


























































































































































































































































































































































































































































































































































































































HISTORICAL NOTE

It.is no l~ss clear that, in his method and line of argument, Euclid was
follow.ll;g earhe.r models, though no doubt making improvements in the
expo~I!IOn.. HIS tract <:>n the Sectiu Callollis, KaTO.TofJ-~ KaVO~'O'i (for which see
Muszez Scnptores Gram, ed. Jan, pp. 148-166) is in stvleand in the form of
the propositions closely akin to the Elements. In one proposition (2) he says
'~we learned (€f'a80fJ-Ev) that, if as many numbers as we please be in (con­
tmued) proportIOn, and the fjrst measures the last, the first will also measure
the intermediate numbers"; here he practically quotes Elm]. Yin. i. In the
3rd proposition he proves that no number can be a mean between two
numbers in the ratio known as €7rtfJ-opto'i, the ratio, that is, of 1l + I to 71, where
11 is any integer greater than unity. Now, fortunately, Boethius, De illstifutione
muszc~, III. II (pp. 285-6, ed. Friedlein), has preserved a proof by Archytas
of thIS same proposition; and the proof is substantially identical with that
of Euclid. The two proofs are placed side by side in an article by Tannery
(Bibliotheca Mathematica, V13, 1905/6, p. nil. Archytas writes the smaller
term of the proportion first (instead of the greater, as Euclid does). Let, he
says, A, B be the "superparticularis proportio "(€7rtfJ-OPWI' ouiuT7JfJ-a in Euclid).
Take C, DE the smallest numbers which are in the ratio of A to B. rHere
DE means D + E: and in this respect the notation is d:fferent from that of
Euclid who, as usual, takes a line DF divided into two parts at G, GF
corresponding to E, and DG to D, in Archytas' notation. The step of taking
C, DE, the smallest numbers in the ratio -of A to B, presupposes Eucl. VII.

33.] Then DE exceeds C by an aliquot part of itself and of C [cf. the
definition of brtfJ-opw'i a.pd}fJ-o'i in Nicomachus, 1. 19, 1]. Let D be the excess
[i.e. E is supposed equal to C]. "I say that D is not a number but an unit."

For, if D is' a number and a part of DE, it measures DE; hence it
measures E, that is, C. Thus D measures both C and DE, which is
impossible; for the smallest numbers which are in the same ratio as any
numbers are prime to one another. [This presupposes Eucl. VI!. 22.J There­
fore D is an unit; that is, DE exceeds C by an unit. Hence no number can
be found which is a mean between two numbers C, DE. Therefore neither
can any number be a mean between the original numbers A, B which are in
the same ratio [this implies Eucl. VII. 20].

We have then here a clear indication of the existence at least as early as
the date of Archytas (about 430-365 B.C.) of an Elements of Af'ithmdi.' in
the form which we call Euclidean; and no doubt text-books of the sort
existed even before Archytas, which" probably Archytas himself and Eudoxus
improved and developed in their turn.

(Ir, Plato1tis Timaeun' commmtaria, 149 el, said that the difficulties of the pa.,sage of the
Timaeus had misled some people into connecting it with the duplication of the cube,
whereas it really referred to similar planes and solids with sides in ratioll.zl I1umr1ers.
Thirdly, I do not think that, under the supposition that the Delian problem is referred to,
we get the required sense. The problem in that case is not that of finding two mean
proportionals ber..oem tu'o tub"s but that of finding a second cube the ecmteot of which
shall be equal to twice, or k times (where k is any number not a complete cube), the content
of a given cube (a3). Two mean proportionals are found, not between cubes. but between
two straight lines in the ratio of r to k, or between a and ka. t"nless k is a cube, there
would be no point in saying that two meallS are necessary to connect r. and k, and not 00';
mean; for ~k is no more natural than ,Ik, and would be less natural In the cs.se where Ii:

happened to be square. On the oth~r hand, if k is a,cube, so th:~.t it i.s ~ question .of hndin:;
means between cube 1tumbers, the dIctum of Plato IS perfectly mtelhgJ-ble; nor IS :my real
difficulty caused by the generality of the stat:ment that two means are a1wa.vs necessary:o
connect them, because any property enunciated generally of twO cube numbers shOUld
obviously be true of cubes as sud, that is, it must hold in the extreme case of two cubes
which are prime to one another.
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PROPOSITION I.

Two unequ,al numbers being set out, and the less being
continually subtracted in turn from the greater, if the number
whz'ch is left never measures the one before it until an unit is
left, the original numbers will be prime to one another.

For, the less of two unequal numbers AB, CD being
continually subtracted from the greater, let the
number which is left never measure the one
before it until an unit is left ; ~
I say that AB, CD are prime to one another, F C

1athat is, that an unit alone measures AB, CD.
For, ifAB, CD are not prime to one another,

some number will measure them. IE
Let a number measure them, and let it be B 0

E; let CD, measuring BF, leave FA less than
itself,

let AF, measuring DG, leave CC less than itself,

and let CC, measuring FH, leave an unit HA.

Since, then, E measures CD, and CD measures BF,
therefore E also measures BF.

But it also measures the whole BA ;
therefore it will also measure the remainder AF.

But AF measures DC;
therefore E also measures DC.
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But it also measures the whole DC;
therefore it will also measure the remainder CG.

But CG measures FH;
therefore E also measures FH.

But it also measures the whole FA;

therefore it will also measure the remainder, the unit A H,
though it is a number: which is impossible.

Therefore no number will measure the numbers AB, CD;
therefore AB, CD are prime to one another. [VII. Def. 12]

Q. E. D.

It is proper to remark here that the representation in Books YII. to IX. of
numbers by straight lines is adopted by Heiberg from the ~{ss. The method
of those editors who substitute points for lines is open to objection because it
practically necessitates, in many cases, the use of specific numbers, which is
contrary to Euclid's manner.

"Let CD, measuring BE, leave FA less than itself." This is a neat
abbreviation for saying, measure along BA successive lengths equal to CD
until a point F is reached such that the length FA remaining is less than
C.D; in other words, let BF be the largest exact multiple of CD contained
in BA.

Euclid's method in this proposition is an application to the particular
case of prime numbers of the method of finding the greatest common measure
of two numbers not prime to one another, which we shall find in the next
proposition. With our notation, the method may be shm'lll thus. Supposing
the two numbers to be a, b, we have, say,

b)a(p
pb
c) b (tj

qc
d)c(r

rd

If now a, b are not prime to one another, they must have a common
measure e, where e is some integer, not unity.

And since e measures a, b, it measures a - pb, i.e. c.

Again, since e measures b, c, it measures b - qt, i.e. d,

and lastly, since e measures c, d, it measures c- rd, i.e. I:

which is impossible.
Therefore there is no integer, except unity, that measures a, b, which are

accordingly prime to one another. . . . .
Observe that Euclid assumes as an axiom that, If a, b are both dn"lsible by

c, so is a - pb. In the next proposition he assumes as an axiom that c will in
the case supposed divide a +pb.
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oB

A

E

PROPOSITION 2.

Given two numbers not prime to one another, to find their
greatest common measure.

Let AB, CD be the two given numbers not prime to one
another.

Thus it is required to find the greatest
common measure of AB, CD.

If now CD measures A B-and it also
measures itself-CD is a common measure of
CD, AB.

And it is manifest that it is also the greatest;
for no greater number than CD will measure
CD.

But, if CD does not measure AB, then, the less of the
numbers AB, CD being continually subtracted from the
greater, some number will be left which will measure the one
before it.

F or an unit will not be left; otherwise A B, CD will be
prime to one another [VII. I], which is contrary to the
hypothesis.

Therefore some number will be left which will measure
the one before it.

Now let CD, measuring BE, leave EA less than itself,
let EA, measuring DF, leave FC less than itself,

and let CF measure AE.
Since then, CF measures AE, and AE measures DF,

therefore CF will also measure DF.
But it also measures itself;

therefore it will also measure the whole CD.
But CD measures BE ;

therefore CF also measures BE.
But it also measures EA ;

therefore it will also measure the whole BA.
But it also measures CD ;

therefore CF measures AB, CD.
Therefore CF is a common measure of AB, CD.
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I say next that it is also the greatest.
For, if CF is not the greatest common measure of AB,

CD, some number which is greater than CF wiII measure the
numbers AB, CD.

Let such a number measure them. and let it be G.
N ow, since G measures CD, while CD measures BE,

G also measures BE.
But it also measures the whole BA ;

therefore it wiII also measure the remainder AE.
But AE measures DF;

therefore G wiII also measure DF.
But it also measures the whole DC;

therefore it will also measure the remainder CF, that is, the
greater will measure the less: which is impossible.

Therefore no number which is greater than CFwiII measure
the numbers AB, CD;

therefore CF is the greatest common measure of AB, CD.

PORISM. From this it is manifest that, if a number
measure two numbers, it will also measure their greatest
common measure. Q. E. D.

Here we have the exact method of finding the greatest common measure
given in the text-books of algebra, including the reductio ad absurdum proof
that the number arrived at is not only a common measure but the greatest
common measure. The process of finding the weatest common measun:
is simply shown thus:

b)a(p
ph
c)b(q

qc
d)c(r

I'd

We shall arrive, says Euclid, at some number, say d, which measures the one
before it, i.e. such that c:= rd. Otherwise the process would go on until we
arrived at unity. This is impossible because in that case a, b would be prime
to one another, which is contrary to the hypothesis.

Next, like the text-books of algebra, he goes on to show that d win be some
common measure of a, b. For d measures c;
therefore it measures qc + d, that is, h,
and hence it measures pb + c, that is, a.

Ifstly, he proves that d is the greatest common measure of a, b as follows.
Suppose that e is a common measure greater than d.
Then e, measuring a, b, must measure a - pb, or c.
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Similarly e must measure b - qc, that is, d: which is impossible, since e is
by hypothesis greater than d.

Therefore etc.
Euclid's proposition is thus identical with the algebraical proposition as

generally given, e.g. in Todhunter's algebra, except that of course Euclid's
numbers are integers.

Nicomachus gives the same rule (though without proving it) when he
shows how to determine whether two given odd numbers are prime or not
prime to one another, and, if they are not prime to one another, what is their
common measure. \Ve are, he says, to compare the numbers in turn by
continually taking the less from the greater as many times as possible,
then taking the remainder as many times as possible from the less of the
original numbers, and so on; this process "will finish either at an unit or at
some one and the same number," by which it is implied that the division of a
greater number by a less is done by separate subtractions of the less. Thus,
with regard to 21 and 49, Nicomachus says, "I subtract the less from the
greater; 28 is left; then again I subtract from this the same 2 1 (for this is
possible); 7 is left; I subtract this from 2 I, 14 is left; from which I again
subtract 7 (for this is possible); 7 will be left, but 7 cannot be subtracted from
7." The last phrase is curious, but the meaning of it is obvious enough, as
also the meaning of the phrase about ending" at one and the same number."

The proof of the Porism is of course contained in that part of the propo­
sition which proves that G, a common measure different from CF, must
measure CF. The supposition, thereby proved to be false, that G is greater
than CF does not affect the validity of the proof that G measures CF in any
case.

then D either measures,
measure, C.

First, let it measure it.
But it measures A, B also;

therefore D measures A, B, C;
therefore D is a common measure of A, B, C.

I say that it is also the greatest.

PROPOSITION 3.

Given three 1tumbers not prime to one another, to .find t!zeir
greatest common measure.

Let A, B, C be the three given numbers not prime to
one another;
thus it is required to find the greatest
common measure of A, B, C.

Forletthegreatest common measure, A

D, of the two numbers A, B be taken;
[VII. 2J

or does not
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For, if D is not the greatest common measure of A, B,Gr
some number which is greater than D will measure the numbett,
A,B,C.

Let such a number measure them, and let it be E.
Since then E measures A, B, C,

it will also measure A, B ;
therefore it will also measure the greatest common measure
of A, B. [VlI. 2, Por.]

But the greatest common measure of A, B is D ;
therefore E measures D, the greater the less: which is
impossible.

Therefore no number which is greater than D will measure
the numbers A, B, C;

therefore D is the greatest common measure of A, B, C.

N ext, let D not measure C;

I say first that C, D are not prime to one another.

F or, since A, B, C are not prime to one another, some
number will measure them.

Now that which measures A, B, C "viII also measure A,
B, and will measure D, the greatest common measure of A, B.

[VII. 2, Por.]
But it measures C also;

therefore some number will measure the numbers D, C;
therefore D, C are not prime to one another.

Let then their greatest common measure E be taken.
[VII. 2]

Then, since E measures D,
and D measures A, B,
therefore E also measures A, B.

But it measures C also;
therefore E measures A, B, C;
therefore E is a common measure of A, B, C.

I say next that it is also the greatest.

For, if E is not the greatest common measure of A, B, C,
some number which is greater than E will measure the
numbers A, B, C.

Let such a number measure them, and let it be F.
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Now, since F measures A, B, C,
it also measures A, B ;
therefore it will also measure the greatest common measure
of A, B. [VII. 2, Por.]

But the greatest common measure of A, B is D;
therefore F measures D.

And it measures C also;
therefore .I: measures D, C;
therefore it will also measure the greatest common measure
of D, C. [VII. 2, Por.]

But the greatest common measure of D, C is E ;
therefore F measures E, the greater the less: which 15

impossible.
Therefore no number which is greater than E will measure

the numbers A, B, C;
therefore E is the greatest common measure of A, B, C.

Q. E. D.

Euclid's proof is here longer than we should make it because he
distinguishes two cases, the simpler of which is really included in the other.

Having taken the greatest common measure, say d, of 0, b, two of the
three given numbers a, b, c, he distinguishes the cases

(I) in which d measures c,
(2) in which d does not measure c.
In the first case the greatest common measure of d, c is d itself; in the

second case it has to be found by a repetition of the process of VII. 2. In
either case the greatest common measure of 0, b, c is the greatest common
measure of d, c.

But, after disposing of the simpler case, Euclid thinks it necessary to
prove that, if d does not measure c, d and c must necessarily have a greatest
common measure. This he does by means of the original hypothesis that
a, b, c are not prime to one another. Since they are not prime to one another,
they must have a common measure; any common measure of 0, b is a measure
of d, and therefore any common measure of a, b, c is a common measure of
d, c; hence d, c must have a common measure, and are therefore not prime to
one another.

The proofs of cases (I) and (2) repeat exactly the same argument as we
saw in VII. 2, and it is proved separately for d in case (I) and e in case (2),
where e is the greatest common measure of d, c,

(a) that it is a common measure of a, b, c,

(ft) that it is the greatest common measure.

Heron remarks (an-Nairizl, ed. Curtze, p. I9I) that the method does
not only enable us to find the greatest common measure of three numbers;
it can be used to find the greatest common measure of as many numbers
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as we please. This is because any number measuring two numbers also
measures their greatest common measure; and hence we can find the G.C.M.
of pairs, then the G.C.M. of pairs of these, and so on, until only two numbers
are left and we find the G.C.M. of these. Euclid tacitly assumes this extension
in VII. 33, where he takes the greatest common measure of as many numbers
as 1i.te please.

\0

B

PROPOSITIOK 4.

A ny number is either a part orparts of any number, the
less of the greater. .

Let A, BC be two numbers, and let BC be the less;
I say that BC is either a part, or parts, of A ..

For A, BC are either prime to one another
or not.

First, let A, BC be prime to one another.
Then, if BC be divided into the units in it,

each unit of those in BC will be some part of A ;
so that BC is parts of A.

Next let A, BC not be prime to one another;
then BC either measures, or does not measure, A.

If now BC measures A, BC is a part of A.
But, if not, let the greatest common measure D of A, BC

be taken ; [VII. 2]
and let BC be divided into the numbers equal to D, namely
BE, EF, FC.

Now, since D measures A, D is a part of A.
But D is equal to each of the numbers BE, EF, FC;

therefore each of the numbers BE, EF, FC is also a part of A;
so that B C is parts of A.

Therefore etc.
Q. E. D.

The meaning of the enunciation is of course that, if a, b be two numbers
of which b is the less, then b is either a submultiple or some proper fraction of a.

(1) If a, b are prime to one another, divide each into its units; then b
contains b of the same parts of which a contains a. Therefore b is "parts" or
a proper fraction of a.

(2) If a, b be not prime to one another, either b measures a, in which
case b is a submultiple or "part" of a, or, if g be the greatest common
measure of 0, b, we may put a =mg and b =ng, and b will contain n of the
same parts (g) of which a contains 111, so that b is again" parts," or a proper
fradton, of a.
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If

PROPOSITION 5.

If a ntttlzber be a part of a 'ltumber, and another be the
same part of a1zother, the sum will also be the same part of the
sum that the one zs of the one.

For let the number A be a part of BC,
and another, D, the same part of another EF that A is of BC;
I say that the sum of A, D is also the same
part of the sum of BC, EF that A is of Be.

For since, whatever part A is of BC, D
is also the same part of E F,
therefore, as many numbers as there are in
BC equal to A, so many numbers are there
also in EF equal to D.

Let BC be divided into the numbers equal to A, namely
BG, GC,
and EF into the numbers equal to D, namely EH, HF;
then the multitude of BG, GC wiII be equal to the multitude
of EH, HP.

And, since BG is equal to A, and EH to D,

therefore BG, EH are also equal to A, D.
For the same reason

GC, HFare also equal to A, D.
Therefore, as many numbers as there are in BC equal to

A, so many are there also in BC, EF equal to A, D.
Therefore, whatever multiple BC is of A, the same multiple

also is the sum of Be, EF of the sum of A, D.
Therefore, whatever part A is of BC, the same part also

is the sum of A, D of the sum of BC, EF.
Q. E. D.

I I
a = - b, and c == - d, then

n n
I

a + c== - (b + d).
tl. :rhe proposition. is of course true for any quantity of pairs of numbers

SImIlarly related, as IS the next proposition also; and both propositions are
used in the extended form in VII. 9, 10.
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PROPOSITIOX 6.

i10
I ,F
~H

I
'E:8

1./ a 1Zlt1Jzber be parts 0./ a 1Z1mzber. and another be the SClme

parts of another, the Sltm 'Wil! also be the same parts of the sum
that the one is 0./ the one.

For let the number AB be parts of the number C.
and another, DE, the same parts of another,
F, that A B is of C ;
I say that the sum of AB, DE is also the
same parts of the sum of C, F that .AB is
of C.

For since, whatever parts A B is of C.
DE is also the same parts of F,
therefore, as many parts of C as there are
in AB, so many parts of F are there also in DE.

Let ABbe di\·ided into the parts of C. namely A G. GB,
and DE into the parts of F, namely DH, HE;
thus the multitude of A G, GB \viII be equal to the multitude
ofDH, HE.

And since, whatever part A G is of C, the same part is
DHof Falso,
therefore, whatever part A G is of C, the same part also is the
sum of A G. DH of the sum of C, F. [VII. 5]

F or the same reason,
whatever part GB is of C, the same part also is the sum of
GB, HE of the sum of C, F.

Therefore. whatever parts AB is of C, the same parts also
is the sum of AB, DE of the sum of C, F.

Q. E. D.

If
111 m

(l = - /1, and (= - d,
11 11

then

More generally, if

m
a + c = - (/7 + d).

n

1Il 7lZ 1JI
a =- b, c= - d, e = - f, ...

n 11 n

then (11 + c+ e +.Ii + ... ) = ~ (b + d +f + h + ... ).

H. E. II. 20
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In Euclid's proposition m < JZ, but the generality of the result is of course
not affected. This proposition and the last are complementary to v. I, which
proves the corresponding result with llZultiple substituted for "jart" or
''jarts.''

PROPOSITION 7.

ij a 1ZZlJJzber be that part of a number, which a mmzbe'J'"
subtracted is of a mtmber subtracted, the 'remainder will also
be tlze same part 0./ the 'remainder that the whole is 0./ the
whole.

For let the number AB be that part of the number CD
which AE subtracted is of CF subtracted;
I say that the remainder EB is also the same part of the
remainder FD that the whole AB is of the whole CD.

A IF B

G c F D

For, whatever part AE is of CF, the same part also let
EB be of CG.

Now since, whatever part AE is of CF, the same part
also is EB of CG,
therefore, whatever part AE is of CF, the same part also is
AB of GF. [vII.5J

But, whatever part A E is of CF, the same part also, by
hypothesis, is A B of CD ;
therefore, whatever part AB is of GF, the same part is it of
CD also;
therefore GF is equal to CD.

