184
Bologna MS. (b) 49
Bolyai, J. 219
Bolyai, W. 174-5, 219, 328
Bolzano 167
Boncompagni 93 n., 104 n.
Bonola, R. 202, 219, 237
Borelli, Giacomo Alfonso 106, 194
Boundary (llpos) 182, 183
Brakenhjelm, P. R. II3
Breitkopf, J oh. Gottlieb Immanuel 97
Bretschneider 136 n., 137,295, 3°4, 3H, 354,

358
Briconnet, Franc;ois 100
Briggs, Henry 102
Brit. Mus. palimpsest, 7th-8th c., 50
Bryson 8n.
Biirk,. A. 352, 360-4
Burklen 179
Buteo (Borrel), Johannes 104

Cabasilas. Nicolaus and Theodorus 72
Caiani, Angelo 101
Camerarius, Joachim 101
Camerer, J. G. 103, 293
<;:amorano, Rodrigo 112
Campanus. Johannes 3. 78, 94-96, 1°4, [06,

II0, 407
Candalla, Franciscus Flussates (Franc;ois de

Foix, Comte de Candale) 3. [04. 110
_Cantor, Moritz 7 n., 20,272,3°4, 318, 3~0,

333, 35 2 , 355, 357-8, 360, 401
Carduchi, L. II2
Carpus, on Astronomy 34, 43: 45, 127, 128,

177
Case, technical term 134: cases interpob,ted

58, 59
Casiri 4 n., 9 1t.

Cassiodorius, Magnus Aurelius 92
Cataldi, Pietro Antonio 106
Catoptrica, attributed to Euclid, probably

Theon's 17: Catoptrica of HerOn'll. 253
"Cause": consideration of, omitted by com·

mentators 19, 45: definition should state
cause (Aristotle) 149: cause = middle term
(Aristotle) 149: question whether geometry
should investigate .cause (Geminus), 45,
150 n.

Censorinus 9 I

Centre, KE/lTPOV 184-5
Ceria Aristotelica 35
Chasles on Porisms of Euclid 10, II, 14, 15

Chinese, knowledge of triangle 3, 4, 5, 352:
"Tcheou pei" 355

Chrysippus 330
Cicero 9[, 35 1
Circle: definition of, 183-5: =round, tTT(XYY­

'Yu~ov (Plato) 184: = 7rEp'</>Ep/Yypa.P.P.OV
(Aristotle) 184: a plane figure 183-4:
centre of, [84-5: pole of, 185: bisected by
diameter (Thales) 18.;, (Saccheri) 185-6:
intersections with straight line 237-8,
272-4, with another circle 238-40; 242-3,
2 93-4

Circumference, 7rEp,</>lpfL<l, 184
Cissoid 161, [64, 176, 330
Clairaut 328
Claymundus, Joan. 101
Clavius (Christoph Schliissel) 103, 1°5, 194'

232, 381 , 39[, 407
Cleonides, Introduction to Harmony 17
Cocltlias or cocltlion (cylindrical helix) 16z
Codex Leidensis 399, I: 22, 27 n., 79 n.
Coets, Hendrik 109
Commandinus 4, 102, 103, 104-5. 1'06, liO,

I II, 4°7: scholia included in translation
of Elements 73: edited (with Dee) De
divisionibus 8, 9, //0

Commentators on Eucl. criticised by Proclus
19, 26, 45

Common Notions: = axioms 62,120-[,221-2:
which are genuine? 22"I sq.: meaning and
appropriation of term 22/: called "axioms"
by Proclus 22 I

Complement, 7rapa7r~1}pwp.a: meaning of, 341:
"about diameter" 341: not necessarily
parallelograms 341 : use for application of
areas 342-3

Composite, tTUVOETOS, (of lines) 160, (of sur­
faces) /7°

Conchoids 160-1, 265-6, 330
Conclusion, tTvp.7rlpa.tTp.a: necessary part of a

proposition 129-3°: particular conclusion
immediately made general /31: definition
merely stat~'g conclusion 149

Congruence-A 'oms or Postulates: Common
Notion 4 in E did 224-5: modern systems
of (Pasch, Veronese, Hilbert), 228-31

Congruence theorems for triangles, recapitula·
tion of, 305-6

Conics, of Euclid 3, 16: of Aristaeus 3, 16:
of Apollonius 3. 16: fundamental property
as proved by Apollonius equivalent to
Cartesian equation 344-5: focus-directrix
property proved by Pappus 15

Constantinus Lascaris 3
Comtntet (ITvvIITTaITOa,) contrasted with

describe on 348, with apply to 343: special
connotation 259, 289

Construction, KaTatTKfv1}, one of formal di·
visions of a proposition /29: sometimes
unnecessary [30: turns nominal into real
definition /46: mechanical, 151, 387

Continuity, Principle of, 234 sq., 242,272, 294
C01l7Jersion, geometrical: distinct from logical

256: "leading" and partial varieties 256-7,
337
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Dasypodius (Rauchfuss), Conrad 73, 102
Data of Euclid 8, 132, 141, 385, 391
Deahna li4
Dechalei, Claude Franyois Milliet 106, 10i,

108, 110
Dedekind's Postulate, and applications 235-40
Dee, John 109, 110: discovered De divisi-

onibus 8, 9 •
Difinition, in sense of "closer statement"

(OIOPltTpOS), one of formal divisions of a
proposition 129: may be unnecessary 130

Definitions: Aristotle on, 11 i, 119, 120, 143:
a class of thesis (Aristotle) 120: distin­
guished from hypotheses 119, but confused
therewith by Proclus I2I-2: must be
assumed I I i-<J, but say nothing about
cxistence (except in the case of a few
primary things) 119, 143: terms for, lipos
and 0PltTJJ.OS 143: real and nominal defi­
nitions (real=nominal plus postulate or
proof), Mill anticipated by Aristotle, Sac­
cheri and Leibniz 143-5: Aristotle's reo
quirements in, 146-50, exceptions 148:
should state cause or middle term and be
genetic 14~50: Aristotle on unscientific
definitions (lK jJ.7j 7TpoTfpWV) 148-9: Euclid's
definitions agree generally with Aristotle's
doctrine 146: interpolated definitions 61,
62: definitions of technical terms in Aris­
totle and Heron, not in Euclid 150

