









































































































































































































































































































































































































































































































































































































































































































































































































































































































































BOOK VII. PROPOSITIONS.

PropPOSITION 1.

Two unequal numbers being set out, and the less being
continually subtvacted in turn from the greater, if the number
whick is left never measures the one before it until an unit is
left, the original numbers will be prime to one another.

For, the less of two unequal numbers 4B, CD being
continually subtracted from the greater, let the
number which is left never measure the one

: . . " A
before it until an unit is left;

TH
I say that 4B, CD are prime to one another, FJ
that is, that an unit alone measures A5, CD.

For, if A B, CD are not prime to one another,
some number will measure them.
Let a number measure them, and let it be 8 D

E; let CD, measuring BF, leave /A4 less than
itself,

let AF, measuring DG, leave GC less than itself,
and let G'C, measuring 7/, leave an unit 7 A4.
Since, then, £ measures CD, and CD measures 57,
therefore £ also measures BF.
But it also measures the whole B4 ;
therefore it will also measure the remainder AZ.
But 4F measures DG ;
therefore £ also measures DG.

C
G

E
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But it also measures the whole DC';
therefore it will also measure the remainder CG.
But CG measures FH ;
therefore £ also measures F/.
But it also measures the whole 74 ;

therefore it will also measure the remainder, the unit 44,
though it is a number: which is impossible.

Therefore no number will measure the numbers 458, CD;
therefore A5, CD are prime to one another. [viL Def. 12}
Q. E. D.

It is proper to remark here that the representation in Books viL to 1x. of
numbers by straight lines is adopted by Heiberg from the mss. The method
of those editors who substitute poinss for lines is open to objection because it
practically necessitates, In many cases, the use of specific numbers, which is
contrary to Euclid’s manner.

“Let CD, measuring BF, leave FA less than itself.” This is a neat
abbreviation for saying, measure along B4 successive lengths equal to €D
until a point # is reached such that the length #4 remaining is less than
CD; in other words, let B4 be the largest exact multiple of C.D contained
in BA.

Euclid’s method in this proposition is an application to the particular
case of prime numbers of the method of finding the greatest common measure
of two numbers not prime to one another, which we shall find in the next
proposition. With our notation, the method may be shown thus. Supposing
the two numbers to be a, 5, we have, say,

b)a(p
20
c)ély
gc
de(r
rd

I

If now a, & are not prime to one another, they must have a common
measure ¢, where ¢ is some integer, not unity.

And since ¢ measures g, 4, it measures a — 4, 1.e. &

Again, since ¢ measures &, ¢, it measures & - g, i.e. d,
and lastly, since ¢ measures ¢, 4, it measures ¢— 74, i.e. 1:
which is impossible.

Therefore there is no integer, except unity, that measures , 4, which are
accordingly prime to one another. o

Observe that Euclid assumes as an axiom that, if a, & are both divisible by
¢, 50 is @—pb. In the next proposition he assumes as an axiom that ¢ will in
the case supposed divide a + 24,
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PROPOSITION 2.

Grven two numbers not prime to one another, fo Jind thetr
greatest common measuve.
Let AB, CD be the two given numbers not prime to one

another. .
Thus it is required to find the greatest ,

common measure of A8, CD.

c
If now CD measures AB—and it also E F
measures itself—C2D is a common measure of
CD, AB. G
And it is manifest that it is also the greatest ; I

for no greater number than CD will measure
CD.

But, if CD does not measure 425, then, the less of the
numbers AB, CD being continually subtracted from the
greater, some number will be left which will measure the one
before it.

For an unit will not be left; otherwise 48, CD will be
prime to one another [vir. 1], which is contrary to the
hypothesis.

Therefore some number will be left which will measure
the one before it.

Now let CD, measuring BZ, leave £A less than itself,
let £A, measuring DF, leave FC less than itself,

and let CF measure AE.
Since then, CF measures A X, and A E measures DF,
therefore CF will also measure DF.
But it also measures itself ;
therefore it will also measure the whole CD.
But CD measures BF ;
therefore CF also measures BE.
But it also measures £4 ;
therefore it will also measure the whole BA4.
But it also measures CD ;
therefore CF measures A5, CD.
Therefore CF is a common measure of A5, CD.
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I say next that it is also the greatest.

For, if CFis not the greatest common measure of 427,
CD, some number which is greater than CF will measure the
numbers 48, CD.

Let such a number measure them, and let it be G.

Now, since G measures CD, while CD measures BE,
G also measures BE.

But it also measures the whole B4 ;

therefore it will also measure the remainder A Z.
But A F measures DF;

therefore G will also measure DF.
But it also measures the whole DC;

therefore it will also measure the remainder CZ, that is, the
greater will measure the less: which is impossible.

Therefore no number which is greater than C/# will measure
the numbers 45, CD;

therefore C/F is the greatest common measure of AB, CD.

Porism. From this it is manifest that, if a number
measure two numbers, it will also measure their greatest
common measure. Q. E. D.

Here we have the exact method of finding the greatest common measure
given in the text-books of algebra, including the reductio ad abswrdum proof
that the number arrived at is not only a common measure but the greasest
common measure. The process of finding the greatest common measure
is simply shown thus :

b)a(p
16

DIV
gc
d)e(r
rd
We shall arrive, says Euclid, at some number, say 4, which measures the one
before it, i.e. such that ¢=7zd. Otherwise the process would go on until we
arrived at unity. This is impossible because in that case @, & would be prime
to one another, which is contrary to the hypothesis.
Next, like the text-books of algebra, he goes on to show that 4 will be some
common measure of g, . For 4 measures ¢;
therefore it measures ¢¢ + 4, that is, &,
and hence it measures g5 + ¢, that is, a.
Lastly, he proves that 4 is the greafest common measure of 2, & as follows.
Suppose that ¢ is a common measure greater than J.
Then ¢, measuring g, 4, must measure a - $¢, or .



300 BOOK VII [viL 2, 3

Similarly ¢ must measure &~ gz, that is, 4: which is impossible, since ¢ is
by hypothesis greater than 4.

Therefore etc.

Euclid’s proposition is thus Zdenfical with the algebraical proposition as
generally given, e.g. in Todhunter’s algebra, except that of course Euclid’s
numbers are integers.

Nicomachus gives the same rule (though without proving it) when he
shows how to determine whether two given odd numbers are prime or not
prime to one another, and, if they are not prime to one another, what is their
common measure. We are, he says, to compare the numbers in turn by
continually taking the less from the greater as many times as possible,
then taking the remainder as many times as possible from the less of the
original numbers, and so on ; this process “will finish either at an unit or at
some one and the same number,” by which it is implied that the division of a
greater number by a less is done by separate subtractions of the less. Thus,
with regard to 21 and 49, Nicomachus says, “I subtract the less from the
greater; 28 is left; then again I subtract from this the same 21 (for this is
possible); 7 is left; I subtract this from 21, 14 is left; from which I again
subtract 7 {for this is possible); 7 will be left, but 7 cannot be subtracted from
7.” The last phrase is curious, but the meaning of it is obvious enough, as
also the meaning of the phrase about ending “at one and the same number.”

The proof of the Porism is of course contained in that part of the propo-
sition which proves that &, a common measure different from CFZ, must
measure CZ The supposition, thereby proved to be false, that & is greater
than C# does not affect the validity of the proof that G measures C.& in any
case.

ProposiTION 3.

Given three numbers not prime to one another, to find their
grealest common measure.

Let A4, B, C be the three given numbers not prime to
one another ;

thus it is required to find the greatest
common measure of 4, B, C.

Forletthegreatest common measure,

A
D, of the two numbers 4, B be taken ; B ¢
[viL 2] Dl E| Fl
then 0 either measures, or does not

measure, C.

First, let it measure it.
But it measures 4, & also;

therefore D measures A4, B, C;
therefore D is a common measure of A, B, C.
I say that it is also the greatest.
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For, if D is not the greatest common measure of 4, B, G;.
some number which is greater than 2 will measure the numbets
A, B, C.

Let such a number measure them, and let it be £.

Since then £ measures 4, B, C,
it will also measure 4, 5 ;

therefore it will also measure the greatest common measure
of 4, B. [viL 2, Por.]

But the greatest common measure of 4, B is D;
therefore £ measures 0, the greater the less: which is
impossible.

Therefore no number which is greater than 2 will measure
the numbers 4, B, C;

therefore [ is the greatest common measure of A, B, C.

Next, let D not measure C;
I say first that C, D are not prime to one another.

For, since A4, 5, C are not prime to one another, some
number will measure them.

Now that which measures 4, B, C will also measure A,
B, and will measure D, the greatest common measure of 4, 5.

[viL 2, Por.]

But it measures C also;
therefore some number will measure the numbers D, C;
therefore D, C are not prime to one another.

Let then their greatest common measure £ be taken.
[vir 2]
Then, since £ measures 2,
and D measures A4, B,
therefore £ also measures A4, 5.
But it measures C also;
therefore Z measures 4, B, C;
therefore £ is a common measure of A, B, C.

I say next that it is also the greatest.

For, if £ is not the greatest common measure of 4, 5, C,
some number which is greater than £ will measure the

numbers A4, B, C. _
Let such a number measure them, and let it be /.
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Now, since & measures 4, B, C,
it also measures 4, 5 ;

therefore it will also measure the greatest common measure
of A, B. [vi1. 2, Por.]

But the greatest common measure of 4, 5 is D;
therefore /" measures .

And it measures C also;
therefore /" measures 0, C;

therefore it will also measure the greatest common measure
of D, C. [viL 2, Por.]

But the greatest common measure of D, Cis £ ;
therefore / measures £, the greater the less: which is
impossible.

Therefore no number which is greater than £ will measure
the numbers 4, B, C;

therefore £ is the greatest common measure of A4, 5, C.
Q. E. D.

Euclid’s proof is here longer than we should make it because he
distinguishes two cases, the simpler of which is really included in the other.

Having taken the greatest common measure, say &, of 4, 4, two of the
three given numbers a, &, ¢, he distinguishes the cases

(1) in which 4 measures ¢
(2) in which 4 does not measure <.

In the first case the greatest common measure of 4, ¢is # itself; in the
second case it has to be found by a repetition of the process of vit. 2. In
either case the greatest common measure of @, 4, ¢ is the greatest common
measure of 4, &

But, after disposing of the simpler case, Euclid thinks it necessary to
prove that, if 4 does not measure ¢, & and ¢ must necessarily Aave a greatest
common measure. This he does by means of the original hypothesis that
a, 4, ¢ are not prime to one another. Since they are not prime to one another,
they must have a common measure; any common measure of a, 4 is a measure
of 4, and therefore any common measure of a, §, ¢ is 2 common measure of
4, ¢; hence &, ¢ must have a common measure, and are therefore not prime to
one another.

The proofs of cases (1) and (2) repeat exactly the same argument as we
saw in VI 2, and it is proved separately for 4 in case (1) and ¢ in case (2),
where ¢ is the greatest common measure of 4, ¢,

(o) that it is a common measure of , 4, 4
(B) that it is the greatest common measure.

Heron remarks (an-Nairlzi, ed. Curtze, p. 191) that the method does
not only enable us to find the greatest common measure of #27e¢ numbers ;
it can be used to find the greatest common measure of as many numbers
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as we please. This is because any number measuring two numbers also
measures their greatest common measure ; and hence we can find the G.c.M.
of pairs, then the .c.m. of pairs of these, and so on, until only two numbers
are left and we find the G.c.m. of these. Euclid tacitly assumes this extension
in viL 33, where he takes the greatest common measure of as many numbers
as we please.

ProrosiTioN 4.

Any number is either a part or parts of any number, the
less of the greater. ‘

Let A, BC be two numbers, and let BC be the less ;
I say that BC is either a part, or parts, of A..

For A, BC are either prime to one another
or not.

First, let A4, BC be prime to one another.

Then, if BC be divided into the units in it,

each unit of those in BC will be some partof 4; *#
so that BC is parts of A. F
Nextlet 4, BC not be prime to one another; ol ID

then BC either measures, or does not measure, 4.

If now BC measures A4, BC is a part of 4.

But, if not, let the greatest common measure D of A, £C
be taken; [viL. 2]
and let BC be divided into the numbers equal to D, namely
BE, EF, FC.

Now, since [ measures 4, [ is a part of A.

But D is equal to each of the numbers BE, EF, FC;

therefore each of the numbers BE, £F, FCisalsoa part of A4 ;
so that BC is parts of 4.

Therefore etc.
Q. E. D.

The meaning of the enunciation is of course that, if ¢, # be two numbers
of which & is the less, then & is either a sudmultiple or some proper fraction of a.

(x) 1If @, & are prime to one another, divide each into its units ; then 4
contains & of the same parts of which « contains @. Therefore & is “parts ™ or
a proper fraction of a.

(2) 1If a, & be not prime to one another, either / measures g, in which
case £ is a submultiple or “part” of a, or, if ¢ be the greatest common
measure of 2, 5, we may put a =mg and &= ng, and & will contain 2z of the
same parts {g) of which @ contains s, so that 4 is again “parts,” or a proper
Jraction, of a.
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PRrOPOSITION §.

If a number be a part of a number, and another be the
same part of another, the sum will also be the same part of the
sunz that the one is of the one.

For let the number A4 be a part of 5C,
and another, D, the same part of another £/ that 4 is of £C;

I say that the sum of A4, D is also the same
part of the sum of BC, EF that 4 is of BC. B

For since, whatever part 4 is of BC, D
is also the same part of £7,

therefore, as many numbers as there are in
BC equal to A, so many numbers are there © F
also in £/ equal to D.

Let BC be divided into the numbers equal to 4, namely
BG, GC,

and £7F into the numbers equal to D, namely £EH, HF;

then the multitude of BG, GC will be equal to the multitude
of EH, HF.
And, since BG is equal to 4, and £H to D,
therefore BG, £H are also equal to 4, D.
For the same reason
GC, HF are also equal to 4, D.

Therefore, as many numbers as there are in BC equal to
A, so many are there also in 5C, £F equal to 4, D.

Therefore, whatever multiple BC is of 4, the same multiple
also is the sum of BC, £F of the sum of 4, D.

Therefore, whatever part 4 is of BC, the same part also
is the sum of 4, D of the sum of BC, EF.

Q. E. D.
If a=£b, and c:ia’, then
7 7

I
a+[=;;(b-rd).

The proposition is of course true for any quantity of pairs of numbers

similarly related, as is the next proposition also; and both propositions are
used in the extended form in viL o, ro.
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ProrosiTiox 6.

If a number be parts of a nuniber, and another be the same
parts of another, the sum will also be the same parts of the sumz
that the one is of the one.

For let the number 42 be parts of the number C,

and another, D Z, the same parts of another,
£, that AB is of C;

I say that the sum of 45, DE is also the l ;
same parts of the sum of €, /7 that 48is " \c 5 |
of C. el

B t

For since, whatever parts 425 is of (.
DE is also the same parts of 7,

therefore, as many parts of C as there are
in A5, so many parts of / are there also in JDE£.

Let A5 be divided into the parts of C, namely 4G, G5,
and DZ into the parts of £, namely DA, HE;
thus the multitude of 4G, G5 will be equal to the multitude
of DH, HE.

And since, whatever part 4G is of (, the same part is
DH of F also,

therefore, whatever part 4G is of C, the same part also is the
sum of AG, DH of the sum of C, Z. [viL 5]

For the same reason,

whatever part GB is of (, the same part also is the sum of
GB, HE of the sum of C, F.

Therefore, whatever parts A5 is of C, the same parts also
is the sum of A8, DE of the sum of C, F.
Q. E. D.

m m
If a=—=~0and c=— 4,
P P

then a+f=77';(b+d).

More generally, if

n m m
a=— b c=—4d, e=— f, ...
7 ” 7

then (1Z+[+e+g+...):%(b+li-ﬁ—f—f—/]+...).

H. E. IL 20
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In Euclid’s proposition »z <, but the generality of the result is of course
not affected. This proposition and the last are complementary to v. 1, which
proves the corresponding result with maltiple substituted for “pars” or
“parts.”

ProrositioN 7.

If a number be that part of a mumber, which « number
subtracted 7s of a number subtvacted, the vemainder will also
be the same part of the remainder thal the whole is of the
whole.

For let the number 425 be that part of the number CD
which A4 £ subtracted is of CF subtracted ;

I say that the remainder £5 is also the same part of the
remainder /0 that the whole 45 is of the whole CD.

A E B
G C F D

For, whatever part AZ is of CF, the same part also let
ERB be of CG.

Now since, whatever part AZ is of C/F, the same part
also is £8 of CG,

therefore, whatever part AZ is of C/F, the same part also is
AB of GF. [viw 5]

But, whatever part AZ is of CF, the same part also, by
hypothesis, is 45 of CD;

therefore, whatever part 45 is of G/, the same part is it of
CD also;

therefore G is equal to CD.
Let CF be subtracted from each;
therefore the remainder GC is equal to the remainder 7.

Now since, whatever part 4Z is of (F, the same part
also is £B of GC,

while GC is equal to £D,

therefore, whatever part A% is of CF, the same part also is
EB of FD.

But, whatever part 4 £ is of CF, the same part also is A5
of CD;
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therefore also the remainder £B is the same part of the
remainder /0 that the whole 45 is of the whole CD.

Q. E. D.
1 I
If a =7—zé and c:;a’, we are to prove that
a—c=2(p-d
- 7 )’
a result differing from that of vit. 5 in that mizus is substituted for plus.

Euclid’s method is as follows.
Suppose that ¢ is taken such that

TS — 8 i (1)
I
Now c=—d.
7z
I,
Therefore a=- (d + e, fvi. 5
whence, from the hypothesis, d+e=10,
so that e=b—d,
and, substituting this value of ¢ in (1), we have
1
—c==(b—d).
a=c=2(0-3)

ProrosiTioN 8.

If a number be the same parts of a number that a number
subtracted is of a nuniber subtracted, the vemainder will also
be the same parts of the remainder that the whole zs of the
whole.

For let the number 42 be the same parts of the number
CD that AF subtracted is of CF
subtracted ; c F D
I say that the remainder £5 is 4 w« N H
also the same parts of the re- '
mainder /) that the whole 48 f—F—F =
is of the whole CD.

For let G/ be made equal to A5.

Therefore, whatever parts G/ is of CD, the same parts
also is AE of CF.

Let GH be divided into the parts of (0, namely GA, K,
and A Z into the parts of C/, namely AL, LE; (
thus the multitude of G A, A/ will be equal to the multitude
of AL, LE.
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Now since, whatever part GK is of CJ), the same part
also is AL of CF,
while CD is greater than CZ,
therefore GK is also greater than 4 L.

Let GM be made equal to AL.

Therefore, whatever part GK is of CD the same part also
is GM of CF;

therefore also the remainder //K is the same part of the

remainder /0 that the whole GX is of the whole CD. [vi. 7]
Again, since, whatever part K/7 is of ([, the same part

also is £L of CF,

while C2 is greater than (7,

therefore /7K is also greater than £L.

Let KN be made equal to ZL.
Therefore, whatever part K/7 is of CD, the same part
also is KNV of CF;

therefore also the remainder AV is the same part of the
remainder /0 that the whole K/ is of the whole CD.
[viL. 7]
But the remainder //X was also proved to be the same
part of the remainder 770 that the whole GX is of the whole
CD;
therefore also the sum of MX, NH is the same parts of DF
that the whole ZG is of the whole CD.
But the sum of MK, NH is equal to £5,
and HG is equal to B4 ;

therefore the remainder Z75 is the same parts of the remainder
£D that the whole 425 is of the whole CD.

0. E. D.
If a=7—:—;b and :=ﬁd, (m<mn)

4

then —=— (b d).
Euclid’s proof amounts to the followmg.
Take ¢ equal to % 4, and f equal to ;Za’.

Then since, by hypothesis, &> 4,
e> 7,

and, by vir. 7, e-f:%(b_d),
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_ Repeat this for all the parts equal to ¢ and f that there are in o, 4 respec-
tively, and we have, by addition (z, # containing m of such parts respectively?y,
mie=f)="2tb-a).
But me—fi=a—c
Therefore a—c="" (6—4).
P
The prppositions VIL 7, 8 are complementary to v. 3 which gives the
corresponding result with ma/tiple in the place of ““ part™ or * parts.”

ProrosiTiOoN 0.

If a number be a part of a nunber, and another be the
same part of another, allernately also, whatever part or parts
the first is of the third, the same part, o7 the same parts, will
the second also be of the fourti.

For let the number 4 be a part of the number ZC,

and another, 0, the same part of another, £F,
that A is of BC; €

[ say that, alternately also, whatever part or B 5
parts A is of D, the same part or parts is B3C  ; a+ 's T
of EF also. Mol 1

For since, whatever part 4 is of AC, the
same part also is D of £7,

therefore, as many numbers as there are in BC equal to 4,
so many also are there in £/ equal to D.

Let BC be divided into the numbers equal to A4, namely
BG, GC,
and £F into those equal to [, namely A, HF';
thus the multitude of BG, GC will be equal to the multitude
of EH, HF.

Now, since the numbers BG, GC are equal to one another,
and the numbers £/, HF are also equal to one another,
while the multitude of B¢, GC is equal to the multitude of
EH, HF,
therefore, whatever part or parts BG is of £/, the same
part or the same parts is GC of HF also;

so that, in addition, whatever part or parts 5G is of £H,
the same part also, or the same parts, 1s the sum 5C of the
sum £F, [viL 5, 6]
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But BG is equal to A4, and £H to D;

therefore, whatever part or parts 4 is of D, the same part or
the same parts is BC of £/ also.
Q. E. D.

Ifa=- & and £=':Z d, then, whatever fraction (“ part” or “ parts”} a is of
7

¢, the same fraction will 4 be of 4.

Dividing & into each of its parts equal to a, and 4 into each of its parts
equal to ¢, it is clear that, whatever fraction one of the parts @ is of one of the
parts ¢, the same fraction is any other of the parts @ of any other of the parts .

And the number of the parts 2 is equal to the number of the parts ¢, viz. 7.

Therefore, by vIL. 3, 6, #a is the same fraction of z¢ that @ is of ¢, L.e. & is
the same fraction of & that # is of «.

ProrosiTION IO

If a number be parls of a number, and another be the
same parts of another, alternately also, whatever parts ov parve
the forst is of the third, the same parts or the same part will
the second also be of the fourih.

For let the number 425 be parts of the number C,
and another, DZ, the same parts of another,

£

I say that, alternately also, whatever parts or

part AB is of DE, the same parts or the 4 D

same part is C of & also. c y F
For since, whatever parts A8 is of C, ©

the same parts also is DZ£ of 7, 8 £

therefore, as many parts of C as there are
in AR, so many parts also of / are there in DE.

Let A5 be divided into the parts of C, namely 4G, G5,
and DE into the parts of 7, namely DH, HE;

thus the multitude of 4G, G2 will be equal to the multitude
of DH, HE.

Now since, whatever part AG is of C, the same part also
is DH of F,

alternately also, whatever part or parts 4G is of DH,
the same part or the same parts is C of & also. [vir o]
For the same reason also,

whatever part or parts GAB is of A, the same part or the
same parts is C of F also;
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so that, in addition, whatever parts or part A8 is of DE,
the same parts also, or the same part, is  of /. [viL 3, 6]
Q. E. D.

m m . . .
Ifa == b and ¢ = —”—d, then, whatever fraction « is of ¢, the same fraction

is & of 4.

To prove this, @ is divided into its » parts equal to &', and ¢ into its
m parts equal to 4/n.

Then, by vii. g, whatever fraction one of the  parts of a is of one of the
m parts of ¢, the same fraction is & of 4.

And, by vir. 5, 6, whatever fraction one of the s parts of ¢ is of one of
the m parts of ¢, the same fraction is the sum of the parts of @ (that is, @) of
the sum of the parts of ¢ {that is, ¢).

Whence the result follows.

In the Greek text, after the words “so that, in addition” in the last line
but one, is an additional explanation making the reference to viL 5, 6 clearer,
as follows: “whatever part or parts 4G 18 of DA, the same part or the
same parts is GB of AE also;
therefore also, whatever part or parts 4G is of D/, the same part or the same
parts is 48 of DE also. i 3, 6]

But it was proved that, whatever part or parts 4G is of DA, the same
part or the same parts is C of Falso;
therefore also ™ etc. as in the last two lines of the text.

Heiberg concludes, on the authority of P, which only has the words in
the margin in a later hand, that they may be attributed to Theon.

ProrosiTiON 11.
If, as whole is to whole, so s a number subtvacted to a
number sublracted, the vemainder will also be to the vemainder
as whole to whole.
As the whole A4 5 is to the whole €, so let .4 £ subtracted
be to CF subtracted;
I say that the remainder £75 is also to the remainder 4

FD as the whole A28 to the whole CD. E <
Since, as AR is to C, so is AE to CF, E; Ff?

whatever part or parts A5 is of CD, the same part Lo

or the same parts is A£ of CF also;  [vi. Def. 20] B p
Therefore also the remainder £75 is the same

part or parts of #D that A5 is of CD. [vu. 7, 8]
Therefore, as £B is to FD, sois AB to CD. [vir Def. 20]

Q. E. D.

It will be observed that, in dealing with the proportions in Props. 11—13,
Euclid only contemplates the case where the first number is “a part” or
“parts ” of the second, while in Prop. 13 he assumes the first to be “a part”
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or “parts” of the third also; that is, the first number is in all three propositions
assumed to be less than the second, and in Prop. 13 less than the third also.
Yet the figures in Props. 11 and 13 are inconsistent with these assumptions.
If the facts are taken to correspond to the figures in these propositions, it is
necessary to take account of the other possibilities involved in the definition
of proportion (vit. Def. 20), that the first number may also be a multiple, or
a multiple p/us “a part” or “parts” (including once as a multiple in this case),
of each number with which it is compared. Thus a number of different cases
would have to be considered. The remedy is to make the ratio which is in
the lower terms the first ratio, and to invert the ratios, if necessary, in order
to make “a part” or “ parts” literally apply.

If a:b=c:d (a>¢ 0> d)
then (a—c):(b—d)y=a:d.

This proposition for numbers corresponds to v. 19 for magnitudes. The
enunciation is the same except that the masculine (agreeing with apcfuds)
takes the place of the neuter (agreeing with péyefos).

The proof is no more than a combination of the arithmetical definition of
proportion (vil. Def. 20) with the results of vi. 7, 8. The language of propor-
tions is turned into the language of fractions by Def. 20 ; the results of vir. 7, 8
are then used and the language retransformed by Def. 2o into the language of
proportions,

ProrosiTiON 12.

If theve be as many numbers as we please in proportion,
then, as one of the antecedents is to one of the comsequents, so
arve all the antecedents to all the consequents.

Let 4, B, C, D be as many numbers as we please in
proportion, so that,

as AistoB,sois Cto D;

I say that, as 4 is to B, so are 4, Cto B, D.
For since, as 4 is to B, so is C to D, A B! c| o
whatever part or parts 4 is of 5, the same part
or parts is C of D also. [viL Def. 20]
Therefore also the sum of A4, C is the same
part or the same parts of the sum of B, D that 4 is of B.
11,
Therefore, as 4 is to B, so are 4, Cto B, D. [vu.[vl)tef.s’zg]]

If a:d=b:0=c:=...,
then each ratio is equal to (@ +&+c+..) 1 (@ + &'+ +...).

The proposition corresponds to V. 12, and the enunciation is word for word
the same with that of v. 12 except that dpifuds takes the place of péyefos.

Again the proof merely connects the arithmetical definition of proportion
(vir. Def. 20) with the results of vi1. 3, 6, which are quoted as true for any

numbeg of numbers, and not merely for two numbers as in the enunciations of
ViL 3, 6.
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ProrosrTIoN 13.
If four numbers be proportional, they will also be propoi-
tional alternately.
Let the four numbers 4. B, C, D be proportional, so that,
as A isto B,sois Cto [
I say that they will also be proportional alternately, so that,
as A is to C, so will B be to D.
For since, as 4 isto B, sois C to D, Al 1
therefore, whatever part or parts 4 is of B, i '

the same part or the same parts is C of [ also. | . P
[vi. Def. 20] | &
Therefore, alternately, whatever part or |
parts A4 is of C, the same part or the same
parts is B of D also. [viL 10]
Therefore, as A4 is to C, so is B to . [vir. Def. 20}

Q. E. D,

If th=c:
then, alternately, 1e=d;

The proposition corresponds to V. 16 for magnitudes, and the proof
consists in connecting vil. Def. 20 with the result of vii 1o.

&. R.

ProrosiTION 14.

If there be as many numbers as we please, and others equal
to them in multitude, whickh taken two and two are tn the same
vatio, they will also be in the sane ratio ex aequali.

Let there be as many numbers as we please 4, B, C,
and others equal to them in multitude D, £, /| which taken
two and two are in the same ratio, so that,

as A isto B,sois Dt £,
and, as Bisto C,sois £ to F;
I say that, er aequals,
as A isto C, so also is D to F.