Let CF be subtracted from each;
therefore the remainder GC is equal to the remainder FD.

Now since, whatever part AE is of CF, the same part
also is EB of GC,
while GC is equal to PD,
therefore, whatever part AE is of CF, the same part also is
EBofFD.

But, whatever part AE is of CF, the same part also is AB
of CD ;
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therefore also the remainder EB is the same part of the
remainder FD that the whole AB is of the whole (1J.

Q. E. D.
I I

If a = -b and c= - d, we are to prove that
11 11

I
a-c=- (b-d)

11 '

a result differing from that of VII. 5 in that minus is substituted for pills.
Euclid's method is as follows.

Suppose that e is taken such that
I

a-c=-t' (1)
Jl

Now C=.: d.
11

Therefore a =.: (Ii..;.. e),
1l

whence, from the hypothesis, d + e= b,
so that e = b - d,
and, substituting this value of e in (1), we have

I
a-c=-(b-d).

II

lnr. 5]

PROPOSITION 8.

C::-- -+~----:D

N HM KG

If a number be the same parts of a number that a number
subtracted £s of a number subtracted. the remainder will also
be the SatHe parts of the -remainder that the whole is of the
whole.

For let the number AB be the same parts of the number
CD that AE subtracted is of CF
subtracted;
I say that the remainder E B is
also the same parts of the re­
mainder FD that the whole AB A--"'-L--+-E--=B
is of the whole CD.

For let GH be made equal to !lB.
Therefore, whatever parts GH is of CD, the same parts

also is AE of CF
Let GHbe divided into the parts of CD, namely GK, KH,

and AE into the parts of CF, namely AL, LE;
thus the multitude of GK, ](~H will b~ equal to the multitude
of AL, LE.

20-2:
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Now since, whatever part GK is of CD, the same part
also is A L of CF,
while CD is greater than CF,
therefore GK is also greater than AL.

Let GM be made equal to AL.
Therefore, whatever part GK is of CD, the same part also

is GlJ;f of CF;
therefore also the remainder M K is the same part of the
remainder FD that the whole GK is of the whole CD. [VII. 7]

Again, since, whatever part KH is of CD, the same part
also is EL of CF,
while CD is greater than CF,
therefore H K is also greater than E L.

Let KN be made equal to EL.
Therefore, whatever part KH is of CD, the same part

also is KN of CF;
therefore also the remainder N H is the same part of the
remainder FD that the whole KH is of the whole CD.

[VII. 7]
But the remainder M K was also proved to be the same

part of the remainder FD that the whole GK is of the whole
CD;
therefore also the sum of M K, N H is the same parts of D F
that the whole HG is of the whole CD.

But the sum of MK, NH is equal to EB,
and HG is equal to BA;
therefore the remainder EB is the same parts of the remainder
FD that the whole AB is of the whole CD.

Q. E. D.

If
m 1Jt

a=-b and c=-d,
1l n

(m<n)

m
then a-c=-(b-d).

n
Euclid's proof amounts to the following.

I I
Take e equal to - b, andf equal to - d.

n n
Then since, by hypothesis, b> d,

e>f,

and, by VII. 7, I
e-f= - (b-d).

n
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s·I
J Gi

A: I:c

Repeat this for all the parts equal to {' and! that there are in <1, !' respec­
tively, and we have, by addition (a, Z, containing III of such parts respecti\'elyi,

( j)
1Il ..

1lI e - = - (b - d).
!l

But m(e-!)=a-t.
III

Therefore a-c= ~- (b -d).
II

The propositions VII. 7, 8 are complementary to \", 5 which gives the
corresponding result with 1Il1l1liple in the place of "part" or "parts."

PROPOSITION 9.

1/ a Humber be a part ~f a llltlJlber, ami another be' the
same part 0./ altother, alternately also, z~,hatez'er part or parts
tke first is of the tkird, the same part, or the same parts. 'will
tile second also be 0/ the fourth.

For let the number .A be a part of the number Be.
and another, D, the same part of another, EF,
that A is of BC;
I say that, alternately also, whatever part or
parts A is of D, the same part or parts is BC
of EF also.

For since, whatever part A is of BC, the
same part also is D of EF,
therefore, as many numbers as there are in BC equal to A,
so many also are there in EF equal to D.

Let BC be divided into the numbers equal to A, namely
BG, GC,
and EF into those equal to D, namely EH, H F;
thus the multitude of BG, GC will be equal to the multitude
of EH, HF.

N ow, since the numbers BG, GC are equal to one another.
and the numbers EH, H F are also equal to one another,
while the multitude of BG, GC is equal to the multitude of
EH,HF,
therefore, whatever part or parts B G is of E H, the same
part or the same parts is GC of HF also;
so that, in addition, whatever part or parts BG is of EH,
the same part also, or the same parts, is the sum BC of the
sum EF. [m. 5. 6]
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But BG is equal to A, and EH to D j

therefore, whatever p~rt or parts A is of D, the same part or
the same parts is BC of EF also.

Q. E. D.

If a =~ band c= ~ d, then, whatever fraction (" part" or "parts") a is of
n n

c the same fraction will b be of d.
, Dividing b into each of its parts eq~al to a, and d into e.ach of its parts

equal to c, it is clear that, whatever fractIOn one of the parts a IS of one of .the
parts c, the same fraction is any other of the parts a of any other of the pa;rts c.

And the number of the parts a is equal to the number of the parts c, VIZ. n.
Therefore, by VII. 5, 6, 1la is the same fraction of nc that a is of c, i.e. b is

the same fraction of d that a is of c.

PROPOSITION IO.

[VII. 9]

F

o

E

·H

If a 1tZtnzber be parts of a ll:umber, and another be the
same parts ofanother, alternately also, whatever parts orpart
the first is of the third, the same parts or the same part will
the second also be of theJourth.

For let the number AB be parts of the number C,
and another, DE, the same parts of another,
F;
I say that, alternately also, whatever parts or
part AB is of DE, the same parts or the
same part is C of F also.

For since, whatever parts AB is of C,
the same parts also is DE of F,
therefore, as many parts of C as there are
in AB, so many parts also of F are there in DE.

Let AB be divided into the parts of C, namely AG, GB,
and DE into the parts of F, namely DH, HE;
thus the multitude of A G, GB will be equal to the multitude
ofDH, HE..

Now since, whatever part A G is of C, the same part also
is DHof F,
alternately also, whatever part or parts A G is of DR,
the same part or the same parts is C of F also.

F or the same reason also,
whatever part or parts GB is of HE, the same part or the
same parts is C of F also j
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so that, in addition, 'whatever parts or part AB IS of DE,
the same parts also, or the same part, is C of F. [\'II. 5, 6]

Q. E. D.

1ll m
If a = - band c = - d, then, whatever fraction tl is of c, the same fraction

1l 1l

is b of d.
To prove this, a is divided into its JIl parts cliual to b 1/, and c into its

Jll parts equal to tI/Il.
Then, by 'Ill. 9, whatever fraction one of the 1II parts of a is of one of the

1lI parts of c, the same fraction is /1 of d.
And, by VII. 5, 6, whatever fraction one of the lJI part;; of a j" of one of

the m parts of c, the same fraction is the sum of the parts of a (that is, a) of
the sum of the parts of c (that is, c).

\Vhence the result follows.
In the Greek text, after the words" so that, in addition" in the last line

but one, is an additional explanation making the reference to VII. 5, 6 clearer.
as follows: 'c whatever part or parts A G is of DH, the same part or the
same parts is GB of HE also;
therefore also, whatever part or parts A G is of D H, the same part or the same
parts is AB of DE also. [\"II. 5, 6J

But it was proved that, whatever part or parts AG is of DH, the same
part or the same parts is C of F also;
therefore also" etc. as in the last two lines of the text.

Heiberg concludes, on the authority of P, which only has the words In

the margin in a later hand, that they may be attributed to Theon.

PROPOSITIOX I!.

If, as whole is to whole, so z:\" a Jmmber subtracted to a
tlltmber subtracted, the remai1lder 7.oill also be to the remainder
as zuhole to whole.

As the whole A B is to the whole CD. so let AE subtracted
be to CF subtracted;
I say that the remainder EB is also to the remainder
FD as the whole AB to the whole CD.

Since, as AB is to CD, so is AE to Cr,
whatever part or parts A B is of CD, the same part
or the same parts is AE of CF also; [VII. Def. 20]

Therefore also the remainder EB is the same
part or parts of FD that AB is of CD. [VII. 7, 8]

Therefore, as EB is to FD, so is AB to CD. ['ill. Def. :lO]
Q. E. D.

It will be observed that, in dealing with the proportions in Props. II-13,
Euclid only contemplates the case where the first number is ,. a part" or
" parts" of the second, while in Prop. 13 he assumes tht first to be c, a part"
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or "parts" of the third also j that is, the first number is in all three propositions
assumed to be less than the second, and in Prop. 13 less than the third also.
Yet the figures in Props. I I and 13 are inconsistent with these assumptions.
If the facts are taken to correspond to the figures in these propositions, it is
necessary to take account of the other possibilities involved in the definition
of proportion (VII. Def. 20), that the first number may also be a multiple, or
a multiple plus" a part" or "parts" (including once as a multiple in this case),
of each number with which it is compared. Thus a number of different cases
would have to be considered. The remedy is to make the ratio which is in
the lower terms the first ratio, and to invert the ratios, if necessary, in order
to make "a part" or " parts" literally apply.

If a : b = c : d, (a > c, b> d)
then (a-c): (b-d)=a: b.

This proposition for numbers corresponds to v. 19 for magnitudes. The
enunciation is the same except that the masculine (agreeing with apLBp.o,)
takes the place of the neuter (agreeing with fJ-eye8o,).

The proof is no more than a combination of the arithmetical definition of
proportion (Vll. Def. 20) with the results of VII. 7, 8. The language of propor­
tions is turned into the language of fractions by Def. 20; the results of VII. 7, 8
are then used and the language retransformed by Def. 20 into the language of
proportions.

PROPOSITION 12.

If there be as many numbers as we please in jJrojJortion,
then, as one 0/ the antecedents is to one 0/ the consequents, so
are all the antecedents to all the consequents.

Let A, B, C, D be as many numbers as we please in
proportion, so that,

as A is to B, so is C to D ;
I say that, as A is to B, so are A, C to B, D.

For since, as A is to B, so is C to D, AI 81 C D

whatever part or parts A is of B, the same part
or parts is C of D also. [VII. Def. 20]

Therefore also the sum of A, C is the same
part or the same parts of the sum of B, D that A is of B.

[VII. 5, 6]
Therefore, as A is to B, so are A, C to B, D. [VII. Def. 20]

If a:a'=b:b'=c;c= ... ,
then each ratio is equal to (a + b+c+ ...) ; (a' + b' +c + ...).

The proposition corresponds to v. 12, and the enunciation is word for word
the sam.e with that of v. 12 except that apt{jfJ-0<; takes the place of fJ-eyeBo<;.

Agam the p.roof merely connects the arithmetical definition of proportion
(VII. Def. 20) WIth the results of VII. 5, 6, which are quoted as true for any
number of numbers, and not merely for two numbers as in the enunciations of
VII. 5, 6.
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Q. E. D.

PROPOSITIOX 13.

If four 1utmbers be jJ1'oportional, the)' 'luil! also be propor­
tional alternately.

Let the four numbers A. B, C, D be proportional, so that,
as A is to B, so is C to D ;

I say that they "Vill also be proportional alternately, so that,
as A is to C, so will B be to D.

F or since, as A is to B, so is C to D, Ai
therefore, whatever part or parts "-1 is of B,
the same part or the same parts is C of D also.

[\"II. Der. :!oJ
Therefore, alternately, whatever part or

parts A is of C, the same part or the same
parts is B of D also.

Therefore, as A is to C, so is B to D.

If a:b=c:d,
then, alternately, a : c = b : d.

The proposition corresponds to v. 16 for magnitudes, and the proof
consists in connecting VII. Def. 20 with the result of VII. 10.

PROPOSITIO~ 14.

Ifthere be as many mtJJzbers as rue please, aud others equal
to them ilZ multitude, which taken two alld two are in the same
ratio, they will also be in the same ratio ex aequali.

Let there be as many numbers as we please d, B, C,
and others equal to them in multitude D, E, F, ·which taken
two and two are in the same ratio, so that,

as A is to B, so is D to E,
and, as B is to C, so is E to F;
I say that, ex aequali,

as A is to C, so also is D to F

A o
B E

c f

F or, since, as A is to B, so is D to E,
therefore, alternately,

as A is to D, so is B to E. em. I3J
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Again, since, as B is to C, so is E to F,
therefore, alternately,

as B is to E, so is C to F.
But, as B is to E, so is A to D;

therefore also, as A is to D, so is C to F.
Therefore, alternately,

as A is to C, so is D to F.

[VII. 14, IS

[VII. I3J

[id.J

If
and

a: b =:d: e,
b:c=:e:j,

then, ex aeqllall~ a : c =: d :f;
and the: same is true howeve:r many successive numbers are so related.

The proof is simplicity itself.
By VII. 13, alternately, a : d =: b : e,

and b : e =: c:/
Therefore a : d =: c : j,

and, again alternately, a : c=d:/
Observe that this simple method cannot be used to prove the corresponding

proposition for magnitudes, v. 22, although v. 22 has been preceded by the
two propositions in that Book corresponding to the propositions used here,
viz. v. 16 and v. I I. The reason of this is that this method would only prove
v. 22 for six magnitudes all of the same kind, whereas the magnitudes in v. 22

are not subject to this limitation.
Heiberg remarks in a note on VII. 19 that, while Euclid has proved

several propositions of Book v. over again, by a separate proof, for numbers,
he has neglected to do so in certain cases; e.g., he often uses v. 11 in these pro­
positions of Book VII., v. 9 in VII. 19, V. 7 in the same proposition, and so on.
Thus Heiberg would apparently suppose Euclid to use v. 1 I in the last step
of the present proof (Ratios which are the same with the same ratio are also the
same with one anotlu:r). I think it preferable to suppose that Euclid regarded
the last step as axiomatic; since, by the definition of proportion, the first
number is the same multiple or the same part or the same parts of the second
that the: third is of the fourth: the assumption is no more than an assumption
that the numbers or proper fractions which are respectively equal to the same
number or proper fraction are equal to one another.

Though the proposition is only proved of six numbers, the extension to as
many as we please (as expressed in the enunciation) is obvious.

PROPOSITION I5.

Ifall unit measure allY number, and another number measure
ally other ltlmzber the same number of times, alternately also,
tlte unit will measure the third number tlte same number of
times that lite second JJu'{Zslt1'es tlte fourtlt.
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is BC to

G
I

D

BA

For let the unit A measure any number Be- ,
and let another number D
measure any other number EF
the same number of times;
I say that, alternately also, the E ..:,:K'---__:;::.T__-..-.:..F

unit A measures the number
D the same number of times that Be measures EF.

For, since the unit A measures the number BC the same
number of times that D measures EF,
therefore, as many units as there are in BC, so many numbers
equal to D are there in EF also.

Let BC be divided into the units in it, BG, GH, HC,
and EF into the numbers E1(, I<L, LF equal to D.

Thus the multitude of BG, GJ-!, HC will be equal to the
multitude of EK, KL, LF.

And, since the units BG, GN, HC are equal to one another,
and the numbers EK, KL, LF are also equal to one another,
while the multitude of the units BG, GH, HC is equal to the
multitude of the numbers EK, KL, LF,
therefore, as the unit BG is to the number EK, so will the
unit GH be to the number KL, and the unit HC to the
number LF.

Therefore also, as one of the antecedents is to
the consequents, so will all the antecedents be to
consequents;
therefore, as the unit BG is to the number EK, so
EF.

But the unit BG is equal to the unit A,
and the number EK to the number D.

Therefore, as the unit A is to the number D, so is BC to
EF.

Therefore the unit A measures the number D the same
number of times that BC measures EF. Q. E. D.

If there be four numbers I, m, a, ma (such that I measures III the same
number of times that a measures ma), I measures a the same number of
times that m measures ma.

Except that the first number is unity and the numbers are said to measure
instead of being a part of others, this proposition and its proof do not differ
from VII. 9; in fact this proposition is a particular cast: of the other.
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PROPOSITION 16.

If two 1lumbers by multiplyillg olle another make certai1t
mwzbers, the 1lumbers so produced will be equal to one another.

Let A, B be t\VO numbers, and let A by multiplying B
make C, and B by multiplying
A makeD; A

I say that C is equal to D. B

For, since A by multiply- c----------
ing B has made C, 0------------
therefore B measures C ac- -E

cording to the units in A.
But the unit E also measures the number A according to

the units in it ;
therefore the unit E measures A the same number of times

that B measures C.
Therefore, alternately, the unit E measures the number B

the same number of times that A measures C. [VII. IS]
Again, since B by multiplying A has made D,

therefore A measures D according to the units in B.
But the unit E also measures B according to the units

in it;
therefore the unit E measures the number B the same

number of times that A measures D.
But the unit E measured the number B the same number

of times that A measures C;
therefore A measures each of the numbers C, D the same

number of times.
Therefore C is equal to D. Q. E. D.

2. The numbers so produced. The Greek has oi 'Y€VOP,OoC e~ ,,,iTWV, " the (numbers)
producedfrom t!Wll." By "from them" Euclid means "from the original numbers," though
this is not very clear even in the Greek. I think ambiguity is best avoided by leaving out
the words.

This proposition proves that, if allY IlltJltbers be multiplied together, the order
of multiplication is indifferent, or ab = ba.

It is important to get a clear understanding of what Euclid means when
he speaks of one number multiplying another. VII. Def. 15 states that the
effect of "a multiplying b" is taking a times b. We shall always represent
"a times b" by ab and "b times a" by ba. This being premised, the proof
that ab = ba may be represented as follows in the language of proportions.
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By VII. Def. 20, I : a = b : abo
Therefore, alternately, I : b = a : abo [VII. 13]
Again, by VII. De£ 20, I : b = a : ba.

Therefore a : ab = a : va,
or ab = ba.

Euclid does not use the language of proportions but that of fractions or
their equivalent measures, quoting VII. 15. a particular case of VII. 13
differently expressed, instead of VII. 13 itself.

PROPOSITIOX 17.

If a 1lumber by muJhplying hvo lllfmbcrs make cerfa£Jz
1lumbers, the 1ZZt1Jzbers so produced 'Z'.!Ill haz,c the same ratio
as the 1lU1JZ~erS 1Jzultipl£ed.

For let the number A by multiplying the two numbers B,
Cmake D,E;
I say that, as B is to C, so is D to E.

For, since A by multiplying B has made D,
therefore B measures D according to the units in A.

----A

B-----

D
c------

E

-F

But the unit F also measures the number A according to
the units in it ;
therefore the unit F measures the number A the same number
of times that B measures D.

Therefore, as the unit F is to the number A, so is B to D.
[VII. Dei. 20]

F or the same reason,
as the unit F is to the number A, so also is C to E;
therefore also, as B is to D, so is C to E.

Therefore, alternately, as B is to C, so is D to E. [VII. 13]
Q. E. D.

b : c= ab : ac.
In this case Euclid translates the language of measures into that of

proportions, and the proof is exactly like that set out in the last note.
By VII. Def. 20, I : a = b : ab,

and I : a = c : ac.
Therefore b : ab = c : ac,

and, alternately, b : c = ab : ac. [VII. 13]
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PROPOSITION 18.

[VII. 18, 19

[VII. 17]

[VII. 16]

A----
B-----

0----

E------

if two '/lumbers by 1Jzuitiplying any 1zul1tber make certain
'numbers, the numbers so produced will have the same ratio as
the multipliers.

For let two numbers A, B by multiplying any number C
make D, E; .
I say that, as A is to B, so is D
to E.

For, since A by multiplying
C has made D,
therefore also C by multiplying A has made D.
For the same reason also
C by multiplying B has made E.

Therefore the number C by multiplying the two numbers
A, B has made D, E.

Therefore, as A is to B, so is D to E.

It is here proved that
The argument is as follows.

Similarly
And

therefore

a: b=ac: be.

ae=ea.
be= eb.

a : b=ea : eb;
a: b = ae: be.