De levi et ponderoso, tract 18
Demetrius Cydonius 72
Democritus 38
De Morgan 246,260,269,284,291,298,300,

309, 313, 314, 315, 369, 3i6
Desargues 193
Describe on (dVO:yp6.<{>flV a7To) contrasted with

construct 348
De Zolt 328
Diagonal (ola)'wvLOs) 185
"Diagonal" numbers: see "Side- ,. and

"diagonal-" numbers
Diameter (OIr1.p.<TpOS), ofcircle or parallelogram

185: as applied to ligures generally 325:
"rational" and" irrational" diameter of 5
(Plato) 399, taken from Pythagoreans 399­
400

Dimensions (cf. OlatTTatTflS) 15i, 158: Aris-
totle's view of, 158-9

Dinostratus IIi, 266
Diocles 164
Diodorus 203
Diogenes Laertius 3i, 305, 3Ii,. 35 1

~~ frj;!)'·gl.
~,

. 6· ':J-• J~.,->;­
'i/ :,>':

6pernicus 101
Cordonis, Mattheus 9i
Cratistus 133
Crelle, on the plane li2-4
Ctesibius 20, 21, 39n.
Cunn, Samuel I I I
Curtze, Maximilian, editor of an-NairizI

78, 92, 94, 96, 9i n.
Curves, classification of: see line
Cylindrical helix 161, 162, 329, 330
Czecha, Jo. 113

22,

Diophantus 86
DiorisllluS (OIOpltTpOs)=(a) "definition" or

"specification," a formal division of a
proposition 129: (b) condition ofpossibility
128, determines how far solution possible
and in how many ways 130-1, 243: dio­
/'ismi said to have been discovered by
Leon 116: revealed by finalysis 142: in­
troduced by Ofl or, 293: first instances in
Elements 234, 293

Dippe 108
Direction, as primary notion, discussed 1i9:

direction-theory of parallels 191-2
Distance, OIr1.tTT'l/jJ.a: = radius 199: in Aristotle

has usual general sense and = dimension 199
Division (method of), Plato's 134
Divisions (of figu1'es) by Euclid 8, 9: trans­

lated by MuJ:rammad al-Bagdadi 8: found
(by Woepcke) in Arabic 9, and (by Dee)
in Latin translation 8, 9: IIO

Dodgson, C. L. 194, 254, 261, 313
Dou, Jan Pieterszoon 108
Duhamel; 139, 328

Egyptians, knowledgeofright-angled triangles
352

Elemmts: pre-Euclidean Elements, by Hip­
pocrates of Chios, Leon 116, Theudius I Ii:
contributions to, by Eudoxus I, 37, Theae­
tetus I, 3i, Hermotimus of Colophon
1Ii: Euclid's Elements, ultimate aims of 2,
II5-6: commentators on 19-45, Procllls
19, 2~45 and passim, Heron 20-24, an­
NairizI 21-24, Porphyry 24, Pappus 24­
2i, Simplicius 28, Aenaeas (Aigeias) 28:
MSS. of 46-51: Theon's changes in text
54-58: means of comparing T/leonine with
ante-Theonine text 51-53: interpolations
before Theon's time 58-63: scholia 64-74 :
external sources throwing light on text,
Heron, Taurus, Sextus Empiricus, Proclus,
Iamblichus 62-3: Arabic translations (I)
by al-I;Iajjaj 75, 76, i9, 8o, 83-4, (2) by
I~haq and Thabit b, Qurra 75-80, 83-4,
(3) Na~iraddln a~-TiisI ii-8o, 84: Hebrew
translation by Moses b. Tibbon or Jakob
b. Machir i6: Arabian versions compared
with Greek text i9-83, with one another
83, 84: translation by Boethius 92: old
translation of loth c. 92: translation by
Athelhard 93-6, Gherard of Cremona 93-4,
Campanus 94-6, 9i-loo etc., ,Zamberti
98-100, Commandinus 1°4-5: introduc­
tion into England, loth c., 95: translation
by Billingsley 1°9-10: Greek texts, editio
princeps 100-1, Gregory's 102-3, Peyrard's
103, August's 103, Heiberg'spassim: trans­
lations and editions generally 9i-1 13: on
the nature of elements (Proclus) 114-6
(Menaechmus) 114, (Aristotle) 116: Procluf
on advantages of Euclid's ElementS' 115:
immediate recognition of, 116: first princi­
ples of, definitions, postulates, common
notions (axioms) lIi-24: technical terms
in connexion with, 125-42: no definitions
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of such technical terms 150: sections of
Book I. 308

Elinuam 95
Engel and Stiickel 219, 321
Enriques, F. 157, 175, 193, 195, 201, 313
EnunciatiofJ (,,-p6Ta,n,), one of formal di-

visions of a proposition 129-30
Epicureans, objection to I. 20 41, 287:

Savile on, 287
Equality, in sense different from that of

congruence (=" equivalent," Legendre)
327-8: two senses of equal (I) H divisibly­
equal" (Hilbert) or "equivalent by sum"
(Amaldi), (2) "equal in content" (Hilbert)
or "equivalent by difference" (Amaldi)
328: modern definition of, 228

Eratosthenes I: contemporary with Archi·
medes I, 2: 162

Errard, Jean, de Bar-Ie·Duc 108
Erycinus 27, 290, 329
Euclid: account of, in Proclus' summary I ;

date 1-2: allusions to in Archimedes I:
(according to Proclus) a Platonist 2: taught
at Alexandria 2: Pappus on personality
of, 3: story of (in Stobaeus) 3 : not H of
Megara" 3, 4: supposed to have been
born at Gela 4: Arabian traditions about,
4, 5: H of Tyre" 4-6: "of Tus" 4, 5 n.:
Arabian derivation of name (H key of
geometry") 6: Elements, ultimate aim of,
2, 115-6: other works, Conics 16, Pseu­
daria 7, Data 8, 132, 141', 385, 391, On
divisions (of figures) 8, 9, Porisms 10-15,
Surface-loci IS, 16, Phaenomena 16, 17,
Optics 17, Elements of Music or Sectio
Canonis 17: on "three- and four-line
locus" 3 : Arabian list of works 17, 18 :
bibliography 9 I -( 13