,A 5
- E
C

For, since, as 4 is to 5, so is D to £,
therefore, alternately,
as A isto D, sois B to E. [vin 13]
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Again, since, as B is to C, so is £ to £,
therefore, alternately,
as Bisto £, sois Cto /. [viL 13]
But, as Bis to £, sois A to [}
therefore also, as A4 is to D, so is C to 7.
Therefore, alternately,

as A isto C,s0is D to £ [id.]
If a:b=d:e
and bic=e:f,
then, ex aequali, a:c=d:.f;

and the same is true however many successive numbers are so related.
The proof is simplicity itself.

By viL 13, alternately, a:d=0b:¢
and bie=c:f
Therefore a:d=c:f,
and, again alternately, ¢:c=d:f

Observe that this simple method cannot be used to prove the corresponding
proposition for magnitudes, v. 22, although v. 22 has been preceded by the
two propositions in that Book corresponding to the propositions used here,
viz. v. 16 and v. 11. The reason of this is that this method would only prove
v. 22 for six magnitudes a// of the same kind, whereas the magnitudes in v. 22
are not subject to this limitation.

Heiberg remarks in a note on vi. 1g that, while Euclid has proved
several propositions of Book v. over again, by a separate proof, for numbers,
he has neglected to do so in certain cases; e.g., he often uses v. 11 in these pro-
positions of Book viL, ¥. 9 in VIL 1g, V. 7 in the same proposition, and so on.
Thus Heiberg would apparently suppose Euclid to use v. 11 in the last step
of the present proof (Rafios whick are the same with the same ratio are also the
same with one another). 1 think it preferable to suppose that Euclid regarded
the last step as axiomatic; since, by the definition of proportion, the first
number is the same multiple or the same part or the same parts of the second
that the third is of the fourth: the assumption is no more than an assumption
that the numbers or proper fractions which are respectively equal to the same
number or proper fraction are equal to one another.

Though the proposition is only proved of six numnbers, the extension to as
many as we please (as expressed in the enunciation) is obvious.

ProrosiTioN 135.

If an unit measure any numéber, and another number measure
any other number the same nundber of times, alternately also,
the unit will measuve the thivd number the same number of
times that the second measures the fourth.
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For let the unit 4 measure any number ZC,
and let another number D
measure any other number £7 A B ¢ u ¢
the same number of times ; .5
I say that, alternately also, the E K L F
unit 4 measures the number
D the same number of times that BC measures £F.

For, since the unit 4 measures the number BC the same
number of times that /) measures ~F5,

therefore, as many units as there are in AC, so many numbers
equal to D are there in £/ also.

Let BC be divided into the units in it, BG, GH, HC,
and ZF into the numbers £X, KL, LF equal to D.

Thus the multitude of BG, GH, AC will be equal to the
multitude of £K, KL, LF.

And, since the units BG, GH, HC are equal to one another,
and the numbers £X, AL, L F are also equal to one another,
while the multitude of the units A5G, G/, HC is equal to the
multitude of the numbers £X, KL, LF,

therefore, as the unit AG is to the number £X, so will the
unit G/ be to the number AL, and the unit ZC to the
number LZ.

Therefore also, as one of the antecedents is to one of
the consequents, so will all the antecedents be to all the
consequents ; [vin. 12]

therefore, as the unit G is to the number £X, so is BC to
EF.

But the unit BG is equal to the unit A,
and the number £X to the number D.
Therefore, as the unit A is to the number D, so 1s BC to

EF.
Therefore the unit 4 measures the number 7 the same
number of times that BC measures EF. 0. E. D.

If there be four numbers 1, 7, a, ma (such that 1 measures » the same
number of times that ¢ measures ma), 1 measures 2 the same number of
times that »2 measures ma.

Except that the first number is unity and the numbers are said to measure
instead of being a par¢ of others, this proposition and its proof do not differ
from viL. g; in fact this proposition is a particular case of the other.
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Prorosition 16.

If two numbers by multiplying one another make certain
nusbers, the numbers so produced will be equal to one another.

Let A, B be two numbers, and let 4 by multiplying B
make C, and B by multiplying

A make D ; A

I say that C is equal to 2. — B
For, since 4 by multiply- ¢

ing A has made C, D

therefore 5 measures C ac- —E

cording to the units in A.

But the unit £ also measures the number A4 according to
the units in it ;

therefore the unit Z measures 4 the same number of times
that & measures C.

Therefore, alternately, the unit £ measures the number B
the same number of times that 4 measures C. [viL. 15]
Again, since 5 by multiplying -4 has made D,
therefore 4 measures 2 according to the units in 5.

But the unit £ also measures 5 according to the units
in it;

therefore the unit £ measures the number 5 the same
number of times that A4 measures .

But the unit £ measured the number & the same number
of times that 4 measures C;

therefore 4 measures each of the numbers C, D the same
number of times.

Therefore C is equal to D. Q. E. D.

2. The numbers so produced. The Greek has of yevbpevor €6 alr@y, *“ the (numbers)
produced from them.” By “from them” Euclid means “‘from the original numbers,” though
this is not very clear even in the Greek. I think ambiguity is best avoided by leaving out
the words.

This proposition proves that, if auy numbers be multiplied together, the order
of multiplication is indifferent, or ab = ba.

It is Important to get a clear understanding of what Euclid means when
he speaks of one aumber multiplying another. vii. Def. 15 states that the
effect of “a multiplying 47 is taking @ times 4. We shall always represent
“g times 5” by a6 and “b times a” by da. This being premised, the proof
that ab = da may be represented as follows in the language of proportions.
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By vir. Def. 2o, 1:a=6:ab.
Therefore, alternately, I:b=a:ab [v1n. 13]
Again, by vir. Def. 2o, 1:0=a: ba

Therefore a:ab=a: ba,

or ab = ba.

Euclid does not use the language of proportions but that of fractions or
their equivalent measures, quoting vi. 15, a particular case of v 1 3
differently expressed, instead of vii. 13 itself.

ProrosiTioN 17.

If a number by multiplying two nuwmbers wake certain
numbers, the numbers so produced will have the same ratio
as the numbers multiplied.

For let the number 4 by multiplying the two numbers 5,
C make D, £
I say that, as Bisto C, so is D to £.
For, since A by multiplying B has made 2,
therefore £ measures [ according to the units in A.
A

B [e]
D E

—F

But the unit / also measures the number 4 according to
the units in it;
therefore the unit & measures the number .4 the same number
of times that /A measures /).

Therefore, as the unit /' is to the number 4, so is B to D.

[vir. Def. zo]

For the same reason,
as the unit #is to the number A4, so also is C to £;
therefore also, as 5 is to D, sois C to £.

Therefore, alternately, as 5B is to C, so is D to £. [vi. 13]

Q. E. D.
b:c=ab: ac

In this case Euclid translates the language of measures into that of
proportions, and the proof is exactly like that set out in the last note.

By vii. Def. zo, 1:a=0:ab,
and I:a=c:ac
Therefore b:ab=c: ag

and, alternately, bic=ab: ac [vir. 13]



318 BOOK VII [vin 18, 19

ProrosiTiON 18.

If two numbers by multiplying any number make certain
nunibers, the numbers so produced will have the same ratio as
the multipliers.

For let two numbers 4, B by multiplying any number C
make D, £

I say that, as A4 is to 5, so is D c g
to £. b
For, since 4 by multiplying E
C has made 0,
therefore also C by multiplying 4 has made D. (v 16]

For the same reason also
C by multiplying 5 has made Z.

Therefore the number C by multiplying the two numbers
A, B has made D, E.

Therefore, as 4 isto B, sois D to E. [vir 17]
It is here proved that a:b=ac:be
The argument is as follows.
ac=ca. [viL 16]
Similarly be = ¢ch.
And a:b=ca:cb; {vin. 17]
therefore a:b=ac: be

ProrosiTiON 19,

If four numbers be proportional, the number produced from
the first and fourth will be equal to the number produced from
the second and third ; and, if the number produced from the
Jirst and fourth be equal to that produced from the second and
thivd, the four numbers will be proportional.

Let 4, B, C, D be four numbers in proportion, so that,
as A isto B,sois Cto D}
and let A by multiplying 0 make £, and let B by multiply-
ing C make F';
I say that £ is equal to /.
For let 4 by multiplying C make G.
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Since, then, A4 by multiplying € has made G, and by
multiplying 2 has made Z,
the number 4 by multiplying the two
numbers C, /0 has made G, £.

Therefore, as Cisto [, sois G to E.

[vi. 17] A BG%D E| F| G
|

But,as Cisto D, sois A to B;
therefore also, as 4 is to B, so is & '

to £. i
Again, since A4 by multiplying C |

has made G,

but, further, 5 has also by multiplying

C made 7,

the two numbers 4, B by multiplying a certain number C
have made G, F.

Therefore, as A4 is to B, so is G to F. [viL 18]
But further, as 4 is to 5, sois G to £ also;

therefore also, as G is to £, so is &G to 7.
Therefore & has to each of the numbers £, # the same
ratio;
therefore £ is equal to #. [cf. v. 9]
Again, let £ be equal to /7;
I say that, as A4 is to &, sois C to D.
For, with the same construction,
since & is equal to /£,

therefore, as G is to £, so is & to F. [ef. v. 7]
But, as Gisto £, sois C to D, [vi. 17]
and, as Gisto /, sois 4 to 5. [vir. 18]
Therefore also, as 4 is to B, so is C to 1.

Q. E. D.
If a:b=c:d,
then ad=bc; and conversely.
The proof is equivalent to the following.
(1) aciad=c: d [vin 17]
=a:b
But a:b=ac: be [vin 18]
Therefore ar:ad=ar : b,

or ad = bc.
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{2) Since ad = b,
ac: ad=ac: be.
But ac:ad=c:d, {vin 17]
and ac:be=a: b [vin 18]
Therefore a:b=c:d

As indicated in the note on VviL 14 above, Heiberg regards Euclid as
basing the inferences contained in the last step of part (1) of this proof and
in the first step of part (z) on the propositions v. g and v. 7 respectively,
since he has not proved those propositions separately for numbers in this
Book. I prefer to suppose that he regarded the inferences as obvious and
not needing proof, in view of the definition of numbers which are in pro-
portion. E.g., if ac is the same fraction (“part” or “parts”) of ad that ar is
of &, it is obvious that 4 must be equal to éc

Heiberg omits from his text here, and relegates to an Appendix, a
proposition appearing in the manuscripts V, p, ¢ to the effect that, if #ree
numbers be proportional, the product of the extremes is equal to the square
of the mean, and conversely. It does not appear in P in the first hand, B has
it in the margin only, and Campanus omits it, remarking that Euclid does
not give the proposition about #Zree proportionals as he does in vI. 17, since
it is easily proved by the proposition just given. Moreover an-Nairizi quotes
the proposition about three proportionals as an observation on vil. 19 probably
due to Heron (who is mentioned by name in the preceding paragraph).

Prorostrion 20.

The least numbers of those which have the same ratio with
thent measure those whickh have the same raiwo the same nuniber
of times, the greater the greater and the less the less.

For let CD, £F be the least numbers of those which have
‘the same ratio with .4, 7 ;
I say that €2 measures A4 the same number

of times that £/ measures 5. |

Now CD is not parts of A.

For, if possible, let it be so; AR ¢ E
therefore Z/F is also the same parts of B ol ™
that CD is of A4. [vi.. 13 and Def. 20] £

Therefore, as many parts of 4 as there D
are in (), so many parts of 5 are there also
in £EF.

Let CD be divided into the parts of A4, namely CG, GD,
and £/F into the parts of B, namely £H, HF;

thus the multitude of CG, GD will be equal to the multitude
of EH, HF.
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Now, since the numbers CG, G are equal to one another,
and the numbers £/, A F are also equal to one another,
while the multitude of CG, GD is equal to the multitude of
EH, HF,
therefore, as CG is to £/, so is GD to HF.

Therefore also, as one of the antecedents is to one of
the consequents, so will all the antecedents be to all the
consequents. {vin 12]

Therefore, as CG is to £H, so is CD to EF.

Therefore CG, £H are in the same ratio with CD, EF,
being less than they:
which is impossible, for by hypothesis C2, £F are the least
numbers of those which have the same ratio with them.

Therefore CD is not parts of A ;
therefore it is a part of it. Vi 4]

And £F is the same part of 5 that CD is of 4 ;

[vir. 13 and Def. 20]
therefore CD measures A the same number of times that ZF
measures 5.

Q. E. D.

If a, & are the least numbers among those which have the same ratio
(i.e. if /4 is a fraction in its lowest terms), and ¢,  are any others in the same
ratio, i.e. if

a:b=c:d,

I I . .
then a = ¢ and &= p d, where » 1s some integer.

The proof is by reductio ad absurdum, thus.

{Since @ < ¢, a 1s some proper fraction (*part” or “parts ™) of ¢, by vir. 4.]

. m . .

Now @ cannot be equal to ez where » is an integer less than 2 but

greater than 1.
N m m -
For, if a= Z 5 b= p d also. {vit. 13 and Def. 20]
Take each of the  parts of ¢ with each of the » parts of 4, two and two;

. .. .1 I
the ratio of the members of all pairs is the same ratio o b

Therefore

I I
;,—za:;zb=a:5. [vir 12]

1 I . .
But ~a and " b are respectively less than «, # and they are in the same
ratio : which contradicts the hypothesis.

H. E. 1L 2x
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Hence a can only be “a part” of ¢, or

. 1
a is of the form )

and therefore b is of the form %zz’

Here also Heiberg omits a proposition which was no doubt interpolated
by Theon (B, V, p, ¢ have it as vil. 22, but P only has it in the margin
and in a later hand; Campanus also omits it) proving for numbers the ex
aeguali proposition when “the proportion is perturbed,” i.e. (cf. enunciation

of v. 22} if
G10=€1f; i (1)
and B = by eiiinai e (2)
then a:c=d:f
The proof (see Heiberg’s Appendix) depends on vIL, 19.
From (1) we have af = be,
and from (2) be = cd. [vin 19]
Therefore af = dd,
and accordingly a:c=4d:f. [vin 19]

ProrosiTiON 21.

Nugibers prime to one another are the least of those which
have the same ratio with them.

Let 4, B be numbers prime to one another;

I say that 4, B are the least of
those which have the same ratio
with them.

For, if not, there will be some ]
numbers less than A4, B which are 1
in the same ratio with 4, 5. i

Let them be C, D.

Since, then, the least numbers of those which have the
same ratio measure those which have the same ratio the
same number of times, the greater the greater and the less
the less, that is, the antecedent the antecedent and the
consequent the consequent, [viL 20]

therefore C measures 4 the same number of times that D
measures 5,

Now, as many times as  measures 4, so many units let
there be in £.

Therefore D also measures 5 according to the units in Z.
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£
And, since € measures A according to the units in /£,
therefore £ also measures according to the units in C.

{vin 16]

For the same reason
£ also measures B according to the units in D. [viL 16]
Therefore £ measures A4, A which are prime to one
another : which is impossible. [vir Def 12]

Therefore there will be no numbers less than A, & which
are in the same ratio with A, 5.

Therefore A, B are the least of those which have the same
ratio with them.

Q. E. D.

In other \\ords, if @, & are prime to one another, the ratio  : £/ is “in its
lowest terms.”

The proof is equivalent to the following.

If not, suppose that ¢ # are the /easf numbers for which

a:b=c:d.

[Euclid only supposes some numbers ¢ & in the ratic of @ to & such that
¢<a, and {(consequently) d<4. It is however necessary to supposc that
¢, & are the least numbers in that ratio in order to enable vil. 20 to be
used in the proof.]

Then {vi1. 20} a = mr, and & = md, where m is some integer.

Therefore a=cn, b=dmn, [vin 16]
and m is a common measure of a, #, though these are prime to one another
which is impossible. {vin Def. 12]

Thus the least numbers in the ratio of @ to & cannot be less than a, 4
themselves.

Where I have quoted vir. 16 Heiberg regards the reference as being to
viL. 15. I think the phraseology of the text combined with that of Def 15
suggests the former rather than the latter.

Prorosrriox 22.

The least numbers of those which have the same ratio with
them are prime to one anollicr.

Let A, B be the least numbers of those which have the
same ratio with them;
I say that 4, B are prime to one
another.
) ) g
For, if they are not prime to one  p—
another, some number will measure
them. -
Let some number measure them, and let it be C.

A
B
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And, as many times as C measures /4, so many units
let there be in [,

and, as many times as € measures 5, so many units let there

be in £.
Since C measures A according to the units in /),
therefore C by multiplying 0 has made A4. [viL Def. 15]
For the same reason also
C by multiplying £ has made 5.

Thus the number C by multiplying the two numbers 2,
£ has made 4, B;
therefore, as [ is to £, sois A to 5; [vir. 17]
therefore 0, £ are in the same ratio with A, 5, being less
than they : which is impossible.

Therefore no number will measure the numbers 4, 5.

Therefore 4, 5 are prime to one another.

Q. E. D.
Ifa: & is “in its lowest terms,” @, & are prime to one another.
Again the proof is indirect.
dIf a, b are not prime to one another, they have some common measure ¢,
an
a=me b=nc
Therefore min=a:b [vin 17 or 18]

But m, » are less than a, & respectively, so that 4 : 4 is not in its lowest
terms : which is contrary to the hypothesis.
Therefore etc.

ProrosiTION 23.

If two numbers be prime to one another, the number whick
measures the one of them will be prime to the remaining
number.

Let A, B be two numbers prime to one another, and let
any number C measure A4 ; »
I say that C B are also prime to one another.
For, if C, B are not prime to one another,
some number will measure C, 5.
Let a number measure them, and let it be D.

Since D measures C, and C measures A4,
therefore /7 also measures A. A B

But it also measures 5

[ —
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therefore 2 measures .4, 5 which are prime to one another :

which is impossible. {vin Def. 12]
Therefore no number will measure the numbers C, 5.

Therefore C, B are prime to one another.
Q. E. D

If @, mé are prime to one another, & is prime to ¢. For, if not, some
number & will measure both « and 4, and therefore both @ and mé; which is
contrary to the hypothesis.

Therefore etc.

Prorositiox 24.

If two numbers be prime to any number, thelr product also
will be prine lo the sanze.

For let the two numbers 4. /& be prime to any number C,
and let A4 by multiplying £ make D ;
I say that C, D are prime to one another. P

For, if C, D are not prime to one another, o

. . i
some number will measure C, D. o
: F

m....A—« -

>._..A4A_. .

Let a number measure them, and let it B
be £. L
Now, since C, A are prime to one ¢ I
another, D
and a certain number £ measures C,
therefore A4, £ are prime to one another. [vie. 23]

As many times, then, as £ measures /), so many units let
there be in /;

therefore /# also measures [ according to the units in £.
{vin 16]
Therefore £ by multiplying # has made [).  [vi1. Def. 15]
But, further, .4 by multiplying A has also made D ;
therefore the product of £, F is equal to the product of 4, 5.

But, if the product of the extremes be equal to that of the
means, the four numbers are proportional ; [viL 19]

therefore, as £ is to A, so is B to F.

But A, £ are prime to one another,
numbers which are prime to one another are also the least of
those which have the same ratio, [vi. 21]
and the least numbers of those which have the same ratio
with them measure those which have the same ratio the same
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number of times, the greater the greater and the less the less,
that is, the antecedent the antecedent and the consequent the
consequent ; [vi 20]
therefore £ measures 5.

But it also measures C;

therefore £ measures 2, C which are prime to one another:
which is impossible. [vir. Def. 12]

Therefore no number will measure the numbers C, D.
Therefore C, D are prime to one another.
Q. E, D.

1. their product. 6 ¢& adT@v yevduevos, literally * the (number) produced from them,”
will henceforth be translated as * their product.”

If @, & are both prime to ¢, then a4, ¢ are prime to one another.

The proof is again by reduciio ad absurdum.

If ab, ¢ are not prime to one another, let them be measured by 4 and be
equal to md, nd, say, respectively.

Now, since &, ¢ are prime to one another and 4 measures ¢,

a, d are prime to one another. [vin 23]
But, since » ab = md,
d:ia=b:m {viL. 19]
Therefore [vir. 20] & measures &,
or b= pd, say.
But c=zd.

Therefore & measures both & and ¢ which are therefore not prime to one
another: which is impossible.
Therefore etc.

ProrosiTiON 23.

If two numbers be prime to one another, the product of one
of Zhem into itself will be prime to the remaining one.
Let A, 5 be two numbers prime to one another,
and let 4 by multiplying itself make C;
I say that 5, C are prime to one another.
For let D be made equal to A. A
Since A, B are prime to one another, B
and A is equal to D,
therefore D), B are also prime to one another.
Therefore each of the two numbers D, 4 is
prime to 5;

therefore the product of D, A4 will also be prime to-B. [viL 24]
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But the number which is the product of D, A is (.
Therefore C, 5 are prime to one another. 0. E. D.

1. the product of one of them into itself. The Greck, & éx 7ol évds adrdr yerdueros,
literally * the number produced from the cne of them.” leaves *multiplied into itself 7 to be
understood.

If @, 6 are prime to one another,

a* is prime to &

Euclid takes & equal to «a, so that &, @ are both prime to 4.

Hence, by viL 24, da, i.e. &% is prime to 6.

The proposition is a particular case of the preceding proposition : and the
method of proof is by substitution of different numbers in the result of that
proposition.

ProrosiTiON 26.

If twwo nunibers be prime to two nuntbers, bolh to cack, their
products also will be prime to one anolher.

For let the two numbers ., B be prime to the two
numbers C, D, both to each,
and let A by multiplying &
make £, and let € by multi-
plying D make £;

I say that £, F are prime to
one another.

For, since each of the numbers A4, B is prime to C,
therefore the product of A, 5 will also be prime to C. [vi. 24]

But the product of A, B is £ ;
therefore £, C are prime to one another.

For the same reason
£, D are also prime to one another.

Therefore each of the numbers C, 0 is prime to £.
Therefore the product of C, D will also be prime to Z£.
[vin 24]

G
D

mm o >

But the product of C, D is F.
Therefore £, F are prime to one another. Q. E. D.
If both @ and & are prime to each of two numbers ¢, 2, then af, ¢d will be

prime to one another.
Since @, & are both prime to ¢,

ad, ¢ are prime to one another. {vin 24]
Similarly ab, d are prime to one another.
Therefore ¢, d are both prime to ad,

and so therefore is 2d. Vi 24]
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ProrosiTiON 27.

If two numbers be prime to ome another, and eack by
multiplying itself make a cevtain number, the products will be
prime to one another ; and, if the oviginal numbers by multr-
Plying the products make certain numbers, the latter will also
be prime to one another [and this is always the case with the
extrenzes).

Let 4, B be two numbers prime to one another,

let A by multiplying itself make C, and by
multiplying C make 2,

and let 2 by multiplying itself make £, and 4

by multiplying £ make 7

I say that both C, £ and 2, # are prime E

to one another. Bl c £
For, since 4, B are prime to one another, D

and A by multiplying itself has made C,

therefore C, £ are prime to one another. [viL. 23]
Since then C, 5 are prime to one another,

and 5 by multiplying itself has made Z,

therefore C, £ are prime to one another. [id.]
Again, since A, 5 are prime to one another,

and & by multiplying itself has made £,

therefore .4, £ are prime to one another. [id]

Since then the two numbers A4, C are prime to the two
numbers 5, £, both to each,

therefore also the product of 4, Cis prime to the product of
B, E. [viL. 26]

And the product of A4, C is D, and the product of B, £
is £
Therefore D, F are prime to one another.
Q. E. D.

If a, & are prime to one another, so are 4% 5* and so are &° #; and,
generally, g% 5" are prime to one another.

The words in the enunciation which assert the truth of the proposition for
any powers are suspected and bracketed by Heiberg because (1) in wept Tovs
axpouvs the use of dkpou is peculiar, for it can only mean “the last products,”
and (2) the words have nothing corresponding to them in the proof, much
less is the generalisation proved. Campanus omits the words in the enuncia-
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tion, though he adds to the proof a remark that the proposition is true of any,
the same or different, powers of a, & Huiberg concludes that the words are
an interpolation of date earlier than Theon.

Euclid’s proof amounts to this.

Since a, 4 are prime to one another, so are @, & [vin 237, and therefore
also a% & Tvir 25]

Similarly [vir. 25] @, & are prime to one another.

Tkgerefore a, @® and &, & satisfy the description in the enunciation of
VL 26,

Hence &% & are prime to one another.

Proposrtion 28.

If two numbers be prime to one another, the sum will also
be prime to each of them ; and, if the sum of fwo numbers be
prime to any one of them, the original numbers will also be
prime to one another.

For let two numbers A8, BC prime to one another be
added ;

I say that the sum AC is also prime 7 5 S
to each of the numbers A5, BC.

For, it CA, AB are not prime to
one another,

some number will measure CA4, A5.

Let a number measure them, and let it be D.
Since then [ measures C.A, A5,

therefore it will also measure the remainder AC.
But it also measures 54 ;

therefore D measures .45, BC which are prime to one another:
which is impossible. [viL Def. 12]

Therefore no number will measure the numbers CA, 45;
therefore CA, A5 are prime to one another.
For the same reason

AC, CB are also prime to one another.
Therefore CA is prime to each of the numbers A5, 5C.
Again, let CA, A5 be prime to one another ;

I say that 458, BC are also prime to one another.
For, if A5, BC are not prime to one another,

some number will measure 45, BC.
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Let a number measure them, and let it be D.
Now, since [ measures each of the numbers A5, BC, it
will also measure the whole CA.
But it also measures A5 ;
therefore D measures CA, A B which are prime to one another:
which is impossible. [vir. Def. 12]
Therefore no number will measure the numbers A5, BC.
Therefore A4 B, BC are prime to one another.
Q. E. D.

If @, & are prime to one another, @ + & will be prime to both @ and &; and
conversely. -

For suppose (a+4), « are not prime to one another. They must then
have some common measure 4. .

Therefore 4 also divides the difference (¢ +8) ~a, or 4, as well as @ ; and
therefore a, 4 are not prime to one another: which is contrary to the

hypothesis.
Therefore a+ b is prime to a.
Similarly @+ b is prime to b.

The converse is proved in the same way.

Heiberg remarks on Euclid’s assumption that, if ¢ measures both a and 4,
it also measures @+ 4. But it has already (viL 1, 2) been assumed, more
generally, as an axiom that, in the case supposed, ¢ measures @ + pé.

ProrosiTION 29.

Any prime number is prime to any number whick tt does
7ot measuye.

Let A be a prime number, and let it not measure 5 ;
I say that B, 4 are prime to one another.

For, if B, A are not prime to one ————Aa
another, B
some number will measure them.

Let C measure them.
Since C measures 5,

and A4 does not measure 5,
therefore C is not the same with A.
Now, since C measures 5, A4,

therefore it also measures 4 which is prime, though it is not
the same with it:

which is impossible.
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Therefore no number will measure B, A.
Therefore 4, B are prime to one another.
Q. E. D.

If @ is prime and does not measure &, then @, & are prime to one another.
The proof is self-evident.

Prorositrox 3o.

If two numbers by multiplying one another nafke soine
number, and any prime number weasure the product, it will
also measure one of the original numbers.

For let the two numbers .4, B by multiplying one another
make C, and let any prime number
D measure C;

A
I say that 2 measures one of the 5
numbers 4, B.

For let it not measure A. 0 —

Now 2 is prime; £ ————
therefore A4, [ are prime to one
another. [viL 29]

And, as many times as [ measures C, so many units let
there be in £.
Since then [ measures C according to the units in £,

therefore 0D by multiplying £ has made C. [viL Def. 15]
Further, 4 by multiplying £ has also made C;

therefore the product of [, £ is equal to the product of
A, B.

Therefore, as D is to A, so is 5 to £. Vi 1g]
But D, A are prime to one another,
primes are also least, [vin 21]

and the least measure the numbers which have the same
ratio the same number of times, the greater the greater and
the less the less, that is, the antecedent the antecedent and
the consequent the consequent ; [viL 20]
therefore ) measures 5.

Similarly we can also show that, if D do not measure 5.
it will measure 4.

Therefore 1 measures one of the numbers 4, 5.

Q. E. D.
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If ¢, a prime number, measure a4, ¢ will measure either a or &.
Suppose ¢ does not measure a.

Therefore ¢, @ are prime to one another. [vin 29]
Suppose ab = mne.

Therefore c:a=0:m [viL 19]
Hence [vIL 20, 21] ¢ measures &.

Similarly, if ¢ does not measure 5, it measures a.
Therefore it measures one or other of the two numbers a, &.

ProrostTION 31.

Auny composite number is measured by some prime number.

Let A4 be a composite number ;
I say that A4 is measured by some prime number.
For, since A4 is composite,

5 some number will measure it. A
Let a number measure it, and letit 8
be B. c—

Now, if B is prime, what was en-
joined will have been done.
10 But if it is composite, some number will measure it.
Let a number measure it, and let it be C.
Then, since € measures 5,
and B measures A,
therefore C also measures A.
15 And, if C is prime, what was enjoined will have been
done.
But if it is composite, some number will measure it.
Thus, if the investigation be continued in this way, some
prime number will be found which will measure the number
20 before it, which will also measure 4.
For, if it is not found, an infinite series of numbers will
measure the number 4, each of which is less than the other:
which is impossible in numbers.

Therefore some prime number will be found which will
25 measure the one before it, which will also measure A.
Therefore any composite number is measured by some
prime number.