[VII. 16]

[VII. 17]

PROPOSITION 19.

Iffour lZZtJJzbers be proportional, the numberproducedfrom
the j£rst andfourtlt will be equal to the mtmbe'r produced from
the second and third,' and, if the 1utmber produced from the
first andfourth be equal to that producedfrom the sec01zd and
third, the four numbers wzll be proportional.

Let A, B, C, D be four numbers in proportion, so that,
as A is to B, So is C to D ;

and let A by multiplying .D make E, and let B by multiply­
ing C make F;
I say that E is equal to F

F or let A by multiplying C make G.
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[n!. I8J

Since, then, A by multiplying C has made G, and by
multiplying D has made E,
the number A by multiplying the two
numbers C, D has made G, E.

Therefore, as C is to D, so is G to E. ,
[VII. 17] ABCI

But, as C is to D, so is A to B; I
therefore also, as A is to B, so is G
to E.

Again, since A by multiplying C
has made G,
but, further, B has also by multiplying
Cmade F,
the two numbers A, B by multiplying a certain number C
have m¥l.e G, F.

Therefore, as A is to B, so is G to F.
But further, as A is to B, so is G to E also;

therefore also, as G is to E, so is G to F.
Therefore G has to each of the numbers E, F the same

ratio;
therefore E is equal to F.

Again, let E be equal to F;
I say that, as A is to B, so is C to D.

F or, with the same construction,
since E is equal to F,
therefore, as G is to E, so is G to F.

But, as G is to E, so is C to D,
and, as G is to F, so is A to B.
Therefore also, as A is to B, so is C to D.

[ef. v. 9J

[cf. v. 7J
[VII. 17]

[VII. IS]

Q. E. D.

But
Therefore

[VII. 17]

[VII. IS]

or

If a:b=e:d,
then ad = be; and conversely.

The proof is equivalent to the following.
(1) ae : atl=e: d

=a: b.

a: b=ac: be.
ae: ad=ae: /Ie,

ad=bc.



320 BOOK VII [VII. 19, 20

[VII. 17]
[VII. 18]

Since ad=be,
ae: ad=ae: be.

But ae: ad=e: d,
wd u:k=a:~

Therefore a : b = e : d.
As indicated in the note on nI. 14 above, Heiberg regards Euclid as

basing the inferences contained in the last step of part (I) of this proof and
in the first step of part (2) on the propositions v. 9 and v. 7 respectively,
since he has not proved those propositions separately for numbers in this
Book, I prefer to suppose that he regarded the inferences as obvious and
not needing proof, in view of the definition of numbers which are in pro­
portion. Kg., if ae is the same fraction (" part" or "parts") of ad that ae is
of be, it is obvious that atl must be equal to be.

Heiberg omits from his text here, and relegates to an Appendix, a
proposition appearing in the manuscripts V, p, t:P to the effect that, if three
numbers be proportional, the product of the extremes is equal to the square
of the mean, and conversely. It does not appear in P in the first hand, B has
it in the margin only, and Campanus omits it, remarking that Euclid does
not give the proposition about three proportionals as he does in VI. 17, since
it is easily proved by the proposition just given. Moreover an-Nairlzl quotes
the proposition about three proportionals as an obsenJatioll on VII. 19 probably
due to Heron (who is mentioned by name in the preceding paragraph).

PROPOSITION 20.

c

o

G

BA

The !cast ;zumbers of those which have the same rat£o with
them measure those which ha'Z.le the same ratio the same number
of times, the greater the greater and the less the less.

F or let CD, EF be the least numbers of those which have
the same ratio ·with A, B;
'1 say that CD measures A the same number
of times that EF measures B.

Now CD is not parts of A.
For, if possible, let it be so ;

therefore EF is also the same parts of B
that CD is of A . [VII. 13 and Def. 20]

Therefore, as many parts of A as there
are in CD, so many parts of B are there also
in EF.

Let CD be divided into the parts of A, namely CC, CD,
and EFinto the parts of B, namely EH, HF;
thus the multitude of ec, CD will be equal to the multitude
of EH, HF.
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I\OW, since the numbers ce, CD are equal to one another.
and the numbers EN, HF are also equal to one another,
while the multitude of ce, CD is equal to the multitude of
EH,HF,
therefore, as CG is to EH, so is GD to HF.

Therefore also, as one of the antecedents is to
the consequents, so \'lill all the antecedents be to
consequents.

Therefore, as CG is to EH, so is CD to EF.
Therefore CG, EH are in the same ratio with CD, EF,

being less than they:
\vhich is impossible, for by hypothesis CD, EE are the least
numbers of those \'lhich have the same ratio with them.

Therefore CD is not parts of A ;
therefore it is a part of it.

And EE is the same part of B that CD is of A;
[VII. 13 and Def. 20]

therefore CD measures A the same number of times that EF
measures B.

Q. E. D.

If a, b are the least numbers among those which have the same ratio
(i.e. if alb is a fraction in its lowest terms), and c, d are any others in the same
ratio, i.e. if

a:b.=c:d,

1 I d h . .then a = - c and b =- , were Jl IS some mtegd.
Jl n ~

The proof is by ndudio ad absurdulIl, thus.
[Since a < c, a is some proper fmction (" part" or "parts ") of c, by VlI. 4.]

Now a cannot be equal to '!!. c, where III is an integer less than lZ but
Jl

greater than 1.

For, if a = '!!.", b =~ d also. [nl. 13 and Def. ;w1
11 lZ "

Take each of the m parts of a with each of the m parts of b, two and two .;

the ratio of the members of all pairs is the same ratio!.. a : .:. b.
III JJl

Therefore

.:. a : ..: b = a : b. [VII. 12]
m m

But ..:. a and .:. b are respectively less than a, b and they are in the same
JJl m

ratio: which contradicts the hypothesis.

H. E. II.
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Henc~ a can only be "a part" of .-, or

a is of the form ~.-,
7l

[VII. 20, 21

and therefore b is of the form ~ d.
71

Here also Heiberg omits a proposition which was no doubt interpolated
by Theon (B, V, p, cf> have it as VII. 22,. bu~ P only has it in the margin
and in a later hand; Campanus also omIts It) provmg for numbers the ex
aequali proposition when "the proportion is perturbed," i.e. (c£ enunciation
of v. 22) if

a:b=e:f, ....................•............ (1)
and b : c= d: e, (2)
then a : C =d :f

The proof (see Heiberg's Appendix) depends on VII. 19·
From (1) we have af= be,

and from (2) be = cd. [VII. 19]
Therefore af= cd,

and accordingly a:c=d:f [VII. 19]

PROPOSITION 2 I.

Numben prime to one another are tile least of those which
haue the same ratio with theilI-.

Let A, B be numbers prime to one another;
I say that A, B are the least of
those which have the same ratio
with them.

F or, if not, there will be some
numbers less than A, B which are
in the same ratio with A, B.

Let them be C, D.
Since, then, the least numbers of those which have the

same ratio measure those which have the same ratio the
same number of times, the greater the greater and the less
the less, that is, the antecedent the antecedent and the
consequent the consequent, [VII. 20)

therefore C measures A the same number of times that D
measures B.

Now, as many times as C measures A, so many units let
there be in E.

Therefore D also measures B according to the units in E.
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And, since C measures .-1 according to the units in E,

therefore E also measures A according to the units in C.
em.

F or the same reason
E also measures B according to the units in D. [VII. 16)

Therefore E measures A, B which are prime to one
another: which is impossible. em. Def. 12]

Therefore there will be no numbers less than A, B which
are in the same ratio with A, B.

Therefore A, B are the least of those which ha\'e the same
ratio with them.

VII. 21, 22)

Q. E. D.

In other words, if a, b are prime to one another, the ratio a : 1, i~ ":n it:;
lowest terms."

The proof is equivalent to the following.
If not, suppose that c, d are the least numbers for which

a:b=c:d.
[Euclid only supposes sOllie numbers c, d in tht ratio of a to (i such that
c < a, and (consequently) d < b. It is however necessary to SUppOSe that
c, d are the least numbers in that ratio in order to enable \"II. 20 to be
used in the proaL]

Then [VII. 20] a = me, and b = md, where m is some integer.
Therefore a = cm, b = tim, [VII. 16]

and m is a common measure of a, /1, though these are prime to one another:
which is impossible. [VI!. Def. 12]

Thus the least numbers in the ratio of a to b cannot be less than ", /I
themselves.

Where I have quoted VII. 16 Heiberg regards the reference as being to
VII. 15. I think the phraseology of the text combined with that of Def. 15
suggests the former rather than the latter.

PROPOSITIO~ 22.

B------

A-------

c--­
D---

E--

The least numbers of those which ha,;}c the same ratio ,<,)itlt
them are prime to one altOtlter.

Let A, B be the least numbers of those which have the
same ratio with them;
I say that A, B are prime to one
another.

F or, if they are not prime to one
another, some number will measure
them.

Let some number measure them, and let it be C.

21-2
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[VII. 17J
with A, B, being less

And, as many times as C measures A, so many units
let there be in D,
and, as many times as C measures B, so many units let there
be in E.

Since C measures A according to the units in D,
therefore C by multiplying D has made A. [VII. Def. ISJ

F or the same reason also
C by multiplying E has made B.

Thus the number C by multiplying the two numbers D,
E has made A, B ;
therefore, as D is to E, so is A to B ;
therefore D, E are in the same ratio
than they: which is impossible.

Therefore no number will measure the numbers A, B.
Therefore A, B are prime to one another.

Q. E. D.

If a : b is '; in its lowest terms," a, b are prime to one another.
Again the proof is indirect.
If a, b are not prime to one another, they have some common measure c,

and
a = me, b = llC.

Therefore m : 7t = a : b. [VII. 17 or I8J
But 1Jl, n are less than a, b respectively, so that a : b is not in its lowest

terms: which is contrary to the hypothesis.
Therefore etc.

PROPOSITIOX 23.

lj two lmmbers be prime to OJle alzother, the 1lUmber which
measures the one of them will be prime to the remaining
1lmnber.

I I
BCDA

Let A, B be two numbers prime to one another, and
any number C measure A ;
I say that C, B are also prime to one another.

F or, if C, B are not prime to one another,
some number \vill measure C, B.

Let a number measure them, and let it be D.
Since D measures C, and C measures A,

therefore D also measures A.
But it also measures B ;

let



\"II. 23, :q] l'ROPOSITlO:,\S 22-:q

therefore D measures .L.J, B which are prime to one another:
which is impossible. [VII. Def. 12]

Therefore no number will measure the numbers C. B.
Therefore C, B are prime to one another.

Q. E. D.

If a, mb are prime to one another, b is prime to a. For, if not, some
number d will measure both a and b, and therefore both a and mb: which is
contrary to the hypothesis.

Therefore etc.

j
, F

E

b I
o

i J
11
1 B
A

PROPOSITIOX 24.

If t7i!0 1lumbers be prime to all)' 1ZltlJZber, their product also
will be prime to the same.

For let the two numbers A, B be prime to any number C,
and let A by multiplying B make D ;
I say that C, D are prime to one another.

F or, if C. D are not prime to one another,
some number ,,,ill measure C, D.

Let a number measure them, and let it
beE.

N ow, since C, A are prime to one
another,
and a certain number E measures C,
therefore A, E are prime to one another. Em. 23]

As many times, then, as E measures D, so many units let
there be in F;
therefore F also measures D according to the units in E.

[VII. 16]
Therefore E by multiplying F has made D. [m. Def. IS]

But, further, A by multiplying B has also made D ;
therefore the product of E, F is equal to the product of A, B.

But, if the product of the extremes be equal to that of the
means, the four numbers are proportional; [VII. 19]
therefore, as E is to A, so is B to F.

But A, E are prime to one another,
numbers which are prime to one another are also the least of
those which have the same ratio, [VII. 21]
and the least numbers of those which have the same ratio
with them measure those which have the same ratio the same
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number of times, the greater the greater and the less the less,
that is, the antecedent the antecedent and the consequent the
consequent ; [VII. 20J
therefore E measures B.

But it also measures C;
therefore E measures B, C which are pnme to one another:
which is impossible. [VII. Def. 12J

Therefore no number will measure the numbers C, D.
Therefore C, D are prime to one another.

Q. E, D.

I. their product. ,,€~ aim;:'v "{<vop.€VOs, literally" the (number) produced from them,"
will henceforth be translated as "their product."

[VII. 23J

[VII. 19]
But, since"

Therefore [VII. 20]
or

If a, b are both prime to c, then ab, c are prime to one another.
The proof is again by reductio ad absurdum.
If ab, c are not prime to one another, let them be measured by d and be

equal to md, wI, say, respectively.
Now, since a, c are prime to one another and d measures c,

a, d are prime to one another.
ab=md,

d:a=b:m.
d measures b,

b=pd, say.
But c=nd.

Therefore d measures both band c, which are therefore not prime to one
another: which is impossible.

Therefore etc.

c

PROPOSITION 25.

If two mtmbe1's be prime to O1ze another, the product of O1ze
0.1 them into itself will be prime to the remaining one.

Let A, B be two numbers prime to one another,
and let A by multiplying itself make C;
I say that B, C are prime to one another.

For let D be made equal to A.
Since A, B are prime to one another,

and A is equal to D,
therefore D, B are also prime to one another.

Therefore each of the two numbers D A IS
prime to B ; . ,

therefore the product of D, A will also be prime taB. [VII. 24]
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But the number which is the product of D, ...1. is C
Therefore C, B are prime to one another. Q. E. D.

I. the product of one of them into itself. The Greek. b h TOV Evils ,,,j,w,,,,,,o,uaos.
literally" the number produced from the ('ne of them." le~\"e,; "Illtll~iplied into ibdf" to be
understood.

If tl, b are prime to on~ anoth~r,

a~ is prime to I,.
Euclid takes d equal to il, so that d, a arc both prime to l,.
Hence, by VII. :q, da, i.e. a~, is prime to I,.
The proposition is a particular case of the preceding proposition: and the

method of proof is by substitution of different numbers in the result of that
proposition.

E--------
F-----

.0----

0---

Q. E. D.

A------

B-----

PROPOSITIOX 26.

If t<.i.'O 1lltJlZbers be prime to huo illlmbers. both to each, their
products also 'luill be prime to OJle another.

For let the two numbers A, B be pnme to the two
numbers C, D, both to each,
and let A by multiplying B
make E, and let C by multi­
plying D make F;
I say that E, F are prime to
one another.

For, since each of the numbers A, B is prime to C,
therefore the product of A, B will also be prime to C. [VII. 24]

But the product of A. B is E;
therefore E, C are prime to one another.

F or the same reason
E, D are also prime to one another.

Therefore each of the numbers C, D is prime to E.
Therefore the product of C, D will also be prime to E.

[VII. 24]
But the product of C, D is F.
Therefore E, F are prime to one another.

If both a and b are prime to each of two numbers c, d, then ab, cd will be
prime to one another.

Since a, b are both prime to c,
ab, c are prime to one another. [VII. 24]

Similarly ab, d are prime to one another.
Therefore c, d are both prime to ab,
and so therefore is cd. [VII. 24]
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PROPOSITION 27.

[za.]
pnme to the two

F

[id.]

E

[VII. 25]

o

c

If two 1lltmbers be pr£me to one alzother, and each by
1JZuitiplyi1lg itself make a certain number, the products will be
pr£me to one another; and, if the origznalnumbers by mult£­
plying the products make certain nUJJzbers, the latter will also
be prime to one a1zother [and this is always the case with the
extremes].

Let A, B be two numbers prime to one another,
let A by multiplying itself make C, and by
multiplying C make D,
and let B by multiplying itself make E, and
by multiplying E make F;
I say that both C, E and D, F are prime
to one another.

For, since A, B are prime to one another,
and A by multiplying itself has made C,
therefore C, B are prime to one another.

Since then C, B are prime to one another,
and B by multiplying itself has made E,
therefore C, E are prime to one another.

Again, since A, B are prime to one another,
and B by multiplying itself has made E,
therefore A, E are prime to one another.

Since then the two numbers A, Care
numbers B, E, both to each,
therefore also the product of A, C is prime to the product of
B, E. [VII. 26]

And the product of A, C is D, and the product of B, E
is F:

Therefore D, F are prime to one another.
Q. E. D.

If a, b are prime to one another, so are a2
, b2 and so are a3

, if; and,
generally, an, bn are prime to one another.

The words in the enunciation which assert the truth of the proposition for
any powers are suspected and bracketed by Heiberg because (I) in 7T€pl TOV~
lJ.KPOU~ the use of d.KpOt is peculiar, for it can only mean" the last products,"
and (2) the words have nothing corresponding to them in the proof, much
less is the generalisation proved. Campanus omits the words in the enuncia-



PROPOSITIO~S 27, .:::8

tion, though he adds to the proof a remark that tht: pmposition is true of any,
the same or different, powers of a, b. Ht:iberg concludes that the words are
an interpolation of date earlier than Theon.

Euclid's proof amounts to this.
Since a, b are prime to one anothtr, so are tl~, b rv ll. .::: 51, and therdore

also a2
, b2

• "[\'II. 25]
Similarly [VII. 25] a, b'2 are prime to one another.
Therefore a, a2 and b, be satisfy the description in tht: enunciation of

Vir. 26.
Hence a3

, If are prime to one another.

PROPOSITIOX 28.

cB

--0-

A

If two numbers be prime to one a1lother, the sum 'will also
be prime to eacli of tliem,. and, if tlie sum 0/ two Jlumbers be
pn'me to any olle of them, tlie original }lumbers 'will also be
prime to one another.

For let t\VO numbers AB. BC prime to one another be
added;
I say that the sum A C is also prime
to each of the numbers AB, Be.

For, if CA, AB are not prime to
one another,
some number will measure CA, AB.

Let a number measure them, and let it be D.
Since then D measures CA, dB,

therefore it will also measure the remainder Be.
But it also measures BA ;

therefore D measures AB, BC which are prime to one another:
which is impossible. [m. Def. 12]

Therefore no number \vill measure the numbers CA, dB;
therefore CA, AB are prime to one another.

F or the same reason
A C, CB are also prime to one another.

Therefore CA is prime to each of the numbers A B, Be.
Again, let CA, AB be prime to one another;

I say that AB, BC are also prime to one another.
For, if AB, BC are not prime to one another,

some number will measure AB, Be.
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Let a number measure them, and let it be D.
Now, since D measures each of the numbers AB, BC, it

will also measure the whole CA.
But it also measures AB ;

therefore D measures CA, AB which are prime to one another:
which is impossible. [VII. Def. 12]

Therefore no number will measure the numbers AB, Be.
Therefore AB, BC are prime to one another.

Q. E. D.

If a, b are prime to one another, a + b will be prime to both a and b; and
conversely. .

For suppose (a + b), a are not prime to one another. They must then
have some common measure d.

Therefore d also divides the difference (a + b) - a, or b, as well as a; and
therefore a, b are not prime to one another: which is contrary to the
hypothesis.

Therefore a + b is prime to a.
Similarly a + b is prime to b.
The converse is proved in the same way.
Heiberg remarks on Euclid's assumption that, if c measures both a and b,

it also measures a ± b. But it has already (VII. I, 2) been assumed, more
generally, as an axiom that, in the case supposed, c measures a ±pb.

PROPOSITION 29.

A ny prime 'Izumber is prime to any number which £t does
'Itot measure.

Let A be a prime number, and let it not measure B;
I say that B, A are prime to one another.

F or, if B, A are not prime to one A

another, B

some number will measure them. --c
Let C measure them.
Since C measures B,

and A does not measure B,
therefore C is not the same with A.

Now, since C measures B, A,
therefore it also measures A which IS pnme, though it is not
the same with it :
which is impossible.
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Therefore no number wiII measure B, .A..
Therefore A, B are prime to one another.

Q. E. D.

If II is prime and does not measure b. then 11, (I are ;xime to ont:: another.
The proof is self-evident. '"

A-----

D--

E-----

8----

C

[VII. 29J
C. so many units let

PROPOSITIO:\ 30.

If !1.uo 1wmbers by multiplying om ai/other make some
number, and an)' prime Jlllmber measure the pro/fuel, it Z~'l"ll

also measure one of the orz:r;i31al Jlumbers.

For let the two numbers ..:-1, B by multiplying one another
make C, and let any prime number
D measure C;
I say that D measures one of the
numbers A. B.