Eudemus 29: On the Angle 34, 38, 177-8:
History of Geometry 34, 35-8, 278, 295,
3°4, 317, 320, 387

Eudoxus I, 37, Il6: discoverer of theory
of proportion as expounded generally in
Bks. v., VI. 137, 35 I: on the golden
section 137: founder of method of ex­
haustion 234: inventor of a certain curve,
the hippopede, horse·fetter 163: possibly
wrote Sphaerica 17

Euler, Leonhard 401
Eutocius 25, 35, 39, J.p, 161, 164,259,317,

329, 33°, 373
Exterior and interior (of angles) 263, 28o
Extremity, 7J:£pa~ 182, 183

Falk, H. "3
al·Fara<;li 8 n., 90
Figure, as viewed by Plato 182, by Aristotle

182-3, by Euclid 183: according to Posi­
donius is confining boundary only 41,183:
figures bounded by two lines classified 187:
angle·less (d:ywvLOV) figure 187

Figures, printing of, 97
Fihrist 4n., 5n., 17,21,24,25,27: list of

Euclid's works in 17, 18
Finaeus, Orontius (Oronee Fine) 101, 104

H. E.

Flauti, Vincenzo 107
Florence MS. Laurent. XXVIll. 3, (F) 47
Flussates, see Candalla
Forcadel, Pierre 108
Fourier 173-4
Frankland, W. B. 173, 199
Frischauf 174

Gartz 91Z.
Gauss 172, 193, 194. 202, 219. 321
Geminus: name not Latin 38-9: title of work

(.p,AoKaA£a) quoted from by Proclus 39:
elements of astronomy 38: comm. on Posi­
donius 39: Proclus' obligations to, 3<}-42:
on postulates and axioms 122-3: on theo­
rems and problems [28: two classifications
of lines (or curves) 160-2: on homoeo·
meric (uniform) lines 162: on "mixed"
lines (curves) and surfaces 162: classifica·
tion of surfaces 170, of angles 178-9:
on parallels 191: on Postulate 4, 200:

on stages of proof of theorem of I. 32, 3[7­
20: 21, 27-8, 37, 44, 45, 133 n., 2°3,
265, 33°

Geometrical algebra 372-4: Euclid's method
in Book II. evidently the classical method
373: preferable to semi-algebraical method
377-8

Gherard of Cremona, translator of Elements
93-4: of an-Nairizi's commentary 22, 94:
of tract De divisionibus 9

Giordano, Vitale 106, 176
Given, ~f~Op,fVO~, different senses, 132-3
Gnomon: literally" that enabling (something)

to be known" 64,37°: successive senses of,
(I) upright marker of sundial [81, 185,271­
2, introduced into Greece by Anaximander
370, (2) carpenter's square for drawing
right angles 371, (3) figure placed round
square to make larger square 351, 371,
Indian use of gnomon in this sense 362,
(4) use extended by Euclid to parallelograms
37 I, (5) by Heron and Theon to any figures
37 [-2: Euclid's method of denoting in
figure 38$ : arithmetical use of, 358-60, 37'

"Gnomon-wise" (KaTa. 'l'vwp,ova), old name
for perpendicular (KdlifTOS) 36, 181, 272

Garland, A. 233, 234
"Golden section" =section in extreme and

mean ratio 137: connexion with theory of
irrationals 137

"Goose's foot" (pes anseris) , name for
Eucl. Ill. 7, 99

Gow, James 135 n.
Gracilis, Stephanus 101-2
Grandi, Guido 107
Gregory, David 102-3
Gregory of St Vincent 401, 404
Gromatici 91 n., 95
Grynaeus 100-[

al-Haitham 88. 89
al-I:Iajjiij b. Yiisuf b. Matar, translator of the

Elements 22, 75, 76, 79, 80, 83, 84
Halifax, William 108, 110
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Halliwell 95 n.
Hankel, H. 139, 141, 232, 234, 344, 354
Harmonica of Ptolemy, Comm. on, 17
Harmony, Introduction to, not by Euclid 17
Hiiriin ar-Rashid 75
al·Hasan b. 'Ubaidallah b. Sulaiman b.

Wahb 87
Hauff, J. K. F. 108
"Heavy and Light," tract on, 18
Heiberg, J. L. passim
Helix, cylindrical 161, 162, 329, 330
Helmholtz 226, 227
Henrici and Treutlein 313, 404
Henrion, Denis 108
Herigone, Pierre 108
Herlin, Christian 100
Hermotimus of Colophon I

Herodotus 37 n., 370
" Heromides" 158
Heron of Alexandria, mechanims, date of

20-1: Heron and Vitruvius '30-1 : com·
mentary on Euclid's Elements 20-4:
direct proof of I. 25, 301 : comparison of
areas of tri~ngles in I. 24, 334-5: addi·
tion to I. 47, 366-8: apparently originated
semi-algebraical method of proving theo­
rems of Book II. 373, 378: 137 n., 159,
163, 168, 170, 171-2, 176, 183, 184, 185,
188, 189, 222, 223, 243, 253, 285, 287,
299, 35 [, 369, 37 1, 405, 4°7, 408

Heron, Proclus' instructor 29
"Herundes" 156
Hieronymus of Rhodes 305
Hilbert 157, 193, 201,228-31,249,313,328
Hipparchus 4 n., 30 n.
Hippias of Elis 42, 265-6
Hippocrates of Chios 8 n., 29, 35, 38, 1I6,

135, 136n., 386-7
Hippopede (t'll'"'II'"OU 'II'"£O?), a certain curve used

by Eudoxus 162-3, 176
Hoffmann, Heinrich 107
Hoffmann, John Jos. Ign. 108, 365
Holtzmann, Wilhelm (Xylander) 107
Homoeomeric (uniform) lines 40, 161, 162
Hoppe, E. 21
Hornlike (angle), KfpaToflof}s [77, 178, 182,

265
Horsley, Samuel 106
HoUel, J. 21 9
Hudson, John [02
Huitsch, F. 20, 329, 400
I:Junain b. IsJ.1aq al'Ibadi 75
Hypotheses, in Plato 122: in Aristotle [18­

20: confused by Proclus with definitions
121-2: t::eometer's hypotheses not false
(Aristotle) 119