Q. E. D.
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8. if B is prime, what was enjoined will have been done, ie. the implied
problem of finding a prime number which measures .

18. some prime number will be found which will measure. In the Greek the
sentence stops here, but it is necessary to add the words ** the number before it, which will
also measure 4, which are found a few linres further down. 1t is pussible that the words
may have fallen out of P here by a simple mistake due to duowcrélevror (Helberg).

Heiberg relegates to the Appendix an alternative proof of this proposition,
to the following effect. Since 4 is composite. some number will measure it
Let B be the least such number. I say that B is prime.  For, if not, B is
composite, and some number will measure it, say C; so that C is less than B.
But, since € measures B, and B measures .4, C must measure A. And Cis
less than B: which is contrary to the hypothesis.

ProrosiTiON 32.

Ay number either ts prime o is neasuved by some prie
number.

Let A4 be a number;

I say that A either is prime or is measured by some prime
number.

If now A4 is prime, that which was 4
enjoined will have been done.

But if it is composite, some prime number will measure it.

[vir 31]

Therefore any number either is prime or is measured by

some prime number.

§. E. D.

ProrosiTioN 33.

Given as many numbers as we please, to find the least of
those which have the same ratio with then.

Let 4, B, C be the given numbers, as many as we please;
thus it is required to find the least of
s those which have the same ratio with A
A, B, C.
A, B, C are either prime to one
another or not.
Now, if A, B, C are prime t0 one
o another, they are the least of those |
which have the same ratio with them. d
[vin 21}
But, if not, let D the greatest common measure of 4, 5, C
be taken, [vir 3]
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and, as many times as £ measures the numbers 4, B, C
15 respectively, so many units let there be in the numbers
E, F, G respectively.
Therefore the numbers £, 7, G measure the numbers A4,
B, C respectively according to the units in 2. [viL. 16]
Therefore £, F, G measure A, B, C the same number of
20 times ; 5
therefore £, 7, G are in the same ratio with 4, B, C.
[viL. Def. 20]
I say next that they are the least that are in that ratio.
For, if £, F, G are not the least of those which have the
same ratio with 4, B, C, *

25 there will be numbers less than £, #, G which are in the
same ratio with 4, B, C.
Let them be A, K, L ;
therefore /7 measures 4 the same number of times that the
numbers X, L measure the numbers 5, C respectively.
30 Now, as many times as /Z measures 4, so many units let
there be in M ;
therefore the numbers X, L also measure the numbers 5, C
respectively according to the units in J7.
And, since // measures A according to the units in 4/,
35 therefore A7 also measures A according to the units in /.

[vir. 16]
For the same reason

MM also measures the numbers 5, C according to the units in
the numbers X, L respectively ;
Therefore 47 measures 4, B, C.
40 Now, since /& measures A4 according to the units in 47,
therefore /7 by multiplying 47 has made 4. [viL Def. 15]
For the same reason also

£ by multiplying 2 has made 4.

Therefore the product of £, D is equal to the product of
45 [, M.
Therefore, as £ is to /A, so is 4 to D. [viL. 19]
But £ is greater than /7 ;
therefore 17 is also greater than D,

And it measures 4, 5, C:
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so which is impossible, for by hypothesis D is the greatest
common measure of A, B, C.
Therefore there cannot be any numbers less than £, 7, G
which are in the same ratio with 4, B, C.
Therefore £, F, G are the least of those which have the
55 same ratio with A, B, C.
Q. E. D.

_ 17. the numbers E, F, G measure the numbers A, B, C respectively,
hterz‘ll’y (as usual) “each of the numbers £, F, G measures each of the numbers 4,
, C.

Given any numbers @, 4, ¢ ..., to find the least numbers that are in the

same ratio.

Euclid’s method is the obvious one, and the result is verified by reductiv

ad absurdun.

We will, like Euclid, take threc numbers only, @, 4, ¢.

Let g their greatest common measure, be found {vir. 3}, and suppose that
a=mg, ie. gm, {VIL 16}
b=mnyg, ie. gn,
c=pg, le. gp

It follows, by vir. Def. 20, that

minp=a:d:c
m, 7, p shall be the numbers required.
For, if not, let x, 3, 5 be the least numbers in the same ratio as e, 4, «,
being less than m, », .

Therefore a=kx (or xk, viL. 16},
b=4ky (or yk),

c= ks (or sk),

where £ is some integer. [vin 20}
Thus mg=a=uxk
Therefore mix=k:g [¥in 19]

And m > x; therefore 2> g

Since then 2 measures a, 4, ¢ it follows that g is not the greatest common
measure: which contradicts the hypothesis.

Therefore ete.

It is to be observed that Euclid merely supposes that x, 3, 5 are smaller
numbers than #, #, p in the ratio of a, 4, ¢; bat, in order to justify the next
inference, which apparently can only depend on viL 2o, &, 3, 5 must also be
assumed to be the /easf numbers in the ratio of @, 4, .

The inference from the last proportion that, since m > x, &> ¢ is supposed
by Heiberg to depend upon vir 13 and v, 14 together. I prefer to regard
Euclid as making the inference quite independently of Book v. E.g. the
proportion could just as well be written

xXim=yg: A
when the definition of proportion in Book vii (Def. 20) gives all that we want,
since, whatever proper fraction x is of 7, the same proper fraction is g of 4.
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PROPOSITION 34.

Given two numbers, to jind the least number whick they
TLEASUTE.

Let A4, B be the two given numbers;
thus it is required to find the least number which they
measure.

Now A, B are either prime to one A B
another or not. c

First, let 4, B be prime to one o
another, and let 4 by multiplying &
make C; E F
therefore also & by multiplying A4 has
made C. [viL 16]

Therefore A, B measure C.

I say next that it is also the least number they measure.

For, if not, A, B will measure some number which is less
than C.

Let them measure D.

Then, as many times as 4 measures /), so many units let
there be in £,

and, as many times as 5 measures ), so many units let there
be in F;
therefore A4 by multiplying £ has made D,

and 5 by multiplying # has made D ; [vi1. Def. 15]

therefore the product of 4, £ is equal to the product of B, 7.
Therefore, as A is to B, so is F to £. [viL. 19]
But 4, B are prime,

primes are also least, [viL 21)

and the least measure the numbers which have the same ratio
the same number of times, the greater the greater and the less
the less; [viL zc]

therefore 5 measures £, as consequent consequent.
And, since A4 by multiplying B, £ has made C, D,
therefore, as B isto £, so is C to D. [vir 17]
But & measures £ ;
therefore C also measures D, the greater the less:
which is impossible.
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Therefore 4, B do not measure any number less than C;
therefore C is the least that is measured by A4, B.

Next, let 4, B not be prime to one another,
and let #, Z, the least numbers of those which have the same

ratio with 4, B, be taken; [viL 33]
therefore the product of 4, £ is equal to the product of 5, F.
11 191
And let 4 by multiplying £ o o)
make C; A 8
therefore also £ by multiplying /7 F E
has made C;
therefore A, B measure C. __° .
I say next that it is also the least — 6 —H

number that they measure.

For, if not, A, B will measure some number which is less
than C

Let them measure D,

And, as many times as ./ measures /), so many units let
there be in G,

and, as many times as 5 measures /), so many units let there

be in A.
Therefore A by multiplying & has made D,
and A by multiplying / has made 2.

‘Therefore the product of 4, & is equal to the product of
B, A ;
therefore, as 4 is to B, so is /4 to G. [viL. 19]
But, as A4 is to B, so is /' to £.
Therefore also, as /' is to £, so is A to G.
But #, £ are least,

and the least measure the numbers which have the same ratio
the same number of times, the greater the greater and the
less the less ; [viL 20]
therefore £ measures G.
And, since A by multiplying £, G has made C, D,
therefore, as £ is to G, so is C to D. [vin 17]
But £ measures G ;
therefore C also measures ), the greater the less :
which is impossible.

13
w

H. E. II.
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Therefore 4, B will not measure any number which is less
than C.
Therefore C is the least that is measured by 4, 5.
Q. E. D.

This is the problem of finding the Zeast common multiple of two numbers,
as a, .

1. If a, 4 be prime to one another, the L.C.M. is ab.

For, if not, let it be #, some number less than 44.

Then d = ma = nb, where m, n are integers.
Therefore azb=n:m, {vi1. 19]
and hence, a, 4 being prime to one another,
b measures . [vii 20, 21]
But bim=ab:am {vir. 17]
=ab : d.

Therefore 2/ measures #: which is impossible.

II. If a, 5 be not prime to one another, find the numbers which are the

least of those having the ratio of @ to 4, say m, #; [vi. 33]
then a:b=m:n,
and an=bm (=g say); [viL 19]

¢ is then the ..M.
For, if not, let it be & (< ¢), so that
ap = bg = d, where p, g are integers.

Then a:b=gq:p, [vi. 19]
whence min=gq:p,
so that 7 measures g. [vin 20, 21]
And nip=an:ap=c:d,
so that ¢ measures 4 :

which is impossible.
Therefore ete.
By viL 33, m =
, where ¢ is the ¢.c.M. of a, &.

I 03 1R

=
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Hence the 1..c.M. is
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ProrosiTiox 3s.

If two numbers measure any nuwmber, the least number
measured by them will also measure the same.

For let the two numbers .4, B measure any number CD,
and let £ be the least that they
measure ; A B

[ say that £ also measures CD. © °

For, if £ does not measure E
CD, let E, measuring DF, leave CF less than itself.
Now, since 4, B measure Z,

and £ measures DF,
therefore 4, B will also measure DF,
But they also measure the whole C2 ;

therefore they will also measure the remainder C/ which is
less than £':

k.
which 1s impossible.
Therefore £ cannot fail to measure CD ;
therefore it measures it.

Q. E. D.

The Zast common multiple of any two numbers must measure any other
common multiple.

The proof is obvious, depending on the fact that, if any number divides
and 4, it also divides a — pé.

ProrosiTioN 36.

Given three numbers, to find the least number which they
measure.

Let A, B, C be the three given numbers;

thus it is required to find the least
number which they measure.

Let D, the least number mea-
sured by the two numbers A4, 5,
be taken. [vir. 34]

Then C either measures, or
does not measure, /).

First, let it measure it

moow »
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But A, A also measure 0 ;
therefore A4, B, C measure [).

I say next that it is also the least that they measure.

For, if not, 4, B, C will measure some number which is
less than 2.

Let them measure £.

Since A, B, C measure £,

therefore also A4, 5 measure £.

Therefore the least number measured by 4, £ will also
measure Z. [vi 35]
But D is the least number measured by 4, Z;

therefore [ will measure Z, the greater the less:
which is impossible.

Therefore A, B, C will not measure any number which is
less than D ;

therefore D is the least that 4, 5, C measure.

Again, let € not measure ),

and let Z, the least number measured by
C, D, be taken. [vi. 34]

Since A4, B measure D,
and /) measures £,
therefore also A, B measure £.
But C also measures £ ; - F
therefore also A, B, C measure £.

I say next that it is also the least that they measure.
For, if not, .1, 2, C will measure some number which
is less than £.

Let them measure 7.
Since A, B, C measure F,

therefore also A, /A measure /~';

therefore the least number measured by A4, B will also
measure £ [vir 35

But D is the least number measured by 4, & ;
therefore [0 measures £.
But C also measures F;
‘therefore D, C measure .
so that the least number measured by 2, C will also measure 7.

A
B
C
D

m
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But £ is the least number measured by C, D ;
therefore £ measures F, the greater the less:
which is impossible.
Therefore A, 5, C will not measure any number which is
less than Z.
Therefore £ is the least that is measured by A, B, C.
Q. E. D.

Euclid’s rule for finding the i.c.M. of #iree numbers @, 4 ¢ is the rule with
which we are familiar. The L.c.M. of a, 4 is first found, say 4, and then the
L.c.M. of 4 and ¢ is found.

Euclid distinguishes the cases (1) in which ¢ measures &, (2, in which -
does not measure 4. We need only reproduce the proof of the general case
(2)- The method is that of reductio ad absurdum.

Let e be the L.c.v. of 4, .

Since a4, & both measure o, and & measures ¢,

a, & both measure e

So does .

Therefore ¢ is some common multiple of u, 4, ¢

If it is not the.Zeas?, let f be the L.caL

Now a, & both measure f;

therefore 4, their L.c.)., also measures £ [vin 35]
Thus 4, ¢ both measure f;
therefore ¢, their L.c.M., measures /: [viL 35]

which is impossible, since /<.
Therefore etc.

The process can be continued a Zbituim, so that we can find the L.c.v,
not only of three, but of as many numbers as we please.

PropositioN 37.

If a number be measured by any number, the nuniber which
s measured will have a part called by the same nane as the
measuring nuniber.
For let the number 4 be measured by any number 5;
I say that A has a part called by the same
name as 5. A
For, as many times as & measures A, g
so many units let there be in C. c
Since B measures 4 according to the g
units in C,
and the unit 2 also measures the number C according to the
units in it,
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5

therefore the unit [ measures the number € the same number
of times as B measures 4.

Therefore, alternately, the unit 2 measures the number 5
the same number of times as €’ measures A ; [viL. 15]
therefore, whatever part the unit D is of the number 5, the
same part is C of A also.

But the unit D is a part of the number 5 called by the
same name as 1it;
therefore C is also a part of A called by the same name as 5,
so that .4 has a part C which is called by the same name as 5.

Q. E. D.

If 5 measures a, then —;—th of 2 is a whole number.

Let a=n.0
Now m=m.l1.
Thus 1, 7, 4, 2 satisfy the enunciation of viL. 15;
therefore 7 measures a the same number of times that 1 measures 4.

But 1is %th part of 4 ;

I

b

therefore m 1s 5 th part of a.

ProrosiTiox 38.

If a number have any part whatever, tt will be measured
by @ number called by the same name as the part.

For let the number A4 have any part whatever, 5,

and let C be a number called by the same
name as the part B;

I say that C measures 4. A

For, since 2 is a part of 4 called by 8
the same name as C,

and the unit D is also a part of C called
by the same name as it,

therefore, whatever part the unit 2 is of the number C,
the same part is B of 4 also:

thegefore the unit 2 measures the number C the same number
of times that B measures 4.

—D
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Therefore, alternately, the unit 2 measures the number B

the same number of times that C measures A. [vir 15}
Therefore C measures A.

Q. E. D.
This proposition is practically a restatement of the preceding proposition.
o 1
It asserts that, if & is p th part of a,

.. I
e, if b=—a,
7
then #z Measures a.
, I
We have b==a,
it
I
and 1= .

Therefore 1, m, 4, a, satisfy the enunciation of viL 13, and therefore m
measures @ the same number of times as 1 measures &, or

I
M= da.

&

ProposITION 39.
To fond the number which is the least that will have given
paris.
Let A, B, C be the given parts;

thus it is required to find the number which is the least that
will have the parts 4, 5, C.
A B c
D

E

o]

H

Let D, £, F be numbers called by the same name as the
parts A, B, C,

and let G, the least number measured by D, £, F, be taken.

‘ [vi. 36]

Therefore G has parts called by the same name as D, £, F.

fvir 37]
But A, B, C are parts called by the same name as D, £, F;

therefore G has the parts 4, 5, C.
I say next that it is also the least number that has,
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For, if not, there will be some number less than & which
will have the parts A4, 5, C.

Let it be /.

Since A has the parts 4, 5, C,
therefore /7 will be measured by numbers called by the same
name as the parts A, B, C. [viL 38]

But D, E, F are numbers called by the same name as the
parts A, B, C;
therefore / is measured by D, E, /.

And it is less than G : which is impossible.
Therefore there will be no number less than & that will
have the parts 4, 5, C.
Q. E. D,

This again is practically a restatement in another form of the problem of
finding the L.c.yL

To find a number which has gth, %th and %th parts.
Let 4 be the r.c.m. of 4, 4, ¢

Thus 4 has ~ th, hd
a &
If it is not the least number which has, let the least such number be &
Then, since e has those parts,
¢is measured by a, &, ¢; and e < d:
which is impossible.

th and %th parts. [vi 37]
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ProrosiTiox 1.

If there be as many numbers as we please in continncd
proportion, and the extremes of thene be prome fo one another.
the numbers ave the least of those whick have the same ratio
with them.

Let there be as many numbers as we please, A, B, C, D,
in continued proportion,

and let the extremes of them A E—
A, D be prime to one another; B—7— F—o
I say that A, B, C, D are the 66— G—
least of those which have the O—————— H

same ratio with them.

For, if not, let £, F, G, A be less than A, B, C, D, and
in the same ratio with them.

Now, since 4, B, C, D are in the same ratio with £, 7,
G! H,
and the multitude of the numbers A, B, C, D is eq¥fal to the
multitude of the numbers £, £, &G, A,

therefore, ex aequali,

as A isto D, sois £ to H. [viL. 14)
But A4, D are prime,
primes are also least, [viL. 21]

and the least numbers measure those which have the same
ratio the same number of times, the greater the greater and
the less the less, that is, the antecedent the antecedent and
the consequent the consequent. [vi. 20}
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Therefore 4 measures £, the greater the less :
which is impossible.
Therefore £, /#, G, A which are less than 4, B, C, D
are not in the same ratio with them.
Therefore 4, B, C, D are the least of those which have
the same ratio with them.
Q. E. D.

What we call a geo;;zcz‘rz'az[ progression 1s with Euclid a series of terms “in
continued proportion” (&7s dvaloyor). )

This proposition proves that, if @, &, ¢, ... £ are a series of numbers in
geometrical progression, and if a, % are prime to one another, the series is in
the lowest terms possible with the same common ratio.

The proof is in jform by reductio ad absurdum. We should no doubt
desert this form while retaining the substance. If &, 4, ¢, ... & be any other
series of numbers in G.p. with the same common ratio as before, we have,
ex aequall,

ak=a %, [vir. 14]
whence, since @, £ are prime to one another, @, 2 measure o', & respectively, so
that &', & are greafer than a, % respectively.

ProprosrTION 2.
To find nunbers in continued proportion, as many as may
be prescribed, and the least that arve in a given vatio.

Let the ratio of 4 to 5B be the given ratio in least
numbers ;
thus it is required to find numbers in continued proportion,
as many as may be prescribed, and the least that are in the
ratio of A to 5.

A ¢]

B D

Let four be prescribed ;
let A by multiplying itself make C, and by multiplying 5 let
it make D ;
let B by multiplying itself make £;
further, let 4 by multiplying C, D, E make £, G, A,
and let B by multiplying £ make X.
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Now, since 4 by multiplying itself has made C,
and by multiplying # has made D,
therefore, as 4 is to B, so is C to /). [vin 7]

Again, since 4 by multiplying & has made 2,
and /A by multiplying itself has made £,
therefore the numbers 4, B by multiplying 5 have made the
numbers 0, E respectively.

Therefore, as A is to B, so is D to E. vin 18]

But, as A isto B, sois Cto D;
therefore also, as Cis to D, so is D to £.

And, since 4 by multiplying C, D has made F, G.
therefore, as Cis to D, so is F to G. vu. 17]

But, as Cisto D, so was A to 5
therefore also, as /4 is to B, so is & to G.

Again, since 4 by multiplying 2. £ has made G. H.
therefore, as D is to £, so is G to . fvin 17]

But, as Disto £, sois A4 to 5.

Therefore also, as 4 isto B, sois G to H.

And, since 4, B by multiplying £ have made /, X,
therefore, as A4 is to B, so is A to XK. [viL 18]

But, as A is to B, so is £ to G, and G to A.

Therefore also, as Fis to &, so 1s & to A, and H to K;
therefore C, D, £, and F, G, /4, KA are proportional in the
ratio of A to 5.

I say next that they are the least numbers that are so.

For, since 4, B are the least of those which have the
same ratio with them,
and the least of those which have the same ratio are prime
to one another, [vin 22]
therefore A, 5 are prime to one another.

And the numbers A, & by multiplying themselves re-
spectively have made the numbers C, £, and by multiplying
the numbers C, £ respectively have made the numbers #, &K;
therefore C, £ and £, K are prime to one another respectively,

[vin 277

But, if there be as many numbers as we please in continued

proportion, and the extremes of them be prime to one another,
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they are the least of those which have the same ratio with

them. [vir 1]
Therefore C, D, £ and F, G, A, K are the least of those
which have the same ratio with A, 5. Q. E. D.

Porisy. From this it is manifest that, if three numbers
in continued proportion be the least of those which have the
same ratio with them, the extremes of them are squares, and,
if four numbers, cubes.

To find a series of numbers in geometrical progression and in the least
terms which have a given common ratio (understanding by that term the ratio
aof one ferm to the next).

Reduce the given ratio to its lowest terms, say, @ : 8. (This can be done
by viL 33.)

Then at, a® 7, at R, L. atht R, ad™l, Ot
is the required series of numbers if (# + 1) terms are required.

That this is a series of terms with the given common ratio is clear from
vi. 17, 18.

That the c.p. is in the smallest terms possible is proved thus.

a, b are prime to one another, since the ratio @ : & is in its lowest terms.

[viL 22]
Therefore «°, #* are prime to one another; so are o &° and, generally,
ar o [viL 27]

Whence the G.P. is in the smallest possible terms, by viiL 1.
The Porism observes that, if there are z terms in the series, the
extremes are (z —1)th powers.

ProrosiTiON 3.

If as many numbers as we please in continued proportion
be the least of those whick have the same ratio with them, the
extrenes of then: are prime to one another.

Let ag many numbers as we please, 4, B, C, D, in con-
tinued proportion be the least of those which have the same
ratio with them ;
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I say that the extremes of them .4, D are prime to one
another.

For let two numbers £, 7, the least that are in the ratio
of A, B, C, D, be taken, [vu. 33]

then three others &, /7, A" with the same property ;
and others, more by one continually, Vi 2]

until the multitude taken becomes equal to the multitude of

the numbers A, B, C, D.

Let them be taken, and let them be Z, .17, &V, O.
Now, since £, 7 are the least of those which have the
same ratio with them, they are prime to one another. [vir 22
And, since the numbers £, 7 by multiplving themselves
respectively have made the numbers G, A" and by multiplying
the numbers G, A respectively have made the numbers L, O,
{vuL 2, Por.]
therefore both G, A"and Z, O are prime to one another. [viL 27]

And, since 4, B, C, D are the least of those which have
the same ratio with them,

while Z, M, N, O are the least that are in the same ratio with
A, B, C D,

and the multitude of the numbers A, B, C, D is equal to the
multitude of the numbers L, 4, &, O,

therefore the numbers 4, B, C, D are equal to the numbers
L, M, N, O respectively ;

therefore A4 is equal to Z, and D to O.

And L, O are prime to one another.
Therefore A, D are also prime to one another.
Q. E. D.

The proof consists in merely equating the given numbers to the terms of

a series found in the manner of viiL 2.
If a, b, ¢, ... % (n terms) be a geometrical progression in the lowest terms
having a given common ratio, the terms must respectively be of the form
U_n—l’ a?l—‘ZB’ . aiﬁn—:)’ aﬁil—ﬂ’ ﬁié—-]
found by viL. 2, where a : 8 is the ratio @ : & expressed in its lowest terms, so
that a, 8 are prime to one another [viL 22}, and hence «"7%, B*7F are prime

to one another [vi1. 27}
But the two series must be the same, so that

-1 — -1
@ =aml b=
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PROPOSITION 4.

Given as many ratios as we please in least numbers, to find
numbers in continued proporiton whick are the least in the
glven 7afios.

Let the given ratios in least numbers be that of 4 to 5,

s that of C to D, and that of £ to F;
thus it is required to find numbers in continued proportion
which are the least that are in the ratio of 4 to 7, in the
ratio of C to D, and in the ratio of £ to /.

A— P
C— D—
E—0 F
— G
0 H
M K
p L

Let G, the least number measured by 5, C, be taken.
[y 34]
1o And, as many times as B measures G, so many times also
let 4 measure /A,
and, as many times as C measures G, so many times also let
D measure K. :
Now £ either measures or does not measure X.
13 First, let it measure it.
And, as many times as £ measures A, so many times let
F measure L also.
Now, since A measures /A the same number of times that
£ measures G,
20 therefore, as A is to B, so is A to G. [vit. Def. zo, viL. 13]
For the same reason also,
as Cisto D, sois G to A,
and further, as £ isto 7, sois A to L ;

therefore /A, G, K, L are continuously proportional in the

25 ratio of A4 to B, in the ratio of € to D, and in the ratio of £
to /.

I say next that they are also the least that have this
property.
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For, if A, G, K, L are not the least numbers continuousls

so proportional in the ratios of 4 to B, of C to D, and of £
to 7, let them be WV, O, i7, P.

Then since, as 4 is to B, so is A to O,
while A4, B are least,
and the least numbers measure those which have the same
35 ratio the same number of times, the greater the greater and

the less the less, that is, the antecedent the antecedent and the
consequent the consequent ;

therefore B measures O. {viL. 20]
For the same reason
40 C also measures O;
therefore B, C measure O;

therefore the least number measured by B, C will also
measure O. [ViL 35]

But G is the least number measured by 5, C;
as therefore & measures O, the greater the less:
which is impossible.
Therefore there will be no numbers less than H, G, A, L

which are continuously in the ratio of 4 to B, of C to L), and
of £ to F.

50 Next, let £ not measure XK.

A——o C— E

T
:

-2 0 =
o

Let M, the least number measured by £, X, be taken.
And, as many times as X measures .}/, so many times let
H, G measure N, O respectively,

and, as many times as £ measures .}/, so many times let F
55 measure 2 also.

Since A measures N the same number of times that &
measures O,

therefore, as A is to G, so is NV to O. [vir 13 and Def. 20]
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But, as Histo G, sois A to B ;
6o therefore also, as A is to 5, so is V to O.
For the same reason also,
as Cisto D, sois O to M.
Again, since £ measures M the same number of times that
K measures 2,

65 therefore, as £ is to 7, so is M to P; [vi1. 13 and Def. 20]
therefore N, O, M, P are continuously proportional in the
ratios of 4 to B, of C to [, and of £ to /.

I say next that they are also the least that are in the ratios
A:B, C:D, E . F.

70 For, if not, there will be some numbers less than AV, O,
MM, P continuously proportional in the ratios A4 :5, C: D,
E:F.

Let them be O, R, S, 7.
Now since, as O is to &, so is A to B,

75 while 4, B are least,
and the least numbers measure those which have the same
ratio with them the same number of times, the antecedent the
antecedent and the consequent the consequent, [vi1. 20]
therefore B measures A,

S0 For the same reason C also measures & ;
therefore B, C measure X.

Therefore the least number measured by &, C will also
measure £. . [viz 35]
But G is the least number measured by 5B, C;

85 therefore G measures A.

And,as Gisto R, sois K to .S [vir. 13]
therefore A also measures S.

But £ also measures S;
therefore £, A measure S.

9o Therefore the least number measured by Z, X will also

measure S, [vi. 35]
But 47 is the least number measured by £, K;
therefore 47 measures .S, the greater the less:
which is impossible. :
05 Therefore there will not be any numbers less than &, O,

M, P continuously proportional in the ratios of 4 to B, of
CtoD,and of £ to F;



therefore &V, O, M, P are the least numbers continuously
proportional in the ratios 4 : 58, C: D, £ : F. Q. E. D.

69, 41, gg- the ratios A: B, C:D, E: F, This abbreviated expression is in the
Greek of AB, T'A, EZ Aévyor.

The term “in continued proportion” is here not used in its proper sense,
since a geometrical progression is not meant, but a series of terms each of
which bears to the succeeding term a grzen, but not the same, ratio.

The proposition furnishes a good example of the cumbrousness of the
Greek method of dealing with non-determinate numbers. The proof in fact
is not easy to follow without the help of modern symbolical notation. 1If
this be used, the reasoning can be made clear enough.

Euclid takes #Aree given ratios and therefore requires to find four numbers.
We will leave out the simpler particular case which he puts first, that namely
in which & accidentally measures X, the multiple of .0 found in the first few
lines ; and we will reproduce the general case with #hres ratios.

Let the ratios in their lowest terms be

a:b, c:d, e:f

Take 4, the L.c.m. of 4, ¢, and suppose that

L=mb=ne.
Form the numbers ma, mb |, nd.

=7 )

These are in the ratios of « to 4 and of ¢ to & respectively.
Next, let /, be the L.c.M. of 24, ¢ and let

ly=pnd = ge.
Now form the numbers

pma, pmnb }, may, gk
=pnc =ge }
and these are the four numbers required.
If they are nof the least in the given ratios, let
% ¥ 5 %
be less numbers in the given ratios.
Since a : & is in its lowest terms, and
a:b=x:y,
& measures y.
Similarly, since c:d=y:3
¢ measures y.
Therefore /4, the r.c.M. of 4, ¢, measures y.

But L:nd[=c:d)=y: =
Therefore nd measures 2.
And, since e:f=5:1

£ measures 2.

Therefore 4, the L.c.M. of nd, e, measures s: which is impossible, since
s<, or pnd.

The step (line 86) inferring that G : R=K: S is of course alternando
from G: K[=C:D]=R: S )

It will be observéd that viIL..4 corresponds to the portion of vi. 23 which
shows how to compound two ratios between straight lines.

ts

(43}

H. E. II.
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PRrROPOSITION 5.

Plane numbers have fo one mzoz‘/ze;" the ratio conpounded
of the ratios of their sides.