F or let it not measure A.
Now D is prime;

therefore A, D are prime to one
another.

And, as many times as D measures
there be in E.

Since then D measures C according to the units in E,
therefore D by multiplying E has made C. [m. Def. IS]

Further, A by multiplying B has also made C;
therefore the product of D, E is equal to the product of
A, B.

Therefore, as D is to A, so is B to E.
But D, A are prime to one another.

primes are also least, [YII. 2I]
and the least measure the numbers \vhich have the same
ratio the same number of times, the greater the greater and
the less the less, that is, the antecedent the antecedent and
the consequent the consequent; [vn. 20]
therefore D measures B.

Similarly we can also show that. if D do not measure B.
it will measure A.

Therefore D measures one of the numbers A, B.
Q. E. D.
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A-------

B-----

c---

If c, a prime number, measure ab, c will measure either a or b.
Suppose c does not measure a.
Therefore c, a are prime to one another. [VII. 29]
Suppose ab = 1IIe.

Therefore c : a = b : 1ll. [VII. 19]
Hence [VIr. 20, 21] C measures b.
Similarly, if c does not measure b, it measures a.
Therefore it measures one or other of the two numbers a, b.

PROPOSITION 3 I.

A1ZY composite 1wmber is measured by some prime number.

Let A be a composite number;
I say that A is measured by some prime number.

For, since A is composite,
5 some number will measure it.

Let a number measure it, and let it
beB.

Now, if B is prime, what was en­
joined will have been done.

10 But if it is composite, some number will measure it.
Let a number measure it, and let it be C.
Then, since C measures B,

and B measures A,
therefore C also measures A.

15 And, if C is prime, what was enjoined will have been
done.

But if it is composite, some number will measure it.
Thus, if the investigation be continued in this way, some

prime number will be found which will measure the number
20 before it, which will also measure A.

For, if it is not found, an infinite series of numbers will
measure the number A, each of which is less than the other:
which is impossible in numbers.

Therefore some prime number will be found which will
25 measure the one before it, which will also measure A.

Therefore any composite number is measured by some
prime number.

Q. E. D.
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8. if B is prime, what was enjoined will have been done, i.e. the implied
problem of finding a prime number which mea::me.' A..

IS. some prime number will be found which will measure. In the Gre"k the
sentence stops here, but it is necessary to add the worch ., the number hefore it, which will
also measure A," which are found a few lines further down. It is pussible th:u the word;
may have fallen out of P here by a simple mistake due to Oj1.0WriAfl:-rov \Heiberg).

Heiberg relegates to the Appendix an alternatiYe proof of this proposition,
to the following effect. Since A is composite. some number will measure it.
Let B be the leaJ'! such number. I say that B is prime. For, if not, B is
composite, and some number will measure it, say C; so that C is less than B.
But, since C measures B, and B measures A, C must measure A. And Cis
less than B: which is contrary to the hypothesis.

PROPOSITIOX 32.

Any 1Zlt1lzber either is jrime or is measured by some prime
1zumbe1'.

Let A be a number;
I say that A either is prime or IS measured by some prime
number.

If now A is prime, that "lhich was A------

enjoined will have been done.
But if it is composite. some prime number will measure it.

[nr·3 1 ]

Therefore any number either is prime or is measured by
some prime number.

Q. E. D.

PROPOSITIOX 33.

GiveJz as many 1lltmbers as 'We please, to Jim! the least of
those 'luludz have the same 'ratio with them.

Let A, B, C be the given numbers, as many as we please;
thus it is required to find the least of I I ' ,

5those which have the same ratio with Ai Bi c: ~

A, ~,~, C are either pnme to one I I '
another or not.

Now, if A, B, C are prime to one I I i

10 another, they are the least of those H ~ E !
which have the same ratio \vith them. L M F G

[VII. 21]
But, if not, let D the greatest common measure of A. B, C

be taken, [Yll. 3]
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30

[VII. 19J

and, as many times as D measures the numbers A, B, C
15 respectively, so many units let there be in the numbers

E, F, G respectively.
Therefore the numbers E, F, G measure the numbers A,

B, C respectively according to the units in D. [VII.16J

Therefore E, F, G measure A, B, C the same number of
20 times;

therefore E, F, G are in the same ratio with A, B, C.
[VII. Def. 20J

I say next that they are the least that are in that ratio.
F or, if E, F, G are not the least of those which have the

same ratio with A, B, C,

25 there will be numbers less than E, F, G which are in the
same ratio with A, B, C.

Let them be H, K, L ;
therefore H measures A the same number of times that the
numbers K, L measure the numbers B, C respectively.

Now, as many times as H measures A, so many units let
there be in ~~1";

therefore the numbers 1<, L also measure the numbers B, C
respectively according to the units in ]JIf.

And, since H measures A according to the units in M,
35 therefore uJ also measures A according to the units in H.

[VII. r6J
F or the same reason

111 also measures the numbers B, C according to the units in
the numbers K, L respectively;

Therefore ill measures A, B, C.
40 N ow, since H measures A according to the units in M,

therefore H by multiplying lJI has made A. [VII. Def. ISJ
For the same reason also

E by multiplying D has made A.
Therefore the product of E, D is equal to the product of

45 H, lJ;f.

Therefore, as E is to H, so is 1~.f to D.
But E is greater than H;

therefore .3£ is also greater than D.
And it measures A, B, C:
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5° \vhich is impossible, for by hypothesis D is the greatest
common measure of A, B, C.

Therefore there cannot be anv numbers less than E, F, G
\vhich are in the same ratio \vith ~4.. B. C.

Therefore E, F, G are the least of those which have the
55 same ratio \vith A, B, C.

Q. E. D.

I,. the numbers E, F. G measure the numbers A. B, C respectively,
literally (as t,"ual) "each of the number5 E. F, G measure.; each of the numbers A,
B, C."

[m.20]

mg=a= .•k.

m:x=k:x·

a = kx (or xk, VII. 16),
b = k.y (or yk),
C = k::; (or ::;k),

Given any numbers a, l" c, ... , to find the least numbers that are in the
same ratio.

Euclid's method is the obviolls one, and the result is verified by redl!diu
ad absurdum.

We will, like Euclid, take three numbers only, 11, II, c.
Let g, their greatest common measure, be found [VII. 3J, and suppose that

a = mg, i.e. gJll, [VlI. 16)
b = lIg, i.e. gil,
c = pg, i.e. gpo

It follows, by VII. Def. 20, that
m:ll:p=a:l':c.

m, 11, p shall be the numbers required.
For, if not, let x, J', ::; be the least numbers in the same ratio as tT, b, <',

being less than Ill, 1[, p.
Therefore

where k is some integer.
Thus
Therefore
And m > x; therefore k > g.
Since then k measures a, /I, Ii it follows that g is not the greatest common

measure: which contradicts the hypothesis.
Therefore etc.

H is to be observed that Euclid merely supposes that x, J', ::; are smaller
numbers than m, 11, p in the ratio of 11, b, c; but, in order to justify the next
inference, which apparently can only depend on nr. 20, x, .1', ::; must also be
assumed to be the least numbers in the ratio of 11, l', C.

The inference from the last proportion that, since 1Il > x, k > g is supposed
by Heiberg to depend upon VII. 13 and V. q together. I prefer to regard
Euclid as making the inference quite independently of Book v. E.g., the
proportion could just as well be written

,;\.~ : Jli =....!:f: k,
when the definition of proportion in Book \'II. (Def. ~o) gives all that we want,
since, whatever proper fraction x is of m, the same proper fraction is g of k.
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PROPOSITION 34.

Given two 1l1tmbers, to find the least 1ZZimber which they
measure.

-----0

c-------

[VII. 16]

B---

F--

A---

Let A, B be the two given numbers;
thus it is required to find the least number which they
measure.

Now A, B are either prime to one
another or not.

First, let A, B be prime to one
another, and let A by multiplying B
make C; E--

therefore also B by multiplying A has
made C.

Therefore A, B measure C.
I say next that it is also the least number they measure.
For, if not, A, B will measure some number which is less

than C.
Let them measure D.
Then, as many times as A measures D, so many units let

there be in E,
and, as many times as B measures D, so many units let there
be in F;
therefore A by multiplying E has made D,
and B by multiplying F has made D; [VII. Def. IS]

therefore the product of A, E is equal to the product of B, F
Therefore, as A is to B, so is F to E. [VII. 19]
But A, B are prime,

primes are also least, [VII. ZI]
and the least measure the numbers which have the same ratio
the same number of times, the greater the greater and the less
the less; [VII. zo]
therefore B measures E, as consequent consequent.

And, since A by multiplying B, E has made C, D,
therefore, as B is to E, so is C to D. [VII. 17]

But B measures E ;
therefore C also measures D, the greater the less:
which is impossible.
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B

-H

---E

c

A

--G

-----0

And let A by multiplying E
make C;
therefore also B by multiplying F --F

has made C;
therefore A, B measure C.

I say next that it is also the least
number that they measure.

For, if not, A, B will measure some number which is less
than C.

Let them measure D.
And, as many times as A measures D, so many units let

there be in G,
and, as many times as B measures D, so many units let there
be in H.

Therefore A by multiplying G has made D,
and B by multiplying H has made D.

Therefore the product of A. G is equal to the product of
B,H;
therefore, as !l is to B, so is H to G.

But, as A is to B, so is Fto E.
Therefore also, as F is to E, so is H to G.
But F, E are least,

and the least measure the numbers \vhich have the same ratio
the same number of times, the greater the greater and the
less the less; em. 20J
therefore E measures G.

And, since A by multiplying E, G has made C, D,
therefore, as E is to G, so is C to D. [m. Ii]

But E measures G ;
therefore C also measures D, the greater the less:
which is impossible.

Therefore A, B do not measure any number less than C'
J •

therefore C is the least that is measured by A, B.
N ext, let A, B not be prime to one another,

and let F, E, the least numbers of those which have the same
ratio with A, B, be taken; [m.33]
therefore the product of A, E is equal to the product of B, F.

[m. 19]

H. E. II. 12
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Therefore A, B will not measure any number which is less
than C.

Therefore C is the least that is measured by A, B.
Q. E. D.

[VII. 19]

[VII. 20, 2I]
[VII. 17]b : 111 = ab : am

==ab: d.

Therefore ab measures d: which is impossible.

But

This is the problem of finding the least common multiple of two numbers,
as a, b.

1. If a, b be prime to one another, the L.C.M. is abo

For, if not, let it be d, some number less than abo

Then d = 1Jla == nb, where 1ll, n are integers.

Therefore a : b == n : m,

and hence, a, b being prime to one another,

b measures 1Jl.

II. If a, b be not prime to one another, find the numbers which are the
least of those having the ratio of a to b, say 1lJ, n ; [VII. 33]

then a : b = m : 11,

and

c is then the L.C.M.

all = bm (= c, say); [VII. 19]

And

Then

whence

so that

so that

which is impossible.

Therefore etc.

For, if not, let it be d (<. c), so that

ap == bq == d, where p, q are integers.

a: b =q :p,
m : 11 == q :p,
11 measures p.

11 : p == all : ap == c : d,

c measures d:

[VII. 19]

[VII. 20, 2I]

By VII. 33, 771 == ~}g .
71 == ~ ,where g IS the G.C.1\!. of a, b.

g

H h
. ab

ence t e L.C.M. IS -.
g
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B----

-----D

PROPOSITIOX 35.

.if two numbers 'measure any 1lltmber. the least 1/lfmber
measlwed by them will also measltre tht' same.

For let the two numbers A, B measure any number CD,
and let E be the least that they

A---

c F
measure;
I say that E also measures CD.

F or, if E does not measure E

CD, let E, measuring DF, leave CF less than itself.
N ow, since A, B measure E.

and E measures DF,
therefore A, B will also measure D F

But they also measure the ,vhole CD ;
therefore they will also measure the remainder CF which IS

less than E:
~

which is impossible.
Therefore E cannot fail to measure CD ;

therefore it measures it.
Q. E. D.

The least common multiple of any two numbers must measure any other
common multiple.

The proof is obvious, depending on the fact that, if any number divides a
and /I, it also divides a-pl>.

PROPOSITIOX 36.

Given three 1llmzbers, to find the least mmzber whilh the)'
measure.

Let A, B, C be the three given numbers;
thus it is required to find the least
number v.-hich they measure. A---

Let D, the least number mea- B---

sured by the two numbers A, B, c----
be taken. [nr·34] 0------

Then C either measures, or E-----

does not measure, D.
First, let it measure it.

22-2
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A---

-----F

------E

B---­

c----
0----

But A, B also measure D;
therefore A, B, C measure D.

I say next that it is also the least that they measure.
F or, if not, A, B, C will measure some number which 1S

less than D.
Let them measure E.
Since A, B, C measure E,

therefore also A, B measure E.
Therefore the least number measured by A, B will also

measure E. [m·35J
But D is the least number measured by A, B;

therefore D \vill measure E, the greater the less:
which is impossible.

Therefore A, B, C will not measure any number which is
less than D;

therefore D is the least that A, B, C measure.
Again, let C not measure D,

and let E, the least number measured by
e, D, be taken. [VII. 34J

Since A, B measure D,
and D measures E,
therefore also A, B measure E.

But C also measures E ;
therefore also A, B, C measure E.

I say next that it is also the least that they measure.
F or, if not, A, B, C will measure some number which

IS less than E.
Let them measure F.
Since A, B, C measure F.

therefore also A, B measure F;
therefore the least number measured by A, B will also
measure F. [VII. 35]

But D is the least number measured by A, B;
therefore D measures F.

But C also measures F;
"therefore D, C measure F,
so that the least number measured by D, C will also measure F.
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B--

A------

c--­
0-

But E is the least number measured by C. D;
therefore E measures F, the greater the less:
which is impossible.

Therefore A, B, C will not measure any number \\'hich IS

less than E. .
Therefore E is the least that is measured by •..J.. 13, C.

(~. E. D.

Euclid's rule for finding the I..c.,!. of Ihrt't' numbers tT, I"~ !. is the rule with
which we are familiar. The L.C.'I. of <7, b is first found, sa\' d, and then the
L.c.~I. of d and " is found. .

Euclid distinguishes the cases (I) in which" meJ.sun:s ti, (:! ) in which "
does not measure d. \\"e need only reproduce thl: prouf of the general case
(2). The method is that of redudio ad absurdum.

Let e be the L.C.:\!. of d, c.
Since a, b both measure d, and J measureS ,',

a, b both measure <'.

So does ,-.
Therefore e is sOllle common multiple of tT, b, ,-.
If it is not the./east, letfbe the I..c.,r.
Now a, b both measuref;

therefore d, their L.C.'r., also measuresf [nl. 35J
Thus d, <' both measure f;

therefore e, their L.C.M., measuresf: [nI. 35]
which is impossible, sincef < e.

Therefore etc.
The process can be continued ad libitlllll, so that we can find the L.c.'!.,

not only of three, but of as many numbers as we please.

PROPOSITIOX 37.

1./ a }lumber be measured by allY llltJllber, the 1lUmber which
is measured will have a part called by the same name as the
measuring 1tltmber.

For let the number .-1 be measured by any number B;
I say that A has a part called by the same
name as B.

For, as many times as B measures .-1,
so many units let there be in C.

Since B measures A according to the
units in C,
and the unit D also measures the number C according to the
units in it,



BOOK VII

therefore the unit D measures the number C the same number
of times as B measures A.

Therefore, alternately, the unit D measures the number B .
the same number of times as C measures A ; [VII. IS]

therefore, whatever part the unit D is of the number B, the
same part is C of A also.

But the unit D is a part of the number B called by the
same name as it;
therefore C is also a part of A called by the same name as B,
so that A has a part C which is called by the same name as B.

Q. E. D.

If b measurt:s a, then ~ th of a is a whole number.

Let a = 1/l • b.
Now III =m . I.

Thus I, JJl, b, a satisfy the enunciation of VII. IS;
therefore m measures a the same number of times that I measures b.

But

therefore

I is j, th part of b ;

lit is j, th part of a.

PROPOSITIOX 38.

----6

A-------

--0

-0

If a llumber have any jart whate'ller, it will be measured
by a lllt1Jlber called by tlte same name as the jart.

For let the number A have any part whatever, B,
and let C be a number called by the same
name as the part B ;
I say that C measures A.

F or, since B is a part of A called by
the same name as C,
and the unit D is also a part of C called
by the same name as it,

therefore, whatever part the unit D is of the number C,
the same part is B of A also;

therefore the unit D measures the number C the same number
of times that B measures A.
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Therefore, alternately, the unit D measures the number B
the same number of tim~s that C measures d. [VII. IS]

Therefore C measures ..--1.
Q. E. D.

This proposition is practically a restatement of the preceding proposition.

I t asserts that, if b is !. th part of 11,
JJI

i.e., if

then

We have

I
b= -11,

III

lIZ measures 11.

I
b=- a,

lIZ

and I = .!. lll.
l/I

Therefore I, Ill, b, 11, satisfy the enunciation of '·II. 15, and therefore m
measures a the same number of times as I measures b, or

I
lJl =1; ll.

PROPOSITION 39.

To find the number which is the least that will haz'e giz.ell
parts.

Let A, B, C be the given parts;
thus it is required to find the number which IS the least that
will have the parts A, B, C.

A B__ C

D
-------E

----F

-------------G
----------H

Let D, E, F be numbers called by the same name as the
parts A, B, C,
and let G, the least number measured by D, E, F, be taken.

[VII. 36]

Therefore G' has parts called by the same name as D, E, F
[VII. 37]

But A, B, C are parts called by the same name as D, E, F;
therefore G has the parts A, B, C.

I say next that it is also the least number that has.
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For, if not, there v,,'ill be some number less than G which
will have the parts A, E, C.

Let it be H.
Since H has the parts A, E, C,

therefore H will be measured by numbers called by the same
name as the parts A, B, C. [VII·38J

But D, E. F are numbers called by the same name as the
parts A, E, C;
therefore H is measured by D, E, F

And it is less than G: which is impossible.
Therefore there will be no number less than G that will

have the parts A, E, C.
Q. Eo D.

This again is practically a restatement in another form of the problem of
finding the L.C.M.

To find a number which has!. th, b!. th and!. th parts.
a c

Let d be the L.C.:.\!. of a, b, c.
I I I

Thus d has - th, -b th and - th parts. [VI!. 37]
a c

If it is not the least number which has, let the least such number be e.
Then, since e has those parts,

e is measured by a, b, c; and e < d:
which is impossible.
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PROPOSITIOX I.

1./ there be as many numbers as 'Zoe please ill (olltiJill~'d

jJroportioN, and the extremes 0/ them. be prime to one another.
the numbers are the least of tltose z,-,hich h,we tlte same ratio
with them.

E­

F-­

G--­
H---

A--
B--_

c----
0------

Let there be as many numbers as \ve please, .--1, B, C, D,
in continued proportion,
and let the extremes of them
A, D be prime to one another;
I say that A, B, C, D are the
least of those which have the
same ratio with them.

F or, if not, let E, F, G, H be less than .r1, B, C, D, and
in the same ratio with them.

Now, since A, B, C, D are in the same ratio \vith E, F,
G,H,
and the multitude of the numbers A, E, C, D is eqn'al to the
multitude of the numbers E, F, G, H,
therefore, ex aequali,

as A is to D, so is E to H.
But A, D are prime,

primes are also least, [m. 2I]
and the least numbers measure those 'which ha\"e the same
ratio the same number of times, the greater the greater and
the less the less, that is, the antecedent the antecedent and
the consequent the consequent. fm. 201
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Therefore A measures E, the greater the less:
which is impossible.

Therefore E, F, G, H which are less than A, B, C, D
are not in the same ratio with them.

Therefore A, B, C, D are the least of those which have
the same ratio with them.

Q. E. D.

What we call a geometricalprogresstim is with Euclid a series of terms "in
continued proportion" (E~ij<; avaAoyov).

This proposition proves that, if a, b, c, ... k are a series of numbers in
geometrical progression, and if a, k are prime to one another, the series is in
the lowest terms possible with the same common ratio.