Hypothetical construction 199
Hypsicles 5 : author of Book XIV. 5, 6

Iamblichus 63, 83
Ibn aI-'Amid 86
Ibn al·Haitham 88, 89
Ibn al-Lubiidi 90
Ibn Rahawaihi al-Arjani 86
Ibn Sina (Avicenna) 77, 89

"Iflaton" 88
Incomposite (oflines) 160-1, (ofsurfaces)170
Indivisible lines (aTo}J-oI ypa}J-}J-al), theory of,

rebutted 268
Infinite, Aristotle on the, 232-4: infinite

division not assumed, but proved, by geo·
meters 268

Infinity, parallels meeting at, 192-3
Ingrami, G. 175, 193, 195, '201, 227-8
Interior and exterior (of angles) 263, 280:

interior and opposite angle 280
Interpolations in the Elements before Theon's

time 58-63: by Theon 46, 55-6: I. 40
interpolated 338

Irrational: discovered with reference to oj2

35 I: claim of India to priority of dis­
covery 363-4: "irrational diameter of 5 "
(Pythagoreans and Plato) 399-400: ap­
proximation to oj2 by means of "side-"
and" diagonal." numhers 399-401 : Indian
approximation to .)2 361, 363-4: un­
ordered it-rationals (Apollonius) 42, 1I5:
irrational ratio (itPP?)TOS Myos) 137

Isaacus M<:,nachus (or Argyrus) 73-4, 407
IsJ.1aq b. I:Junain b. IsJ.1aq al- Ibadi, Abii

Yaqiib, translation of Elements by, 75-80,
83-4

Isma'il b. Bulbul 88
Isoperimetric (or isometric) figures: Pappus

and Zenodorus on, 26, 27, 333
Isosules (lITOITKfAf}S) 187: of numbers (=even)

188: isosceles right-angled triangle 352

Jakob b. Machir 76
al-Jauhari, al-'Abbas b. Sa'id 85
al-Jayyani 90 .
Joannes Pediasimus 72-3
Junge, G., on attribution of theorem of I. 47

and discovery of irrationals to l'ythagoras
35 1

Kastner, A. G. 78, 97, 101
al-Karabisi 85
~tyiiyana Sulba-Siitra 360
Keill, John 105, 1I0-1I
Kepler 193
al·Khiizin, AM Ja'far 77, 85
Killing, W. 194, 219,225-6,235,242,272
al-Kindi 5 n., 86
Klamroth, M. 75-84
KlUgel, G. S. 212
Knesa, Jakob 112
Knoche 32 n., 33 n., 73
Kroll, W. 399-4~
al-Kiihi 88

Lambert, J. H. 212-3
Lardner, Dionysius 112, 246, 250, 298, 404
Lascaris, Constantinus 3
Leading theorems (as distinct from converse)

257: leading variety of conversion 256-7
Leeke, John 110
Lefevre, Jacques 100
Legendre, Adrien Marie 1I2, 169, 213-9
Leibniz 145, 169, 176, 194 .
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Leiden MS. 399, I of al-I:Iajjaj and an­
Nairizi 22

Lemma II4: meaning 133-4 : lemmas inter-
polated 59-60, especially from Pappus 67

Leodamas of Thasos 36, 134
Leon rr6
Linderup, H. C. II3
Line: Platonic definition 158: objection of

Aristotle 158: "magnitude extended one
way" (Aristotle, " Heromides") I s8 :
" divisible or continuous one way" (Aris­
totle) 158-9: "flux of point " 159: Apol­
Ionius on, 159: classification of lines, Plato
and Aristotle 159-60, Heron 159-60,
Geminus, first classification 160-1, second
r6[: straight (EMEta), curved (Kal'7rvX'1),
circular (7rEp,rpEpf}S), spiral-shaped (.X«o­
.,of}s), bent (KEKal'l-,b'1) , broken (KEKXa­
tTI'fV'1), round (tTTPOYYUXos) 159, composite
(tTUV8ETOS), incomposite (auvv8ETOS), "form­
ing a figure" (uX"II'aT07rO'Ouua), detenninate
(wp'Upb"l), indetenninate (aop,uToS) 16o:
"asymptotic" or non-secant (aUuI'7rTWTOS),
secant (UUl'7rTWT6s) 161: simple, "mixed"
161-2: homoeomeric (uniform) 161-2:
ProcIus on lines without extremities 165:
loci on lines 329, 330

Linear, loci 330: problems 330
Lionardo da Vinci, proof of I. 47 365-6
Lippert 88 n.
Lobachewsky, N.1. 174-5, 213, 219
Locus-theorems (T07r'KCt 8Ewpf}lLaTa) and loci

(TC'7rO'): locus defined by Proclus 329:
loci likened by Chrysippus to Platonic
ideas 330-1: locus-theorems and loci (I) on
lines (a) plane loci (straight lines and
circles) (b) solid loci (conics), (2) on sur­
faces 329: corresponding distinction be­
tween plane and solid problems. to which
Pappus adds linear problems 330: further
distinction in Pappus between (I) 'rpEKTtKO!
(2) OtE~OO'KO! (3) avauTporp'KO! T07rO' 330:
Proclus regards locus in I. 35, III. 21, 31
as an area which is locus of area (parallelo­
~m or triangle) 330

LOgkl conversion, distinct from geometrical
256

Logical deductions 256, 284-5, 300: logical
equivalents 3°9, 314-5

Lorenz, J. F. 107-8
Loria, Gino 7 n., 10 n., II n., [2 n.
Luca Paciuolo 98-9, 100
Lundgren, F. A. A. 1[3

Machir, Jakob b. 76
Magni, Domenico 106
Magnitude: Common definition vicious 148
al-Mahani 85
al-Ma'mun, Caliph 75
Mansion, P. 2[9

~
-Man~iir, Caliph 75
anuscripts of Elements 46-5[
artianus Capella 9[, 155

Martin, T. H. 20, 29 n., 30 n.
,Mas'iid b. al·Qass al-Bagdadi 90

Maximus Planudes, scholia and lectures on
Elements 72

meguar=axis 93
Mehler, F. G. 404
Meier, Rudolf 2I n.
Menaechmus: story of M. and Alexander I:

on elements II4: Il7, 125, [33n.
Menelaus 2[,23: direct proof of [.25 300
Middle term, or cause, in geometry, illus­

trated by III. 31 149
Mill, J. S. [44
"Mixed" (lines) 161-2: (surfaces) 162,170:

different meanings of" mixed" 162
Mocenigo, Prince 97-8
Mollweide, C. B. [08
Mondore (Montaureus), Pierre [02
Moses b. Tibbon 76
Motion, in mathematics 226: motion with­

out deformation considered by Helmholtz
necessary to geometry 226-7, but shown
by Veronese to be petitio principii 226-7