Let A4, B be plane numbers, and let the numbers C, D
be the sides of 4, and £, F of B;

5 1 say that 4 has to Z the ratio com-
pounded of the ratios of the sides.

For, the ratios being given which C  _¢ —F
has to £ and D to £, let the least
numbers G, A, K that are continuously H

10in the ratios C: £, DD : F be taken, so K
that,

as Cisto £, sois ¢ to H,
and, as D is to F, sois H to K. [viiL. 4]
And let 2 by multiplying £ make L.

15 Now, since D by multiplying € has made 4, and by
multiplying £ has made Z,

therefore, as Cis to £, so 1s 4 to L. [viL. 17]
But, as Cisto £, sois G to H;
therefore also, as G is to /A, sois .4 to L.
20 Again, since £ by multiplying 2 has made Z, and further
by multiplying # has made 5,
therefore, as £ is to F, so is L to B. [vir. 17]
But,as D is to F, sois H to K ;
therefore also, as A is to X, so is L to AB.
25 But it was also proved that,
as G isto A, sois A to L;
therefore, ex aequalz,
as Gisto X, sois A to B. [viL 14]
But & has to X the ratio compounded of the ratios of the
30 sides ;
therefore A also has to 2 the ratio compounded of the ratios
of the sides. Q. E. D.

1, 5, 29, 31. compounded of the ratios of their sides. As in VI. 23, the Greek
has the less exact phrase, ‘“ compounded of their sides.”

If =, b=¢f,
then a has to 4 the ratio compounded of c:eand 4. f

Take three numbers the least which are continuously in the given ratios.
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If 7is the L.cat. of ¢, d and 7 = me = nd, the three numbers are
me, me ), af. [vim. 4]
=nd }
Now deide=rc:e fvin 17}
=N e = me k.
Also o ef=d: f [vin 17}
=nd : nf.
Therefore, ex aequall, od ef =me: nf

= (ratio compounded of c:eand Z: /).

It will be seen that this proof follows exactly the method of vi. 23 for
parallelograms.

ProrosiTioN 6.

If there be as many numbers as we please in continued
proportion, and the first do not measure the second, neither
will any other measure any other.

Let there be as many numbers as we please, 4, B, C, D, E,
in continued proportion, and let /4 not measure B

I say that neither will any other measure any other.

A

—F

G
H

Now it is manifest that A, 5, C, D, £ do not measure
one another in order; for 4 does not even measure 5.

I say, then, that neither will any other measure any other.

For, if possible, let 4 measure C.

And, however many 4, B, C are, let as many numbers
F, &, H, the least of those which have the same ratio with
A, B, C, be taken. fvin 33]

Now, since %, G, H are in the same ratio with 4, 5, C,
and the multitude of the numbers A4, B, C is equal to the
multitude of the numbers 7, G, H,

therefore, ex aequali, as A is to C, so is F to A. [vin 14]

[ Yo o

“o
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And since, as A is to B, so is F to G,
while A4 does not measure 5,

therefore neither does / measure G ; [viL Def. 20]
therefore / is not an unit, for the unit measures any number.
Now Z, A are prime to one another. [vi. 3]

And, as Fis to H,sois A to C;
therefore neither does 4 measure C.

Similarly we can prove that neither will any other measure
any other.

Q. E. D.

Leta, &, ... 2 be a geometrical progression in which a does not measure 4.
Suppose, if possible, that & measures some term of the series, as f.
Take &, 3, 5, #, 2, 2 the Zeas/ numbers in the ratio a, 4, ¢, 4, e, /-
Since x:y=a:bd,

and « does not measure 4,

x does not measure y; therefore & cannot be unity.
And, ex aequal, x:rw=a:f.

Now «, @ are prime to one another. [viL 3]
Therefore a does not measure f

We can of course prove that an intermediate term, as 4, does not measure

a later term f by using the series 4, ¢, 4, ¢, f and remembering that, since
bic=a:b & does not measure <

ProrosiTiON 4.

If there be as many numbers as we please n continued

proportion, and the first measure the last, it will measure the
second also.

Let there be as many numbers as we please, 4, B, C, D,
in continued proportion; and
let 4 measure D ; A

I say that A4 also measures B. B———
For, if A does not measure

B, neither will any other of the D

numbers measure any other. [vi 6]
But 4 measures D.
Therefore A4 also measures 5.

An obvious proof by reductio ad absurdum from vui. 6.
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ProrosiTion 8.

If between two numbers theve fall nunibers in continued
proportion with them, then, however many numbers fall betweei
them in continued proportion, so many will also fall in con-
tinued propovion between the numbers which lave the same
vatio with the orviginal numbers.

Let th.e numbers C, D fall between the two numbers .,
B in continued proportion with them, and let £ be made in
the same ratio to Fas 4 is to B ;

I say that, as many numbers as have fallen between A4, B in

continued proportion, so many will also fall between £, 7 in
continued proportion.

n Z 2 m

A
Cc
D
B
G
H
K
L

For, as many as A4, B, C, D are in multitude, let so many
numbers &, H, K, L, the least of those which have the same

ratio with A, C, D, B, be taken; {vir. 33]
therefore the extremes of them G, L are prime to one another.
[van 3]

Now, since A, C, D, B are in the same ratio with G, 7,
X, L,
and the multitude of the numbers A, C, D, B is equal to the
multitude of the numbers G, H, K, Z,
therefore, ex aequalt, as A is to B, so is G to L. v 1]
But, as A is to B, so is £ to
therefore also, as G is to L, so is £ to /.
But G, L are prime,
primes are also least, [vin 21]
and the least numbers measure those which have the same
ratio the same number of times, the greater the greater and
the less the less, that is, the antecedent the antecedent and the
consequent the consequent. [viL 2¢]
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Therefore & measures Z the same number of times as L
measures £,

Next, as many times as & measures £, so many times let
H, K also measure M, N respectively ;
therefore G, A, K, L measure £, M, N, F the same number
of times.

Therefore G, /4, K, L are in the same ratio with £, W/,
N, F. [vir. Def. 20]

But G, A, K, L are in the same ratio with 4, C, D, B;
therefore A4, C, D, B are also in the same ratio with £, 7,
N, F.

But A, C, D, B are in continued proportion ;
therefore £, 3, N, F are also in continued proportion.

Therefore, as many numbers as have fallen between 4, A
in continued proportion with them, so many numbers have also
fallen between £, / in continued proportion.

Q. E. D.

1. fall. The Greek word is éparimrew, ¢ fall {227’ = can be interpolated.”

If a:b=e¢:f, and between a, 4 therg are any number of geometric
means ¢, 4, there will be as many such means between ¢, f

Let a, B, ..., & be the least possible terms in the same ratio as ¢,
G d, ... 0

Then qa, 8 are prime to one another, fvi 3]
and, ex aequali, a:8=a:b
=¢:f
Therefore ¢ = ma, f=md, where m is some integer. {v1. 20]
Take the numbers ma, mB, my, ... ms.

This is a series in the given ratio, and we have the same number of
geometric means between ma, m8, or ¢, f, that there are between a, 4.

ProposiTION Q.

If two numbers be prime to one another, and nunibers Jall
between them in conlinued proportion, then, however many
nunibers fall between them in continued proportion, so many
will also fall between ecach of them and an unit in continued
proportion.

Let 4, B be two numbers prime to one another, and let
C, D fall between them in continued proportion,
and let the unit £ be set out ;

I say that, as many numbers as fall between 4, B in con-
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3

tinued proportion, so many will also fall between either of
the numbers A4, £ and the unit in continued proportion.

For let two numbers 7, G, the least that are in the ratio
of A, C, D, B, be taken,

three numbers /, K, L with the same property,
and others more by one continually, until their multitude is

equal to the multitude of 4, C, D, B. [vi 2]
A H—
c K
D L
B
E- M
F— N
G— o
P

Let them be taken, and let them be .17, V, O, P.
It is now manifest that / by multiplying itself has made
 and by multiplying /7 has made ./, while G by multiplying
itself has made Z and by multiplying Z has made 2.
[viL 2, Por.]

And, since M, N, O, P are the least of those which have
the same ratio with #, G,
and 4, C, D, B are also the least of those which have the
same ratio with £, G, [vim. 1]
while the multitude of the numbers 7, V, O, P is equal to the
multitude of the numbers 4, C, D, 5,
therefore M, NV, O, P are equal to 4, C, D, B respectively;
therefore A/ is equal to «4, and 2 to 5.

Now, since # by multiplying itself has made #,
therefore /& measures /7 according to the units in /.

But the unit £ also measures # according to the units in it;

therefore the unit £ measures the number / the same number
of times as / measures A.
Therefore, as the unit £ is to the number F, so is # to A.
[vit. Def. 20}
Again, since /" by multiplying /7 has made ./,
therefore A measures J/ according to the units in /.
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But the unit £ also measures the number / according to
the units in it;
therefore the unit Z measures the number /& the same number
of times as A measures /.

Therefore, as the unit £ is to the number /| so is /7 to M.

But it was also proved that, as the unit £ is to the number
F,sois Fto H;

therefore also, as the unit £ is to the number 7] so is & to A,
and A to M.

But M is equal to A4 ;

therefore, as the unit £ is to the number 7, so is # to H,
and A to A. :

For the same reason also,
as the unit £ is to the number G, sois G to Z and L to 5.

Therefore, as many numbers as have fallen between A4,
B in continued proportion, so many numbers also have fallen
between each of the numbers A4, A and the unit £ in continued
proportion.
Q. E. D.

Suppose there are 7 geometric means between a, &, two numbers prime to
one another ; there are the same number (#) of geometric means between 1
and 2 and between 1 and &.

If ¢ d... are the # means between «, 4,
a ¢ d..b
are the least numbers in that ratio, since g, 4 are prime to one another. [vIIL 1]
The terms are therefore respectively identical with

ani-l, an‘B’ an—-lﬁ‘: e aBn, B"r{-l’

where a, B is the common ratio in its lowest terms. [viL 2, Por.]
Thus a=a"", b=,
Now Ita=a:a’=a’: .. =a™: '}
and 1:B8=0:F=p: . =05,

whence there are # geometric means between 1, @, and between 1, 4.

Prorosition 1o0.

’ If 7'zzmzéers Jall between eack of two numbers and an unit
wn conlinued proportion, however many numbers fall between
each of them and an unit in continued proportion, so many

also will fall between the numbers themselves in continued
proporion.



VIIL 10] PROPOSITIONS ¢, 10 361

For let the numbers D, £ and F, G respectively fall
between the two numbers 4, B and the unit C in continued
proportion ;

I say that, as many numbers as have fallen between each of
the numbers 4, 5 and the unit C in continued proportion, so
many numbers will also fall between A, # in continued pro-
portion.

For let O by multiplying # make /4, and let the numbers
D, F by multiplying /7 make X, L respectively.

C— A

B
D—
E-— H
F——0
G

Now, since, as the unit C is to the number 1, sois D to £,

therefore the unit C measures the number /) the same number
of times as /) measures £, [vir. Def. 20]

But the unit C measures the number 2D according to the
units in [
therefore the number 2 also measures £ according to the units
in D;
therefore 2 by multiplying itself has made £.

Again, since, as C is to the number D, so is £ to A,

therefore the unit C measures the number D the same number
of times as Z measures 4.

But the unit C measures the number 0 according to the
units in D ; -

therefore £ also measures 4 according to the units in [ ;
therefore 2 by multiplying £ has made A.
For the same reason also

F by multiplying itself has made G, and by multiplying G has
made 5.

And, since 0 by multiplying itself has made £ and by
multiplying # has made /Z,

therefore, as D is to 7, so is £ to H. [vin 17]
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For the same reason also,
as D is to F, sois H to G. [viL 18]
Therefore also, as £ is to /A, so is /{ to G.
Again, since 2 by multiplying the numbers £, // has
made A, K respectively,
therefore, as £ is to /, so is A to K. [vi. 17]
But, as £ is to A, sois D to F;
therefore also, as D is to 7, so is A to K.
Again, since the numbers /), / by multiplying /7 have
made K, L respectively,
therefore, as [ is to 7, so is K to L. [viL 18]
But, as D isto F, sois A to K ;
therefore also, as A4 is to K, so is K to L.
Further, since # by multiplying the numbers /A, & has
made L, B respectively,
therefore, as A is to G, so is L to 5. [viL. 17]
But, as A is to G, so is D to F;
therefore also, as D isto F, sois L to 5.
‘But it was also proved that,
as Disto F,sois A to X and K to L;
therefore also, as 4 is to X, so is K to L and L to 5.

Therefore 4, K, L, B are in continued proportion.
Therefore, as many numbers as fall between each of the
numbers 4, A and the unit C in continued proportion, so
many also will fall between A4, B in continued proportion.
Q. E. D.

If there be # geometric means between 1 and «, and also between 1 and
b, there will be 7 geometric means between a and 2.

The proposition is the converse of the preceding.

The 2 means with the extremes form two geometric series of the form

1, a, az e (1."', 0."+1,
I’ ﬁ’ IB2 - ﬁ", B"""l’
where =g, fri=j

By multiplying the last term in the first line by the first in the second,
the last but one in the first line by the second in the second, and so on, we

get the series
0."’+1, an.ﬁ’ an—lﬁ‘z . a-zﬁn—-l’ aﬁn, B)H-l
and we have the # means between ¢ and 4.

It will be observed that, when Euclid says “ For the same reason also, as
Disto £ sois Ato G,” the reference is really to viL. 18 instead of viL 17.
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He infers namely that Dx F:FxF=D:F Butsince, by viL 16, the
order of multiplication is indifferent, he is practically justificd in saying *for
the same reason.” The same thing occurs in later propositions.

ProrosiTION 11.

Between two square nunibers there is onc mean proportional
number, and the square has to the square the raiio duplicate
of that whick the side las to the side.

Let A4, B be square numbers,
and let C be the side of 4, and D of B;

I say that between 4, B there is one mean proportional
number, and 4 has to B the ratio

duplicate of that which C has to 2. A
For let C by multiplying D make Z. &
Now, since A4 is a square and Cis ¢c— o
its side,
therefore € by multiplying itself has
made A.

For the same reason also
D by multiplying itself has made A.

Since then C by multiplying the numbers C, 2D has made
A, E respectively,

therefore, as Cis to [, so is A to £. [viL 17]
For the same reason also,
as Cisto [, sois £ to B. [viL 18]

Therefore also, as 4 is to £, so is £ to 5.
Therefore between »4, 5 there is one mean proportional
number.

I say next that 4 also has to A the ratio duplicate of
that which C has to D.

For, since A, £, B are three numbers in proportion,

therefore 4 has to B the ratio duplicate of that which .+ has
to £. {v. Def. 9]
But, as 4 isto £, sois C to [.
Therefore A has to B the ratio duplicate of that which
the side C has to . Q. E. D.
According to Nicomachus the theorems in this proposition and the next,
that two squares have one geometric mean, and two cubes %o geometric

means, between them are Platonic. Cf. Zimacus, 32 A sqq. and the note
thereon, p. 294 above.
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a® B being two squares, it is only necessary to form the product ¢ and
to prove that
a, ab, &
are in geometrical progression. Euclid proves that
@&iab=ab: P
by means of vir. 17, 18, as usual.

In assuming that, since a” is to 4% in the duplicate ratio of & to a4, a* is
to & in the duplicate ratio of @ to 4, Euclid assumes that ratios which are
the duplicates of equal ratios are equal. This, an obvious inference from
v. 22, can be inferred just as easily for numbers from viL 14.

PROPOSITION 12.

Between two cube nunibers theve ave two mean proportional
numbers, and the cube has to the cube the ratio triplicate of that
which the side has to the side.

Let A, B be cube numbers,
and let C be the side of 4, and D of B
I say that between .4, 5 there are two mean proportional

numbers, and A has to 5 the ratio triplicate of that which C
has to D.

A— E—
B F
C— H—— G——

For let C by multiplying itself make £, and by multiplying
D let it make /'

let 2 by multiplying itself make G,

and let the numbers €, 2 by multiplying # make A, K
respectively.

Now, since A is a cube, and C its side,
and C by multiplying itself has made £,

therefore C by multiplying itself has made £ and by multiply-
ing £ has made 4.

For the same reason also
D by multiplying itself has made & and by multiplying G has
made 5.

And, since C by multiplying the numbers C, D has made
E, F respectively,

therefore, as C is-to [, so is £ to . [vir. 17]
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For the same reason also,
as Cisto D, sois Fto G. [viL 18]

Again, since C by multiplying the numbers £, F has
made 4, / respectively,

therefore, as £ is to 7, so is A to H. [viL 17]

But, as £ isto /#, sois C to D.

Therefore also, as Cis to D, sois A to H.

Again, since the numbers C, 0 by multiplying # have
made /A, K respectively,
therefore, as Cis to D, so is H to K. [viL. 18]

Again, since [ by multiplying each of the numbers 7, G
has made A, B respectively,

therefore, as ~is to G, so is X to B. , [viz. 17]
But, as Fisto G, sois C to D;

therefore also,as Cis to D, sois A to H, H to K, and K to 5.
Therefore /7, K are two mean proportionals between 4, 5.

I say next that A4 also has to A the ratio triplicate of that
which C has to D.

For, since A, H, K, B are four numbers in proportion,
therefore 4 has to 5 the ratio triplicate of that which 4 has
to AH. [v. Def. 10]

But, as 4 isto A, sois C to D;
therefore 4 also has to & the ratio triplicate of that which C
has to .

Q. E. D.

The cube numbers 4% & being given, Euclid forms the products &%, a#*
and then proves, as usual, by means of vi. 17, 18 that

a’, a%, ab, F
are in continued proportion.

He assumes that, since «® has to 4 the ratio triplicate of 4*: 2%, the
ratio o*: 2 is triplicate of the ratio @ : & which is equal to &°: 2% This
is again an obvious inference from vIL. 14.

ProrosiTiON 13.

If there be as many numbers as we please in continued
proportion, and eackh by multiplying itself make some number,
the products will be proportional; and, if the original numbers
by mnltsplying the products make certain numbers, the latter
will also be proportional.
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Let there be as many numbers as we please, 4, B, C, in
continued proportion, so that, as 4 is to 5, sois B to C;

let A, B, C by multiplying themselves make ), £, F, and by
multiplying D, £, F let them make G, #, K;

[ say that D, £, Fand G, A, K are in continued proportion.

A G
B H
C K
b M
B

F N
L P
Q Q

For let 4 by multiplying 5 make Z,

and let the numbers 4, B by multiplying L make M, &V
respectively.

And again let Z by multiplying C make O,

and let the numbers B, C by multiplying O make 7, O
respectively.

Then, in manner similar to the foregoing, we can prove
that

D, L, E and G, M, N, H are continuously proportional in the
ratio of 4 to B,

and further %, O, F and A, P, Q, K are continuously propor-
tional in the ratio of 2 to C.

Now, as A isto B,sois Bto C:
therefore 1), Z, £ are also in the same ratio with £, O, 7,
and further G, M, N, H in the same ratio with A, P, Q, K.

And the multitude of D, L, £ is equal to the multitude of
£, O, F, and that of G, M, N, H to that of A, P, Q, K ;

therefore, ex aequals, _
as Disto £, sois E to F,
and, as Gisto H, sois H to K. [vin 14]
Q. E. D.
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If 2, 4, ¢ ... be a series in geometrical progression, then

@B & o ical )
o are also in ge OT .
and a:;, Zl", S geometrica prOcl'L,SSXOﬂ

Heiberg brackets the words added to the enunciation which extend the
theorem to any powers. The words are “and this always occurs with the
extremes ” (xal ael wepi Tods dxpovs Tovro cupBaive). They seem to be rightly
suspected on the same grounds as the same words added to the enunciation

of vit, 27. There is no allusion to them in the proof, much less any proof
of the extension. :

Euclid forms, besides the squares and cubes of the given numbers, the
products ab, @b, al®, be, B, be®. When he says that “we prove in manner
similar to the foregoing,” he indicates successive uses of vir. 17, 18 as
in ViIL 12.

With our notation the proof is as easy to see for any powers as for squares
and cubes.

To prove that a® 6%, ¢*... are in geometrical progression.
Form all the means between a®, 4% and set out the series

a'n’ a’ll—l[)’ an-'_’&‘: .. ab!l_l’ [,il.
The common ratio of one term to the next is a : 4.
Next take the geometrical progression
g, Bl RS L el &
the common ratio of whichis&:
Proceed thus for all pairs of consecutive terms.

Now a:b=b:c=...

Therefore any pair of succeeding terms in one series are in the same ratio as
any pair of succeeding terms in any other of the series.

And the number of terms in each is the same, namely (# + 1).

Therefore, ex acqual,

a” =" M =c" 1 d%=...

ProrosiTioN 14.

If a square measure a square, the side will also measure
the side ; and, if the side measure the side, the square will also
measuve the square.

Let 4, B be square numbers, let C, 2 be their sides, and
let A measure 5;

I say that C also measures J). A—o

For let C by multiplying D make £; B
therefore A4, £, B are continuously pro- —C —D
portional in the ratio of C'to . [vur 11] E

And, since A4, E, B are continuously
proportional, and 4 measures 7,

therefore A4 also measures £. [vi 7]
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And, as A isto £, sois C to J;
therefore also C measures D. [vir. Def. 20]

Again, let C measure D ;
I say that A4 also measures 5.

For, with the same construction, we can in a similar
manner prove that 4, £, B are continuously proportional in
the ratio of C to .

And since, as Cisto D, sois A to £,

and C measures /),
therefore 4 also measures Z. [viL Def. 20]
And A4, E, B are continuously proportional ;
therefore A4 also measures 5.
Therefore etc.
Q. E. D.
If a® measures §% « measures &; and, if 2 measures 4, a* measures 5%

(1) a* ab, #* are in continued proportion in the ratio of a to 4.

Therefore, since a® measures &°,

a® measures ab. {vi 7]
But Eab=a:d
Therefore @ measures J.

(2) Since a measures b, 2* measures ad.
And @’ ab, & are continuously proportional.

Thus ab measures 52
And a® measures ab.
Therefore a® measures &

It will be seen that Euclid puts the last step shortly, saying that, since
a® measures a4, and &%, ab, §* are in continued proportion, @ measures &

The same thing happens in viiL 135, where the series of terms is one more
than here.

ProrosiTION 15.

If a cube number measure a cube number, the side will also
measure the side,; and, if the side measure the side, the cube

will also measure the cube.

For let the cube number .4 measure the cube 3,
and let C be the side of 4 and D of B ;
I say that C measures D.
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For let € by multiplying itself make £,

and let 2 by multiplying itself make G ;

further, let C by multiplying 2 make 7,

and let €, 2O by multiplying /" make /, K respectively.
A—
B
c- H
p— K
E —
G_._..__

F—

Now it is manifest that £, 7, G and 4, H, K, B are
continuously proportional in the ratio of Cto .  [vim. 11, 12]
And, since 4, A, K, B are continuously proportional,

and A4 measures 5,

therefore it also measures /7. [y 7]
And, as Aisto H,sois Cto D;
therefore C also measures D. [vi1. Def. 20]

Next, let C measure D ;

I say that 4 will also measure 5.

For, with the same construction, we can prove in a similar
manner that 4, /7, X, B are continuously proportional in the
ratio of C to 0.

And, since € measures /0,
and, as Cisto D, sois A to H,
therefore A4 also measures /, [vie Def. 20]
so that A measures 5 also.

Q. E. D.

If a® measures 4% @ measures 4; and wice versa. The proof is, mutatis
mutandss, the same as for squares.

(1) @ a%, at®, & are continuously proportional in the ratio of @ to #;
and ¢® measures £

Therefore 4° measures a% ; [vin. 7]
and hence ¢ measures 2.

(2) Since 2 measures 4, a* measures 2%.

And, &%, &%, a#®, ¥ being continuously proportional, each term measures the
succeeding term; .
therefore @* measures &

H. E. IL 24
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ProrosiTION 16.

If a square number do not measure a square number, neither
will the side measure the side; and, if the side do not measure
the side, neither will the square measure the square.

Let 4, B be square numbers, and let C, D be their sides;
and let A4 not measure 5 ;

I say that neither does C measure 2. A
For, if C measures D, A will also B
measure 5. [vin 14] ©—
But 4 does not measure 5 ; D

therefore neither will € measure 2.

Again, let C not measure D ;
I say that neither will 4 measure 5.
For, if A measures B, C will also measure D. [V 14]
But € does not measure D ;
therefore neither will 4 measure 5.
Q. E. D.

If @* does not measure 4% @ will not measure &; and, if & does not
measure 5, ¢® will not measure %
The proof is a mere reductio ad absurdum using VIIL 14.

ProrosiTiON 17.

If a cube number do not measure a cube number, neither
will the side measure the side; and, if the side do not measure
the side, neither will the cube measure the cube.

For let the cube number 4 not measure the cube
number 5,
and let C be the sideof 4,and D A
of B B
I say that C will not measure D. °—

D.—..
For, if C measures D, 4 will
also measure 5. [vim. 15]
But A does not measure B ;

therefore neither does C measure /.

Again, let C not measure D ;
I say that neither will 4 measure 5.
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For, if A measures 5B, C will also measure ). {viL 13]
But C does not measure 2 ;
therefore neither will 4 measure 5.
Q. E. D.

If @* does not measure #°, @ will not measure #; and 7w crrsa.
Proved by reductio ad absurdum employing viuL. 5.

Prorositiox 18.

Between two similar plane numbers there is one mean
proportional number ; and the plane number has to the plane
number the ratio duplicate of that which the corresponding
side has to the corvesponding side.

Let 4, B be two similar plane numbers, and let the numbers

C, D be the sides of A, and £, 7 of B.

A c—
B D

E
G F

Now, since similar plane numbers are those which have
their sides proportional, Ivin Def. 21]
therefore, as Cis to D, so is £ to F.

I say then that between /., /5 there is one mean propor-
tional number, and A4 has to £ the ratio duplicate of that
which C has to £, or I to F, that is, of that which the corre-
sponding side has to the corresponding side.

Now since, as C is to ), so is £ to F,
therefore, alternately, as C is to £, so is D to F. vin 13]

And, since A is plane, and C, D are its sides,
therefore D by multiplying C has made .

For the same reason also
£ by multiplying /" has made 5.

Now let 2 by multiplying £ make G.

Then, since 2 by multiplying € has made », and by
multiplying £ has made G,
therefore, as Cis to £, sois A to G. Vit 15}
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But, as Cis to £, so is D to F;
therefore also, as D is to #, so is 4 to G.

Again, since £ by multiplying 2 has made G, and by
multiplying /# has made 5,

therefore, as D is to £, sois & to 5. [vir. 17]

But it was also proved that,
as [ is to F, 5015AtoG
therefore also, as 4 isto G, so is G to B.

Therefore A, G, B are in continued proportion.
Therefore between 4, B there is one mean proportional
number.

I say next that 4 also has to 5 the ratio duplicate of
that which the corresponding side has to the corresponding
side, that is, of that which C has to £ or D to F.

For, since A4, G, B are in continued proportion,

A has to B the ratio duplicate of that which it has to G.
[v. Def. g]

And,as A isto G,sois Cto £, and so is D to 7.

Therefore A also has to 5 the ratio duplicate of that which
C hasto £ or D to F.

Q. E. D.
If ab, of be “similar plane numbers,” i.e. products of factors such that
a:b=c:d,

there is one mean proportional between @ and «7; and aé is to «@ in the
duplicate ratio of a to c or of 2 to 4.

Form the product & (or ad, which is equal to it, by vi1. 19).

Then ab, by, cd
=ad }
is a series of terms in geometrical progression.
For a:b=c:d.
Therefore a:c=b:4d. [vir 13]
Therefore ab : be=bc: dd

) [vir. 17 and 16]
Thus & (or ad) is a geometric mean between a, .

And aé is to ¢d in the duplicate ratio of @& to bz or of ¢ to o, that is, of
atocorof &tod
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(3]
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[31

ProrosiTiON 190,

Between (wo similar solid numbers there fall two wmean
proportional numbers; and the solid nunbesr has fo the similar
solid nuniber the ratio triplicate of that whick the corrvesponding
side has'to the corvesponding side.

Let A, B be two similar solid numbers, and let C, D, E
be the sides of A, and 7, G, H of A.

Now, since similar solid numbers are those which have
their sides proportional, viL Def. 21]
therefore, as Cis to [, so is Fto G,

and, as D isto £, sois & to A.

I say that between 4, 5 there fall two mean proportional

numbers, and 4 has to 5 the ratio triplicate of that which C
has to /7, D to &, and also £ to A.

A——
B
C- F— N
D— G— o
E— H—

K—

L

M—

For let C by multiplying 2 make A, and let /& by
multiplying & make L.
Now, since C, D are in the same ratio with 7, G,
and X is the product of C, D, and L the product of 7, G,
K, L are similar plane numbers; {vi. Def. 21]
therefore between A, L there is one mean proportional n{umber.
viil, 18]
Let it be 47. ‘
Therefore J/ is the product of D, F, as was proved in the
theorem preceding this. [viw 18]
Now, since [ by multiplying C has made X, and by
multiplying / has made J7,
therefore, as Cis to 7, so is K to Jf. [vi. 17]

But, as Aisto 3/, sois M to L. ‘
Therefore K, M, L are continuously proportional in the
ratio of C to #.
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And since, as Cisto D, so is F to G,
alternately therefore, as Cis to £, so is [ to G. [viL 13]

For the same reason also,

as Disto G, sois £ to H.