The proof is in form by redlldio ad absurdum. We should no doubt
desert this fimlt while retaining the Silbstance. If a', b', c', ... k' be any other
serit:s of numbers in G.P. with the same common ratio as before, we have,
ex aequali,

a: k = a' : k', [VII. 14]
whence, since a, k are prime to one another, a, k measure a', k' respectively, so
that a', k' are greater than a, k respectively.

PROPOSITION 2.

To find llltmbers in cOidimted jJrojorti01z, as many as may
be jJrescribed, ami the least that are in a g£Ve1z ratio.

Let the ratio of A to B be the given ratio in least
numbers;
thus it is required to find numbers in continued proportion,
as many as may be prescribed, and the least that are in the
ratio of A to B.

--A

--B

---0

----0

-----E

F----- -------G

---------H

--------K

Let four be prescribed;
let A by multiplying itself make C, and by multiplying B let
it make D;
let B by multiplying itself make E;
further, let A by multiplying C, D, E make F, G, H,
and let B by multiplying E make K.
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Now, since A by multiplying itself has made C,
and by multiplying B has made D,
therefore, as A is to B, so is C to D. [nI. 17J

Again, since A by multiplying B has made D,
and B by multiplying itself has made E,
therefore the numbers A, B by multiplying B have made the
numbers D, E respectiYely.

Therefore, as A is to B, so is D to E. [m. IS}
But, as A is to B, so is C to D;

therefore also, as C is to D, so is D to E.
And, since A by multiplying C, D has made F, G.

therefore, as C is to D. so is F to G. [m. Ii]

But, as C is to D, so was A to B ;
therefore also, as A is to B, so is F to G.

Again, since A by multiplying D. E has made G. H.
therefore, as D is to E, so is G to H. [VII. Ii]

But, as D is to E, so is A to B.
Therefore also, as A is to B, so is G to H.
And, since A, B by multiplying E have made H, K,

therefore, as A is to B, so is H to K. [VII. IS}

But, as A is to B, so is F to G. and G to H.
Therefore also, as F is to G. so is G to H, and H to K;

therefore C, D, E, and F, G. H, K are proportional in the
ratio of A to B.

I say next that they are the least numbers that are so.
F or, since A, B are the least of those which have the

same ratio with them,
and the least of those \vhich have the same ratio are prime
to one another, [nI. 22J
therefore A, B are prime to one another.

And the numbers A, B by multiplying themselves re­
spectively ha\'e made the numbers C, E. and by multiplying
the numbers C, E respectively haye made the numbers F, K;
therefore C, E and F, K are prime to one another respectively.

[m. 27J

But, if there be as many numbers as we please in continued
proportion, and the extremes of them be prime to one another,
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they are the least of those which have the same ratio with
them. [VIII. I]

Therefore C, D, E and F, G, H, K are the least of those
which haye the same ratio with A, B. Q. E. D.

PORIS:--!. From this it is manifest that, if three numbers
in continued proportion be the least of those which have the
same ratio with them, the extremes of them are squares, and,
if four numbers, cubes.

To find a series of numbers in geometrical progression and in the least
terms which have a given common ratio (understanding by that term tile ratio
lif Olle term t/l the next).

Reduce the given ratio to its lowest terms, say, a : b. (This can be done
by VII. .3.3.)

Then a", a"-Ib, a"-"!r, ... a"b"-2, /Ibn-I, bit

is the required series of numbers if (Il + I) terms are required.
That this is a series of terms with the given common ratio is clear from

VII. 17, I8.

That the G.P. is in the smallest terms possible is proved thus.
a, b are prime to one another, since the ratio a : b is in its lowest terms.

[VII. 22]

Therefore a", /72 are prime to one another; so are a3
, b3 and, generally,

a", bU. [VII. 27]
Whence the G.P. is in the smallest possible terms, by VIII. r.
The Porism observes that, if there are Il terms in the series, the

extremes are (Il - I )th powers.

PROPOSITION 3.

if as man)' mmtbers as we please in continuedproportion
be the feast of those which have the same ratio with them, the
extremes if them are prime to oue another.

Let aiJ, many numbers as we please, A, B, C, D, in con­
tinued proportion be the least of those which have the same
ratio \vith them;

A B C

0

-E -F

--G ---H K

l M N

0



\'III. 3] PROPOSITIO;';-S 2, 3 349

I say that the extremes of them A, D are prune to one
another.

For let t\VO numbers E, F, the least that are in the ratio
of A, B, C, D, be taken. [nI. 33]

then three others G, H, K with the same property;

and others, more by one continually, [nIl. ;)J
until the multitude taken becomes equal to the multitude of
the numbers A, B, C, D.

Let them be taken, and let them be L, .1[, lV, O.
N ow, since E, F are the least of those which ha\'e the

same ratio with them, they are prime to one another. [\'Ii. 2;)J
And, since the numb~rs E, -F by multiplying themseh'es

respectively have made the numbers G, A", and by multiplying
the numbers G, K respectively ha\'e made the numbers L, 0,

e\ Ill. 2, Por.]

therefore both G, K and L, 0 are prin1e to one another. [YH.27j

And, since A, B, C, D are the least of those which have
the same ratio with them,

while L, .!VI, N, 0 are the least that are in the same ratio with
A,B, C,D,
and the multitude of the numbers A, B, C, D is equal to the
multitude of the numbers L, ill, ~l\l, 0,
therefore the numbers A, B, C, D are equal to the numbers
L, M, N, 0 respectively;

therefore A is equal to L, and D to O.
And L, 0 are prime to one another.
Therefore A, D are also prime to one another.

Q. E. D.

The proof consists in merely equating the given numbers to the tt:rms of
a series found in the manner of nIl. 2.

If a, b, C, ... k (ll terms) be a geometrical progression in the lowest terms
having a given common ratio, the terms must respectively be of the form

an- i , an- 2/3, ... a'113 n-:J., af3n-'2, /3 ii-I

found by VIII. 2, where a : [3 is the ratio a : b expressed in its lowest terms, so
that n, [3 are prime to one another [\'Ir. 22], and hence a"-\ [3"-1 are prim<.:
to one another [VII. 27 J.

But the two series must be the same, so that
a = an-I, b = {3n-l.
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PROPOSITION 4.

Gz~,-'elz as mall)' ratios as '<ue please i,z least 1lZt7lzbers, to find
1Zltmbers i,z cOlltillued proportioll whzdl are the least i,Z the
gi;,;en 1'atios.

Let the given ratios in least numbers be that of A to B,
5 that of C to D, and that of E to F;

thus it is required to find numbers in continued proportion
which are the least that are in the ratio of A to B, in the
ratio of C to D, and in the ratio of E to F.

A- B--
c- D-

E-- F--

N-
G

0 --H

M K

P L

Let G, the least number measured by B, C. be taken.
[m·34J

10 And, as many times as B measures G, so many times also
let A measure H,
and, as many times as C measures G, so many times also let
D measure K.

Now E either measures or does not measure K.
15 First, let it measure it.

And, as many times as E measures .l( so many times let
F measure L also.

N ow, since A measures H the same number of times that
B measures G,

20 therefore, as A is to B, so is H to G. [nI. Def. 20, VII. 13J

For the same reason also,
as C is to D, so is G to K,

and further, as E is to F, so is .l( to L ;
therefore H, G, K, L are continuously proportional in the

25 ratio of A to B, in the ratio of C to D. and in the ratio of E
to F.

I say next that they are also the least that have this
property.
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F or, if H, G, K, L are not the least numbers continuousla
30 proportional in the ratios of A to B, of C to D, and of E

to F, let them be N, 0, AI, P.
Then since, as A is to B, so is i\ T to 0,

while A, B are least,
and the least numbers measure those \vhich haye the same

35 ratio the same number of times, the greater the greater and
the less the less, that is, the antecedent the antecedent and the
consequent the consequent;
therefore B measures O. [m. 20]

F or the same reason
40 C also measures 0 ;

therefore B, C measure 0;
therefore the least number measured by B, C will also
measure O. [m·35J

But G is the least number measured by B, C;
45 therefore G measures 0, the greater the less:

which is impossible.
Therefore there will be no numbers less than H, G, K, L

which are continuously in the ratio of A to B, of C to D, and
of E to F

50 N ext, let E not measure Ii.
A-- c-
B-- 0-

G----

K-----

E-­

F-­

H---

----Q

M----------­

0-------

N------

p------------

-----R

--------5

--------T

Let M, the least number measured by E, K, be taken.
And, as many times as K measures Jf, so many times let

H, G measure N, 0 respectively,
and, as many times as E measures 3:!, so many times let F

55 measure P also.
Since H measures AT the same number of times that G

measures 0,
therefore. as H is to G, so is ]\/ to O. [VII. 13 and Def. 20]
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But, as H is to G, so is A to B;
60 therefore also, as A is to B, so is N to O.

For the same reason also,
as C is to D, so is 0 to 1/11.

Again, since E measures M the same number of times that
F measures P,

65 therefore, as E is to F, so is M to P ; [VII. 13 and Def. 20]

therefore lV, 0, 11:1, P are continuously proportional in the
ratios of A to B, of C to D, and of E to F.

I say next that they are also the least that are in the ratios
A:B,C:D,E:F.

70 For, if not, there will be some numbers less than AT, 0,
1~1, P continuously proportional in the ratios A : B, C: D,
E:F.

Let them be Q, R, 5, T.
Now since, as Q is to R, so is A to B,

75 while A, B are least,
and the least numbers measure those which have the same
ratio with them the same number of times, the antecedent the
antecedent and the consequent the consequent, [VII. 20]

therefore B measures R.
80 F or the same reason C also measures R ;

therefore B, C measure R.
Therefore the least number measured by B, C will also

measure R.. [YII. 35]
But G is the least number measured by B, C;

85 therefore G measures R.
And, as G is to R, so is !(' to S: [VII. 13]

therefore R' also measures S.
But E also measures 5;

therefore E, K measure 5.
90 Therefore the least number measured by E, K will also

measure 5. [\'II. 35J
But M is the least number measured by E, K;

therefore 111 measures 5, the greater the less:
which is impossible.

95 Therefore there will not be any numbers less than N, 0,
irf, P continuously proportional in the ratios of A to B, of
C to D, and of E to F;
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therefore N, 0, 1J£, P are the least numbers continuously
proportional in the ratios A :E, C: D, E : F. Q. E. D.

69, 7I, 99· the ratios A: B, C : D, E: F. This ahbreviated expression is in the
Greek 01 AB, rt.., EZ MyOl.

The term "in continued proportion" is here not used in its proper sense,
since a geometrical progression is not meant, but a series of terms each of
which bears to the succeeding term a gi7.1en, but not the same, ratio.

The proposition furnishes a good example of the cumbrousness of the
Greek method of dealing with non-determinate numbers. The proof in fact
is not easy to follow without the help of modern symbolical notation. If
this be used, the reasoning can be made clear enough.

Euclid takes three given ratios and therefore requires to find four numbers.
We will leave out the simpler particular case which he puts first, that namely
in which E accidentally measures .K, the multiple of D found in the first few
lines; and we will reproduce the general case with three ratios.

Let the ratios in their lowest terms be
a : b, c: d, e:j

Take 11 , the L.C.i\!. of b, c, and suppose that
11 = mb = !lC.

Form the numbers ma, mb t, nd.
= 1ZC J

These are in the ratios of a to b and of C to d respectively.
Next, let 12 be the L.C.1\!. of nd, e, and let

12 =pnd:: qe.
Now form the numbers

pilla, pmb} , pnd 1.> qf,
=pnc =qe j

and these are the four numbers required.
If they are not the least in the given ratios, let

x, y, ~, 11

be less numbers in the given ratios.
Since a : b is in its lowest terms, and

a: b =x :y,
b measures y.

Similarly, since c : d = y : ::,
c measures y.

Therefore 11 , the L.C.M. of b, c, measuresy.
But 11 : 1zd[=c: d] =y: z.
Therefore nd measures z.
And, since e :f= z : 11,

e measures z.
Therefore 12 , the L.C.M. of nd, e, measures z: which is impossible, since

::<12 or pnd.
The step (line 86) inferring that G : R = K: S is of course alknzando

from G : K [= C : D] = R : S. . '
It will be observed that VlII,'4 corresponds to the portIon of VI. 23 whIch

shows how to compound two ratios between straight lines.

H. E. II. 23
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-------A

-------G

[VIII. 4]

[YII. I7J

[VII. 17]

--D

-F

--K

----H

----L

--B

--c
-E

as C is to E, so is G to H,
and, as D is to F, so is H to I(.

And let D by multiplying E make L.
IS Now, since D by multiplying C has made A, and by

multiplying E has made L,
therefore, as C is to E, so is A to L.

But, as C is to E, so is G to H;
therefore also, as G is to H, so is A to L.

20 Again, since E by multiplying D has made L, and further
by multiplying F has made B,
therefore, as D is to F, so is L to B.

But, as D is to F, so is H to K;
therefore also, as H is to K, so is L to B.

25 But it was also proved that,
as G is to H, so is A to L ;

therefore, ex aequali,
as G is to K, so is A to B. [VII. r4]

But G has to K the ratio compounded of the ratios of the
30 sides;

therefore A also has to B the ratio compounded of the ratios
of the sides. Q. E. D.

PROPOSITION 5.
Plallenumbers ·have to O1ze another the 1;atio comjou1zded

of the ratios of their sides.
Let A, B be plane numbers, and let the numbers C, D

be the sides of A, and E, F of B; _
5 I say that A has to B the ratio com­

pounded of the ratios of the sides.
For, the ratios being given which C

has to E and D to F, let the least
numbers G, H, K that are continuously

10 in the ratios C: E, D :F be taken, so
that,

I, 5, ~9, 31• compounded of the ratios of their sides. As in VI. ~3, the Greek
has the less exact phrase, "compounded of their sides."

If a == cd, b == if,
then a has to b the ratio compounded of c :,e and d :j

Take three numbers the least which are continuously in the given ratios.
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If ! is the L.C.M. of e, d and 1= 1IIe: = 1Id, the three numbers are
llh', me l, 1If. [ \"I II. -+]

= nd I

Now dc:de=c:e (nl. Ii]
cc mc ; me = llie ; lId.

Also cd ; if= d :f [YII. r i)
= 1Id : Ilf.

Therefore, ex aequali, cd : if= mc : 11/
= (ratio compounded of c : c' and d ;.f).

It will be seen that this proof follows exactly the method of VI. 23 for
parallelograms.

PROPOSITION 6.

If there be as many 1l1£JJzbcrs as 'Zoe please ill conlimlt'li
proporti01z, al1d tlte first do 110t measure the se,'omi, llt'ithcr
'will al1Y other measure aNy other.

Let there be as many numbers as we please, A, B, C, D, E,
in continued proportion, and let A not measure B;
I say that neither will any other measure any other.

A

B
C

0

E

-F
--G

H

Now it is manifest that A, B, C, D, E do not measure
one another in order; for A does not even measure B.

I say, then, that neither will any other measure any other.
F or, if possible, let A measure C.
And, hO\vever many A, B, C are, let as many numbers

F, G, H, the least of those which have the same ratio with
A, B, C, be taken. [m. 33]

N ow, since F, G, H are in the same ratio with A, E, C,
and the multitude of the numbers A, B, C is eqlIal to the
multitude of the numbers F, G, H,
therefore, ex aequali, as A is to C, so is F to H. [vo. q]
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And since, as A is to B, so is F to G,
while A does not measure B,
therefore neither does F measure G ; [VII. Def. 20]
therefore F is not an unit, for the unit measures any number.

Now F, H are prime to one another. [VIII. 3]
And, as F is to H, so is A to C;

therefore neither does A measure C.
Similarly we can prove that neither will any other measure

any other.
Q. E. D.

Let 0, b, c ... k be a geometrical progression in which a does not measure b.
Suppose, if possible, that a measures some term of the series, as f
Take x,)', ::;, 11, Z', ·w the least numbers in the ratio a, b, c, d, e,f.
Since x :y = a : b,

and a does not measure b,
x does not measure)'; therefore x cannot be unity.

And, ex aequali, x : w = a :f
Now.1::, 1£1 are prime to one another. [VIII. 3]

Therefore a does not ·measure f.
We can of course prove that an intermediate term, as b, does not measure

a later term f by using the series b, c, d, e, f and remembering that, since
b : c", a : b, b does not measure c.

PROPOSITION 7.

0------------
[VIII. 6J

A--

B---

c------

If there be as man)} numbers as we please £1Z conlinued
proportion, and the first measure the last, £t will measzwe the
second also.

Let there be as many numbers as we please, A, B, C, D,
in continued proportion; and
let A measure D ;
I say that A also measures B.

• For, ifA does not measure
B, neither will any other of the
numbers measure any other.

But A measures D.
Therefore A also measures B.

Q. E. D.

An obvious proof by reductio ad absurdum from VIII. 6.
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PROPOSITION 8.

I.f between. two 1lZwzbers there .fall JlltJ)zbcrs ill cOlltiJlllcd
proporti01z with them, then, however mall)' 1111lJlbers.fall bc!'iuccll
them i,z continued proporti01l, so man)' will also .fall ill COJl­

tinued proportion between the 1lltJJlbcrs 'Which haz'e the same
ratio with the originalllumbers.

Let the numbers C, D fall bet\veen the two numbers A,
B in continued proportion with them, and let E be made in
the same ratio to F as A is to B ;
I say that, as many numbers as have fallen between A, B in
continued proportion, so many will also fall between E, F in
continued proportion.

A-- E

C M

0 N

B F
G-
H--
K--

L

For, as many as A, B, C, D are in multitude, let so many
numbers G, H, K, L, the least of those \vhich have the same
ratio with A, C, D, B, be taken; (m·33J
therefore the extremes of them G, L are prime to one another.

[nIl. 3)

Now, since A, C, D, B are in the same ratio with G, H,
K,L,
and the multitude of the numbers d, C, D, B is equal to the
multitude of the numbers G, H, K, L,
therefore, ex aequali, as A is to B, so is G to L. [m. 14]

But, as A is to B, so is E to F;
therefore also, as G is to L, so is E to F.

But G, L are prime,
primes are also least, (\'II. 21]
and the least numbers measure those which have the same
ratio the same number of times, the greater the greater and
the less the less, that is, the antecedent the antecedent and the
consequent the consequent. [VII. 20]
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Therefore G measures E the same num ber of times as L
measures .F.

Next, as many times as G measures E, so many times let
H, K also measure )1[, N respectively;
therefore G, H, K, L measure E, ill, N, F the same number
of times.

Therefore G, H, K, L are in the same ratio with E, M,
N, F. [VII. Def. 20]

But G, H, K, L are in the same ratio with A, C, D, B;
therefore A, C, D, B are also in the same ratio with E, ll-f,
N,F.

But A, C, D, B are in continued proportion;
therefore E, Jf, N, F are also in continued proportion.

Therefore, as many numbers as have fallen between A, B
in continued proportion with them, so many numbers have also
fallen between E, F in continued proportion.

Q. E. D.

I. fall. The Greek word is ep:,ri7rT<LP, "fall in" =" can be interpolated."

If a : b =e:.f, and between il, b then~ are any number of geometric
means c, d, there will be as many such means between e, f.

Let a, 13, 1',' .., 0 be the least possible terms in the same ratio as a,
c, d, ... b.

Then a, aare prime to one another, [VIII. 3]
and, .'.1: atyuali, a : a= a : b

= e:f.
Therefore C = lila, f =mo, where III is some integer. [VI!. 20]

Take the numbers lila, 1Il/3, my, ... mo.
This is a series in the given ratio, and we have the same number of

geometric means between ma, mo, or e, j, that there are between a, b.

PROPOSITION 9.

If two llUmbers be prime to one another, and 1ZltJllbers fall
bet'li..leen them in cOlltinued proportion, thell, however many
1l1~mbt:rs fall betwee1l thl:m ill cOlltimted proportion, so mall)'
wzll also fall betwee::n each of tht:m and an unit in cont£1lZted
proporti01l.

Let A, B be two numbers prime to one another, and let
C, D fall between them in continued proportion,
and let the unit E be set out;
I say that, as many numbers as fall between A, B In con-
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tinued proportion, so many will also fall between either of
the numbers A, E and the unit in continued proportion.