Miiller, J. H. T. 189
Miiller, J. W. 365
Mul:lammad (b. 'Abdalbaqi) al-Bagdadi,

translator of De divisionibus 8 n., 90,
IIO

Mul,1. b. AJ:!mad Abu 'r-RaiJ:!an al-Biriini 90
MuJ:!. b. Ashraf Shamsaddin as-Samarqandi

89 _
Muh. b. 'Isa Abu 'Abdallah al-MahanI 85
Munich MS. of enunciations (R) 94-5
al-Mutawakkil, Caliph 75
Musa b. Muh. b. Mahmiid Qa9izade ar-

Rumi 5 "., '90 .
Music, Elements of (Sectio Canonis), by

Euclid 17
al-Musta'~im, Caliph 90

an-Nairizi, Abu '1 'Abbas al-Fa9l b. J::Iiitim,
21-24, 85, [84, [90, 191, [95, 223, 232,
258", 270, 285, 299, 303, 326, 364, 367,
369, 373, 4°5, 408

Napoleon 103
N~iraddin a~-Tusi 4, 5 n., 77, 84, 89,

208-10
N a~if b. Yumn (Yaman) aI-Qass 76, 77, 87
Neide, J. G. C. 103
Nicomachus 92
Nicomedes 42, 160-1, 265-6
Nipsus, Marcus Junius 305
Nmtinal and real definitions: see Definitions

Objection (['UTau,s) , technical tenn, in
geometry 135, 257, 260, 265: in logic
(Aristotle) 135

Oblong 15[, [88
Oenopides of Chios 34, 36, [26, 27[, 295,

37[
Ofterdinger, L. F. 9 n., 10
Olympiodorus 29
Oppermann IS [
Optics of Euclid [7
Oresme, N. 97
Orontius Finaeus (Oronce Fine) 101, 104
Ozanam, Jaques 107, 108
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Paciuolo, Luca 98~, 100
Pamphile 317, 319
Pappus: contrasts Euclid and Apollonius 3 :

on Euclid's Poris11ls 10-14, Surface-loci
15, 16, Data 8: on Treasury of Analysis
8,10, II, 138: commentary on Elemmts
24-7, partly preserved in scholia 66:
evidence of scholia as to Pappus' text
66-7: lemmas in Book x. interpolated
from, 67 : on Analysis and Synthesis 138-9,
141-2: additional axioms by, 25, 223, 224,
232: on converse of Post. 4 25, 201:
proof of I. 5 by, 254: extension of r. 47
366: semi-algebraical methods in 373,
378: on ltlci 329, 330: on conchoids 161,
266: on quadratrix 266: on isoperimetric
figures 26, 27, 333: on paradoxes of
Erycinus 27, 290: 17, 39, 133 n., 137,
lSI, 225, 388, 391, 401

Papyrus, Herculanensis No. 1061 50, 184:
Oxyrhynchus 50: Fayum 51, 337, 338 :
Rhind 304 '

Paradoxes, in geometry 188: of Erycinus
27, 290, 329: an ancient "Budget of
Paradoxes" 329 . ~

Parallelogram (= parallelogrammlc a~
first introduced 325: rectangular parallelo­
gIam 370

Parallels: Aristotle on, 190, 191-2: defini­
tions, by "Aganis" 191, by Geminus 191,
Posidonius 190, Simplicius 190: as equi­
distants I9~I, 194: direction-theory of,
191-2, I94!' definitions classified 192-4:
Veronese's definition and postulate 194:
Parallel Postulate, see Postulate 5:
Legendre's attempt to establish theory of
213~

Paris MSS. of Elements, (p) 49: (q) 50
Pasch, M. [57, 228, 250
"Peacock's tail," name for lII. 8 99
Pediasimus, Joannes 72-3
Peithon 203
Peletarius (Jacques Peletier) 103, 1°4, 249,

4°7
Pena 104
Perpendicular (Kdllfros): definition 181:

"plane" and" solid" 272: perpendicular
and obliques 291

Perseus 42, 162-3
Pesch, J. G. van, De Proclifontibus 23 sqq.,

29 n.
Petrus Montaureus (Pierre Mondore) 102
Peyrard and Vatican MS. 190 (1') 46, 47,

1°3: 108
Pfleiderer, C. F. 168, 298
Phaenomena of Euclid 16, 17
Philippus of Mende I, JI6
Phillips, George I 12
Philo of Byzantium 20, 23: proof of I. 8

263-4
Philolaus 34, 35 I, 37I, 399
Philoponus 45, 191-2
Pirckenstein, A. E. Burkh. von 107
Plane (or plane surface): Plato's definition

of, 17 [: Proclus' and Simplicius' inter-

pretation of Euclid's def. 171: possible
origin of Euclid's def. 171: Archimedes'
assumption 17 [, 172: other ancient defini­
tions of, in Proclus, Heron, Theon of
Smyrna, an-Nairizi 171-2: "Simson's"
definition and Gauss on 172-3: Crelle's
tract on, 172-4: other definitions by
Fourier 173, Deahna 174, J. K. Becker
174, Leibniz 176, Beez 176; evolution of,
by Bolyai and Lobachewsky 174-5:
Enriques and Amaldi, Ingrami, Veronese
and Hilbert on, 175

"Plane loci" 329-3°: Plane Loci of Apol-
Ionius 14, 259, 330

" Plane problems" 329
Planudes, Maximus 72
Plato: I, 2, 3, [37, 155-6, 159, 184, 187,

203, 221: supposed invention of Analysis
by, !34: def. of straight line 165-6: def.
of plane surface I7I: generation of cosmic
figures by putting together triangles 216:
rule for rational right-angled triangles 356,
357, 359, 360, 385: "rational diameter
of 5" 399