Therefore K, A/, L are continuously proportional in the
ratio of C to %, in the ratio of D to G, and also in the ratio
of £ to A.

Next, let £, A by multiplying .1/ make &V, O respectively.

Now, since 4 is a solid number, and C, D, £ are its sides,
therefore £ by multiplying the product of C, D has made A4.

But the product of €, D is K ;
therefore £ by multiplying X has made 4.

For the same reason also

A by multiplying Z has made 5.

Now, since £ by multiplying X has made 4, and further
also by multiplying A has made AV,
therefore, as K is to M, so is A to M. [vi. 17]

But,as Kis to M, sois Cto F, D to G, and also £ to H;
therefore also,as Cis to 7, D to G,and £ to H,sois A to V.

Again, since £, A by multiplying 4/ have made &, O
respectively,
therefore, as £ is to /&, so is V to O. [viL. 18]

But, as Fisto A, sois Cto Fand D to G;
therefore also, as Cisto 7, D to G, and £ to A, so is A to
AN and N to O.

Again, since /7 by multiplying M has made O, and further
also by multiplying Z has made 5,
therefore, as J/is to L, so is O to B. [viL 17]

But,as J/isto L,sois C to 7, D to G, and £ to H.

Therefore also, as Cis to 7, D to G, and £ to A, so not
only is O to /5, but also A to V and NV to O.

Therefore 4, NV, O, B are continuously proportional in the
aforesaid ratios of the sides,

I say that A also has to A the ratio triplicate of that which
the corresponding side has to the corresponding side, that is,

of the ratio which the number C has to 7, or D to G, and
also £ to AH.
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For, since A4, &V, O, B are four numbers in continued
proportion,
therefore 4 has to A the ratio triplicate of that which 4 has
to V. [v. Def. 10]

But,as A is to /V, so it was proved that Cis to 7, D to G,
and also £ to A.

Therefore A4 also has to 5 the ratio triplicate of that which
the corresponding side has to the corresponding side, that is.
of the ratio which the number C has to /., D to G, and also
E to H. Q. E. D.

In other words, if @ : 4 : c=d: ¢ f then there are two geometric means
between abs, def; and adbe is to dgf in the triplicate ratio of a to d, or 6 to ¢,
or ¢ to f.

Euclid first takes the plane numbers a4, & (leaving out 4 f) and forms
the product &4d. Thus, as in vii 18,

ab, bdy, de
=eal
are three terms in geometrical progression in the ratio of e to &, or of & to e.
He next forms the products of 4 frespectively into the mean 44,

Then ab, cbd, fid, def
are in geometrical progression in the ratio of a to 4 etc.
For a&c:céa’:ab:&d:a:d}
ebd  fod=c: f - [vir. 17]
ﬂd:dqf=5d:de=b:eJ
And a:d=bie=c:f

The ratio of ade to def is the ratio triplicate of that of ade to cbd, ie. of
that of @ to 4 etc.

ProrosiTIox 20.
If one mean proportional number fall between two nunibers,
the numbers will be similar plane nuinbers.
For let one mean proportional number C fall between the
two numbers 4, 5;
5 I say that .4, B are similar plane numbers.
Let D, £, the least numbers of those which have the same

ratio with A, C, be taken; [viL 33]
therefore /0 measures .4 the same number of times that £
measures C. [v1L. 20]

1o Now, as many times as /) measures A4, so many units let
there be in 7
therefore 7 by multiplying /) has made A,
so that A4 is plane, and 0, F are its sides.
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Again, since [, E are the least of the numbers which have

15 the same ratio with C, 5,
therefore /) measures C the same number of times that £
measures 5. [vIL 20]

D——
E

w

P
G
As many times, then, as £ measures B, so many units let
there be in G ;
20 therefore £ measures B according to the units in G ;
therefore G by multiplying £ has made 5.

Therefore B is plane, and £, G are its sides.
Therefore A, B are plane numbers.

I say next that they are also similar.
2s  For, fsince 7 by multiplying 2 has made 4, and by
multiplying £ has made C,
therefore, as D is to £, so is A to (, thatis, C to B. [vi 17]
Again,t since £ by multiplying 7, G has made C, B
respectively,
30 therefore, as Fis to G, so is C to B. [vi 17]
But,as Cisto B, sois D to £;
therefore also, as D is to £, so is /' to G.

And alternately, as D is to F, so is £ to G. [viL 13]
Therefore 4, B are similar plane numbers; for their sides
35 are proportional. Q. E. D.

2z. For, since F......27. Cto B. The text has clearly suffered corruption here. It
is not necessary io Znyer from other facts that, as D is to £, so is d to C; for this is part of
the hyputheses (ll. 6, 7). Again, there is no explanation of the statement (1. 23) that by
muitij lying £ has made €. It is the statement and explanation of this latter fact which are
alune wanted ; after which the proof proceeds as in L. 28.  We might therefore substitute for
11. 23—28 the following.

“Far, since £ measures C the same number of times that D measures A [l. 8], that is,
according to the units in & [L. 10], therefore & by multiplying £ has made C.

Axnd, since £ by maltiplying 7, G,” etc. ete.

This proposition is the converse of viit. 18. If g, ¢ & are in geometrical
progression, &, & are “similar plane numbers.”

Let a : B be the ratio @ : ¢ (and therefore also the ratio ¢ : 4) in its lowest
terms.

Then [vi1. 20]
a=ma, ¢=mP, wherem issome integer,
c=sna, 6=uf, where # issome integer.,
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Thus @, & are both products of two factors, i.e. planc.

Again, a:fB=a:ic=c: b
=m : a [vin 18]
Therefore, alternately, a:m=8:n, vin 13]

and hence wa, #8 are similar plane numbers.

[Our notation makes the second part still more obvious, for ¢ = mf3 = #7a.]

ProposiTION 21.

If two mean proportional nuinbers fall between two nuntbers,
the numibers ave similar solid numbers.

For let two mean proportional numbers C, D fall between
the two numbers 4, 5;

I say that 4, B are similar solid numbers.

A— E—
B F—
cC— G
D H-
N— K—
o— L—
M__‘.

For let three numbers £, F, G, the least of those which
have the same ratio with 4, C, D, be taken; [vi. 33 or viiL 2]

therefore the extremes of them £, G are prime to one another.

v 3]

Now, since one mean proportional number / has fallen
between Z, G,

therefore £, G are similar plane numbers. [viL 20]

Let, then, A, & be the sides of £, and L, A of G.

Therefore it is manifest from the theorem before this that
E, F, G are continuously proportional in the ratio of /7 to L
and that of X to /.

Now, since £, F, G are the least of the numbers which
have the same ratio with A4, C, D,
and the multitude of the numbers Z, F, & is equal to the
multitude of the numbers 4, C, O,

therefore, ex aequali, as £ is to &, so is A to D. [vir. 14]
But £, G are prime,
primes are also least, [viL 21]

and the least measure those which have the same ratio with
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them the same number of times, the greater the greater and
the less the less, that is, the antecedent the antecedent and the
consequent the consequent; [viL 20]
therefore £ measures 4 the same number of times that G
measures /).

Now, as many times as £ measures /4, so many units let
there be in V.

Therefore &V by multiplying £ has made A.

But £ is the product of A, K ;
therefore V by multiplying the product of /A, X has made A.

Therefore A is solid, and /A, K, /V are its sides.

Again, since £, F, G are the least of the numbers which
have the same ratio as C, D, 5,

therefore £ measures C the same number of times that G
measures 5.

Now, as many times as Z measures C, so many units let
there be in O. '
Therefore G measures 5 according to the units in O ;
therefore O by multiplying G has made 5.
But & is the product of Z, I/ ;
therefore O by multiplying the product of Z, A/ has made 5.
Therefore B is solid, and L, M, O are its sides ;
therefore A, B are solid.

I say that they are also similar.
For since /, O by multiplying £ have made 4, C,
therefore, as NV is to 0, so is A to C, that is, £ to F. [vi. 18]
But,as £ isto F, sois A to L and K to I ;
therefore also, as A isto L, sois K to M and NV to O.

And A, K, N are the sides of 4, and O, L, M the sides
of 5.

Therefore A, B are similar solid numbers. 0. E. D.

The converse of vuiL. 19. If g, ¢, 4, 4 are in geometrical progression, a, &
are “similar solid numbers.”

Let @, B, y be the least numbers in the ratio of «, ¢, 4 (and therefore also

of ¢, d, &), ) {vi. 33 orvimL 2
Therefore a, y are prime to one another. [vin 3
They are also “similar plane numbers.” [vim, 20]
Let a=mn, y=pyg,

where min=p:q.
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Then, by the proof of viiL. 2¢,
a:fB=mip=i:q
Now, ex aeguali, a:d=a:y, fvin 1g]
and, since a, y are prime to one another,
a=ra, d=pry, where#Isan integer.

But a= M
therefore @ = 7mn, and therefore @ is “solid.”
Again, ex aequali, crb=a:y
and therefore c=sa, =5y, wheresisan integer.
Thus & = spy, and £ is therefore “solid.”
Now e:f=a:c=ra:sa
=75 fvin 18]
And, from above, a:B=m:p=n:q
Therefore ris=mip=in:yq,

and hence a, 4 are similar solid numbers.

ProrosiTION 22.
If three numbers be in continued proportion, and the first
be square, the third will also be square.
Let 4, B, C be three numbers in continued proportion,
and let A4 the first be square;
I say that C the third is also square.-

For, since between 4, C there is one
mean proportional number, 7,
therefore 4, C are similar plane numbers. [virL 20]
But A4 is square ;

therefore C is also square. Q. E. D.

. —
B

A mere application of viir. zo to the particular case where one of the
“similar plane numbers” is square.

ProposiTIiON 23.
If four numbers be tn continued proportion, and the first be
cube, the fourth will also be cube.
. Let A4, B, C, D be four numbers in continued proportion,
and let A4 be cube;
I say that 2D is also cube.

A
i B
For, since between A, D there ¢
are two mean proportional numbers

B, C
therefore A4, D are similar solid numbers. [vim. a1

[
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But A is cube;

therefore D is also cube.
Q. E. D.

A mere application of VIIL 21 to the case where one of the “similar solid
numbers ¥ is a cube.

PROPOSITION 24.

If two numbers have to one another the ratio which a square
nuntber has to a square number, and the firsé be square, the
second will also be square.

For let the two numbers .4, B have to one another the
ratio which the square number C has
to the square number ), and let 4 be A
. B
square ;
4 c
D

I say that B is also square.
For, since C, D are square,
C, D are similar plane numbers.
Therefore one mean proportional number falls between

C D. [viiL 18]
And,as Cisto D, sois A to B;

therefore one mean proportional number falls between 4, B

also. (v 8]
And A is square ;

therefore B is also square. [viw 22]

Q. E. D.
Ifa:4=c":4d%and ais a square, then 4 is also a square.
For ¢% 4* have one mean proportional 7. [vimn. 18]
Therefore a, 4, which are in the same ratio, have one mean proportional.
[vim. 8

And, since « is square, 4 must also be a square. [vimn. 221

ProrosiTion 2.

If two numbers have to one another the ratio which a cube
number has to a cube number, and the first be cube, the second
will also be cube.

For let the two numbers A4, B have to one another the
ratio which the cube number C has to the cube number D,
and let A be cube;

I say that 5 is also cube.
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For, since C, D are cube,
C, D are similar solid numbers.

Therefore two mean proportional numbers fall between

C, D. {vir 19]
A g—
B——————— F
C
D

And, as many numbers as fall between C, 2 in continued
proportion, so many will also fall between those which have
the same ratio with them ; [vim 8]
so that two mean proportional numbers fall between A, B
also.

Let Z, Fso fall

Since, then, the four numbers .4, £. /., B are in continued
proportion,
and A is cube,

therefore £ is also cube. [viIL 23]
Q. E. D,
Ifa:b=,%: 4% and a is a cube, then 4 is also a cube.
For 3, 4* have two mean proportionals. [vurL 19
Therefore a,  also have two mean proportionals. [vi. 8
And a is a cube:
therefore & is a cube. [vim 23]

ProrosiTiOoN 26.

Stmzlar plane numbers have to one another the ratio whick
a square numnber has to & square number.

Let 4, B be similar plane numbers ;

I say that A4 has to # the ratio which a square number has
to a square number.

Ao B

c
D— £E——— F

For, since A4, B are similar plane numbers,

therefore one mean proportional number falls between 4, 5.
[vi 18]
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Let it so fall, and let it be C;

and let D, £, F, the least numbers of those which have the
same ratio with 4, C, B, be taken; [vir 33 or viiL 2]

therefore the extremes of them [, / are square. [viuL 2, Por.]
And since, as D is to £, so is 4 to B,
and D, F are square,

therefore 4 has to A the ratio which a square number has to
a square number.

Q. E. D.

If o,  are similar “plane numbers,” let ¢ be the mean proportional
between them. {viin 18
Take q, 8, v the smallest numbers in the ratio of 4, 3 5. [vi.3zorviL 2
Then a, y are squares. [viiL 2, Por.|

Therefore a, 4 are in the ratio of a square to a square.

Prorosition 27.
Stmnilar solid nuwnibers have fo one another the ratio whick
a cube number has to a cube number.

Let A, B be similar solid numbers ;
I say that A4 has to & the ratio which a cube number has to
a cube number.
A— c
B D

E— F— G H
For, since A, A are similar solid numbers,
therefore two mean proportional numbers fall between 4, 5.

[vim. 1g]
Let C, D so fall,

and let £, F, G, H, the least numbers of those which have
the same ratio with 4, C, D, A, and equal with them in
multitude, be taken; [vin 33 or viL 2]
therefore the extremes of them £, A are cube. [viiL 2, Por.]
And, as Eisto H,sois A to B;
therefore 4 also has to A the ratio which a cube number has
to a cube number.
Q. E. D.
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The same thing as viiL 26 with cubes. It is proved in the same way
except that viIL 1g is used instead of vir 18.
The last note of an-Nairfzi in which the name of Heron is mentioned is
on this proposition. Heron is therc stated {p. 194—3, ed. Curtze) to have
added the two propositions that,

1. If two numbers have fo one another the raltiv of a sguare to a square, the
numbers are similar plane numbers ;

2. If two numbers have fo one another the ratio of a cube fo a cube, the numbers
are similar solid numbers.

The propositions are of course the converses of VIIL 26, 27 respectively.
They are easily proved.
(r) If a:b=c7~%: 45
then, since there is one mean proportional {¢d) between 5, 4%
v 11 or 18]
there is also one mean proportional between a, &. [vur 8]
Therefore &, & are similar plane numbers. [vin 20]

(2) is similarly proved by the use of viL 12 or 19, VIIL 8, VIIL 21.

The insertion by Heron of the first of the two propositions, the converse
of vii. 26, is perhaps an argument in favour of the correctness of the text of
1X. 10, though (as remarked in the note on that proposition) it does not give
the easiest proof. Cf. Heron’s extension of viL 3 tacitly assumed by Euclid
in vIL 33.
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ProprosITION 1.

If two somilar plane numbers by multiplying one another
make some number, the product will be square.

Let A, B be two similar plane numbers, and let 4 by
multiplying & make C; _
I say that C is square.
For let 4 by multiplying itself
make D.
Therefore D is square.
Since then 4 by multiplying itself has made D, and by
multiplying 5 has made C,
therefore, as A is to B, so is D to C. [vir. 17]
And, since 4, B are similar plane numbers,

therefore one mean proportional number falls between A4, 5.
[vir 18]

But, if numbers fall between two numbers in continued
proportion, as many as fall between them, so many also fall
between those which have the same ratio; [vi. 8]

so that one mean proportional number falls between D, C also.
And D is square ;
therefore C is also square. [viin 22]
Q. E. D.

o0 w>»

The product of two similar plane numbers is a square.
Let @, 4 be two similar plane numbers.

Now a:b=a*:ab. {vi. 17]
And between a, 4 there is one mean proportional. [vim 18
Therefore between @* : ¢b there is one mean proportional. [vin 8

And @? is square;
therefore ab is square. [vimn 22]
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ProrosiTiox 2.

If two numbers by meultiplying one another make a square
number, they are similar planc nunibers.

Let A, B be two numbers, and let 4 by multiplying &
make the square number C;

I say that A4, B are similar plane *#
numbers. 8

For let 4 by multiplying itself ©
make D ; b

therefore D is square.

Now, since 4 by multiplying itself has made 2, and by
multiplying B has made C,

therefore, as A is to B, so is D to C. {vii 17]
And, since [ is square, and C is so also,
therefore D, C are similar plane numbers.

Therefore one mean proportional number falls between
D, C. v 18]
And,as Disto C,s01s A4 to 5;

therefore one mean proportional number falls between 1, 53

also. {vir 8]
But, if one mean proportional number fall between two
numbers, they are similar plane numbers ; [vur zo]

therefore A, /B are similar plane numbers.
Q. E. D.

If ad is a square number, g, J are similar plane numbers. (The converse
of 1x. 1.)

For a:b=a":ab fvin 17]
And a° @b being square numbers, and therefore similar plane numbers,
they have one mean proportional. [vim 18]
Therefore 4, 4 also have one mean proportional, [viin 8]
whence a,  are similar plane numbers. vt 20}

ProrosiTiON 3.

If @ cube number by multiplying ttself make some nuniber,
the product will be cube.

For let the cube number A4 by multiplying itself make & ;
I say that 5 is cube.

H, E. IL

N
e
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For let C, the side of A, be taken, and let C by multiplying

itself make . o
It is then manifest that C by multiplying A——
B

D has made A.
Now, since C by multiplying itself has c¢- D—
made [,
therefore C measures £ according to the units in itself.
But further the unit also measures C according to the units
in it; :
therefore, as the unit is to C, sois C to 2. [vi1. Def. 20]
Again, since C by multiplying 2 has made 4,
therefore [ measures 4 according to the units in C.
But the unit also measures C according to the units in it ;
therefore, as the unitis to (, so is D to A.
But, as the unit is to C, so is C to D ;
therefore also, as the unitis to C, so is C to D, and D to 4.
Therefore between the unit and the number 4 two mean
proportional numbers C, D have fallen in continued proportion.
Again, since 4 by multiplying itself has made 5,
therefore 4 measures 5 according to the units in itself.
But the unit also measures A4 according to the units in it;
therefore, as the unit is to A4, so is 4 to 5. [viL. Def. 20]
But between the unit and 4 two mean proportional numbers
have fallen;
therefore two mean proportional numbers will also fall between
A, B. [y 8]
But, if two mean proportional numbers fall between two
numbers, and the first be cube, the second will also be cube.

{vim. 23]
And A is cube;

therefore B is also cube. Q. E. D,

The product of &° into itself, or @*. &%, is a cube.

For Iia=a:a"=a":d"%

Therefore between 1 and a® there are two mean proportionals.

Also 1:8=a":4.d%

Therefore two mean proportionals fall between ¢® and . 2% [vin 8]
(It is true that vur 8 is only enunciated of two pairs of numbers, but the

proof is equally valid if one number of one pair is unity.).
And &° is a cabe number:

therefore a* . &* is also cube. [vir 23]
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Prorosirion 4.

If a cube number by multiplying a cube number make some
number, the product will be cube.

For let the cube number 4 by multiplying the cube number
B make C;
I say that C is cube.

For let A by multiplying
itself make O ;

therefore 2 is cube. [1x. 3]
And, since 4 by multiply-
ing itself has made 0, and by multiplying £ has made C,
therefore, as A4 is to B, so is L to C.
And, since A, 5 are cube numbers,
A, B are similar solid numbers.
Therefore two mean propartional numbers fall between

OO0 oW >

[

Vil 17

i
i
i

A, B; {vin 19]
so that two mean proportional numbers will fall between D,
C also. {vi. 8]
And D is cube;
therefore C is also cube. [vin 23]
. Q.. E. D.
The product of two cubes, say &°. & is a cube.
For Fol=0.a: . P [viL 17]
And two mean proportionals fall between ‘¢’ #* which are similar solid
numbers. [vir 19
Therefore two mean proportionals fall between o*. &%, &°. &% {vin. 8
But #*. @* 1s a cube: [1x. 3
therefore @* . # is a cube. [vin 23]

ProrosiTION 5.

If @ cube number by multiplying any number make & cube
number, the multiplied number will also be cube.

For let the cube number 4 by multiplying any number &
make the cube number C;
[ say that 5 is cube.

For let A by multiplying
itself make 0 ;
therefore D is cube.  [ix. 3]

o0
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Now, since A4 by multiplying itself has made 0, and by
multiplying B has made G,
therefore, as A is to B, so is D to C. [viL 17]
And since 2, C are cube,
they are similar solid numbers.

Therefore two mean proportional numbers fall between
D, C. [vuL 19]
And, as Disto C, sois 4 to 5;

therefore two mean proportional numbers fall between 4, B

also. [viz. 8]
And A4 is cube;
therefore 7 is also cube. [vimL 23]

If the product ¢°% is a cube number, 4 is cube.
By 1X. 3, the product 4°. #® is a cube.

And &@.d:dh=a: b [vir 17]
The first two terms are cubes, and therefore “similar solids”; therefore
there are two mean proportionals between them. [vun 19
Therefore there are two mean proportionals between &2, 5. {vir. 8
And @%is a cube:
therefore & is a cube number. [vinn 23]

Prorosition 6.

If a number by multiplying itself make a cube number, it
will ttself also be cube. ’

For let the number 4 by multiplying itself make the cube
number 5 ;
I say that A4 is also cube. A

For let 4 by multiplying B make C. 8

Since, then, A by multiplying itself ¢

has made B, and by multiplying B has
made C,

therefore C is cube.
And, since 4 by multiplying itself has made 5,

therefore 4 measures B according to the units in itself.
But the unit also measures 4 according to the units in it.
Therefore, as the unit is to 4, sois 4 to B.  [vi. Def. 20]
And, since 4 by multiplying B has made C,

therefore B measures C according to the units in 4.

But the unit also measures 4 according to the units in it.
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Therefore, as the unit is to A4, sois B to C.  [vi. Def. 20]
But, as the unit is to ., so is A to B ;

therefore also, as A is to B, sois B to C.
And, since B, C are cube,
they are similar solid numbers.

Therefore there are two mean proportional numbers
between 5, C. [¥iL 19]

And, as Bisto C, sois A to 5.

Therefore there are two mean proportional numbers

between A, B also. [vin. 8]
And A7 is cube;
therefore A is also cube. icf. vin 23]
Q. E. D.
If a? is a cube number, « is also a cube.
For 1ta=a:a=a": a\
Now a? & are both cubes, and therefore “ similar solids ”; therefore there
are two mean proportionals between them. {vim 19]
Therefore there are two mean proportionals between a, a° [vuL 8]
And 4* is a cube:
therefore a is also a cube number. [vin 23]

It will be noticed that the last step is not an exact quotation of the result
of vIIL. 23, because it is there the firsz of four terms which 1s known to be a
cube, and the /Jasf which is proved to be a cube; here the case is reversed.
But there is no difficulty. Without inverting the proportions, we have only
to refer to viir. zx which proves that a, ¢% having two mean proportionals
between them, are two similar solid numbers; whence, since & is a cube,
@ is also a cube.

ProroSITION 7.

If @ composite number by nudtiplying any number nake
some number, the product will be solid.

For let the composite number A4 by multiplying any number
B make C;

I say that C is solid.

For, since A is composite,
it will be measured by some
number. [vi. Def. 13]

Let it be measured by D;
and, as many times as /) measures -, so many units let there

be in £.

C O T
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Since then [ measures - according to the units in Z,
therefore £ by multiplying D has made A. [vi. Def. 13]
And, since A by multiplying B has made C,
and A is the product of D, £,
therefore the product of D, £ by multiplying 5 has made C.
Therefore C is solid, and D, £, B are its sides.
Q. E. D.
Since a composite number is the product of two factors, the result of

multiplying it by another number is to produce a number which is the
product of three factors, i.e. a “solid number.”

ProrosiTion 8.

If as many numbers as we please beginuing from an unit be
in continued proportion, the thivd from the unit will be square,
as will also those whickh successtvely leave out one ; the fourth
wwill be cube, as will also all those which leave out two; and the
seventh will be at once cube and square, as will also those which
leave out five.

Let there be as many numbers as we please, 4, B, C, D,
E, F, beginning from an unit and in con-
tinued proportion ;

I say that B, the third from the unit, is
square, as are also all those which leave
out one: C, the fourth, is cube, as are
also all those which leave out two; and
£, the seventh, is at once cube and
square, as are also all those which leave out five.

For since, as the unit is to A4, so is 4 to 5,

therefore the unit measures the number 4 the same number
of times that 4 measures 5. [vi. Def. 20]

But the unit measures the number 4 according to the
units in it; -

therefore 4 also measures £ according to the units in A
Therefore A by mulnplymg itself has made 5 ;
therefore 5 is square.

And, since B, C, D are in continued proportion, and B is
square,

therefore 0 is also square.

mmoOw>»

[viin. 22]
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For the same reason
£7 is also square.

Similarly we can prove that all those which leave out one
are square,

I say next that C the fourth from the unit, is cube, as are
also all those which leave out two,
For since, as the unit is to I, so is B to C,

therefore the unit measures the number 4 the same number
of times that 5 measures C.

But the unit measures the number A according to the units
in A ;
therefore 5 also measures C according to the units in A.

Therefore A4 by multiplying A has made C.
Since then 4 by multiplying itself has made B, and by
multiplying & has made C,

therefore C is cube.

And, since C, D, £, F are in continued proportion, and C
is cube,

therefore /7 is also cube. [vi 23]
But it was also proved square :
therefore the seventh from the unit is both cube and square.

Similarly we can prove that all the numbers which leave
out five are also both cube and square.

Q. E. D.
If 1, 2, a,, ay, -.. be a geometrical progression, then a., a, @; ... are
squares;
a,, g, g, ... are cubes;
@y, @, --- are both squares and cubes.
Since 1ia=a:d,,
a, = a~

And, since a,, a,, a, are in geometrical progression and @, (= &%) is a square,
a, is a square. [vin 22]

Similarly a, @, ... are squares.

Next, 1:a

@ oa,
=a*: a,,
whence 2, =4% a cube number.
And, since ay, ay, s, @, are in geometrical progression, and «; is a cube,

a, is a cube. [vir 23]
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Similarly ay, @, ... are cubes.

Clearly then @, a5, @y, ... are both squares and cubes.

The whole result is of course obvious if the geometrical progression is
written, with our notation, as

1, a a° a4t ... a"

ProrosiTiON 9.

If as many numbers as we please beginning from: an unit be
in continued propoviion, and the number after the unit be square,
all the vest will also be square. And, tf the number after the
unit be cube, all the rest will also be cube.

Let there be as many numbers as we please, 4, .5, C, D,
E, F, beginning from an unit and in con-
tinued proportion, and let 4, the number
after the unit, be square;
I say that all the rest will also be square.
Now it has been proved that B, the
third from the unit, is square, as are also
all those which leave out one; [rx. 8]
I say that all the rest are also square.
For, since A, B, C are in continued proportion,
and A4 is square,
therefore C is also square. [viL 22]
Again, since B, C, D are in continued proportion,
and B is square,
D is also square.

A
B
(o]
D
E
F

[viin 22]
Similarly we can prove that all the rest are also square.

Next, let 4 be cube;
I say that all the rest are also cube.

_ Now it has been proved that C, the fourth from the unit,
is cube, as also are all those which leave out two; [1x. 8]

I say that all the rest are also cube.
For, since, as the unit is to A4, so is 4 to 5,

therefore the unit measures 4 the same number of times as A4
measures 5.

But the unit measures 4 according to the units in it;
therefore 4 also measures B according to the units in itself;
therefore A4 by multiplying itself has made 3.
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And A4 is cube.
But, if a cube number by multiplying itself make some
number, the product is cube. [1x. 3]
Therefore B is also cube.
Anq, since the four numbers A, B, C, D are in continued
proportion,
and A is cube,
D also is cube. {vi 23]
For the same reason
E is also cube, and similarly all the rest are cube.
Q. E. D.

If 1, &, a,, a,, a,, ... are in geometrical progression, 4., 4y, 4;, ... are all
squares ;
and, if 1, &%, @,, a;, 4, ... are in geometrical progression, a,, a,, ... are all cubes,
(1) Byix. 8, a,, a,, 4, ... are all squares.
And, &°, a,, a; being in geometrical progression, and @® being a square,

a, is a square. [vii 22
For the same reason aj, a;, ... are all squares.
(2) By 1x. 8, a3, ag, aq, ... are all cubes.
Now 1:8=a:a,.
Therefore a,=a’. &*, which is a cube, by 1x. 3.
And, @3, a,, a;, @, being in geometrical progression, and @* being cube,
a, is cube. [vin 23]

Similarly we prove that a; is cube, and so on.