For let two numbers F, G, the least that are in the ratio
of A, C, D, E, be taken,

three numbers H, K, L with the same property,

and others more by one continually, until their multitude is
equal to the multitude of A, C, D, B. [VIII. 2]

A----­
c-----­
D-------­
B-----------

E­
F­
G-

H-­
K--

L---

M----­

N-----­
0-------­
p----------

Let them be taken, and let them be 31, lV, 0, P.
It is now manifest that F by multiplying itself has made

H and by multiplying H has made 31, while G by multiplying
itself has made L and by multiplying L has made P.

[nIl. 2, Por.]
And, since ffif, N, 0, P are the least of those \vhich have

the same ratio with F, G,
and A, C, D, E are also the least of those which have the
same ratio with F, G, [VHI. I]

while the multitude of the numbers 31, lV, 0. P is equal to the
multitude of the numbers A, C, D, E,
therefore M, N, 0, P are equal to A, C, D, E respectively;
therefore M is equal to A, and P to E.

Now, since Fby multiplying itself has made H,
therefore F measures H according to the units in F.

But the unit E also measures F according to the units in it;

therefore the unit E measures the number F the same number
of times as F measures H.

Therefore, as the unit E is to the number F, so is F to H.
[nI. Def. 20]

Again, since F by multiplying H has made "}I,
therefore H measures 111 according to the units in .F~
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But the unit E also measures the number F according to
the units in it;
therefore the unit E measures the number F the same number
of times as H measures M.

Therefore, as the unit E is to the number F, so is H to 1/11.
But it was also proved that, as the unit E is to the number

F, so is F to H;
therefore also, as the unit E is to the number F, so is F to H,
and Hto M.

But 1/1£ is equal to A ;
therefore, as the unit E is to the number F, so is F to H,
and Hto A.

For the same reason also,
as the unit E is to the number G, so is G to Land L to B.

Therefore, as many numbers as have fallen between A,
B in continued proportion, so many numbers also have fallen
between each of the numbers A, B and the unit E in continued
proportion.

Q. E. D.

Suppose there are 1l geometric means between a, b, two numbers prime to
one another; there are the same number (n) of geometric means between I

and a and between I and b.
If C, d... are the n means between a, b,

a, C, d ... b
are the least numbers in that ratio, since a, b are prime to one another. [VIII. I]

The terms are therefore respectively identical with
o.n+l, an{3, an.-IJ32 ... af3n, f3n+t,

where a, f3 is the common ratio in its lowest terms. [VIII. 2, POL]
Thus a = an+l, b = f3n+l.
Now I:a=a:a2=a2:a3... =an':an+l,

and I :f3=f3:f32=f32:p••• =j3":p+J;
whence there are n geometric means between I, a, and between I, b.

PROPOSITION 10.

. If 1l;umbers fall between each 0.1 two numbers and an unit
zn contmued proportiOlt, however many numbers .fal! betweelz
each 0/ them and an unit in continued proportion, so man)'
also wzll fall between, the numbers tlzemse!ves in cont£nued
proport£on.
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For let the numbers D, E and F, G respectively fall
between the two numbers A, B and the unit C in continued
proportion;

I say that, as many numbers as have fallen bet\....een each of
the numbers A, B and the unit C in continued proportion, so
many numbers will also fall between A, B in continued pro­
portion.

F or let D by multiplying F make H, and let the numbers
D, F by multiplying H make K, L respectively.

c-

D­
E­

F­

G;---

A---

B----------

H-­

K:----
L------

Now, since, as the unit C is to the number D, so is D to E,
therefore the unit C measures the number D the same number
of times as D measures E. [VII. Def. 20]

But the unit C measures the number D according to the
units in D;
therefore the number D also measures E according to the units
in D;
therefore D by multiplying itself has made E.

Again, since, as C is to the number D, so is E to ~rl,

therefore the unit C measures the number D the same number
of times as E measures A.

But the unit C measures the number D according to the
units in D; •
therefore E also measures A according to the units in D ;
therefore D by multiplying E has made A.

For the same reason also
F by multiplying itself has made G, and by multiplying G has
made B.

And, since D by multiplying itself has made E and by
multiplying F has made H,
therefore, as D is to F, so is E to H. [VII. 17]
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For the same reason also,
as D is to F, so is H to G. [VII. 18]

Therefore also, as E is to H, so is H to G.
Again, since D by multiplying the numbers E, H has

made A, K respectively,
therefore, as E is to H, so is A to K. [VII. 17]

But, as E is to H, so is D to F;
therefore also, as D is to F, so is A to K.

Again, since the numbers D, F by multiplying H have
made K, L respectively,
therefore, as D is to F, so is K to L. [VII. 18]

But, as D is to F, so is A to K;
therefore also, as A is to K, so is K to L.

Further, since F by multiplying the numbers H, G has
made L, B respectively,
therefore, as H is to G, so is L to B. [VII. 17]

But, as H is to G, so is D to F;
therefore also, as D is to F, so is L to B.

"But it was also proved that,
as D is to F, so is A to K and K to L ;

therefore also, as A is to K, so is K to Land L to B.
Therefore A, K, L, B are in continued proportion.
Therefore, as many numbers as fall between each of the

numbers A, B and the unit C in continued proportion, so
many also will fall between A, B in continued proportion.

Q. E. D.

If there be IX geometric means between I and a, and also between rand
b, there will be Il geometric means between a and b.

The proposition is the converse of the preceding.
The Il means with the extremes form two geometric series of the form

I, u, a2 ••• an, a 1l+r,
I, /3, p ... f3", f3"+l,

where a"+l =a, f3"+1 =b.
By multiplying the last term in the first line by the first in the second,

the last but one in the first line by the second in the second, and so on, we
get the series

a)l.+I, all.j3, an-1j?::J. ... a."J./3f£-\ af3n, f3n+l
and we have the n means between a and b.

It will be observed that, when Euclid says" For the same reason also, as
D is to F, so is Hto G," the reference is really to VII. 18 "instead of VII. 17.
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He infers na~TI~ly ~hat. .l? x. F: F x F"" D : F. But since, by VII. 16, the
order of multlpbcatlOn IS mdlfferent, he is practically justified in sayinn "for
the same reason." The same thing occurs in later propositions. b

PROPOSITION I I.

D--

[VII. 17J

em. 18]

E----

A---

B------

c--

Betwee'lZ two square 1lumbers there is ONe mean proportional
1Zlt1Jlber, and the square has to the square the ratio duplicate
of that whicJz the side has to the side.

Let A, B be square numbers,
and let C be the side of A, and D of B;
I say that between A, B there is one mean proportional
number, and A has to B the ratio
duplicate of that which C has to D.

For let C by multiplying D make E.
Now, since A is a square and C is

its side,
therefore C by multiplying itself has
made A.

F or the same reason also
D by multiplying itself has made B.

Since then C by multiplying the numbers C, D has made
A, E respectively,
therefore, as C is to D, so is A to E.

F or the same reason also,
as C is to D, so is E to B.

Therefore also, as A is to E, so is E to B.
Therefore between A, B there is one mean proportional

number.

I say next that A also has to B the ratio duplicate of
that which C has to D.

For, since A, E, B are three numbers in proportion,
therefore A has to B the ratio duplicate of that which ~--J has
roE ~~~

But, as A is to E, so is C to D.
Therefore A has to B the ratio duplicate of that which

the side C has to D. Q. E. D.

According to Nicomachus the theorems in this proposition and the next,
that two squares have one geometric mean, and two cubes Iu.'o geometric
means, between them are Platonic. Cf. Timaf.'ltS, 32 A sqq. and the note
thereon, p. 294 above.
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a2, b2 being two squares, it is only necessary to form the product ab and
to prove that

a2
, ab, P

are in geometrical progression. Euclid proves that
a2

: ab = ab : b2

by means of VII. 17, 18, as usual.
In assuming that, since a" is to b2 in the duplicate ratio of a2 to ab, a2 is

to P in the duplicate ratio of a to b, Euclid assumes that ratios which are
the duplicates of equal ratios are equal. This, an obvious inference from
v. 22, can be inferred just as easily for numbers from VII. 14.

PROPOSITION 12.

Between, two cube 1lZtmbers there are two mean proportional
1lltmbers, and the cube has to the cube the ratio triplicate of that
which the side has to the side.

Let A, B be cube numbers,
and let C be the side of A, and D of B;
I say that between A, B there are two mean proportional
numbers, and A has to B the ratio triplicate of that which C
has to D.

A---

13-----------
c­
o-

H----

K-------

E-­
F--

G---

For let C by multiplying itself make E, and by multiplying
D let it make F;
let D by multiplying itself make G,
and let the numbers C, D by multiplying F make H, K
respectively.

Now, since A is a cube, and C its side,
and C by multiplying itself has made E,
therefore C by multiplying itself has made E and by multiply­
ing E has made A.

F or the same reason also
D by multiplying itself has made G and by multiplying G has
made B.

And, since C by multiplying the numbers C, D has made
E, F respectively,
therefore, as C is to D, so is E to F [VII. 17]
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[VII. 17]

[VII. ISJ
E, F has

F or the same reason also,

as C is to D, so is F to G.
Again, since C by multiplying the numbers

made A, .II respectively,
therefore, as E is to F, so is A to H.

But, as P is to F, so is C to D.
Therefore also, as C is to D, so is A to H.
Again, since the numbers C, D by multiplying F have

made H, K respectively,
therefore, as C is to D, so is H to K. [VII. IS]

Again, since D by multiplying each of the numbers F, G
has made K, B respectively,
therefore, as F is to G, so is K to B. em. I7]

But, as F is to G, so is C to D ;
therefore also, as C is to D, so is A to H, H to K, and /..: to B.

Therefore H, K are two mean proportionals between A, B.
I say next that A also has to B the ratio triplicate of that

which C has to D.
For, since A, H, K, B are four numbers in proportion,

therefore A has to B the ratio triplicate of that which A has
to H. [v. Def. 10]

But, as A is to H, so is C to D;
therefore A also has to B the ratio triplicate of that which C
has to D.

Q. E. D.

The cube numbers cr, l? being given, Euclid forms the products a2
/ 1, abe

and then proves, as usual, by means of VII. 17, IS that
a3, a2b, ab2

, l?

are in continued proportion.
He assumes that, since a3 has to l? the ratio triplicate of a3

: a2b, the
ratio a3

: l? is triplicate of the ratio a : b which is equal to a3
: a2fi. This

is again an obvious inference from VII. 14.

PROPOSITION 13.

If there be as man)' numbers as we please in cOJdimted
proportion, and each by nntltzplying Z{seif make some 1zumbcr,
the jwoducts will be proportional; a1ld, if the or(rinal1l1tmbcrs
by multiplying the prodltcts make certain 111mlbel's, the fatter
will also be jwoporti01zal.
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Let there be as many numbers as we please, A, B, C, in
continued proportion, so that, as A is to B, so is B to C;

let A, B, C by multiplying themselves make D, E, F, and by
multiplying D, E, F let them make G, H, K;
I say that D, E, F and G, H, K are in continued proportion.

A-- a
B-- H

C K

0
M

E

F N

L P

0 Q

[VII. 14]
Q. E. D.

and,

For let A by multiplying B make L,
and let the numbers A, B by multiplying L make M, N
respectively.

And again let B by multiplying C make 0,

and let the numbers B, C by multiplying 0 make P, Q.
respectively.

Then, in manner similar to the foregoing, we can prove
that

D, L, E and G, M, N, H are continuously proportional in the
ratio of A to B,

and further E, 0, F and H, P, Q, K are continuously propor­
tional in the ratio of B to C.

Now, as A is to B, so is B to C;

therefore D, L, E are also in the same ratio with E, 0, F,
and further G, M, N, H in the same ratio with H, P, Q, Ii.

And the multitude of D, L, E is equal to the multitude of
E, 0, F, and that of G, fil, N, H to that of H, P, Q, K;
therefore, ex aequalz:

as D is to E, so is E to F,
as G is to H, so is H to K.
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If a, b, c ... be a series in geometrical progression, then
a2

, b2
, c2 ... } . .

d 3 l3 _, are also m geometrIcal progression.an «, " i- ...

Heiberg brackets the words added to the enunciation which extend the
theorem to any powers. The words are "and this always occurs with the
extremes" (Kat ad 7T!Pl TOV~ d.Kp01J' TOVrO <T1lfLf3aLl·!t). They seem to be rightly
suspected on the same grounds as the same words added to the enunciation
of VII. 27. ?-,here is no allusion to them in the proof, much less any proof
of the extenSIOn. .

Euclid forms, besides the squares and cubes of the given numbers, the
products ab, a2b, ab2

, bc, b2c, bc2
• "When he says that "we prove in manner

similar to the foregoing," he indicates successive uses of VII. 17, IS as
in VIII. 12.

With our notation the proof is as easy to see for all)' powers as for squares
and cubes.

To prove that an, bn, cn... are in geometrical progression.
Form all the means between a", b", and- set out the series

an, an-lb, an- 2b2 .,. ab"-l, Ii'.

The common ratio of one term to the next is a : b.
Next take the geometrical progression

b", bn-lc, bn- 2c2 ... bcn-I, i",

the common ratio of which is b : c.
Proceed thus for all pairs of consecutive terms.
Now a : b =b : c= ...

Therefore any pair of succeeding terms in one series are in the same ratio as
any pair of succeeding terms in any other of the series.

And the number of terms in each is the same, namely (11 + I).
Therefore, ex aequali,

an: bn=b": c"'=c": d"= ...

--0

[VIII. 7]

-e
E---

A--
B------

PROPOSITION 14.

If a square measure a square, the side will also meaS1l1'C
the side " and, if the side measul'C the side, the square will also
measure the square.

Let A, B be square numbers, let C, D be their sides. and
let A measure B ;
I say that C also measures D.

F or let C by multiplying D make E;
therefore A, E, B are continuously pro­
portional in the ratio of C to D. [VIII. II]

And, since A, E, B are continuously
proportional, and A measures B,
therefore A also measures E.
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And, as A is to E, so is C to D ;
therefore also C measures D. [VII. Def. 20]

Again, let C measure D ;
I say that A also measures B.

F or, with the same construction, we can in a similar
manner prove that A, fJ, B are continuously proportional In

the ratio of C to D.
And since, as C is to D, so is A to E,

and C measures D,
therefore A also measures E. [VII. Def. 20]

And A, E, B are continuously proportional;
therefore A also measures B.

Therefore etc.
Q. E. D.

If a2 measures b2
, a measures b; and, if a measures b, a2 measures P.

But
Therefore

(I) a2, ab, b2 are in continued proportion in the ratio of a to b.

Therefore, since a2 measures b2,
~2 measures abo

a2
: ab =a: b.

a measures b.

[VIII. 7]

(2) Since a measures b, a2 measures abo

And a2
, ab, b2 are continuously proportional.

Thus ab measures b2
•

And a2 measures abo
Therefore a2 measures b2.

It will be seen that Euclid puts the last step shortly, saying that, since
a2 measures ab, and £72, ab, b2 are in continued proportion, a2 measure~ b2•

The same thing happens in VIII. I S, where the series of terms is one more
than here.

PROPOSITld'N IS.

If a cube number measzwe a cube 1zu,mber, the s£de w£ll also
measure the s£de,. and, if the s£de measure the side, the cube
'If..lill also measure the cube.

F or let the cube number A measure the cube B,
and let C be the side of A and D of B ;
I say that C measures D.
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H---

K------

F or let C by multiplying itself make E,
and let D by multiplying itself make G;
further, let C by multiplying D make F,
and let C, D by multiplying F make H, K respectively.

A--

B------------
c­
D­
E-
Q---

F--

N ow it is manifest that E, F, G and A, H, K, Bare
continuously proportional in the ratio of C to D. [mi. II, I2J

And, since A, H, K, B are continuously proportional,
and A measures B,
therefore it also measures H. [VIII. i]

And, as A is to H, so is C to D ;
therefore C also measures D. [m. Def. 20]

N ext, let C measure D ;
I say that A will also measure B.

For, with the same construction, we can prove in a similar
manner that A, H, K, B are continuously proportional in the
ratio of C to D.

And, since C measures D,
and, as C is to D, so is A to H,
therefore A also measures H, [VII. Def. 20]
so that A measures B also.

Q. E. D.

If a3 measures P, a measures b; and vice z'ersa. The proof is, mutatis
mutandis, the same as for squares.

(I) £13, £1~b, ab~, b3 are continuously proportional in the ratio of a to b;
and £13 measures Ir.

Therefore a3 measures £12b ; [Yin. 7J
and hence a measures b.

(2) Since a measures b, £13 measures £1
2b.

And, £13, £12b, air, b3 being continuously proportional, each term measures the
succeeding term;
therefore £13 measures b3

•

H. E. II.
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c-­
0--

A---

B------_

PROPOSITION 16.

1/a square number do l~ot measur~ a square number, ne£ther
will the side measure the szde,. and, if the side do not measure
the side, mither will the square measure the square.

Let A, B be square numb~rs, and let C, D be their sides;
and let A not measure B ;
I say that neither does C measure D.

For, if C measures D, A will also
measure B. [VIII. 14]

But A does not measure B ;
therefore neither will C measure D.

Again, let C not measure D ;
I say that neither wiII A measure B.

F or, if A measures B, C will also measure D.
But C does not measure D ;

therefore neither will A measure B.

[VIII. 14]

[VIII. 15]

A---
B----------
c­
D-

Q. E. D.

If a~ does not measure b2
, a will not measure b; and, if a does not

measure b, a2 will not measure b2
•

The proof is a mere reductio ad absurdum using VIII. 14.

PROPOSITION I 7.

If a cztbe 1ZZt1Jzber do not measure a cube mtmber, neither
will the side 7}ZeaSUre the side " and, if the side do not meaSU1'e
the side, 1zeitlzer will the cube measure the cube.

For let the cube number A not measure the cube
number B,
and let C be the side of A, and D
of B;
I say that C will not measure D.

For, if C measures D, A will
also measure B.

But A does not measure B;
therefore neither does C measure D.

Again, let C not measure D ;
I say that neither will A measure B.



nn. !J, 18] PROPOSITIONS 16-18 37 1

F or, if A measures B, C will also measure D.
But C does not measure D;

therefore neither will A measure B.

[mi. ISJ

Q. E. D.

If a:! does not measure lil, II will not measure /I; and ~'i(e ~'t"rsa.

Proved by redudio ad a/lnmillm employing \'Ill: IS.

PROPOSITIO:'> I8.

Between two similar plane Jlumbers tltere is Olle mean
proportional1zumber .. and the plallt' llumber has to tht' plalle
1llt1Jzber the ratio (luplimt£' of that which the corrtsjolldillg
side has to the corre:,-pollding side.

Let A, B be two similar plane numbers, and let the numbers
C. D be the sides of A, and E, F of B.

A o-
S D--

E--
G

F

N ow, since similar plane numbers are those \vhich have
their sides proportional, Em. Def. 2IJ
therefore, as C is to D, so is E to F.

I say then that between .<-'1. B there is one mean propor­
tional number, and A has to B the ratio duplicate of that
which C has to E, or D to F, that is, of that which the corre­
sponding side has to the corresponding side.

N ow since, as C is to D, so is E to F,
therefore, alternately, as C is to E, so is D to F. [n!. I3J

And, since A is plane, and C, D are its sides,
therefore D by multiplying C has made A.

F or the same reason also
E by multiplying F has made B.

Now let D by multiplying E make G.
Then, since D by multiplying C has made A, and by

multiplying E has made G,
therefore, as C is to E, so is A to G. [m. Ii]

:q.-2
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[VII. I3J

[VII. 17 and 16]

But, as C is to E, so is D to F;
therefore also, as D is to F, so is A to G.

Again, since E by multiplying D has made G, and by
multiplying F has made B,
therefore, as D is to F, so is G to B. [VII. I7]

But it was also proved that,
as D is to F, so is A to G;

therefore also, as A is to G, so is G to B.
Therefore A, G, B are in continued proportion.
Therefore between A, B there is one mean proportional

number.

I say next that A also has to B the ratio duplicate of
that v;hich the corresponding side has to the corresponding
side, that is, of that which C has to E or D to F.

For, since A, G, B are in continued proportion,
A has to B the ratio duplicate of that which it has to G.

[v. Def. 9]
And, as A is to G, so is C to E, and so is D to F.
Therefore A also has to B the ratio duplicate of that which

C has to E or D to F.
Q. E. D.