" Platonic" figures 2
Playfair, John 1°3, I I I: "Playfair's"
. ~220: used to prove I. 291312, and

Eucl. Post. 5, 313: comparison of Axiom
with Post. 5, 313-4

Pliny 20, 333
Plutarch 21, 29, 37, 177, 343, 35 1
Point: Pythagorean definition of, 155: inter­

pretation of Euclid's definition 155: .Plato's
view of, and Aristotle's criticism 155-6:
attributes of, according to Aristotle 156:
terms for (jTL'Y/L-I], (j7l/Lflop) 156: other
definitions by "Herundes," Posidonius
156, Simplicius 157: negative character of
Euclid's def. 156: is it sufficient? 156:
motion of, produces line 157: anoNairizi
on, 157: modern explanations byabstrac­
tion 157

Polybius 33 I _
Polygon: sum of int"rior angles (Proclus'

proof) 321: sum of exterior angles 321
Porism: two senses 13: (I) = corollary 134,

278-9: interpolated Porisms (corollaries)
60- I, 38 I : (2) as used in Porisms of Euclid,
distinguished from theorems and problems
10, I I ~ account of the Porisms given by
Pappus 10-13: modern restorations by
Simson and Chasles 14: 'views of Heiberg
I I, 14, and Zeuthen 15

Porphyry 17: commentary on Euclid 24:
Symmikta 24, 34, 44: 136, 277, 283, 287

Posidonius, the Stoic 20,21, 27, 28 n., 189,
197: book directed against the Epicurean
Zeno 34, 43: on parallels 40, 190: defini­
tion ofjigure 41, 183

Postulate, distinguished from axiom, by
Aristotle II8-9, by Proclus (Geminus
and "others") 12 I-3: from hypothesis,
by Aristotle 120-1, by Proclus 121-2:
postulates in Archimedes 120, 123 :
Euclid's view of, reconcileable with
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Aristotle's I 19-20, 124: postulates do not
confine us to rule and compass 124: Postu­
lates I, 2, significance of, 195-6: famous
.. Postulate of Archimedes" 2 34

Postulate 4: significance of, 200: proofs of,
resting on other postulates 200-I, 231:
converse true only when angles rectilineal
(Pappus) 201

Postulate 5: due to Euclid himself 202:
Proclus on, 202-3: attempts to prove,
Ptolemy 204-6, Proclus 206-8, Na~iraddin
at-Tiisi 208-10, Wallis 210--1, Saccheri
2'11:-2, Lambert 212-3: substitutes for,
"Playfair's" axiom (in Proclus) 220, others
by Proclus 207, 220, Posidonius and
Geminus 220, Legendre 213, 214, 220,
Wallis 220, Carnot, Laplace, Lorenz,
\V. Bolyai, Gauss, Worpitzky, Clairaut,
Veronese, Ingrami 220: Post. 5 proved
from, and compared with, "Playfair's"
axiom 313-4: I. 30 is logical equivalent
of, 220

Potts, Robert I 12, 246
Prime (of numbers): two senses of, 146
Principles, First 117-124
Problem, distinguished from theorem 124-8:

problems classified according to number of
solutions (a) one solution, ordered (TETCt'"Y­
pi1lCt) (b) a definite number, ilttermediate
(p.f<1Ct) (c) an infinite number of solutions,
unordered (aTCtKTa) 128: in widest sense
anything propoul1<Ied (possible or not) but
generally a coltstruction which is possible
I28~: another classification (I) problem
in excess (".X.01l<£I01l), asking too much 129,
(2) deficient problem (,XXl1ris ".p6fJX1/p.a),
giving too little 129

Proclus: details of career 29-3°: remarks
on earlier commentators 19, 33, 45: com·
mentary on Eucl. I, sources of, 29-45,
object and character of, 31-2: com­
mentary probably not continued, though
continuation intended 32-3: books
quoted by name in, 34: famous "sum­
mary" 37-8: list of writers quoted 44:
his own contributions 44-5: character of
MS. used by, 62, 63: on the nature of
elements and things elementary 114-6: on
advantages of Euclid's Elements, and
their object I I 5-6: on first principles,
hypotheses, postulates, axioms 121-4: on
difficulties in three distinctions between
postulates and axioms 123: on theorems
and problems 124-9: attempt to prove
Postulate 5 206-8: commentary on Plato's
Republtc, allusion in to "side-" and
"diagonal-" numbers in connexion with
Eucl. 11. 9, 10 399-400

Proof (ar6o"~ls), necessary part of pro-
position 129-30

Propositiolt, formal divisions of, 129-131
Protarchus 5
PselJus, Michael, scholia by, 70, 7I
Pseudaria of Euclid 7: Pseudographemata 7n.
Pseudoboethius 92

Ptolemy 1.: I, 2: story of Euclid and
Ptolemy I

Ptolemy, Claudius 30 rt.: Harmonica of, and
commentary on 17: on ParalJel-Postulate
28 n., 34, 43, 45: attempt to prove it 204-6

Pythagoras 4 n., 36: supposed discoverer of
the irrational 35 I, of application of areas
343-4, of theorem of I. 47 343-4, 350-4;
story of sacrifice 37, 343, 350: probable
method of discovery of I. 47 and proof of,
352-5: suggestions by Bretschneider and
Hankel 354, by Zeuthen 355-6: rule for
forming right-angled triangles in rational
numbers 351, 356---9, 385

Pythagoreans 19, 36, 155, 188, 279: term
for smface (xpola) 169: angles of triangle
equal to two right angles, theorem and
proof 317-20: three polygons which in
contact filJ space round point 318: method
of applicatiolt of areas (including exceeding­
and falling· short) 343, 384, 403 : gnomon
Pythagorean 35 r: "rational" and "ir­
rational diameter of 5 " 399-400

Qii9iziide ar-Riimi 5 n., 90
Q.E.D. (or F.) 57
al-Qifti 4 n., 94
Quadratic equation, geometrical solution of,

383-5, 386-8 : solution assumed by Hippo­
crates 386-7

Quadratrix 265-6, 330
Quadrature (TETpCt-yW1I'<1p.6s), definitions of, 149
Quadrilaterals, varieties of, 188---90
Quintilian 333
Qus!ii b. Lilqa al-Ba'labakki, translator of