The results are of course obvious in our notation, the series being
(1) 1, 4% a4 45 ... a"™,
(2) 1,4%d% d" ... @™

ProrosITION 10.

If as many numtbers as we please beginning from an unit be
in continued proportion, and the number after the unit be not
square, neither will any other be squave except the third from
the unit and all those whick leave out one. And, if the number
after the unil be not cube, neither will any other be cube except
the fourth from the untt and all those whick leave out frvo.

Let there be as many numbers as we please, 4, 5, C, D,
£, F, beginning from an unit and in continued proportion,

and let A4, the number after the unit, not be square ;
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I say that neither will any other be square except the third
from the unit <and those which
leave out one>.

For, if possible, let C be square.
But B is also square;; [x. 8]

[therefore B, C have to one another
the ratio which a square number
has to a square number].

And,as Bisto C,sois 4 to 5;

therefore .4, B have to one another the ratio which a square
number has to a square number ;

[so that A, 7 are similar plane numbers]. [viiL 26, converse]
And B is square ;

therefore A is also square :

which is contrary to the hypothesis.
Therefore C is not square.
Similarly we can prove that neither is any other of the

numbers square except the third from the unit and those which
leave out one.

Next, let 4 not be cube.

[ say that neither will any other be cube except the fourth
from the unit and those which leave out two.

For, if possible, let D be cube.

Now C is also cube; for it is fourth from the unit. [x. 8]

And, as Cisto D, sois B to C;

therefore 5 also has to C the ratio which a cube has to a cube.
And C is cube;

therefore B is also cube. [vin. 25]
And since, as the unit is to A, sois A to B,

and the unit measures 4 according to the units in it

therefore A4 also measures B according to the units in itself ;

therefore A4 by multiplying itself has made the cube number 5.

But, if a number by multiplyihg itself make a cube number,
it is also itself cube. [ix. 6]

Therefore 4 is also cube:
which is contrary to the hypothesis.
Therefore 22 is not cube.

mmg o o >
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Similarly we can prove that neither is any other of the
numbers cube except the fourth from the unit and those which
leave out two.

Q. E. D.

If 1, a, a,, a;, a,, ... be a geometrical progression, then (1), if @ is not a
square, none of the terms will be square except a., ay, a4y ...;
and (2), if @ is not a cube, none of the terms will be cube except a, g, @y, -...
) With reference to the first part of the proof, viz. that which proves that, if
a, is a square, @ must be a square, Heiberg remarks that the words which
I have bracketed are perhaps spurious; for it is easier to use viI. 24 than
the converse of viil. 26, and a use of vill. 24 would correspond better to the
use of VIIL ‘25 in the second part relating to cubes. I agree in this view and
have bracketed the words accordingly. (See however note, p. 383, on
converses of viL 26, z7 given by Heron.) If this change be made, the
proof runs as follows.

(1) If possible, let @, be square.

Now a4y a;=0a: a.

But a, is a square. [1x. 8]
Therefore « is to a, in the ratio of a square to a square.

And a, is square ;

therefore a is square [viiL 24]: which is impossible.

1,

(2) If possible, let @, be a cube.
Now . a;: a,=d, : ay.
And a; is a cube. {1x. 8}
Therefore @, is to @; in the ratio of a cube to a cube.
And a, is a cube :

therefore a, is a cube. [vin z5]
But, since I:a=a: 8,

And, since &° is a cube,
2 must be a cube [1x. 6]: which is impossible.

The propositions VIIL. 24, 25 are here not quoted in their exact form in
that the firsf and second squares, or cubes, change places. But there is no
difficulty, since the method by which the theorems are proved shows that
either inference is equally correct.

PROPOSITION IT.

If as many numbers as we please beginning from an unit be
in continued proporticn, the less measures the greater according
to some one of the numbers whick have place among the propor-
tional numbers.
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Let there be as many numbers as we please, 5, C, D, £,
beginning from the unit A and in con-

tinued proportion ; A—

I say that 5, the least of the numbers 5, 8

C, D, E, measures £ according to some e

one of the numbers C, D. D
For since, as the unit 4 is to B, so E

is Dto £,

therefore the unit 4 measures the number Z the same number
of times as /) measures £ ;

therefore, alternately, the unit 4 measures 0 the same number
of times as B measures Z. [viL. 15]

But the unit 4 measures [ according to the units in it;
therefore B also measures £ according to the units in D ;

so that 5 the less measures £ the greater according to some
number of those which have place among the proportional
numbers.—

Porism. And it is manifest that, whatever place the
measuring number has, reckoned from the unit, the same
place also has the number according to which it measures,
reckoned from the number measured, in the direction of the
number before it.—

Q. E. D.

The proposition and the porism together assert that, if 1, , s, ... @, be a
geometrical progression, &, measures a, and gives the quotient a,_, (» < 2).
Euclid only proves that a,=a. a,_,, as follows.
I:8=0y,:a,.
Therefore 1 measures 2 the same number of times as @,_, measures a,.
Hence 1 measures a,_, the same number of times as a measures 2, ;

) {vir 15]
that is, Ap=a.dyq.
We can supply the proof of the porism as follows.
1:4=8,:apy,,
Q= Gy 1 Qpyg,
. Tyro1 Py p=0Aqy_3 1 dy,
whence, ex aeguall,
1:a, ,=a 10, [vin 14]

It follows, by the same argument as before, that
) An=Gp.ay_,.
With our notation, we have the theorem of indices that

am—'rn = am . aTL
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Prorosition 12.

LS as many numbers as we please beginning from: an unit b
wn continued proportion, by however many prime nunbers the
last 1s measured, the next to the unit will also be measured by
the same.

Let there be as many numbers as we please, A4, 5, C, D,
beginning from an unit, and in continued proportion ;

I say that, by however many prime numbers 0 is measured,
A will also be measured by the same.

A— F
B G
e— H
D

E—--.

For let D be measured by any prime number £;
I say that £ measures 4.

For suppose it does not ;
now £ is prime, and any prime number is prime to any which
it does not measure ; [V 29]
therefore £, 4 are prime to one another.

And, since £ measures [, let it measure it according to £,
therefore £ by multiplying # has made J.

Again, since A4 measures [ according to the units in
[ix. 1r and Por.}

therefore A4 by multiplying C has made 0.
But, further, £ has also by multiplying / made J;
therefore the product of 4, C is equal to the product of £, £

Therefore, as A4 is to £, so is # to C. [viL. 19]
But A4, £ are prime,
primes are also least, [viL 21]

and the least measure those which have the same ratio the
same number of times, the antecedent the antecedent and the
consequent the consequent ; [v1L 20]
therefore £ measures C.

Let it measure it according to G ;
therefore £ by multiplying & has made C.

But, further, by the theorem before this,
A has also by multiplying B made C. {x. 11 and Por.}
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Therefore the product of A4, B is equal to the product of
E, G.

Therefore, as A is to £, so is G to B. [vit. 19]
But A, £ are prime, ,
primes are also least, [viL 21]

and the least numbers. measure those which have the same
ratio with them the same number of times, the antecedent. the
antecedent and the consequent the consequent: - [viL. 20]

therefore £ measures 5. .
Let it measure it according to /7 ;
therefore Z by multiplying / has made 5.
But further 4 has also by multiplying itself made 7 ;

) [1x. 8]

therefore the product of £, / is equal to the square on A.
Therefore, as £ is to A, so is A to H. : [viL 19]
But A, £ are prime, ' _ .
primes are also least, : [viL. 21]

and the least measure those which have the same ratio the
same number of times, the antecedent the antecedent and the
consequent the consequent ; [vir. 20]

therefore £ measures 4, as antecedent antecedent.
But, again, it also does not measure it :
which is impossible.
Therefore £, A are not prime to one another,
Therefore they are composite to. one another.
But numbers composite to one another are measured by
some number. [vi. Def, 14}
And, since £ is by hypothesis prime,

and the prime is not measured by any number other than itself,
therefore £ measures 4, £,

so that £ measures A4.
[But it also measures D ;
therefore Z measures 4, D.]
Similarly we can prove that, by however many prime
numbers /7 is measured, A4 will also be measured by the same.
Q. E. D. .

) If1, @ ay ... a, !_ae a geometrical progression, and 4, be measured by any
prime number p, @ will also be measured by 2.
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9

For, if possible, suppose that # does not measure a; then, 2 being prime,

2, a are prime to one another. {vin 2¢]
Suppose a,=m.p.
Now a,=a.a,_,. [1x. 11]
Therefore a.a, =m.p,
and aip=m @, [vir 1g]
Hence, a, p being prime to one another,
2 measures @,_;. {viL 2o, 21}

By a repetition of the same process, we can prove that # measures @,._,
and therefore a,,, and so on, and finally that p measures a.

But, by hypothesis, # does not measure a: which is impossible.

Hence p, @ are not prime to one another:

therefore they have some-common factor. [vir Def. 14]
But # is the only number which measures #;
therefore # measures a. '

Heiberg remarks that, as, in the &6fesis, Euclid sets himself to prove that
£ measures A4, the words bracketed above are unnecessary and therefore
perhaps interpolated. -

ProrositioN 13.

If as many numbers as we please beginning from an untt be
in continued propovtion, and the number after the unit be prime,
the greatest will not be measured by any except those which have

a place among the propoviional numbers.

Let there be as many numbers as we please, 4, 5, C, D,
beginning from an unit and in continued proportion, and let A4,
the number after the unit, be prime ;

I say that [, the greatest of them, will not be measured by any
other number except 4, B, C.

A E——
B F
¢ G
D H

For, if possible, let it be measured by £, and let.£ not be
the same with any of the numbers 4, B, C. ’
It is then manifest that £ is not prime.
For, if £ is prime and measures /),
it will also measure A4 [ix. 12], which is prime, though it is not
the same with it :
which is impossible.
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Therefore £ is not prime.

Therefore it is composite. )

But any composite number is measured by some prime
number ; fvir. 31]
therefore £ is measured by some prime number.

I say next that it will not be measured by any other prime
except A.

For, if £ is measured by another,
and £ measures ),
that other will also measure 2 ;

so that it will also measure A [mx. 12], which is prime, though
it is not the same with it:
which is impossible.

Therefore . A measures Z£.

And, since £ measures [, let it measure it according to .

I say that / is not the same with any of the numbers
A, B, C.

For, if F is the same with one of the numbers 4, B, C,
and measures J) according to Z,

therefore one of the numbers 4, B, C also measures 2 according
to £.

But one of the numbers A4, B, C measures D according to
some one of the numbers 4, B, C; [1x. 11]
therefore £ is also the same with one of the numbers 4, 7, C:
which is contrary to the hypothesis.

Therefore /" is not the same as any one of the numbers
A, B, C.

Similarly we can prove that / is measured by 4, by
proving again that #is not prime.

For, if it is, and measures D,

it will also measure..4 [ix. 1z}, which is prime, though it is not
the same with it :

which is impossible ;
therefore £ is not prime.

Therefore it is composite.

But any composite number is measured by some prime
number ; [viL 31]

therefore /" is measured by some prime number.
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I say next that it will not be measured by any other prinse
except A.

For, if any other prime number measures 7,
and / measures 0,

that other will also measure D

SO that it will also measure A4 [1x. 12], which is prime, though it
is not the same with it:

which is impossible.

Therefore 4 measures 7.

And, since £ measures D according to £,
therefore £ by multiplying / has made D.

But, further, A4 has also by multiplying C made D [ix. 11]
therefore the product of 4, C is equal to the product of %, F.

Therefore, proportionally, as A4 is to £, so is # to C.
[¥iL 19]
But A4 measures £ ;

therefore # also measures C.

Let it measure it according to G.

Similarly, then, we can prove that G is not the same with
any of the numbers A4, 5, and that it is measured by A.

And, since /" measures C according to G,

therefore 7 by multiplying G has made C.
But, further, A4 has also by multiplying B made C; [ix. r1}
therefore the product of 4, 5 is equal to the product of /7, G.

Therefore, proportionally, as A4 is to 7, so is & to 5.
{vi. 19]
But 4 measures F';
therefore G also measures 5.

Let it measure it according to /.

Similarly then we can prove that // is not the same
with A.

And, since & measures 5 according to /7,
therefore G by multiplying /7 has made Z.

But further A has also by multiplying itself made 5 ;

{x. 8]
therefore the product of /, G is equal to the square on A.
Therefore, as A is to A, so is A to G. [vi. 19]

H. E. II. 26
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But A4 measures G ;
therefore / also measures 4, which is prime, though it is not
the same with it:

which is absurd.

Therefore D the greatest will not be measured by any
other number except 4, 5, C.
Q. E. D.

If 1, @, a,, ... @, be a geometrical progression, and if a is prime, a, will not
be measured by any numbers except the preceding terms of the series.

If possible, let @, be measured by 4, a number different from all the
preceding terms.

Now & cannot be prime, for, if it were, it would measure . [1x. 12]

Therefore & is composite, and hence will be measured by some prime
number [viL 31], say 2.

Thus p must measure @, and therefore & [1X. 12]; so that p cannot be
different from «, and 2 is not measured by any prime number except a.

Suppose that Ap=0.c
Now ¢ cannot be identical with any of the terms a, a,, ... a,-,; for, if it
were, & would be identical with another of them: {1x. 11]

which is contrary to the hypothesis.

We can now prove (just as for 4) that ¢ cannot be prime and cannot be
measured by any prime number except a.

Since b.c=a,=a.a,., [x. 11]
a:b=c:a,,,
whence, since 2 measures 4,
¢ measures a,.;.

Let Ay =¢. d.
We now prove in the same way that £ is not identical with any of the terms

@, s, ... G, s, is nOt prime, and is not measured by any prime except g, and
also that ’

d measures a,._s.

Proceeding in this way, we get a last factor, say 4 which measures «
though different from it:

which is absurd, since ¢ is prime.

Thus the original supposition that 2, can be measured by a number &
different from all the terms a, a, ... @,., must be incorrect.
Therefore etc.

ProprosITION 14.

If a number be the least that is measured by prime numbers,

2t will not be measured by any other prime number except those
originally measuring it. '

For let the number 4 be the least that is measured by the
prime numbers B, C, D;
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I say that 4 will not be measured by any other prime number
except B, C, D.

For, if possible, let it be measured by the prime number
g, zndplet £ not be the same with any one of the numbers

A B
E——- C—
D

Now, since £ measures A, let it measure it according
to F;

therefore £ by multiplying # has made A.
And A is measured by the prime numbers 5, C, D.

But, if two numbers by multiplying one another make some
number, and any prime number measure the product, it will
also measure one of the original numbers; [vir. 30]

therefore B, C, D will measure one of the numbers £, Z.
Now they will not measure £;
for £ is prime and not the same with any one of the numbers
B, C D.
Therefore they will measure F, which is less than A4 :

which is impossible, for A4 is by hypothesis the least number
measured by B, C, D.
Therefore no prime number will measure 4 except

B, C, D.
Q. E. D.

In other words, 2 number can be resolved into prime factors in only

one way. )
Let a be the least number measured by each of the prime numbers

by ¢, d, ... A

It possible, suppose that & has a prime factor p different from &, ¢, 4, ... £..

Let a=p.m

Now &, ¢, d, ... %, measuring #, must measure one of the two factors g, .
e
[viL. 30]

They do not, by hypothesis, measure 2 ;
therefore they must measure », a number less than a :
which is contrary to the hypothesis.

Therefore « has no prime factors except &, ¢ 4, ... &
26—z
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ProrosiTION 15.

If thvee numbers in continued propovtion be the least of
those whick have the same ratio with them, any two whatever
added together will be prime to the vemaining numbey.

Let A4, B, C, three numbers in continued proportion, be
the least of those which have the same

ratio with them ; A—m- B
I say that any two of the numbers c
A, B, C whatever added together are b—F F

prime to the remaining number, namely
A, BtoC; B, Cto A ; and further 4, C to 5.
For let two numbers DZE, £F, the least of those which
have the same ratio with A4, B, C, be taken. [viiL. 2]
It is then manifest that /£ by multiplying itself has made
A, and by multiplying £/ has made B, and, further, £F by

multiplying itself has made C. [vimn. 2]
Now, since DE, EF are least,

they are prime to one another. [viL. 22]
But, if two numbers be prime to one another,

their sum is also prime to each; [viL. 28]

therefore DF is also prime to each of the numbers DZ, EF.
But further DZ is also prime to £F;
therefore DF, DE are prime to EF.
But, if two numbers be prime to any number,
their product is also prime to the other; [viL 24]
so that the product of /D, DE is prime to £F;

hence the product of /D, DE is also prime to the square
on £F. [vir. 25]

But the product of 7D, DE is the square on DE together
with the product of D, EF; [ 3}

therefore the square on D £ together with the product of DE,
£F is prime to the square on £F.

And the square on DZ£ is A,
the product of DE, EF is B,
and the square on £F'is C;
therefore 4, 5 added together are prime to C.



IX. 15] PROPOSITION 135 405

Similarly we can prove that B, C added together are
prime to A.

I say next that A4, C added together are also prime to 5.

For, since DF is prime to each of the numbers DE, EF,
the square on JF is also prime to the product of DE, EF.

[viL 24, 23]

But the squares on D £, £/ together with twice the pro-
duct of DE, EF are equal to the square on DF; [1r 4]
therefore the squares on JZ, EF together with twice the
product of DE, EF are prime to the product of DE, EF.

Separando, the squares on DE, EF together with once
the product of DE, £F are prime to the product of DE, EF.

Therefore, separando again, the squares on DE, EF are
prime to the product of DE, £F.

And the square on DE is A,
the product of DE, EFis B,
and the square on £/ is C.

Therefore 4, C added together are prime to 5.

Q. E. D.

If a, 4, ¢ be a geometrical progression in the least terms which have a
given common ratio, (4 +¢), (¢ +a), (a + ) are respectively prime to g, &, ¢.

Let o : 8 be the common ratio in its lowest terms, so that the geometrical
progression is

o a3, B [vim. 2]
Now, «, B being prime to one another,
a + f8 is prime to both « and 8. {vir. 28]
Therefore (a+B), a are both prime to 8.
Hence (a+ B) a is prime to B, [vi. 24]
and therefore to §*; [vi. 25]
ie a®+af is prime to 87,
or @+ & is prime to ¢
Similarly, af3 + B is prime to o%
or b+ ¢is prime to a.
Lastly, a + B being prime to both a and 8,
(a+ B) is prime to of, [vii. 24, 25]
or @’ + 8 + zaf is prime to af3:
whence o+ [ is prime to af3.

The latter inference, made in two steps, may be proved by reductio ad
absurdum as Commandinus proves it.

If o + B is not prime to af3, let & measure them ;
therefore x measures o? + 8° + 2ef8 as well as af3;
hence a®+ B°+ 2af3 and af8 are not prime to one another, which is contrary
to the hypothesis.
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ProrosiTioN 16.

If two nunibers be prime to one another, the second will not
be to any other numiber as the fivst is to the second.

For let the two numbers 4, B be prime to one another ;
I say that B is not to any other number as

Aisto 5. A
For, if possible, as A4 is to 5, so let 5 be B—
to C. G
Now A, B are prime,
primes are also least, : [vin 21]

and the least numbers measure those which have the same
ratio the same number of times, the antecedent the antecedent
and the consequent the consequent; [viL 20]
therefore 4 measures B as antecedent antecedent.

But it also measures itself’;
therefore 4 measures A4, B which are prime to one another :
which is absurd.

Therefore B will not be to €, as 4 is to B.

Q. E. D.

If @, & are prime to one another, they can have no integral third
proportional.
If possible, let a:b=06:2x.

Therefore [vIL 20, 21] @ measures &; and @, 4 have the common measure
a, which is contrary to the hypothesis.

ProrosiTION 17.

If theve be as many numbers as we please in continued
proportion, and the extvemes of then: be prime to one another,
the last will not be to any other number as the first to the
second.

For let there be as many numbers as we please, 4, 2, C, D,
in continued proportion,

and let the extremes of them, A,
D, be prime to one another ; °©

I say that D is not to any other
number as 4 is to B.

For, if possible, as 4 is to B, so let D be to E;
therefore, alternately, as 4 is to D, so is B to £,

A— B

E

[viL 13]
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But A4, D are prime,
primes are also least, [vi 21]

and the least numbers measure those which have the same
ratio the same number of times, the antecedent the antecedent
and the consequent the consequent. [viL 20]

Therefore 4 measures 5.
And, as 4 isto B, sois B to C.
Therefore & also measures C;

so that 4 also measures C.
And since, as B isto C, so is C to D,
and B measures C,
therefore C also measures ).
But 4 measured C;
so that .4 also measures .
But it also measures itself ;
therefore A4 measures A, [ which are prime to one another:
which is impossible.

Therefore D will not be to any other number as 4 is to A.
Q. E. D.

If @, ay, a;, ... 4, be a geometrical progression, and g, &, are prime to one
another, then &, a,, @, can have no integral fourth proportional.

For, if possible, let a:ia,=a,:x
Therefore a:a,=a,: %,
and hence [ViL. 20, 21] @ measures a,.
Therefore a, measures 4, [v11. Def. 20]

and hence a measures a;, and therefore also ultimately a,.
Thus a, @, are both measured by ¢: which is contrary to the hypothesis.

ProrosiTion 18.

Groen two numbers, to tnvestigale whether it is possible to
Jond @ thivd propovtional lo them.

Let A, B be the given two numbers, and let it be required
to investigate whether it is possible to find a third proportional
to them.

Now A, B are either prime to one another or not.

And, if they are prime to one another, it has been proved

that it is impossible to find a third proportional to them.
[1x. 16]
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Next, let 4, B not be prime to one another,
and let B by multiplying itself make C.
Then A either measures C or does not measure it.

A D
B

C

First, let it measure it according to [}
therefore A by multiplying D has made C. :
But, further, A has also by multiplying itself made C;
therefore the product of A, D is equal to the square on 5.
Therefore, as 4 isto B, sois Bto D ;- [viL. 19]

therefore a third proportional number D has been found to
A, B.

Next, let 4 not measure C;

I say that it is impossible to find a third proportional number
to 4, B.
For, if possible, let D, such third proportional, have been
found.
Therefore the product of A4, D is equal to the square on 5.
But the square on B is C;
therefore the product of 4, D is equal to C.
Hence 4 by multiplying 2 has made C;
therefore 4 measures C according to D.

But, by hypothesis, it also does not measure it :
which is absurd.

Therefore it is not possible to find a third proportional
number to 4, B when A does not measure C. Q. E. D.

Given two numbers 4, &, to find the condition that they may have an
integral third proportional.
(1) a, & must not be prime to one another. [1x. 16]
(2) a must measure &
For, if a, 4, ¢ be in continued proportion,
ac=45.
Therefore @ measures #°
Condition (1) is included in condition (2) since, if &= ma, a and 4 cannot
be prime to one another.
The result is of course easily seen if the three terms in continued
proportion be written
b 5?2
a a (—Z 5 a ; .
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ProrostTiON 19.
Grven three numbers, to investigate when it is possible to
Jond @ fourth proporiional to then:.

Let A, B, C be the given three numbers, and let it be
required to investigate when it is ,
possible to find a fourth proportional

B
to them.
. . c -
Now either they are not in con-
tinued proportion, and the extremes [

of them are prime to one another ;
or they are in continued proportion, and the extremes of them
are not prime to one another ;
or they are not in continued proportion, nor are the extremes
of them prime to one another ;
or theyare in continued proportion, and the extremes of them
are prime to one another.

If then A4, B, C are in continued proportion, and the
extremes of them A, C are prime to one another,
it has been proved that it is impossible to find a fourth pro-
portional number to them. [x. 17]

tNext, let 4, B, C not be in continued proportion, the
extremes being again prime to one another;
I say that in this case also it is impossible to find a fourth
proportional to them.

For, if possible, let D have been found, so that,

as 4 isto B, sois Cto D,

and let it be contrived that, as Bis to C, so is [ to £.

Now, since, as 4 isto B, sois Cto D,
and, as Bis to C, sois D to £,

therefore, ex aequali, as A is to C, so is C to £. [viL 14]
But A, C are prime,
primes are also least, [viL z1]

and the least numbers measure those which have the same

ratio, the antecedent the antecedent and the consequent the

consequent. [vin 20]
Therefore 4 measures C as antecedent antecedent.
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But it also measures itself;
therefore 4 measures 4, C which are prime to one another :
which is impossible.

Therefore it is not possible to find a fourth proportional
to A, B, C.1

Next, let 4, B, C be again in continued proportion,
but let 4, C not be prime to one another.

I say that it is possible to find a fourth proportional to
them.

For let B by multiplying C make D ;
therefore A4 either measures D or does not measure it.

First, let it measure it according to £ ;
therefore 4 by multiplying £ has made .

But, further, 2 has also by multiplying C made 0 ;
therefore the product of A4, £ is equal to the product of
B, C; '
therefore, proportionally, as 4 is to B, sois C to £; [vn. 19]
therefore £ has been found a fourth proportional to 4, B, C.

Next, let 4 not measure D ;

I saythat it is impossible to find a fourth proportional number
to 4, B, C.

For, if possible, let £ have been found ;

therefore the product of A, £ is equal to the product of 5, C.

[vi. 19]
But the product of B, Cis D
therefore the product of 4, E is also equal to D.
Therefore A4 by multiplying £ has made D ;
therefore 4 measures ) according to £,
so that 4 measures .
But it also does not measure it :
which is absurd.
Therefore it is not possible to find a fourth proportional
number to A, B, C when 4 does not measure .

Next, let A4, B, C not be in continued proportion, nor the
extremes prime to one another.

And let A by multiplying C make D.

Similarly then it can be proved that, if 4 measures 2,
it is possible to find a fourth proportional to them, but, if it
does not measure it, impossible. Q. E. D.
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Given three numbers &, &, ¢, to find the condition that they may have an
integral fourth proportional.

The Greek text of part of this proposition is hopelessly corrupt. Accord-
ing to it Euclid takes four cases.
(1) a, 4, ¢ not in continued proportion, and 4, ¢ prime to one another,
(2) @, 4, ¢ in continued proportion, and a, ¢ not prime to one another.
(3) @, 4, ¢ not in continued proportion, and a, ¢ not prime to one another.
(4) a, &, ¢ in continued proportion, and «, ¢ prime to one another.

(4) is the case dealt with in 1X. 17, where it is shown that on hypothesis
(4) a fourth proportional cannot be found.

The text now takes case (1) and asserts that a fourth proportional cannot
be found in this case either. We have only to think of 4, 6, g in order to sce
that there is something wrong here. The supposed proof is also wrong. If
possible, says the text, let & be a fourth proportional to a, &, ¢, aud ket e
be taken such that

bic=d:e

Then, ex acquals, aic=c:e
whence @ measures ¢ : [viL zo, 21]
which is impossible, since a, ¢ are prime to one another.

But this does not prove that a fourth proportional & cannot be found ; it
only proves that, if 4 is a fourth proportional, no integer ¢ can be found to
satisfy the equation

bic=d:e
Indeed it is obvious from 1X. 16 that in the equation
a:c=c:e

¢ cannot be integral.

The cases (2) and (3) are correctly given, the first in full, and the other as
a case to be proved “similarly” to it.

These two cases really give all that is necessary.

Let the product ¢ be taken.

Then, if @ measures J, suppose éc=ad ;

therefore a:b=c:d,
and 4 is a fourth proportional.

But, if a does zof measure b, no fourth proportional can be found.
For, if x were a fourth proportional, ax would be equal to &, and ¢ would
measure de.

The sufficient condition in any case for the possibility of finding a fourth
proportional to &, 4, ¢ is that @ should measure &

Theon appears to have corrected the proof by leaving out the incorrect
portion which I have included between daggers and the last case (3} dealt
with in the last lines. Also, in accordance with this arrangement, he does not
distinguish four cases at the beginning but only two. “ Either 4, B, C are
in continued proportion and the extremes of them 4, C are prime to one
another; or not” Then, instead of introducing case (z) by the words
“Next let 4, B, C...to find a fourth proportional to them,” immediately
following the second dagger above, Theon merely says “But, if not,” {ie.
if it is not the case that g, 4, ¢ are in G.P. and @, ¢ prime to one another] “let
B by multiplying € make J,” and so on.
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August adopts Theon’s form of the proof. Heiberg does not feel able to
do this, in view of the superiority of the authority for the text as given above
{P); he therefore retains the latter without any attempt to emend it.

ProrosiTiON 20.

Prime numbers are more than any assigned multitude of
prime numbers.

Let A, B, C be the assigned prime numbers ;

I say that there are more

prime numbers than 4, 5, €.  A—
For let the least number B—

measured by A4, B, C be C——

taken, E 2

and let it be DE;

let the unit JF be added to DE.
Then £F is either prime or not.
First, let it be prime;

then the prime numbers 4, B, (, £F have been found which

are more than A, 7, C.
Next, let £F not be prime ;

therefore it is measured by some prime number. [vir. 31]
Let it be measured by the prime number G.
I say that & is not the same with any of the numbers

A, B, C.
For, if possible, let it be so.
Now A, B, C measure DE ;

therefore G also will measure JZ.
But it also measures ££.
Therefore G, being a number, will measure the remainder,

the unit DF':

which is absurd.
Therefore G is not the same with any one of the numbers

A, B, C.
And by hypothesis it is prime.
Therefore the prime numbers 4, B, C, G have been found

which are more than the assigned multitude of 4, B, C.