If ab, cd be "similar plane numbers," i.e. products of factors such that

a:b=e:d,

there is one mean proportional between ab and cd; and ab is to cd in the
duplicate ratio of a to c or of b to d.

Form the product be (or ad, which is equal to it, by VII. 19).

Then ab, be}", cd
=ad

is a series of terms in geometrical progression.

For a : b =e : d.

Therefore a : e = b : d.

Therefore ab : be = be : cd.

Thus bc (or ad) is a geometric mean between ab, cd.

And ab is to cd in the duplicate ratio of ab to be or of be to cd, that is, of
a to c or of b to d.
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PROPOSITIOX 19.

Between t'lUO similar solld Jlltmbers there fall two mean
proporti01zal1lumbers; a1zd the solid llltmber has to the similar
solid n1lJllbe-r the ratio t-ripllcate of that 'ii.'hli:h the corresponding
side has·to the corresponding side.

Let A, B be two similar solid numbers. and let C, D, E
be the sides of A, and F, G, H of B.

N ow, since similar solid numbers are those which have
their sides proportional, [m. Def. 21]
therefore, as C is to D, so is F to G,

and, as D is to E, so is G to H.
I say that between ..,-1, B there fall two mean proportional

numbers, and A has to B the ratio triplicate of that which C
has to F, D to G, and also E to H

N---

0-------
F­
G­
H--

A--

B--------------
c­
D­
E-

K­
L--­

M-

For let C by multiplying D make K, and let F by
multiplying G make L.

N ow, since C, D are in the same ratio v,·ith F. G,
and K is the product of C, D, and L the product of F, G,
K, L are similar plane numbers; em. Def. 21]

therefore between K, L there is one mean proportional number.
[mI. 18]

Let it be fl.f.
Therefore il£ is the product of D, F, as was proved in the

theorem preceding this. [VIll. 18]
N ow, since D by multiplying C has made K, and by

multiplying F has made .31,
therefore, as C is to F, so is K to .il:!. [VII. 17]

But. as K is to 31, so is 31 to L.
Therefore K, fl.!, L are continuously proportional in the

ratio of C to F.
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:\nd since. as C is to D, so is F to G,
alternateh- therefore. as C is to F, so is D to G. [VII. I3J, .

F or the same reason also,
as D is to G, so is E to H.

Therefore K, Jl, L are continuously proportional in the
ratio of C to F, in the ratio of D to G, and also in the ratio
of E to H.

Kext, let E, H by multiplying ~1f make N, 0 respectively.
Kow, since A is a solid number, and C, D, E are its sides,

therefore E by multiplying the product of C, D has made A.
But the product of C, D is K;

therefore E by multiplying K has made A.
F or the same reason also

H by multiplying L has made B.
1\ow, since E by multiplying K has made A, and further

also by multiplying M has made N,
therefore, as K is to M, so is A to N. [VII. 17J

But, as K is to lV, so is C to F, D to G, and also E to H;
therefore also, as C is to F, D to G, and E to H, so is A to N.

Again, since E, H by multiplying JIll have made N, 0
respectively,
therefore, as E is to H, so is N to O. [VII. 18]

But, as E is to H, so is C to F and D to G;
therefore also, as C is to F, D to G, and E to H, so is A to
.Nand Nto O.

Again, since H by multiplying M has made 0, and further
also by multiplying L has made B,
therefore, as ~l£ is to L, so is 0 to B. [VII. I7J

But, as .11 is to L, so is C to F, D to G, and E to H.
Therefore also, as C is to F, D to G, and E to H, so not

only is 0 to B, but also A to lV and N to O.
Therefore A, N, 0, B are continuously proportional in the

aforesaid ratios of the sides.

I say that A also has to B the ratio triplicate of that which
the corresponding side has to the corresponding side, that is,
of the ratio which the number C has to F, or D to G, and
also E to H.
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For, since A, .LV, 0, B are four numbers in continued
proportion,
therefore A has to B the ratio triplicate of that which A has
to N. [v. Def. 10J

But, as A is to .LV, so it \vas proved that C is to F, D to G,
and also E to H.

Therefore A also has to B the ratio triplicate of that \vhich
the corresponding side has to the corresponding side, that is.
of the ratio which the number C has to F, D to G, and also
E to H. Q. E. D.

In other words, if a : b : c= d : e : j, then there are two geometric means
between abc, def; and abc is to def in the triplicate ratio of a to Ii, or b to e,
or e toj.

Euclid first takes the plane numbers ab, de (leaving out e, Ii and forms
the product bd. Thus, as in VIII. 18,

ab, bd" de
=eat'

are three terms in geometrical progression in the ratio of a to d, or of b to e.
He next forms the products of e,/respectively into the mean bd.
Then abc, ebd, 1M, def

are in geometrical progression in the ratio of a to d etc.
For abc: cbd == ab : bd == a : ti)

ebd :fbd==c:/". [m.I7J
fbd : def == bd : de == b : e J

And a : d == b : e == e : j
The ratio of abc to def is the ratio triplicate of that of abc to eM, i.e. of

that of a to d etc.

PROPOSITIOX 20•

.l.f one mean prop01-tionalmtmber fall between two JiltlJZbers,
the numbers will be similar plane ?lumbers.

For let one mean proportional number C fall between the
two numbers A, B;

5 I say that A, B are similar plane numbers.
Let D, E, the least numbers of those which have the same

ratio \vith A, C, be taken; [m.33]
therefore D measures A the same number of times that E
measures C. [VII. 20]

10 Now, as many times as D measures A, so many units let
there be in F;
therefore F by multiplying D has made A,
so that A is plane, and D, F are its sides.
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.-\gain, since D, E are the least of the numbers which have
15 the same ratio with C, B,

therefore D measures C the same number of times that E
measures B. [VII. 20J

A.----

B------------­
c-------

0-­

E---

where m is some integer,
where n is some integer.

F-­
G---

As many times, then, as E measures B, so many units let
there be in G ;

20 therefore E measures B according to the units in G;
therefore G by multiplying E has made B.

Therefore B is plane, and E, G are its sides.
Therefore A, B are plane numbers.

I say next that they are also similar.
25 For; t since F by multiplying D has made A, and by

multiplying E has made C,
therefore, as D is to E, so is A to C, that is, C to B . [VII. 17J

Again, t since E by multiplying F, G has made C, B
respectively,

30 therefore, as F is to G, so is C to B. [VII. 17J
But, as C is to B, so is D to E;

therefore also, as D is to E, so is F to G.
And alternately, as D is to F, so is E to G. [VII. I3J
Therefore A, B are similar plane numbers; for their sides

35 are proportional. Q. E. D.

2f. For, since F 2i. C to B. The text has clearly suffered corruption here. It
i" not necessary to infer frum other facts that, as D is to E, so is.d to C; for this is parl of
the hyputheses (H. 6, 7). Again, there is nu explanation of the statement (1. 23) that Fby
multiI,lying E has made C. It is the statement and explanation of this latter fact which are
alune wanted; after which the proof proceeds as in 1. 28. We might therefore substitute for
11. 2f-28 the following.

"For, since E measures C the same number of times that D measures .d (1. 8], that is,
according to the units in F [1. 10], therefore F by multiplying E has made C.

And, since E by multiplying F, G," etc. etc.

This proposition is the converse of VIII. 18. If a, c, b are in geometrical
progression, a, bare "similar plane numbers."

Let a : f3 be the ratio a : c (and therefore also the ratio c : b) in its lowest
terms.

Then [VII. 20]

a == ma., c == mf3,
C == /la, b == 11{3,
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[m. ISJ
[m. 13]

Thus a, b are both products of two factors, i.e. plan\;.
Again, a : {3 = a : c =c : b

=m: n.
Therefore, alternately, a : III = {3 : Il,

and hence ma, 1l{3 are similar plane numbers.

[Our notation makes the second part still more obvious, for c= m{3 = Ita.J

PROPOSITIOX 2 I.

If two mean proportiollalmtmbcrs fall bc!'WCCll 1'«-'0 1lltmbcrs,
the 1lltmbers are similar solid 1lltllzbers.

For let two mean proportional numbers C, D fall between
the two numbers A, B;
I say that A, B are similar solid numbers.

N­
0--

A--

B-------------

c---
D-------

E­
F­
G-­

H­

K­
l-
M--

F or let three numbers E, F, G, the least of those which
have the same ratio with A, C, D, be taken ; [VII. 33 or vm. 2J
therefore the extremes of them E, G are prime to one another.

[VIII. 3J
Now, since one mean proportional number F has fallen

between E, G,
therefore E, G are similar plane numbers. [nIl. 20]

Let, then, H, K be the sides of E, and L, ffif of G.
Therefore it is manifest from the theorem before this that

E, F, G are continuously proportional in the ratio of H to L
and that of K to ilf.

Now, since E, F, G are the least of the numbers which
have the same ratio with A, C, D,
and the multitude of the numbers E, F, G is equal to the
multitude of the numbers A, C, D,
therefore, ex aequalz", as E is to G, so is A to D. [m. q]

But E, G are prime,
primes are also least, [VII. 2 I J
and the least measure those which have the same ratio with
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them the same number of times, the greater the greater and
the less the less, that is, the antecedent the antecedent and the
consequent the consequent; [VII. 20)

therefore E measures A the same number of times that G
measures D.

:\O\V, as many times as E measures A, so many units let
there be in .AT.

Therefore lV by multiplying E has made .A.
But E is the product of H, K;

therefore LV by multiplying the product of H, K has made A.
Therefore A is solid, and H, K, lV are its sides.

Again, since E, F, G are the least of the numbers which
have the same ratio as C, D, B;
therefore E measures C the same number of times that G
measures B.

Now, as many times as E measures C, so many units let
there be in O.

Therefore G measures B according to the units 'in 0 ;
therefore 0 by multiplying G has made B.

But G is the product of L, ill;
therefore 0 by multiplying the product of L, M has made B.

Therefore B is solid, and L, ,ilf, 0 are its sides;
therefore A, B are solid.

I say that they are also similar.
For since N, 0 by multiplying E have made A, C,

therefore, as lV is to 0, so is A to C, that is, E to F. [VII. 18)

But, as E is to F, so is H to Land K to AI;
therefore also, as H is to L, so is K to M and N to O.

And H, K, iV are the sides of A, and 0, L, M the sides
of B.

Therefore A, B are similar solid numbers. Q. E. D.

The converse of VIII. 19. If a, c, d, b are in geometrical progression, a, b
are" similar solid numbers."

Let a, f3, 'I be the least numbers in the ratio of a, c, d (and therefore also
of c, d, b). [VII. 33 or VIII. 2]

Therefore a, 'I are prime to one another. [VIII. 3]
They are also" similar plane numbers." [VIII. 20J
Let a == Jllll, 'Y == pq,

wht::re m : 11 = P : q.
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Then, by the proof of VIII. 20,

a : f3 "" 111 : p == Jl : '/.

Now, e.'\,' aequa!l; a : d == a : y,
and, since a, yare prime to one another,

a == ra, d == ry, where r is an integer.
Bu.t a== JIm:

therefore a == rlmz, and therefore a is "solid."
Again, CJ; aequali, ,. : b = a : y,

and therdore c = sa, b = sr, where s is an integer.
Thus b = spq, and b is therefore" solid."
N ow a : f3 == a : c = ra : sa

==r: s.

And, from above, a : f3 == 1ll : p == II : q.
Therefore r : s == 1ll : p == Jl : q,

and hence a, b are similar solid numbers.

[m. q]

[VII. IS]

Q. E. D.

[VIII. 20]

c-------

A---

B-----

PROPOSITIOX 22.

If three numbers be ill continued proportion, and the first
be square, the third 'luill also be square.

Let A, B, C be three numbers in continued proportion,
and let A the first be square;
I say that C the third is also square.­

For, since between A, C there is one
mean proportional number, B,
therefore A, C are similar plane numbers.

But A is square;
therefore C is also square.

A mere application of VIII. 20 to the particular case when:: one of the
"similar plane numbers" is square.

PROPOSITION

[VlIl. :H]

A---
B----­
c------­
0----------

Iffour llumbers be in continued proportion, and the first be
cube, the fourth will also be wbe.

Let A, B, C, D be four numbers in continued proportion,
and let A be cube;
I say that D is also cube.

For, since between A, D there
are two mean proportional numbers
B, C,
therefore A, D are similar solid numbers.



But A is cube;
therefore D is also cube.
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Q. E. D.

[VIII. 22]
Q. E. D.

between A, B
[VIII. 8]

A-----­
B---------
c--­
0---

A mere application of YIn. 2 r to the case where one of the "similar solid
numbers" is a cube.

PROPOSITION 24.

If tz~'o Jlumbers ha'i.Je to one another the rat£o wk£ch a square
1lllJllbcr has to a square 1lumber, aud the first be square, the
second will also be square.

For let the two numbers A, B have to one another the
ratio which the square number C has
to the square number D, and let A be
square;
I say that B is also square.

For, since C, D are square,
C, D are similar plane numbers.

Therefore one mean proportional number falls between
C, D. [VIII. 18]

And, as C is to D, so is A to B;
therefore one mean proportional number falls
also.

And A is square;
therefore B is also square.

If a : b = c" : d", and a is a square, then b is also a square.
For c", d" have one mean proportional d. [VIII. 18]
Therefore a, b, which are in the same ratio, have one mean proportional.

[VIII. 8]
And, since a is square, b must also be a square. [VIII. 22]

PROPOSITION 25.

If two mmzbers have to one another the ratio 1.vhich a cube
1ZltJJlber has to a cube number, and the first be cube, the second
will also be cube.

For let the two numbers A, B have to one another the
ratio which the cube number C has to the cube number D,
and let A be cube;
I say that B is also cube.
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F or, since C, D are cube,
C, D are similar solid numbers.

Therefore two mean proportional
C, D.

A--

B------

0---

0----------

numbers fall between
[YllI. 19]

E---

F----

And, as many numbers as fall bet-ween C, D in continued
proportion, so many will also fall between those which have
the same ratio with them; [mI. 8J
SO that two mean proportional numbers fall between A, B
also.

Let E, F so fall.
Since, then, the four numbers A, E. F. B are in continued

proportion,
and A is cube,
therefore B is also cube. [mI. 23]

Q. E. D.

If a : b = c3 : d 3
, and a is a cube, then b is also a cube.

For (3, dS have two mean proportionals.
Therefore a, b also have two mean proportionals.
And a is a cube:

therefore b is a cube.

[VIII. 19]
[VIll. S]

[mI. 23]

PROPOSITION 26.

Si1ll£lar plane nlmzbers ha'De to one allother the ratio whith
a square number has to a square number.

Let A, B be similar plane numbers;
I say that A has to B the ratio \vhich a square number has
to a square number.

F-------

A---

0--

B-------------

0-·------

E---

For, since A, B are similar plane numbers,
therefore one mean proportional number falls between A, B.

[VIlI. 18]
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Let it so fall, and let it be C;
and let D, E, F, the least numbers of those which have the
same ratio \'lith A, C, B, be taken; [VII. 33 or VIII. 2]

therefore the extremes of them D, F are square. rVIII. 2, POL]

And since, as D is to F, so is A to B,
and D, F are square,
therefore A has to B the ratio which a square number has to
a square number.

Q. E. D.

If a, b are similar "plane numbers," let c be the
between them.

Take n, /3, y the smallest numbers in the ratio of a, c, b.
Then n, yare squares. .
Therefore a, b are in the ratio of a square to a square.

mean proportional
[VIII. 18J

[VII. 33 or VIII. 2]
[VII!. 2, Por.J

PROPOSITION 27.

Similar solid 1Utmbers ha'Z-'e to one another tile ratio 'luhich
a cube 1Utmbe1' has to a cube 1Ut1Jtber.

Let A, B be similar solid numbers;
I say that A has to B the ratio which a cube number has to
a cube number.

A-- c----
B D-------

E- F-- G--- H!-------

F or, since A, B are similar solid numbers,
therefore two mean proportional numbers fall between A, B.

[VIII. 19]
Let C, D so fall,

and let E, F, G, H, the least numbers of those which have
the same ratio with A, C, D, B, and equal with them in
multitude, be taken ; [VII. 33 or VIII. 2]

therefore the extremes of them E, H are cube. eVIl!. 2, Par.]

And, as E is to H, so is A to B ;
therefore A also has to B the ratio which a cube number has
to a cube number.

Q. E. D.
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there is also one mean proportional between <1, b.
Therefore a, b are similar plane numbers.

(2) is similarly proved by the use of \"In. 12 or 19, VII!. 8, \"III. 21.

The insertion by Heron of the first of the two propositions, the converse
of VIII. 26, is perhaps an argument in favour of the correctness of the text of
IX. 10, though (as remarked in the note on that proposition) it does not give
the easiest proof. Cf. Heron's extension of VII. 3 tacitly assumed by Euclid
in VII. 33.

The same thing as VIII. 26 with cubes. It is proved m the samt: way
except that VIII. 19 is used instead of \·Ill. 18.

The last note of an-Nairfzl in which the name of Heron is mentioned is
on this proposition. Heron is thert: stated (p. 194-5, ed. Curtze) to have
added the two propositions that,

I. lj two numbers ha,,'e to aile allother the ratilJ if a square to a :;quare, the
numbers are similar plane IlUmbers;

2. If 1'1£10 numbers ha,'e to aile another tlie r.lti"o lif a cube to a cube, the Jlllll/bers
are similar solid mlll/bers.

The propositions are of course the converses of VIII. 26, 27 respectively.
They are easily proved.

( I ) If a : b = c2 : d 2
,

then, since there is one mean proportional (cd) between c2
, d 2

,

[Yill. II or I8J
[nIl. SJ

[VIII. 20]
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[VIII. 22J
Q. E. D.

A---

8-----

c---------­
0--------

BOOK IX.

PROPOSITION I.

If two similar plane numbers by JJZultiplying one a1zother
make some mtnzber, the product w£ll be square.

Let A, B be two similar plane numbers, and let A by
multiplying B make C;
I say that C is square.

F or let A by multiplying itself
make D.

Therefore D is square.
Since then A by multiplying itself has made D, and by

multiplying B has made C,
therefore, as A is to B, so is D to C.

And, since A, B are similar plane numbers,
therefore one mean proportional number falls between A, B.

[VIII. I8J
But, if numbers fall between two numbers in continued

proportion, as many as fall between them, so many also fall
between those which have the same ratio; [VIII. 8J

so that one mean proportional number falls between D, C also.
And D is square;

therefore C is also square.

The product of two similar plane numbers is a square.
Let a, b be two similar plane numbers.
Now a: b=a2 : abo
And between a, b there is one mean proportional.
Therefore between a; : ab there is one mean proportional.
And d2 is square;

therefore ab is square.

[VII. 17J
[VIII. I8J
[VIII. 8J

[VIII.2ZJ
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PROPOSITIOX 2.

[m. 17]

A---

B----

If two 1lumbers by multiplying 011e another mala: a square
1lumber, they are similar plaue 1lumbers.

Let A, B be two numbers, and let A by multiplying B
make the square number C;
I say that A, B are similar plane
numbers.

F or let A by multiplying itself c---------
make D; 0

therefore D is square.
N ow, since A by multiplying itself has made D, and by

multiplying B has made C,
therefore, as A is to B, so is D to C.

And, since D is square, and C is so also,
therefore D, C are similar plane numbers.

Therefore one mean proportional number falls between
D, C. [VIII. IS)

And, as D is to C, so is A to B ;
therefore one mean proportional number falls between A, B
also. [VIl!. 8]

But, if one mean proportional number fall between two
numbers, they are similar plane numbers ; [nIl. 20]
therefore A, B are similar plane numbers.

Q. E. D.

If ab is a square number, a, b are similar plane numb.:rs. (The converse
of IX. I.)

For a:b=a~:ab. [VII. Ii]
And a~, ab being square numbers, and therefore similar plane numbers,

they have one mean proportional. [nu. 18]
Therefore a, b also have one mean proportional, [nIl. 8]

whence a, b are similar plane numbers. [VIII. 201

PROPOSITION 3.

If a cube number by mltltipl)'l11g itself make some llUmber,
the product wil! be cube.

F or let the cube number A by multiplying itself make B;
I say that B is cube.

H. E. U.
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0-

[VII. Def. 20]

Q. E. D.

And A is cube;
therefore B is also cube.

F or let C, the side of A, be taken, and let C by multiplying
itself make D.