"Books XIV, xv" 76, 87, 88

Radius, no Greek word for, 199
Ramus, Petrus (Pierre de la Ramee) 104
Ratdolt, Erhard 78, 97
Rational (hT6s): (of ratios) 137: "rational

diameter of 5" 399-4°0: rational right­
angled triangles, see right-angled triangles

Rauchfuss, see Dasypodius
Rausenberger, O. 157, 175, 313
ar-Razi, Abil Yilsuf Ya'qiib b, Mul:t. 86
Rectangle: = rectangular parallelogram

370: "rectangle contained by" 370
Reytilineal angle: definitions classified 179­

81: rectilineal figure 187: "rectilineal
segment" 196

Reductio ad absurdum 134: described by
Aristotle and Proelus 136: synonyms for,
in Aristotle 136: a variety of Analysis
140: by exhaustion 285, 293: nominal
avoidance of 369

Reduction (aral'w-Y1)) , technical term, ex­
plained by Aristotle and Proclus 135:
first" reduction" of a difficult construction
due to Hippocrates 135

Regiomontanus (Johannes r.HilJer of Konigs-
berg) 93, 96, 100

Reyher, Samuel 107
Rhaeticus 101
Rhomboid 189
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Rhombus, meaning and derivation [89
Riccardi, P. 96, II 2, 202
Riemann, B. 2[9, 273, 274, 280
Right angle: definition [81: drawing straight

line at right angles to another, Apollonius'
construction for, 270: construction when
drawn at extremity of second line (Heron)
27°

Right-angled triangles, rational: rule for
finding, by Pythagoras 356-9, by Plato
356,357,359,360,385: discovery of rules
by means of gnomons 358-60: connexion
of rules with Eucl. II. 4,~' 36o: rational
right-angled triangles in Apastamba 36[,
363 .

Roth 357-8
Rouche and de Comberousse 313
Rudd, Capt. Thos. 110 '
Ruellius, Joan. (Jean Ruel) 100
Russell, Bertrand 227, 249

Saccheri, Gerolamo [06, [44-5, 167-8,
185-6, 194, 197-8, 200-1

~a'id b. Mas'iid b. al-Qass 90
Sathapatha-Briihmal)a 362
Savile, Henry 105, [66, 245, 250, 262
Scalene (uKaA7JVOS or UKaA7Jvijs) 187-8: of

numbers (== odd) 188: of cone (Apollonius)
188

Schessler, Chr. 107
Scheubel, Joan. [0[, 107
SchiaparelJi, G. V. [63
Schltissel, Christoph, see Clavius
Schmidt, Max C. P. 30+, 319
Schmidt, W., editor of Heron, on Heron's

date 20-1
Scholia to Elements and MSS. of 64-74:

historical information in, 64: evidence in,
as to text 64-5, 66-7: sometimes inter­
polated in text 67: classes of, "Scho\.
Vat." 65-9, "Scho\. Vind." 69-7°: miscel­
laneous 71-4: "Scho\. Vat." partly derived
from Pappus' commentary 66: many
scholia partly extracted from Proclus on
Bk. I. 66, 69, 72: numerical illustrations
in, in Greek and Arabic numerals F:
scholia by Psellus 70-1, by Maximus
Planudes 72, J oannes Pediasimus 72-3:
scholia in Latin published by G. Valla,
Commandinus, Conrad Dasypodius 73:
scholia on Eucl. II. 13 407

Schooten, Franz van 108
Schopenhauer 227, 354
Schotten, H. 167, 17+, 179, 192-3, 202
Schumacher 321
Schur, F. 328
Schweikart, F. K. 219
Scipio Vegius 99
Sectio Canonis by Euclid 17
Section (rop.r,) :=point of section 170, J7[,

383 : "the section" == "golden section" q.v.
Segment of circle, angle oj; 253: segment

less than semicircle called ,,"'is J87
Semicircle 186: centre of, [86: ,angle oj;

[82, 253

Seqt 304
Serenus of Antinoeia 203
Serle, George [[0

Setting-out (lK/hu!s), one of formal divisions
of a proposition 129: may be omitted 130

Sextus Empiricus 62, 63, [8+
Shamsaddin as-Samarqandi 5 n., 89
"Side-" and "diagonal." numbers, described

398-400: due to Pythagort:ans 400: con­
nexion with Eucl. II. 9, [0 398-400: use
for approximation to V2 399

Sigboto 94
"Similar" (==equal) angles 182, 252: "simi­

lar" numbers 357
Simon, Max 108, 155, [57-8, 167, 202,

328
Simplicius: commentary on Euclid 27-8:

on lunes of Hippocrates 19, 35, 386-7:
on Eudemus' style 35, 38: on parallels
190-[ : 22, 167, IF, 184, 185, 197, 203,
223, 224

Simson, Robert: on Euclid's Porisms 14:
on "vitiations" in Elements due to Theon
46, 103, ~04, 106, II I, 148: definition
of plane 172-3: [85, [86, 255, 259, 287,
293, 296, 322, 328, 384, 387, 403

Sind b. 'Ali Abu 'Vfaiyib 86
Smith and Bryant 404
"Solid loci" 329, 330: Solid Loci of Aris-

taeus 16, 329
"Solid problems" 329, 330
Speusippus 125
Sphaerica, early treatise on, [7
Spiral, "single-turn" 122-3 n., 164-5: in

Pappus = cylindrical helix 165
Spiral of Archimedes 26, 267
Spire (tore) or Spiric sur/ace 163, 170;

varieties of 163
Spiric curves or sections, discovered by

Perseus J6I, 162-4
Steenstra, Pybo 109
Steiner, Jakob 193
Steinmetz, Moritz 101
Steinschneider, M. 8 n., 76 sqq.
Stephanns Gracilis 101-2
Stephen Clericus 47
Stobaeus 3
Stoic" axioms" 41, 221: illustrations (oei)'-

p.ara) 329
Stolz, O. 328
Stone, E. 105
Straight line: pre-Euclidean (Platonic) de­

finition 165-6: Archimedes' assumption
respecting, 166: Euclid's definition, inter­
preted by Proclus and Simplieius 166-7:
language and construction of, 167, and
conjecture as to origin [68: other defi­
nitions 168-9, in Heron 168, by Leib­
niz 169, by Legendre 169: two straight
lines cannot enclose a space [95~, can­
not have a common segment [96-9: one
or two cannot make a figure [69, [83:
division .of straight line into any number
of equal parts (an-Nairizi) 326