Q. E. D.
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_ We have here the important proposition that 2k number of prime numbers
is nfinite.
The proof will be seen to be the same as that given in our algebraical
text-books. Let a, 4, ¢, ... £ be any prime numbers.
Take the product aéc ... £ and add unity.
Then (aéc... £ + 1) is either a prime number or not a prime number.
(1) If it is, we have added another prime number to those given.
(2) If it is »of, it must be measured by some prime number [viL 31], say 2.
Now p cannot be identical with any of the prime numbers g, &, ¢, ... 4.
For, if it is, it will divide aéc ... 4.
Therefore, since it divides (adc... 2 + 1} also, it will measure the difference,
or unity :
which is impossible.
Therefore in any case we have obtained one fresh prime number,
And the process can be carried on to any extent.

ProrosiTiON 21.

If as many even numbers as we please be added together,
the whole is even.

For let as many even numbers as we please, A5, BC, CD,
DE, be added together ;

I say that the whole 4 £ A_B8 c o _E
is even.

For, since each of the numbers A8, BC, CD, DE is even,
it has a half part; [vi Def. 6]

so that the whole A4 £ also has a half part.

But an even number is that which is divisible into two
equal parts; [#d.]
therefore A £ is even.

Q. E. D.

In this and the following propositions up to IX. 34 inclusive we have a
number of theorems about odd, even, “even-times even” and * even-times
odd ” numbers respectively. They are all simple and require no explanation
in order to enable them to be followed easily.

ProrosiTiON 22.
If as many odd numbers as we please be added together, and
thetr multitude be even, the whole will be even.
For let as many odd numbers as we please, A5, 5C, CD,
DE, even in multitude, be added together ;
I say that the whole A £ is even.
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For, since each of the numbers A8, BC, CD, DE is odd,
if an unit be subtracted from each, each of the remainders will
be even; [vir Def. 7]

so that the sum of them will be even. [ix. 21)

A B o D E
But the multitude of the units is also even.
Therefore the whole A £ is also even. [ix. 21]
Q. E. D.

ProrosiTION 23.

If as many odd numbers as we please be added together,
and their multitude be odd, the whole will also be odd.

For let as many odd numbers as we please, 45, BC, CD,
the multitude of which is odd,
be added together;

A B c ED
I say that the whole 4D is ‘ *
also odd. '
Let the unit DZ be subtracted from CD;
therefore the remainder CZ is even. [viL. Def. 7]
But CA4 is also even; [1x. 22]
therefore the whole 4 Z is also even. [1x. 21]
And DE is an unit.
Therefore 4D is odd. [viL. Def. 7]
Q. E. D.

3. Literally ““let there be as many numbers as we please, of which /¢ the multitude de
odd.” This form, natural in Greek, is awkward in English.

ProrosiTiON 24.

If from an even number an even number be subtracted, the
remainder will be even.

For from the even number 427 let the even number 5C
be subtracted :
I say that the remainder C4 is even. A c B

For, since A5 is even, it has a half
part. [vir. Def. 6]
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For the same reason BC also has a half part ;

so that the remainder [CA also has a half part, and] AC is
therefore even.

Q. E. D.

ProrosiTion 23.

If from an even number an odd number be subtracted, the
rvemaznder wtll be odd.

For from the even number 4 A let the odd number BC be
subtracted ;

I say that the remainder C4 isodd. 4 cD B

For let the unit CD be sub-
tracted from BC;

therefore DA is even. [vir. Det. 7]
But A7 is also even ;
therefore the remainder 420 is also even. [1x. 24]
And CD is an unit;
therefore CA4 is odd. [vir. Def. 7]
Q. E. D.

ProrosiTiON 26.

If from an odd number an odd number be subtracted, the
rvemainder will be even.

For from the odd number A2 let the odd number BC be
subtracted ;
I say that the remainder C4 is even, A c DB

For, since A8 is odd, let the unit
BD be subtracted ;

therefore the remainder 4.0 is even. [vi. Det. 7]
For the same reason CD is also even; [viL. Def. 7]
so that the remainder CA is also even. [1x. 24]

Q. E. D.
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ProrosiTION 27.

If from an odd number an even number be subtvacted, the
remainder will be odd.

For from the odd number 45 let the even number BC be
subtracted ;
I say that the remainder CA4 is odd.

Let the unit 40 be subtracted ; AR ¢ 5
therefore D24 is even. [viL. Def. 7]
But BC is also even;
therefore the remainder C0 is even. [1x. 24]
Therefore CA is odd. [vi. Def. 7]

Q. E. D.
ProrosiTioNn 28.
If an odd number by multiplying an even number make
some number, the product will be even.

For let the odd number 4 by multiplying the even number
B make C;
I say that C is even. 2:___

For, since A4 by multiplying 5 has c

made C,
therefore C is made up of as many numbers equal to 5 as
there are units in A. [vi. Def. 15]

And B is even;
therefore C is made up of even numbers.

But, if as many even numbers as we please be added
together, the whole is even. ) [ix. 21]

Therefore C is even.
Q. E. D,

ProrosiTION 20.

If an odd number by munltiplying an odd number make
some number, the product will be odd.

For let the odd number .4 by multiplying the odd number
B make C;
I say that C is odd. AT

For, since 4 by multiplying B has

made C, ¢
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therefore C is made up of as many numbers equal to B as
there are units in 4. [vir Def. 15]
And each of the numbers 4, B is odd ;

therefore C is made up of odd numbers the multitude of which
is odd.

Thus Cis odd. [1x. 23]
Q. E. D.
ProrosiTiON 30.

If an odd number measure an even number, it will also
measure the half of tf.

For let the odd number 4 measure the even number 5 :
I say that it will also measure the half

Of it. A ——
For, since A measures 5, B
let it measure it according to C; c

I say that C is not odd.

For, if possible, let it be so.

Then, since A measures B according to C,
therefore .4 by multiplying C has made 5.

Therefore £ is made up of odd numbers the multitude
of which is odd.
Therefore B is odd : [1x. 23]

which is absurd, for by hypothesis it is even.
Therefore C is not odd ;
therefore C is even.

Thus 4 measures 5 an even number of times.
For this reason then it also measures the half of it.
Q. E. D.

ProrosiTiON 3I.

If an odd nuniber be prime to any number, it will also be
prime to the double of it.

For let the odd number 4 be prime to any number 5,
and let C be double of 5;

I say that - is prime to C. A
For, if they are not prime B
to one another, some number g

will measure them.

H. E. IL 27
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Let a number measure them, and let it be D.
Now A is odd ;
therefore [ is also odd.
And since O which is odd measures C,
and C is even,
therefore [ D] will measure the half of C also. [1x. 30]
But B is half of C;
therefore [0 measures 5.
But it also measures A4 ;
therefore D measures 4, B which are prime to one another :
which is impossible.
Therefore A4 cannot but be prime to C.
Therefore A4, C are prime to one another.

ProrosiTiox 32.

Eack of the numbers which are continually doubled beginning
Srom a dyad is even-times cven only.

Forlet as many numbers as we please, B, C, D, have been
continually doubled beginning
from the dyad A ;

I say that B, (, D are even-
times even only.

Now that each of the
numbers 5, C, D is even-times even is manifest; for it is
doubled from a dyad.

I say that it is also even-times even only.

For let an unit be set out.

oo w>

Since then as many numbers as we please beginning from
an unit are in continued proportion,

and the number 4 after the unit is prime,
therefore ), the greatest of the numbers A4, B, C, D, will not

be measured by any other number except A, 5, C. [1x. 13]
And each of the numbers A, B, C is even;
therefore D is even-times even only. [viL Def. 8]

Similarly we can prove that each of the numbers 2, Cis
even-times even only.

Q. E. D.
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See the notes on vI.. Deff. 8§ to 11 for a discussion of the difficulties
shown by Iamblichus to be involved by the Euclidean definitions of ©even-
times even,” ‘“even-times odd” and * odd-times even.”

ProrosiTIoN 33.

If & nunber have its half odd, it is even-times odd only.
For let the number 4 have its half odd ;
I say that A4 is even-times odd only.
Now that it is even-times odd is
manifest ; for the half of it, being odd,
measures it an even number of times. [vir. Def. g}
I say next that it is also even-times odd only.
For, if A is even-times even also,
it will be measured by an even number according to an even
number ; [viL. Def. 8]
so that the half of it will also be measured by an even number
though it is odd :
which is absurd.

Therefore A4 is even-times odd only. Q. E. D.

ProrosiTiON 34.

If a number neither be one of those whick are continually
donbled from a dyad, nor have its half odd, it is both even-

times even and even-times odd.

For let the number A4 neither be one of those doubled
from a dyad, nor have its half odd;

I say that 4 is both even-times even A
and even-times odd.

Now that A4 is even-times even is manifest ;
for it has not its half odd. [vir. Def. 8]

I say next that it is also even-times odd.

For, if we bisect A4, then bisect its half, and do this con-
tinually, we shall come upon some odd number which will
measure 4 according to an even number.

For, if not, we shall come upon a dyad,
and A4 will be among those which are doubled from a dyad:
which is contrary to the hypothesis.

27—2
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Thus 4 is even-times odd.

But it was also proved even-times even.

Therefore A is both even-times even and even-times odd.
Q. E. D.

ProrosiTiON 33.

If as many numbers as we please be in continued proportion,
and there be subtracted from the second and the last numbers
equal to the first, then, as the excess of the second is to the
Jorst, so will the excess of the last be to all those before it

Let there be as many numbers as we please in continued
proportion, A, BC, D, EF,

beginning from 4 as least, A—
and let there be subtracted B C
from BC and £ the numbers o—
BG, FH, each equal to 4 ; £ * i

I say that, as GC is to 4, so
is £EA w0 A, BC, D.

For let X be made equal to BC, and FL equal to D.
Then, since 7K is equal to 5C,
and of these the part /7 is equal to the part BG,
therefore the remainder /X is equal to the remainder GC.
And since, as £/ is to 2, so is D to BC, and BC to 4,
while D is equal to FL, BC to FK, and A to FH,
therefore, as £F is to FL,sois LF to FK, and FK to FH.

Separando, as EL is to LF, so is LK to FK, and KA
to FH. [vir 11, 13]

Therefore also, as one of the antecedents is to one of the

consequents, so are all the antecedents to all the consequents;

[vin 12]

therefore, as KA is to FH, so are £L, LK, KA to LF,
FK, HF.

But A/ is equal to CG, FH w0 A, and LF, FK, HF to
D, BC, A

therefore, as CG is to 4. sois £EAH to D, BC, A.

Therefore, as the excess of the second is to the first, so is
the excess of the last to all those before it.

Q. E. D.
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This proposition is perhaps the most interesting in the arithmetical Books,
since it gives a method, and a very clegant one, of summing anv series of
Lerms in geometrical progression.

Let @, a,, ay,...a,, a4, be a series of terms in geometrical progression.
Then Euclid’s proposition proves that

(=) (@ +a,~ ...+ a)={a—a) : @

For clearness’ sake we will on this occasion use the fractional notation of
algebra to represent proportions.

Euclid’s method then comes to this.

~ a4 a &
Since e e
Ty @y a;
we have, separands,
. I . _ 4 —ds _ ax—
T RR e = L. SR e = =
@, Ty as 254

whence, since, as one of the antecedents is to one of the consequents, so §§
the sum of all the antecedents to the sum of all the consequents,  [viL. 12 ]

Tu-y — & ax—

@y + Ay + oo+ @ @
which gives ¢, + @, + ... + a,, or S,
If, to compare the result with that arrived at in algebraical text-books, we
write the series in the form

3

a, ar, ar,..ar*" (xterms),
ar*—a ar-—a
S, e
a{#”— 1)
RS

we have

or Sy

ProrosiTiON 36.

If as many numbers as we please beginning from ain uiuit
be set out continuously in double proportion, until the sum of all
becomes prime, and if the sum multiplied into the last make
some number, the product will be perfect.

For let as many numbers as we please, A, 5, C. Q,
beginning from an unit be set out in double proportion, until
the sum of all becomes prime,
let £ be equal to the sum, and let £ by multiplying D
make FG;

I say that #G is perfect.

For, however many 4, B, C, D are in multitude, 'let. S0
many £, AKX, L, J{ be taken in double proportion beginning
from £ ;
therefore, ex aequali, as A isto D, so is £ to .. [vin 14]
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Therefore the product of £, D is equal to the product of
A, M. [viL 19]

And the product of £, D is FG;
therefore the product of A, 4/ is also FG.
Therefore 4 by multiplying #/ has made /G ;
therefore 7 measures /G according to the units in 4.
And A4 is a dyad;
therefore /G is double of M.

—A —B
c
D
L E
M H : K
F 2 -G N
P Q

But M, L, HK, E are continuously double of each other;

therefore £, HK, L, M, FG are continuously proportional in
double proportion.

Now let there be subtracted from the second AKX and the
last G the numbers AN, FO, each equal to the first £ ;

therefore, as the excess of the second is to the first, so is the
excess of the last to all those before it. [x. 35]

Therefore, as NK isto £, sois OG to M, L, KH, E.
And NK is equal to £

therefore OG is also equal to M, L, AKX, E.
But /0 is also equal to £,
and £ is equal to A4, B, C, D and the unit.

Therefore the whole FG is equal to £, ZK, L, M and
A, B, C, D and the unit;

and it is measured by them.

[ say also that /G will not be measured by any other
number except 4, B, C, D, E, HK, L, M and the unit.
For, if possible, let some number 2 measure FG,

and let 2 not be the same with any of the numbers 4, B, C,
D E HK, L, M.

And, as many times as 2 measures 7, so many units let
there be in Q;

therefore ¢ by multiplying 2 has made 7G.



IX. 36] PROPOSITION 36 423

But, further, £ has also by multiplying 2 made FG';
therefore, as £ is to O, so is 2 to D. [vir. 19]

And, since 4, B, C, D are continuously proportional
beginning from an unit,

therefore D will not be measured by any other number except

A, B, C. [1x. 13]
And, by hypothesis, 2 is not the same with any of the

numbers 4, B, C;

therefore 2 will not measure D.
But, as Pisto D, sois £ to O

therefore neither does £ measure Q. vi1. Def. 20]
And £ is prime;

and any prime number is prime to any number which it does

not measure. [vin 29]
Therefore £, O are prime to one another.
But primes are also least, fvin 21]

and the least numbers measure those which have the same
ratio the same number of times, the antecedent the antecedent
and the consequent the consequent ; Tvin 20}
and, as £ isto 0, sois Pto D;

therefore £ measures 7 the same number of times that @
measures /).

But O is not measured by any other number except
A, B, C;

therefore Q is the same with one of the numbers A, B, C.

Let it be the same with AZ.

And, however many B, C, D are in multitude, let so many
E, HK, L be taken beginning from £.
Now £, HK, L are in the same ratio with B, C, D

therefore, ex aegualz, as B is to D, so is £ to L. [vin 14]
Therefore the product of B, L is equal to the product of
D, E. [viL. 1g]

But the product of 2, £ is equal to the product of O, 7
therefore the product of Q, 2 is also equal to the product of
B, L. -
Therefore, as @ is to B, so is L to P. [vi. 19)
And Q is the same with 5 ;

therefore L is also the same with 7:
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which is impossible, for by hypothesis £ is not the same with
any of the numbers set out.

Therefore no number will measure FG except 4, B, C,
D, E, HK, L, M and the unit.

And FG was proved equal to 4, B, C, D, E, HK, L, M
and the unit;
and a perfect number is that which is equal to its own parts;

[viL. Def. 22]
therefore /G is perfect.
Q. E. D.

If the sum of any number of terms of the series
1, 2, 2% ... 2"}

be prime, and the said sum be multiplied by the last term, the product will be
a “perfect” number, i.e. equal to the sum of all its factors.

Let 1+ 2+ 2%+ ...+ 2" (=.5,) be prime;
then shall .S, . 27! be “perfect.”

Take (7 — 1) terms of the series

Sa, 28y, 258, - 27738,
These are then terms proportional to the terms
2, 2% 2% ... 2"l
Therefore, ex aeguali,
212" 1 =5, 1 2" 25, [vin 14]

or 2. 2" %S, =271, §,. [viL 19]
(This is of course obvious algebraically, but Euclid’s notation requires him to
prove it.)

Now, by 1x. 35, we can sum the series S, + 2.5, + ... + 2%725,,
and (25, - S0 : Su= (2" S, = Su) 1 (S + 28, + .0 + 27725

Therefore S, + 28, + 23S, + ... + 2" 1S, = 27715, - S,
or 218, =85, + 25, + 235, + ... + 2"725, + S,

=8, 28, + ..+ 2" S A (T2 2%+ L+ 22T,

and 2715, is measured by every term of the right hand expression.

It is now necessary to prove that 2*7.S, cannot have any factor except
those terms.

Suppose, if possible, that it has a factor x different from all of them,

and let "8, =x . m.
Therefore Sprm=x 2V [viL 19]
Now 2"7* can only be measured by the preceding terms of the series
I, 2, 2%... 2% [1x. 13]

and x is different from all of these;
therefore » does not measure 2772,
that .S, does not measure . [viL Def. 20]

And S, is prime; therefore it is prime to m. [viL 29]
Tt follows [viL 20, 21] that

#1 measures 2771,
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Suppose that m=2"
Now, ex acquali, 27 2V =5, 2* LS
Therefore 2T, 2% LG = o7l S, ' [vin 19]

=& . m, from above,
And m=2";
therefore x=2""""% one of the terms of the series 1, 2, 2%... 2"%: which
contradicts the hypothesis.
Therefore 2”715, has no factors except

Suy 28,y 25,5 ... 2738, 1, 2, 2% L 20T






INDEX OF GREEK WORDS AND FORAIS.

dkpos, extreme (of numbers in a series) 328,
367: dkpov kai péoov Neyor Terufoda, *to
be cut in extreme and mean ratio” 18g

d\oyos, irrational 117-8

dvaloyla, proportion: definitions of, inter-
polated 119

dydAoyov = dvd Aéyov, proportional or in pro-
portion: used as indeclinable adj. and as
adv. 129, 165: péey drdloyor, mean pro-
portional (of straight line) 129, similarly
uéoos drdhoyor of numbers 29z, 363 ete.:
rplry (Tpiros) dvdloyor, third proportivnal
214, 407-8: Terdpry (TéTopToOs) drdloyor,
fourth proportional 213, 409 : é57s dvdNoyor
in continued proportion 346

drdradlw (Aéyos), inverse (ratio), inversely 134

dvacTpéarTt, convertends 135

dvagTpogly Abyov, conversion of a ratio 13z

aydrs driodres oos, unequal by uneqgual
by equal (of solid numbers) = scalene,
apmpisros, coniickos or Suwuickos 290

dvopolws TeTayuévwy Ty Noywy (of perturbed
proportion) in Archimedes 136

drravaipests, B abry, definition of same ratio
in Aristotle {drfvgaipesis Alexander) r20:
terms explained rer

drrimemorBéra oxfuara, reciprocal {=reci-
procally related) figures, interpolated def.
of, 18

dmars, breadthless (of prime numbers) 28z

droxaracrarikés, recurrent (=spherical), of
numbers 291

dmreabar, to meet, occasionally to fowch
(instead of épdmwrecfar) 2: also=to pais
through, to ke on 79

dpefusds, number, definitions of, 280

dpridkis priadtramor {Nicomachus) 282

apridkts dprios, even-limes even 281-2

dpTidkts weptoads, cven-limes odd 2824

dprioméperros, even-odd (Nicomachus ete.} 282

dprios {dpBuds), even (number) 281

dovvBeros, (prime and) incomposite (of
numbers) 284

Befnkévar, to stand (of angle standing on
circumference) 4

Buwplokos, altar-skaped (of * scalene™ solid
numbers) 290

vyeyovérw (in constructions), “let it be made”
248

ypdgectar, **to be proted’

yeyords & el 70 imraxfér, “what wa
Joined will have Leen dune” So, 25

yevogevos, 6 €& adriwp, thelr prodez”
326 etc.r & éx 7ol éros yerSueros="
sguare of the one™ 327

yrwpewr, gnomoen: Democritus wegd
pis rauores {(4rduns or ywsins?t 7
Yarisies kial\et kaicgaipns 401 {of numbers)
28y

ypappuss, near sof numbers
sioni 2871 (uf yrime numbers

AT

S e
I

16
the

M

o s

Setrepos, secondaiy of numbers)
machus and lamb
ot :‘.S(’), 237

Sexouevor, “admitting” (of segment of circle
admitting or containing an angle} =

draspeivha: fused of ‘‘separation™ of rat
Sunepeldévra, refarinic, OPp. 10 cLykeiuaa,
comporendo 108

Saipeots \byov, separation, hiterally @it iion,
of ratic 13=

Gue{eryuéry {avadoyial,
iproportiony 293

BeeNowry, separamde, lterally aivideaas (of
proportions) 138

Seppyuérn {avaleyiat, diocr
in four terms, as dis
(owexs, owwnuuéry) ir

o (propordun}, Le.
t from continnus
o

s

=4

2Riee teTmS 131,
263

Bipxfe (Budyewt, Flet it be drawn fdrongi”
or “acresst g

8¢ toov, e aequall {of ratios) 136: 8¢ lov év
TeTapayuéry dvaloyig. “ox acynaliin per-
turbed proportion”™ 136

Suwbhovpos, Crvice-lruncated \of  pyramidal
numbersj 241

Sur\daws Noyos, donile rvatior Giwlagiww
Noyos, duplicate ratio, contrasted with, 133

Stwamss, power: =actual value of a sub-
multiple in units {Nicomachus; 282 =side
of number not a compiete square {i.e, rood
or surdy in Plato 28, 2g0: =spunw in
Plato 294-3

elfos, figure 234: =furm 234

ExacTos, each: curious use of, 79 ‘

ENNegaa, defect {in application of arcas) 202

ENheimewr, *fall short” (in application of
areas) 262
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éumizrew, fall in (=be interpolated) 338

&va whelw, ‘several ones” (def. of number)
280

évalhaf (Néyos), alternate (ratio}: alternately,
alternando 134

évappdiew, to fit in (active), 1v. Def. 7 and
V. 1, 79, So, 81 .

évrés, within (of internal contact of circles)

i

é.fﬁss Gvdhoyor, in continued proportion (of
terms in geometrical progression) 346

émpbpros  Noyos, superparticularis  ratio,
=the ratio {(z+1) 1 72, 293

émimedos (dpifubs), plane (number) 287-8

émbpeva, consequents (=" following” terms)
in a proportion 134, 238

érepophins, oblong (of numbers): in Plato
=wpousjkys, which however is distinguished
from érepopnxys by Nicomachus ete. 289~
90, 293 .

ebBuypapuixés, rectilinear (term for prime
numbers) 283

ebfuperpixds, euthymetric (of primes) 283

iryotuere, antecedents (‘‘leading” terms) in
a proportion 134

Fwep, than: construction after derdagiwr ete.
133

Boprns, of square number (Iamblichus) 293

isdris lrakes toos, equal multiplied by equal
and again by equal {of a cube number)
290, 291

lodxes foos, equal multiplied by equal (of
a square number) 291

lgdaes loos é\arTovdrts (Heifovdies), species of
solid numbers,=w\wéls (Goxis or oTy\is)

291

raXelobw, ¢ let it be called,” indicating origi-
nality of a definition f2g

karaueTpely, measure 115 without remainder,
completely (m\gpodvres) 280

kaTackevd{w, construct: TOv alrdv xare-
orevacférrav, ** with the same construc-
tion” 11

karatouh) Ravbvos, Sectio canonis of Euclid
293

kévrpov, centre: @ ék Tol k.=radius 2

reparoedis ywvia, kornlike angle 4, 39, 40

&\8y, to break off, inflect: xeikhdofw 8% waAw
47: kexhdobor, def. of, alluded to by
Aristotle 47

kbhovpes, fruncated (of pyramidal number
minus vertex) 29t

KkukNexds, cyelic, a particular species of square
number 2g1

Myos, ratio: meaning 117: definition of,
116-9: original meaning (of something
expressed) accounts for use of dAoyos,
having no ratio, irrational 117

pepor@olar, to be isolated, of povds (Theon
of Smyrna) 279

INDEX OF GREEK WORDS AND FORMS

uépos, part: two meanings 115: generally=
submultiple 280: wépn, parts (=proper
fraction) 113, 280

péon dvdroyov (edfela), uéoos dvdioyor (dpif-
ubs), mean proportional (straight line or
number) 129, 295, 363 etc.

uh ydp, ““suppose it is not” ¥

ufkos, length (of number in one dimension):
=side of complete square in Plato 288

povds, unit, monad: supposed etymological
connexion with uéros, solitary, umovs), rest
279

duotos, similar: (of rectilineal figures) 188:
(of plane and solid numbers) 293

dpotbrys Noywr, “similarity of ratios” (inter-
polated def. of proportion) 119

dubhoyos, homologous, corresponding 134:
exceptionally ‘“in the same ratio with”
238

8pos, ferm, in a proportion 131

wapaBdiiew drd, used, exceptionally, instead
of wapaBdiiew waph or dvaypdpew dmwd 262

wapa\drTe, ‘‘fall sideways” or “awry” 54

TeVTdYpaLpor 9g

wepaivovsa, mosbrys, ‘¢ limiting quantity”
(Thymaridas’ definition of unit) 279

wepioodres dprios, odd-times even 282—4

wepioadis wepisrés, odd-times odd 284

wepwodprios, odd-ever (Nicomachus etc.) 283

wepioods, odd 281

wyhixos, how great: refers to comsinouns
(geometrical) magnitude as wogbs to discrete
(multitude) 116-7

myhkéTys, used in v. Def. 3, and spurious
Def. 5 0f V1.1 =size (not guantiplicity as it
is translated by De Morgan) ri6—y7, 189~
go: supposed multiplication of wyhucéryres
(vi. Def. 3) 132: distinction between
wphecdrys and péyefos 117

whdros, breadth: (of numbers) 288

mhevpd, side: (of factors of *plane” and
“solid ” numbers) 288

wAffos wpiopévor or wemepasuévor, defined or
finite multitude (definition of number) 280:
éx povddwr cuykeluevor wAffos (Euclid’s
def.) 280

wol\araoid{er, multiply: defined 287

ToM\amhasiacmds, multiplication : xad’ émoor-
olr woAhamhasiacuéy ¢ (arising) from any
multiplication whatever” 120

TohkawAdouos, multiple : {odits moN\awAdoia,
equimultiples 120 ete.

woNUrAevpor, multilateral: excludes Terpd-
mhevpor, quadrilateral 239

woploaghar, to find 248

wogdkis woodkis mwoool, ‘‘so many times so
many times so many” (of solid numbers,
in Aristotle) 286, 290

mosdxis woool, “‘s0 many times so many”’ (of
plane numbers, in Aristotle) 286

wocby, guantity, in Aristotle 113: refers
to multitude as wyNikor to magnitude

116~7
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mpousikns, oblong (of numbers): in Plato=
érepounkns, but distinguished by Nico-
machus etc. 289—go, 293

wposavaypdipac, to draw or fo: (of a circle) to
complele, when segment is given z6

mpooevpely, to find in addition (of finding
third and fourth proportionals) 214

wparos, prime 284-3

wpwTor wpds dAAjAous, {numbers) prime to
one another 283-6

fmrés, rational (literally “ expressible™) 11y

cuvexis, continuous: suvexds dvadoyia, con-
tinuous proportion” (in three terms) 31

cuvrnpuéry dvaloyla, connected (ie. con-
tinuous) proportion 131, 293 : cuwnuuéves,
of compound ratio in Archimedes 133

cuvBévri, componendo 1343

avfeqis Adyou, composition of a ratio, dis-
tinct from compounding of ratios 134-x

sivberos, composite (of numbers): in Nico-
machus and Iamblichus a subdivision of
odd 286

cwloracfar, construct: ob cverabioerut 33

ourrifnu, obyxepar {of ratios) 133, 18g-go:
cuyketpeva and Supedéva (conspencndo and
separands) used relatively to one another
168, 170

clorqua porddwy, ¢ collection of units™ (def.
of number) 280

suorquarikds, collective 279

cpoupikds, spherical (of a particular species of
cube number) 291

o¢miiokos, or ogmwiokos, of solid number
with all three sides unequal (= ‘“scalene ™)
290

429

oxéais, “relation”: waa oyées, “a sort of
relation™ {in def. of ratio) 116-7

radrounins, of square number (Nicom.} 293

ratrédrys Noywr, “*sameness of ratios” 119

réhewos, Fertect (of a class of numbers) 2g3—4

rerayuérn idralovyial, » ordered {proportion}”
137

rerapayuévy dvadoyia, perfuried profortion
136

rerpdarhevpoy, quadrilateral, not a “*polygon™
239

rufua (xixhov), segment (of circlel: runuaros
ywvia, angle of @ segment 4: € Tujuer:
ywria, angle iz a segment 4

ropedls (kdkdov), sector {of circle): cxvrore-
kds Touels, ** shoemaker’s knife ™ z

Topoetdys (of figure). sector-like =

rosavramAdoior, ‘‘the same multiple” 146

Tpiryevoy : 76 TotwhoTy, 76 & eAAR\wy, triple,
interwoven triangle, =pentagram g

rptrhdotes, triple, TowAaciey, triplicate fof
ratios) 133

Tryxdvew, happen: d@\\a, d Eriyer, igdss
woAham\dowa, “‘other, chance, equimulti-
ples” 14341 Trxelre ywwia, “anyangle”™

212

UwepreNijs or Dmepréleos, over-periect” {of
a class of numbers} 2g3-3

brrodur\agios, sub-duplicate, = half
machus) 280

UromoAdarhdaios, submultiple (Nicomachust
280

ipos, height 189

{Nico-

xwpiov, area 234
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Adrastus 292

Alcinous ¢8

Alternate and alternately (of ratios) 134

Alternative proofs, interpolated (cf. 1iL. g
and following) 22 : that in I1I. 10 claimed
by Heron 23—4

Amaldi, Ugo, 30, 126

Ambiguous case of vi. 7, 208-9

Anaximander 111

Anaximenes 111

Angle: angles not less than two right angles
not recognised as angles {cf. Heron,
Proclus, Zenodorus) 47~9: Zollow-angled
figure {the re-entrant angle was exterior)
48: did Euclid extend “angle” to angles
greater than two right angles in v1. 332
275-6: ‘‘angle of semicircle” and ‘of
segment” 4: hornlike angle 4, 39, 40:
controversies about © angle of semicircle ”
and Aornlike angle 30-42 (see also Hornlike)

Antecedents (leading terms in proportion) 134

Antiparallels : may be used for construction
of VI. 12, 215

Apollonius: Plane yetoes, problem from, 81,
lemma by Pappus on, 611—5: Plane Loci,
theorem from (arising out of Eucl. vI. 3),
also found in Aristotle rg8-200: 75, 190,
258

Application of areas (including exceedingand
falling short) corresponding to solution of
quadratic equations 187, 258-60, 2633,
266-7

Approximations : 7/5 as approximation to ,/2
(Pythagoreans and Plato) r1g9: approxi-
mations to ,/3 in Archimedes and (in
sexagesimal fractions) in Ptolemy r19: to
m (Archimedes) 119: to ~/¢500 (Theon of
Alexandria) 119

Archimedes: new fragment of, qo: Liber
assumptorum, proposition from, 6z: ap-
proximations to /3, square roots of large
numbers, and to 7 119: extension of a
proportion in commensurables to cover in-
commensurables 1g3: 136, 190

Archytas: proof that there is no numerical
geometric mean between z and 7+ 1 295

Aristotle: indicates proof {pre-Euclidean) that
angle in semicircle is right 63: on def. of
same ratio (=same dvravalpests) 120-1:
on proportion as * equality of ratios” r1g:

INDEX.

on theorem in proportion not proved
gemerally till his time 113: on proportion
in three terms (euweyss, cuntinuous), and
in four terms {Seppyuérn, discrete) 131, 203
on alternate ratios 134: on fnzerse ratio
134, 149 : onsimilar rectilineal figures 188:
has locus-thecrem {arising out of Eucl. vI.
3) also given in Avpollonius’ Flane Leci
198-200: on wmif 27¢: on number 280:
on non-applicability of arithmetical proofs
to magnitudes if these are not numbers
1132 on definitions of odd and even by one
another 28:1: on prime numbers 284-3:
on composite numbers as plane and solid
286, 288, 2go: on representation of
numbers by pebbles forming figures 288
Arithmetic, Elements of, anterior to Euclid

293
August, E. F. 23, 23, 149, 238, 226, 412
Austin, W. 172, 188, 211, 259
Axioms tacitly assumed: in Beok v. 137:
in Book viI. 294

Babylonians 112

Baermann, G. F. 213

Baltzer, R. 30

Barrow: on Eucl. v. Def. 3, 117:
Def. 5, r21: 36, 186, 238

Billingsiey, H. 26, 238

Boethius 29z

Borelli, G. A. 2, §

Breadth {(of numbers}=second dimension or
factor 288

Briggs, H. 143

on v.