Stromer, Marte,n II3
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Studemund, W. 92 n.
St Vincent, Gregory of, 401, 40f
Subtend, meaning and construction 249,

283, 35°
Suidas 370
Sulaiman b. 'U~ma (or. Oqba) 85, 90
Superposition: Euclid's dislike of method

of, 225, 249: apparently assumed by Aris­
totle as legitimate 226: used by Archimedes
225: objected to by Peletarius 249: no use
theoretically, but merely furnishes practical
test of equality 227: Bertrand Russell on,
227, 249

Surface: Pythagorean term for, xpo'" (==col­
our, or skin) 169: terms for, in Plato and
Aristotle 169: bn¢ap€la in Euclid (not
bri1l".ilo~) 169: alternative definitio~ of, in
Aristotle 170: produced by motIOn of
line 170: divisions or sections of solids
are surfaces 170, 171: classifications of
surfaces by Heron and Geminus 170: com­
posite, incomposite, simple, mixed 170:
spiric surfaces 163, 170: homoeomeric
(uniform) 170: spheroids 170: plane sur­
face, see plane: loci on surfaces 329, 330

SU'face-loci of Euclid 15, 16,33°: Pappus'
lemmas on, 15, 16

Suter, H. 8n., 9n., I7n., I8n., 25n., 78n.,
85-90

Suvorolf, Pro I 13
Swinden, J. H. van 169
Synthesis, see Analysis and Synthesis
Syrianus 30, 44, 176, 178

Tacquet, Andre 103, 105, III
Taittiriya-Sal)1hita 362
Tannery, P. 7n., 37-40, 44, 160, 163,221,

223, 224, 225, 23 2, 305, 353
Ta'rikh alQukamii 4'"
Tartaglia, Niccolo 3, 103, 106
Taurinus, F. A. 219
Taurus 62, 184
Taylor, H. M. 248, 377-8, 404
Taylor, Th. 259
Thabit b. Qurra, translator of Elements

9 n., 42, 75-80, 82, 84, 87, 94: proof of I.
47 364-5

Thales 36, 37, 185, 25 2, 253, 278, 317,
318, 319: on distance of ship from shore
3°4-5

Theaetetus I, 37
Theodorus Antiochita 71
Theodorus Cabasilas 72
Theodorus Metochita 3
Theognis 371
Theon of Alexandria: edition of Elements

46: changes made by, 46: Simson on
"vitiations" by, 46: principles for detect­
ing his alterations, by comparison of P,
ancient papyri and" Theonine" MSS. 51­
3: character of changes by, 54-8

Theon of Smyrna 172, 357, 358, 371, 398
Theorem and problem, distinguished by

Speusippus 125, Amphinomus 125, 128,
Menaechmus 125, Zenodotus, Posidonius

1;6, Euclid 126, Carpus 127, 128:
views of Proclus 127-8, and of Geminus
128: "general" and "not-general" (or
partial) theorems (Proclus) 325

Theudius of Magnesia I 17
Thibaut, B. F. 321
Thibaut, C.: On Sulvasiitras 360, 363-4
Thompson, Thomas Perronet 1I2

Thucydides 333
Tibbon, Moses b. 76
Tiraboschi 94 n.
Tittel, K. 39
Todhunter, 1. II2, 189, 246, 258, 277,

283, 293, 298, 307
Tonstall, Cuthbert 100
Tore 163
Transformation of areas 346-7, 410
Trapezium: Euclid's definition his own 189:

further division into trapezia and trape­
zoids (Posidonius, Heron) 189-9°: a
theorem on area of parallel-trapezium
338-9

Treasury of Analysis (a"a~vo!L'pos r01l"os)
8, 10, II, 138

Trendelenburg 146 n., 148, 1+9
Treutlein, P. 358-60
Triangle: seven species of, 188: "four­

sided" triangle, called also "barb-like"
(uK'ilo€lOfS) and (by Zenodorus) KO'~O'Yrl.­

"lOP 27, 188: construction of isosceles and
scalene triangles 243

Trisection of an angle 265-7
a!-Tllsi, see Na~iraddin

Unger, E. S. 108, 169

Vachtchenko-Zakhartchenko I 13
Vailati, G. 144 n., 1+5 n.
Valerius Maximus 3
Valla, G., De expetendis et fugiendis rebus

73, 98
Van Swinden 169
Vatican MS. IQO (P) 46, 47
Vaux, Carra de 20
Verona palimpsest 91
Veronese, G. 157, 168, 175, 180, 193-4,

195, 201, 226-7, 228, 249, 328
Vertical (angles) 278
Viennese MS. (V) 48, 49
Vinci, Lionardo da 365-6
Vitruvius 352: Vitruvius and Heron 20, 2I
Viviani, Vincenzo 107, 401
Vogt, Heinrich 360, 36+
Vooght, C. J. 108

Wachsmuth, C. 32 ... , 73
Wallis, John 1°3: edited Comm. on Ptol·

emy's Harmonica 17: attempt to prove
Post. 5 210-1

Weber (H.) and Wellstein (J.) 157
Weissenborn, H. 78n., 92 '1., 94 n., 95,

96, 97 n.
Whiston, W. I II

Williamson, James III, 293
Witt, H. A. II 3
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Woepcke, F., discovered De divisionibus in
Arabic and published uanslation 9: on
Pappus' commentary on Elements 25, 66,
77: 85 n., 86, 87

Xenocrates 268
Ximenes, Leonardo 107
Xylander 107

Yal)ya b. Khalid b. Barmak 75
Yal)ya b. Mul). b. 'Abdan b. Abdalwal)id

(Ibn al·Lubiidi) 90

Yrinus=Heron 22
Yiihanna b. Yiisuf b. al·Harith b. e!.Bitriq

al·Qass 76, 87 .

Zamberti, Bartolomeo 98-100, lor, 104,
106

Zeno the Epicurean 34, 196, 197, 199,
242

Zenodorus 26, 27, 188, 333
Zenodotus 126
Zeuthen, H. G. 15, 139, 141, 146n., 151,

355-6, 360, 363, 387, 398, 399
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