Camerer, J. G. 22, 23
121, 131, 189, 213, 244

Campanus 28, 41, 56, go,
189, 211, 234, 235, 233

Candalla 189

Cantor, Moritz 3, 40, 97

Cardano, Hieronimo 41

Case: Greeks did npot iwmyer limiting cases,
but proved them separately 75

Casey, J. 227

¢ Chance equimultiples™ in phrase *‘ other,
chance, equimultiples” 143—4

Circle: definition of equal circles 2: circles
toucking, meaning of definition, 3: “circle™
in sense of ‘‘circumference” 23: circles

28, 33, 34, 40, 67,

156, 11g, 121, 146,
275, 320, 322,328

<
2
2

3
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432
intersecting and touching, difficulties in
Euclid’s treatment of, 25-7, 28-9, modern
treatment of, 30-2

Clavius 2, 41, 42, 47, 49, 53, 26, 67, 70, 73,
130, £70, 10, 231, 238, 244, 271

Commandinus 47, 130, 190

Componendo (cwwfévm), denoting **composi-
tion” of ratios g.z.: componendo and
separands used relatively to each other
168, 170

Composite numbers, in Euclid 286: with
Eucl. and Theon of Smyrna may be even,
but with Nicom. and Iambl. are a sub-
division of o4d 286: plane and solid
numbers species of, 286

* Composite to one another’ (of numbers)
286-7

Composition of ratios {ctvfeais Aéyov), de-
noted by componende (avvévrri), distinct
from compounding ratios 134-3

Compound ratio: explanation of, 132-3:
interpolated definition of, 18g—go: com-
pounded ratios in v. 20-23, 176-8

Conscquents (“following™ terms in propor-
tion) 134, 238

Continnous proportion (ovvexns or avsmuuéry
dvaloyia) in three terms 131

Conversion of ratio {(avacTpoghn Aéoyov), de-
noted by convertendo (drvacTpéavrt) 135:
convertends theorem not established by v.
19, Por. 174-3, but proved by Simson’s
Prop. E 17z

Conzertendo denoting *“conversion™ of ratios,
g

Corresponding magnitudes 134

Cube: duplication of, reduced by Hippo-
crates to problem of two mean pro-
portionals 133 : cube number, def. of, 291:
two mean proportionals between two cube
numbers 294, 3643

Cyelic, of a particular kind of square number

291
Cyclomathia of Leotaud 42

Data of Euclid: Def. 2, 248: Prop. 8, 249—
50: Prop. 24, 246-7: Prop. 2542
Props. 36 and 68, 24g: Prop. 38, 263, 263:
Props. 59 and 84, 266—7: Prop. 67 assumes
part of converse of Simson’s Prop. B {Book
vi.) 224: Prop. 7o, 2z0: Prop. 8z, 264:
Prop. 87, 228: Prop. 93, 227

Dechales 2359

Dedekind’s theory of irrational numbers
corresponds exactly to Eucl. v. Def, 3,
1246

Democritus: On difercice of gnomon etc.
(? on *“angle of contact™) 40: on parallel
and infinitely near sections of cone 4o:
stated, without proving, propositions about
volumes of cone and pyramid 4o

De Morgan, A.: on definition of ratio 116-7:
on extension of meaning of razéo to cover
incommensurables 118: means of express-
ing ratios between incommensurables by
approximation to any extent 118-g: de-

b3ab)

INDEX

fence and explanation of v. Def. 5, 122—4:
on necessity of proof that tests for greater
and less, or greater and equal, ratios can-
not coexist 130-1, 157: on compound ratio
132-3, 234 : sketch of proof of existence of
fourth proportional (assumed in v. 18) 171:
proposed lemma about duplicate ratios as
alternative means of proving v1.22, 246-7:
5+ 7y §-10, 11, I3, 20, 22, 29, 56, 767,
83, 101, 104, 116~0, I20, 130, 139, I43,
197, 202, 217-8, 232, 233, 234, 272, 275

Dercyllides 111

Diorismus for solution of a quadratic 259

Discrete proportion, dtypnuérn or dwefevyuéry
avaloyla, in four terms, 131, 293

¢ Dissimilarly ordered” proportion (dvouoiws
TeTayuévay TOY Abywr) in  Archimedes
=*perinrbed proportion” 136

Dividendo (of ratios), see Separation, separ-
ando

¢ Division {of ratios),” see Separation

Divisions (of figures), On, treatise by Euclid,
proposition from, 5

Dodecahedron: decomposition of faces into
elementary triangles, 98

Dodgson, C. L. 48, 275

Duplicate ratioc 133: &trhaciwr, duplicate,
distinct from Siurhdeios, double (=ratio
2: 1), though use of terms not uniform 133:
“‘duplicate™ of given ratio found by vI.
11, 214: lemma on duplicate ratio as al-
ternative to method of vi. 22 (De Morgan
and others) z42~7

Duplication of cube : reduction of, by Hippo-
crates, to problem of finding two mean
proportionals 133 : wrongly supposed to
be alluded to in 7Zmaeus 32 A, B, 294~5 #.

Egyptians 112 : Egyptian view of number 280

Enriques (F.) and Amaldi (U.) 30, 126

Equimultiples: ““any equimultiples what-
ever,” lodxis moNarhdoia xad dmorovoly
rolharacacudy 120 : stereotyped phrase
¢ other, chance, equimultiples™ 143—1:
should include once each magnitude 145

Eratosthenes: measurement of obliquity of
ecliptic {23° 51" 2¢”) 111

Escribed circles of triangle 83, 86-7

Eudemus g9, 111

Eudoxus g9, 280, 295: discovered general
theory of proportionals covering incom-
mensurables 112—3: was first to prove
scientifically the propositions about volumes
of cone and pyramid 40

Eutocius: on “‘vi. Def. 5”7 and meaning of
wy\k6Tys 116, 132, 189—go: gives locus-
theorem from Apollonius” Plane Loci 198~
200

Even (number) : definitions by Pythagoreans
and in Nicomachus 281: definitions of odd
and even by one another unscientific
(Aristotle) 281: Nicom. divides even into
three classes (1) evern-times even and (2) even-
times odd as extremes, and (3) odd-fzmes
ezern as Intermediate 282-3
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Even-times ever: Euclid’s use differs from
use by Nicomachus, Theon of Smyrna and
Iamblichus 2812

Even-times odd in Euclid different from szen-
odd of Nicomachus and the rest 282~y

Ex aequali, of ratios, 136: ex aeguali pro-
positions (v. 20, 23}, and ex aeguali ““in
perturbed proportion™ (v. 21, 23} 176-8

Faifofer 126

Fourth proportional : assumption of existence
of, in V. 18, and alternative methods for
avoiding (Saccheri, De Morgan, Simson,
Smith and Bryant) 15o-4: Clavius madg
the assumption an axiom r70: sketch of
proof of assumption by De Morgan 171:
condition for existence of number which
is fourth proportional to three numbers
409—-1T

Galileo Galilei: on angle of contact 42

Geometric means 357sqq.: one mean between
square numbers 2g4, 363, or between
similar plane numbers 371-2: two means
between cube numbers 294, 364-3, or
between similar solid numbers 373-5

Geometrical progression 346s5qq.: summation
of 7 terms of (IX. 38) 4201

Gherard of Cremona 47

Gnomon (of numbers) 289

Golden section (section in extreme and mean
ratio), discovered by Pythagoreans gg:
theory carried further by Plato and ku-
doxus 99

Greater ratio: Euclid’s criterion not the only
one 130: arguments from greater to less
ratios etc. unsafe unless they go back to
original definitions (Simson on v. 10) 136-7
test for, cannot coexist with test for equal
or less ratio 130—1

Greatest common measure: Euclid’s method
of finding corresponds exactly to ours 118,
299: Nicomachusgivesthesamemethod 300

Gregory, D. 116, 143

Hibler, Th. 2947.

Hankel, H. 116, 117

Hauber, C. F. 244

Heiberg, J. L. passin

Henrici and Treutlein 30

Heron of Alexandria: Eucl. 1L 12 interpo-
lated from, 28 : extends II1. 20, 21 to angles
in segments less than semicircles 47-8: does
not recognise angles equal to or greater than
two right angles 47-8: proof of formula for
area of triangle, A = Vss-a)s— ) (s-¢)
87-8: 5, 16-17, 24, 28, 34 36, 44 116,
_ISQa 302, 320, 383, 395

Hippasus 97

Hippocrates of Chios 133

Hornlike angle (xeparoeidys ywrla) 45 30, 401
horniike angle and angle of semicircle, con-
troversies on, 3g-42: Proclus on, 39-40°
Democritus may have written on Aornlike
angle 40: Campanus (*not angles in same
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sense”) 41 : Cardano (guansitics of different
orders or kinds): Peletier (furwtike angle
no angle, no quantity, nothing; angles of
a/l semicircles right anges and equal) 41:
Clavius 42: Vieta and Galileo (**angle of
contact no angle") 42 Wallis {angle of
contact not inciination s all but degree of
cervalure) 42

Hultsch, F. 133

Iamblichus g7, 116, 279. 280, 281, 283, 284,
28z, 286, 287, 28, 28g, 290, 291, 292, 293,
419

Tcosahedron ¢8

Incommensurables: method of testing incom-
mensurability {process of finding ¢.¢.M.}
118: means of expression consist in power
of approximation without limit (De Morgan}
11g: approximations to 'z by means of
side- and diggonal-numbersi 116, 10 \'3
and to m, 119: 10 x'4200 by means of
sexagesimal fractions 119

Incomposite {of number)=prime 284

Ingrami, G. 30, 126

Inverse {ratio), inversely {[drdmralw) 1341 in-
version is subject of v. 4, Por. (Theun)
144, and of V. 7, Por. 149, but is not
properly put in either place 1yg: Simson’s
Prop. B on, directly deducible from V.
Def. z, 144

Isosceles triangle of Iv. fo: construction of,
by Pythagoreans g7-g

Jacobi, C. F. A, 188

Lachlan, R. 226, 227, 245-6, 247, 256, 272

Lardner, D. 28, 23¢9, 271

Least common multiple 336-41

Legendre 30: proves vi 1 and similar pro-

sitions in two parts (1) for commen-

surables, (2} for incommensurables 13—+

Lemma assumed in VI. 22, 242—3: alternative
propositions on duplicate ratios and ratios
of which they are duplicate {De Morgan
and others) 242-7

Length, ufxos (of numbers in one dimension}
287 : Plato restricts term to side of com-
plete square 287

Leotaud, Vincent {2

Linear (of numbers)={1} in one dimension
287, (2) prime 233

Logical inferences, not made by Euclid 22, 2

Lucian g9

Means: three kinds, arithmetic, geometric
and harmonic 292-3: geometric mean is
< proportion gar evceence” (xeplas) 2g1-3:
one geometric mean between two square
numbers, two between two cube numbers
{Plato) 294, 363-3: one geomelric mean
hetween similar plane numbers, two be-
tween similar solid numbers 371—5: nO
numerical geometric mean between % and
‘m+1 (Archytas and Euclid) 292

Moderatus, a Pythagorean 280
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Multiplicativn, definition of 287
HMuséci Scriplores Graecd 293

an-Nairiz 3, 16, 28, 34, 36, 44, 47, 302 320,
383

Nasiraddin af-Tisi 28

Nesselmann, G. H. F. 287, 293

Nicomachus 116, 119, 131, 279. 280, 281,
282, 283, 284, 28z, 286, 287, 288, 28¢. 2go,
291, 2G2. 243, 2G4, 300, 363

Nixon, R. C. §. 16

Number: defined Ly Thales, Eudoxus,
Moderatus, Aristotle, Euclid 280: Nico-
machus and Iamblichus on, 280: repre-
sented by lines 288, and by points or dots
288-¢

Oblong (of number} : in Plato either mpouriays
or érepourxys 288: but these terms denote
twao distinct divisions of plane nambers in
Nicomachus, Theon of Smyrna and lam-
tlichus 28g-go

Octahedron g8

Odd {number): defs. of in Nicomachus 281:
Pythagerean definition 281: def. of odd
and even by one another unscientific
{Aristotle} 281: Nicom. and Iambl. dis-
tinguish three classes of odd numbers
{1} prime and incomposite, (2) secondary
and composite, as extremes, (3} secondary
and composite in itself but prime and in-
composite to one another, which is inter-
mediate 287

Odd-times even (number) ; definition in Eucl.
spurious 283~¢, and differs from definitions
by Nicomachus etc. #bid.

Odd-times odd (number) : defined in Eucl. but
not in Nicon. and [ambl. 284: Theon of
Smyrna applies term to prime numbers

284

Oenopides of Chios 111

“QOrdered ” proportion (reTaypérn dradoyia),
interpolated definition of, 137

Pappus : lemma on Apollonius’ Plane vedoers
64~x: problem from same work 81: assumes
case of V1. 3 where external angle bisected
{Simson’s V1. Prop. A) 197: theorem from
Apollunius’ Plane Loct 1g8: theorem that
matio compounded of ratios of sides is equal
to ratio of rectangles contained by sides
2301 4, 27, 29, 67, 79, 81, 113,133, 211,
250, 231, 292

¢ Parallelepipedal” (solid) numbers: two of
the three factors differ by unity (Nicoma-
chus} 290

Peletarius (Peletier}: on angle of confact and
angle of semicircle 41: 47, 56, 84, 146, 160

Pentagon : decomposition of regular pentagon
into 30 elementary triangles ¢8: relation to
pentagram gg

Pentagonal numbers 289

“Perfect” {of a class of numbers) 2934,
421-5: Pythagoreans applied term to 10,
2947 3 also called “ perfect™ 294

ENGLISH INDEX

Perturbed proportion (rerapaypéyy dvahovia)
136, 156-7

Pfleiderer, C. F. 2

Philolaus g7

Philoponus 234, 282

Plane numbers, product of two factors
(*sides” or “length® and ‘‘breadth”)
287-8: in Plato either square or oblong
287-8: similar plane numbers 293: one
mean proportional between similar plane
numbers 371-2

Plato: construction of regular solids from
triangles 97-8: on gulden section 99: 7[5
as approximation to \/2, 119: on square
and oblong numbers 288, 2931 on durdues
(square roots or swzds) 288, 2go: theorem
that between square numbers one mean
suffices, between cube numbers two means
necessary 294, 364

Playfair, John 2

Plutarch ¢8, 254

Porism {corollary) to proposition precedes
“Q.E.D.” or “Q.E.F.” 8, 64: Porism to 1v.
15 mentioned by Proclus 1o09: Porism to
VI 19, 234

Polygonal numbers 28g

Prime (number): definitions of, 284-5: Aris-
totle on two senses of ‘ prime” 285z:
2 admitted as prime by Eucl. and Aristotle,
but excluded by Nicomachus, Theon of
Smyma and Iamblichus, who make prime
a subdivision of odd 284-5: **prime and
incomposite (dodwferos)’ 284 different
names for prime, *“odd-times odd” (Theon),
“‘linear” (Theon), ‘‘rectilinear” {Thy-
maridas), ** euthymetric” (Iamblichus) 285
prime absolutely or in themselves as dis-
tinct from prime to one another (Theon)
285 : definitions of *“ prime to one another”’
285-6

Proclus: on absence of formal divisions of
proposition in certain cases, e.g. IV. 10,
roo: on use of ‘‘quindecagon” for as-
tronomy 111: 4, 39, 40, 193, 247, 269

Proportion: complete theory applicable to
incommensurables as well as commen-
surables is due to Eudoxus 112: old
(Pythagorean) theory practically repre-
sented by arithmetical theory of Eucl. viI.
113: in giving older theory as well Euclid
simply followed tradition 113: Aristotle
on general proof (new in his time) of
theorem (alfernando) in proportion 113:
X. 5 as connecting two theories 113: De
Morgan on extension of meaning of ratéo
o cover incommensurables 118: power of
expressing incommensurable ratio is power
of approximation without limit rrg: in-
terpolated definitions of proportion as
‘‘sameness” or ‘‘similarity of ratios” r19:
definition in v. Def. 5 substituted for that
of viL. Def. 20 because latter found inade-
quate, not zice zersa 121: De Morgan’s
defence of v. Def. 5 as necessary and
sufficient 122-4: v. Def. 5 corresponds to



ENGLISH INDEX

Weierstrass’ conception of number in
general and to Dedekind’s theory of ir-
rationals 124-0: alternatives for v. Def. 3
by a geometer-friend of Saccheri, by
Faifofer, Ingrami, Veronese, Enriques and
Amaldi 126 proportionals of vii. Def. 20
(numbers) a particular case of those of ¥.
Def. 5 (Simson’s Props. C, D and notes)
126-9: proportion in three terms (Aristotle
makes it four) the ““least™ 131: “con-
tinuous” proportion (curexhs or cwwyuuévy
dvatoyla, in Euclid é4s dvdhoyor) 131, 2931
three “ proportions” 292, but proportion
par excellence or primary is continnous or
geometric 292-3: ‘‘discrete” or ‘‘dis-
Joined” (Beppnuéry, Gielevynérn) 131, 2931
““ordered” proportion (rerayuéry), inter-
polated definition of, 137: ‘‘perturbed”
proportion {rerapayuéry) 136, 176-7: ex-
tensive use of proportions in Greek
-geometry 187 : proportions enable any
quadratic equation with real roots to be
solved 187: supposed use of propositions of
Book v. in arithmetical Books 314, 320
Psellus 234
Ptolemy, Claudius: lemma about quadri-
lateral in circle (Simson’s vi. Prop. D)
223-7: (II, II7, 119
Pyramidal numbers 2go : pyramids truncated,
twice-truncated etc. 291
Pythagoras: reputed discoverer of construc-
tion of five regular solids g7: introduced
““ the most perfect proportion in four terms
and specially called ‘harmonic’” into
Greece 112: construction of figure equal
to one and similar to another rectilineal
figure 234
Pythagoreans: construction of dodecahedron
in sphere 97: construction of isosceles
triangle of 1v. 10 and of regular pentagon
due to, g7-8 : possible method of discovery
of latter 97—g : theorem about only three
regular polygons flling space round a
point ¢8: distinguished three sorts of
means, arithmetic, geometric, harmonic
112: had theory of proportion applicable
to commensurables only 1r2: 7/5 as ap-
proximation to /2, 11g: dehnitions of
unit 279: of even and odd 281: called 10
“ perfect ” 294

Quadratic equations: solution by means of
proportions 187, 263-35, 266-7: Guwpiopds
or condition of possibility of solving
equation of Eucl. vi. 28, 259: one solution
only given, for obvious reasons 260, 264,
267 : but method gives both roots if real
2358 : exact correspondence of geometrical
to algebraical solution 263-4, 266—7

Quadrilateral : inscribing in circle of quadri-
lateral equiangular to another g1—~2: con-
dition for inscribing circle in, 93, 95:
quadrilateral in circle, Ptolemy’s lemma
on (Simson’s vi. Prop. D), 225-7: quadri-
lateral not a *“ polygon”™ 239
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¢ Quindecagon ™ (fifteen-angled figurej: use-
ful for astronomy 111

Radius: no Greek word for, 2

Ratio: definition of, ri6-g, no sufficient
ground for regarding it as spuricus 117,
Barrow’s defence of it 117: method of
transition from arithmetical to more general
sense covering incommensurables t14:
means of expressing ratio of incommen-
surables is by approximation to any degree
of accuracy r1g: def. of greater ratio only
one criterion {there are others) 130: tests
for greater equal and less ratios mutually
exclusive 130-1: test for greater ratio
easier to apply than thar for equal ratio
f2g-30: arguments about greater and less
ratios unsafe unless they go back to original
definitions {Simson on V. 10} 126-7: com-
pound ratio 132-3, 189—go, 234 : operation
of compounding ratios 234: *‘ratic com-
pounded of their sides” (careless expres-
sion) 248: duplicaie, triplicate etc. ratio
as distinct from dondle, friple ete. 133:
allernate ratio, altermando 1341 inverse
ratio, fuversely 134: composition of ratio,
componendo, different from compounding
ratios 134—3: segaration of ratio, separands
(commonly dZeidends) 13z: conversion of
ratio, comzeriends 135 ratio ex acguali
136, ex aequali in periurbed profortion
136: dJivision of ratius used in Dafa as
general method alternative to compounding
24g-50: names for particular arithmetical
ratios 29z

Reciprocal or reciprocally related figures:
definition spurious 18g

Reductio ad absurdum, the only possible
method of proving 11 1, 8

“ Rule of three™: vI. 12 equivalent to, 215

Saccheri, Gerolamo 126, 130 : proof of ex-
istence of fourth proportional by vi. 1, z,
12, 170

Savile, H. 1go

Scalene, a class of solid numbers 2go0

Scholia: 1v. No. 2 ascribes Book 1v. to
Pythagoreans ¢7: V. No. 1 attributes
Book v. to Eudoxus r1z

Scholiast to Clouds of Aristophanes g9

Sectio canonis of Euclid 293

Sector (of circle): explanation of name: two
kinds (1) with vertex at centre, (2} with
vertex at circumference z

Sector-like (figure) 5: bisection of such a
figure by straight line s

Segment of circle: angle of, 4: similar seg-
ments 5

Semicircle: angle ¢f, 1, 39-41 {se¢ Angle):
angle in semicircle a right angle, pre-
Euclidean proof 63

Separation of ratio, Swipeors Aéyov, and
separando (SteNdwrt) 132: separands and
componends used relatively to one another,
not to original ratio 168, 170
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Sides of plane and solid numbers 2878

Similar plane and solid numbers 293: one
mean between two similar plane numbers
371-2, two means between two similar
solid numbers 294, 373~3

Similar rectilineal figures: def. of, given in
Aristotle 188: def. gives at once too little
and too much 183: similar figures on
straight lines which are proportional are
themselves proportional and conversely
(V1. 22), alternatives for proposition z42-7

Similar segments of circles 3

Simon, Max 124, 134

Simpson, Thomas 121

Simson, R.: Props. C, D {Book v.) connect-
ing proportionals of vII. Def. 20 as par-
ticular case with those of v. Def. 5, 126~g:
Axioms to Book v. 137: Prop. B (inver-
sion) 144: Prop. E {conwertendo) 175:
shortens v. 8 by compressing two cases
into one 152~3: important note showing
flaw in V. 10 and giving alternative 156-7:
Book vI. Prop. A extending Vi. 3 to case
where external angle bisected 197 : Props.
B, C, D 222-7: remarks. on VI. 27-9,
258-9: 2, 3, 8, 22, 23, 33, 34 37, 43, 49,
83s 79 73, 79 90, Il7, 131, 132, 140,
1434, 145, 146, 148, 134, 161, 102, 103,
163, 170-2, 177, 179, 180, 182, 183, 184,
185, 186, 189, 193, 193, 209, 21I, 2I2,
2301, 238, 232, 269, 270, 2723

Size, proper translation of myAwdérys in V.
Def. 3, 116-7, 18¢9—g0

Smith and Bryant, alternative proofs of v. 16,
17, 18 by means of VI. 1, where magnitudes
are straight lines or rectilineal areas 1656,
169, 173~4

Solid numbers, three varieties according to
relative length of sides 2go-r

Spherical number, a particular kind of cube
number 29t

Square number, product of equal numbers
28g, 291: one mean between square
numbers 294, 363—4

Stobaeus 280

Subduplicate of any ratio found by VI. 13,
21

Swinden, J. H. van 188
Tacquet, A. 121, 258

Tannery, P. 112, 113
Tartaglia, Niccold 2, 47
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Taylor, H. M. 16, 22, 29, 56, 75, 102, 22%,
244> 247, 272

Tetrahedron ¢8

Thales 111, 280

Theodosius 37

Theon of Alexandria: interpolation in v. 13
and Porism 144: interpolated Porism to
VI. 20, 239: additions to vI. 33 (about
sectors) 254~6 ¢ 43, 109, 117, 119, 149, 152,
161, 186, 190, 234, 235, 240, 242, 250, 262,
311, 322, 412

Theon of Smyrna: 111, 119, 279, 280, 281,
284, 283, 286, 288, 289, 290, 291, 292,
293, 204

Thrasyllus 292

Thymaridas 279, 283

Timaeus of Plato 97-8, 294—5, 363

Todhunter, 1., 3, 7,22, 49, 51, 52, 67, 73,90,
99, 172, 195, 202, 204, 208, 259, 27I, 272,
300

Trapezium: name applied to truncated
pyramidal numbers (Theon of Smyrna)
291

Triangle: Heron’s proof of expression for
area in terms of sides, Vs (s — @) (s — ) (s — <)
87-8: right-angled triangle which is half
of equilateral triangle used for construction
of tetrahedron, octahedron and icosahedron
(Timaeus of Plato) g8

Triangular numbers 289

Triplicate, distinct from #riple, ratio 133

at-Tiis1, see Nagiraddin

Unit: definitions of, by Thymaridas, “some
Pythagoreans,” Chrysippus, Aristotle and
others 27¢: REuclid’s definition was that
of the ““more recent ” writers 27g: povrds
connected etymologically by Theon of
Smyrna and Nicomachus with uévos (soli-
tary} or mows (rest) 279

Veronese, G. 30, 126
Vieta: on angle of contact 42

Walker 204, 208, 259

Wallis, John: on angle of contact (** degree
of curvature”) 42

Welerstrass 124

Woepcke 5

Zenodorus 256
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