It is then manifest that C bymultiplying A-

D has made A. B----

Now, since C by multiplying itself has c­
made D,
therefore C measures D according to the units in itself.

But further the unit also measures C according to the units
in it;
therefore, as the unit is to C, so is C to D.

Again, since C by multiplying D has made A,
therefore D measures A according to the units in C.

But the unit also measures C according to the u~its in it ;
therefore, as the unit is to C, so is D to A.

But, as the unit is to C, so is C to D;
therefore also, as the unit is to C, so is C to D, and D to A.

Therefore between the unit and the number A two mean
proportional numbers C, D have fallen in continued proportion.

Again, since A by muItiplying 'itself has made B,
therefore A measures B according t~ the units in itself.

But the unit also measures A according to the units in it;
therefore, as the unit is to A, so is A to B. [VII. Def. 20]

But bet\,yeen the unit and A two mean proportional numbers
have fallen;
therefore two mean proportional numbers will also fall between
A, B. [VIII. 8]

But, if two mean proportional numbers fall between two
numbers, and the first be cube, the second will also be cube.

[VIII. 23]

The product of a3 into itself, or a3
• a3

, is a cube.
For I : a =a : a3 =a2

: a3
•

Therefore between I and a3 tbere are two mean proportionals.
Also I : a3.= a3 : a3 . a3.
Therefore two mean proportionals fall between a3 and a3,. a3• [VIII. 8]

(It is true that VIII. 8 is only enunciated of two pairs of numbers, bu~ the
proof is equally valid if one number of one pair is unity.)

And a3 is a cube number:
therefore a'J. a3 is also cube. [nI,I. 23]
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P ROPOSITIOX 4.

[mI. 23]
Q•.E. D.

fall between
[rlll. 19]

between D,
[VIII. S]

A----

B-----­

c----------­
0-------

If a cube 1tumber by multiplying a cube 1l1tm/;er make some
1lUmber, the product will be cube.

For let the cube number A by multiplying the cube number
B make C;
I sav that C is cube.

"
For let A by multiplying

itself make D ;
therefore D is cube. [IX. 3]

And, since A by multiply-
ing itself has made D, and by multiplyi·ng B has made C.
therefore, as A is to B, so is D to C. [\"Il. I;J

And, since A, B are cube numbers,
A, B are similar solid numbers.

Therefore two mean propQrtional numbers
A, B;
so that two mean proportional numbers will fall
C also.

And D is cube;
therefore C is also cube.

The product of two cubes, say a~ • lr', is a cube.
For if : Ifl = a' . If : ri' .. 1/". [VII. 17]
And two mean proportionals fall between· a:l, P which are similar solid

numbers. [VIII. 19~
Therefore two Rlean proportionals fall between a'l. as, a j • I>j. [VIII. 8
But a3 • a:l is a cube: [IX. 3

therefore a3
• z;: is a cube. [VIl!. 23]

PROPOSITION 5.

If a cztbe mtmber by lJl1tltiPlyillff all)' ltltmbcr make a mbe
?lumber, the multiplied mmzbcr will also be mbe.

For let the cube number A by multiplying any number B
make the cube number C;
I say that B is cube. A----

F or let A by multiplying 8-----

itself make D ; c----------
therefore D is cube. [IX. 3] 0-------

:15-2
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Now, since A by multiplying itself has made D, and by
multiplying B has made C,
therefore, as A is to B, so is D to C. [VII. 17]

And since D, C are cube,
they are similar solid numbers.

Therefore two mean proportional numbers fall between
D, C. [VIII. 19]

And, as D is to C, so is A to B ;
therefore two mean proportional numbers fall between A, B
also. [VIII. 8]

And A is cube;
therefore B is also cube. [VIII. 23]

If the product a3b is a cube number, b is cube.
By IX. 3, the product a3

• a3 is a cube.
And a3

• a3
: a3b = a3

: b. [VII. 17]
The first two terms are cubes, and therefore "similar solids"; therefore

there are two mean proportionals between them. [VIII. 19]
Therefore there are two mean proportionals between a3

, b. [VIII. 8]
And a') is a cube :

therefore b is a cube number. [VIII. 23]

PROPOSITION 6.

If a number by 1mtltiply-i1zg itself make a cube 1zumber, it
will itself also be mbe.

For let the number A by multiplying itself make the cube
number B;
I say that A is also cube. A---

For let A by multiplying B make C. B----

Since, then, A by multiplying itself c------
has made B, and by multiplying B has
made C,
therefore C is cube.

And, since A by multiplying itself has made B,
therefore A measures B according to the units in itself.

But the unit also measures A according to the units in it.
Therefore, as the unit is to A, so is A to B. [VII. Def. 20]
And, since A by multiplying B has made C,

therefore B measures C according to the units in A.
But the unit also measures A according to the units in it.
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proportional numbers
[Vili. 19]

proportional numbers
[mI. S]

Therefore, as the unit is to A, so is B to C.
But, as the unit is to A, so is .--1 to B;

therefore also, as A is to B, so is B to C.
And, since B, C are cube,

they are similar solid numbers.
Therefore there are two mean

between B, C.
And, as B is to C, so is A to B.
Therefore there are two mean

between A, B also.
And B is cube;

therefore A is also cube.

[VII. DeC 20]

[cf. VIII. 23]

Q. E. D.

If a2 is a cube number, a is also a cube.
For I : a = a : a~ = a2 ; a".
Now a2, a3 are both cubes, and therefore " similar solids"; therefore there

are two mean proportionals between them. [VIII. 191
Therefore there are two mean proportionals between a, a2

• [nIl. 8)
And a2 is a cube:

therefore a is also a cube number. [VIII. 23J
It will be noticed that the last step is not an exact quotation of the result

of VIII. 23, because it is there the prst of four terms which is known to be a
cube, and the last which is proved to be a cube; here the case is reversed.
But there is no difficulty. Without inverting the proportions, we have only
to refer to VIII. 21 which proves that a, <Z2, having two mean proportionals
between them, are two similar solid numbers; whence, since a2 is a cube,
a is also a cube.

PROPOSITION 7.

E-------

A--------

B---

c-----------
0---

1f a composite mtJJzber by multiplying any 1lUmber make
some member, the product will be solid.

For let the composite number A by multiplying any number
B make C;
I say that C is solid.

For,sinceAis composite,
it will be measured by some
number. [VII. Def. 13]

Let it be measured by D ;
and, as many times as D measures A, so many units let there
be in E.
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[VIII. 22]

A-­
B---
c----
0----

E-----

F------

Since then D measures A according to the units in E,
therefore E by multiplying D has made A. [VII. Def. IsJ

And, since A by multiplying B has made C,
and A is the product of D, E,
therefore the product of D, E by multiplying B has madeC.

Therefore C is solid, and D, E, B are its sides.
Q. E. D.

Since a composite number is the product of two factors, the result of
multiplying it by another number is to produce a number which is the
product of three factors, i.e. a "solid number."

PROPOSITION 8.

If as many 1lltJJlbfrs as 'We please begimtingfr01I'/, an unit be
in cOJtlill11edproportion, the thil-'dfrom the unit will be square,
as will also those which successively leave out one,. the fourth
'Will be cube, as will also all those which leave out two,. and the
seventh will be l~t Once cube and square, as will also those which
leave out jive.

Let there be as many numbers as we please, A, B, C, D,
E, F, beginning from an unit and in con­
tinued proportion;
I say that B, the third from the unit, .is
square, as are also all those which leave
out one; C, the fourth, is cube, as are
also all those which leave out two; and
F, the seventh, is at once cube and
square, as are also all those which leave out five.

F or since, as the unit is to A, so is A to B,
therefore the unit measures the number A' the same number
of times that A measures B. [VII. Def. 20]

But the unit measures the number A according to the
units in it; ._.
therefore A also measures B according to the units in A.

Therefore A by multiplying itself has made B;
therefore B is square.

And, since B, C, D are in continued proportion, and B IS

square,
therefore D is also square.
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F or the same reason
F is also square.

Similarly we can prove that all those which leave out one
are square.

I say next that C, the fourth from the unit, is cube, as are
also all those which leave out t\'vo.

F or since, as the unit is to J.--J., so is B to C,
therefore the unit measures the number d the same number
of times that B measures C.

But the unit measures the number .A. according to the units
in A;
therefore B also measures C according to the units in d.

Therefore A by multiplying B has made C.
Since then A by multiplying itself has made B, and by

multiplying B has made C,
therefore C is cube.

And, since C, D, E, F are in continued proportion, and C
is cube,
therefore F is also cube. [VIII. 23]

But it was also proved square:
therefore the seventh from the unit is both cube and square.

Similarly we can prove that all the numbers which leave
out five are also both cube and square.

Q. E. D.

If I, a, a~, a3 , ••• be a geometrical progression, then a~, <74 , a,;, ... are
squares;
a3 , a6 , ag , ••• are cubes;
a6 , al~' ... are both squares and cubes.

Since I : tl = a : a~,

a~ == tl~.

And, since a~, tl3 , tl4 are in geometrical progression and a~ (= a") is a square,
a. is a square. [V!II. 22]

Similarly a6, ab, ... are squares.
Next, I :a=a~:a3

=a'J: tl:H

whence a3 =a3, a cube number.
And, since a3 , a., a" <7~ are in geometrical progression, and a3 is a cube,

<16 is a cube. [VIIl. 23]
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[VIII. 22]

A-­
B-­

c----
0----

E
F------

Similarly ag, a 12 , ••• are cubes.
Clearly then a6 , a12 , a18 , ••• are both squares and cubes.
The whole result is of course obvious if the geometrical progression is

written, with our notation, as
I, a, a2, as, a4, ••• an.

PROPOSITION 9.

If as ma1zy 1zumbers as we please begi1zm:'JZgfrom an unit be
in continuedjJrojJorti01z, and the number after the unit be square,
all the rest will also be square. A nd, if the num.ber after the
unit be cube, all the rest will also be cube.

Let there be as many numbers as we please, A, B, C, D,
E, F, beginning from an unit and in con­
tinued proportion, and let A, the number
after the unit, be square;
I say that all the rest will also be square.

Now it has been proved that B, the
third from the unit, is square, as are also
all those which leave out one; [IX. 8]
I say that all the rest are also square.

For, since A, B, C are in continued proportion,
and A is square,
therefore C is also square.

Again, since B, C. D are in continued proportion,
and B is square,
D is also square. [VIII. 22]

Similarly we can prove that all the rest are also square.

Next, let A be cube;
I say that all the rest are also cube.

Now it has been proved that C, the fourth from the unit,
is cube, as also are all those which leave out two; [IX. 8]
I say that all the rest are also cube.

For, since, as the unit is to A, so is A to B,
therefore the unit measures A the same number of times as A
measures B.

But the unit measures A according to the units in it;
therefore A also measures B accordi~g to the units in itself;
therefore A by multiplying itself has made B.
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[nIl. 23]

E. D.

continued

multiplying itself make some
[IX. 3J

And A is cube.
But, if a cube number by

number, the product is cube.
Therefore B is also cube.
And, since the four numbers A, B, C, D are in

proportion,
and A is cube,
D also is cube.

F or the same reason
E is also cube, and similarly all the rest are cube.

Q.

If I, a2
, a2 , a3 , a4 , ••• are in geometrical progression, a2 , as, a4 , ••• are all

squares;
and, if I, eI, a2 , a3 , a4 , ••• are in geometrical progression, a2, a3 , ••• are all cubes.

(I) By IX. 8, a2 , a4 , a6 , ••• are all squares.
And, a2

, a2 , a3 being in geometrical progression, and a2 being a square,
a3 is a square. [nIl. 22J

For the same reason as, a7 , '" are all squares.

(2) By IX. 8, a:l' a6 , a9 , •• , are all cubes.
Now I: a:l=tr: as'

Therefore a2 = as . eI, which is a cube, by IX. 3.
And, as, a2 , as, a4 being in geometrical progression, and as being cube,

a4 is cube. [VIll. 23]
Similarly we prove that as is cube, and so on.
The results are of course obvious in our notation, the series being

(1) I, a 2, a.,l, a6, ••• a"",

( )
:l 9 I" .."2 I, a , a , a -, •.. a" .

PROPOSITIOX 10.

Ifas many nU1Jzbers as we please begimtillgfrom all1tnit bi.·
in continuedproportion, and the 1lUmber after the unit be Jiot
square, neither will any other be square except the third from
the unit and all those which lea'L:e out one. And, if the mmlber
after tile unit be not cube, neither will al~Y other be mbe t:wcpt
the fourth from the unit and all those 'i.i.l!lich feaoe out two.

Let there be as many numbers as we please, A, B, C, D.
E, F, beginning from an unit and in continued proportion,
and let A, the number after the unit, not be square;
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[VIII. 25]

[VIII. 26, converse]

A-­

B-

e
0----

E------

F-------

BOOK IX394

I say that neither will any other be square except the third
from the unit <and those which
leave out one> .

F or, if possible, let C be square.
But B is also square; [IX. 8]

[therefore B, C have to one another
the ratio which a square number
has to a square number].

And, as B is to C, so is A to B;
therefore A, B have to one another the ratio which a square
number has to a square number;
[so that A, B are similar plane numbers].

And B is square;
therefore A is also square:
which is contrary to the hypothesis.

Therefore C is not square.
Similarly we can prove that neither is any other of the

numbers square except the third from the unit and those which
leave out one.

Next, let A not be cube..
I say that neither will any other be cube except the fourth

from the unit and those which leave out two.
For, if possible, let D be cube.
Now C is also cube; for it is fourth from the unit. [IX. 8]
And, as C is to D, so is B to C;

therefore B also has to C the ratio which a cube has to a cube.
And C is cube;

therefore B is also cube.
And since, as the ~nit is to A, so is A to B,

and the unit measures A according to the units in it,
therefore A also measures B according to the units in itself;
therefore A by multiplying itself has made the cube number B.

But, if a number by multiplying itself make a cube number,
it is also itself cube. [IX. 6]

Therefore A is also cube:
which is contrary to the hypothesis.

Therefore D is not cube.
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Similarly we can prove that neither is any other of the
numbers cube except the fourth from the unit and those which
leave out two.

Q. E. D.

If I, a, a2, a:!, a4' '" be a geometrical progression, then (I), if a is not a
square, none of the terms will be square except <1~, <14, a.', ... ;
and (2), if a is not a cube, none of the terms will be cube except t1", (1., a,,, ....

With reference to the first part of the proof, viz. that which prm'es that, if
<1" is a square, (l must be a square, Heiberg remarks that the words which
I have bracketed are perhaps spurious; for it is easier to use VIII. 24 than
the converse of VIII. 26, and a use of VIII. 24 would correspond better to the
use of VIII. 25 in the second part relating to cubes. I agree in this view and
have bracketed the words accordingly. (See howe\'er note, p. 383, on
converses of VIII. 26, 27 given by Heron.) If this change be made, the
proof runs as follows.

(I) If possible, let a3 be square.
Now a2 : <13 = a : (12'

But (l2 is a square. [IX. S]
Therefore t1 is to a~ in the ratio of a square to a square.
And il2 is square;

therefore a is square [VIII. 24]: which is impossible.

(2) If possible, let a. be a cube.
Now a3 : <1. = <12 : <13,

And 03 is a cube. [IX. 8]
T~er~fore <12 is to 113 in the ratio of a cube to a cube.
And a" is a cube:

therefore a2 is a cube. [VllI. 25]
But, since I : a = a : <12 ,

<12 = a2
•

And, since a2 is a cube,
a must be a cube [IX. 6]: which is impossible.

The propositions VIll. 24, 25 are here not quoted in their exact fo~m in
that the first and second squares, or cubes, change places. But there IS no
difficulty, since the method by which the theorems are proved shows that
either inference is equally correct.

PROPOSITro~ I r.

If as many numbers as we pkase begi1l1liJlg from all lotit. be'
in continued j1'oportioll, the less measures tilt greater accordmg
to some one of the ltumbers 'Which havt" place amOllg thcpropor­
tioltalnztmbers.
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A--

B--

c----
0----­

E-------

that is, an = a. an-I'

\Ve can supply the proof of the porism as follows.

Let there be as many numbers as we please, B, C, D, E,
beginning from the unit A and in con­
tinued proportion;
I say that B, the least of the numbers B,
C, D, E, measures E according to some
one of the numbers C, D.

For since, as the unit A is to B, so
is D to E,
therefore the unit A measures the number B the same number
of times as D measures E ;
therefore, alternately, the unit A measures D the same number
of times as B measures E. [VII. IS]

But the unit A measures D according to the units in it;
therefore B also measures E according to the units in D ;
so that B the less measures E the greater according to some
number of those which have place among the proportional
numbers.-

PORISlII. And it is manifest that, whatever place the
measuring number has, reckoned from the unit, the same
place also has the number according to which it measures,
reckoned from the number measured, in the direction of the
number before it.-

Q. E. D.

The proposition and the porism together assert that,· if I, a, a" ••• an be a
geometrical progression, ar measures an and gives the quotient an- r (r < lZ).

Euclid only proves that an =a . an- J , as follows.
I : a=an- J : an'

Therefore I measures a the same number of times as an - J measures an'
Hence I measures an- J the same number of times as a measures a'n;

[VII. IS]

I : a = ar : ar+ll

a : 02 = ar+1 : ar+2 ,

whence, ex aequalz:
I : an_r==ar : ou_

It follows, by the same argument as before, that
an~ar·an-r·

With our notation, we have the theorem of indices that
aJn+l't ::::: am ,. an.

[VII. 14]
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PROPOSITIO::-; 12.

. If a.s malt)' ltumbe!'s as we please beginningfrom an twit be
Z1Z co~ztzmted proportlo1Z, by howe'i.'('J' many prime 1lllmbcrs tlte
last zs measured, tlte next to tlte 2mit will also be measured b)'
the same.

Let there be as many numbers as we please, A, B, C, D,
beginning from an unit, and in continued proportion;
I say that, by however many prime numbers D is measured,
A wiII also be measured by the same.

A-- F-------
B-- G-----

o H---
0------
E-

F or let D be measured by any prime number E;
I say that E measures A.

F or suppose it does not;
now E is prime, and any prime number is prime to any which
it does not measure; [VII. 29)
therefore E, A are prime to one another.

And, since E measures D, let it measure it according to F,
therefore E by multiplying F has made D.

Again, since A measures D according to the units in C,
[IX. I rand Por.]

therefore A by multiplying C has made D.
But, further, E has also by multiplying F made D;

therefore the product of A, C is equal to the product of E. F.
Therefore, as A is to E, so is F to C. [VII. 19]

But A, E are prime,
primes are also least, [m. 2I]
and the least measure those which have the same ratio the
same number of times, the antecedent the antecedent and the
consequent the consequent; [VH. 20]
therefore E measures C.

Let it measure it according to G;
therefore E by multiplying G has made C.

But, further, by the theorem before this,
A has also by multiplying B made C. [IX. I I and POL]
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Therefore the product of A, B is equal to the product of
E,G.

Therefore, as A is to E, so is G to B. [VII. 19}
But A, E are prime,

primes are also least, [VII. 21}
and the least numbers. measure those which have the same
ratio with them the same number of times, the antecedent. the
antecedent and the consequent the consequent: lVII. 20]

therefore E measures B.
Let it measure it according to H;

therefore E by multiplying H has made B.
But further A"has also by multiplying itself made B;

" [IX. 8}
therefore the product of E, H is equal to the square on A.

Therefore" as E is to A, so is A to H. [VII. 19}
But A, E are prime,

primes are also least, [VII. 2I}
and the least measure those which have the same ratio the
same number of times, the antecedent the antecedent and the
consequent the consequent ; [VII. 20J
therefore E measures A, as antecedent antecedent. .

But, again, it also does not measure it :
which is impossible.

Therefore E, A are not prime to one another.
Therefore they are composite to one another.
But numbers composite to one another are measured by

some number. [VII. Def. 14J
And, since E is by hypothesis prime,

and the prime is not measured by any number other than itself,
therefore E measures A, E,
so that E measures A.

[But it also measures D ;
therefore E measures A, D.]

Similarly we can prove that, by however many prime
numbers D is measured, A will also be measured by the same.

Q. E. D.

If r, a, a2' ... 0" be a geometrical progression, and aIL be measured by any
prime. number p, a will also be measured by p. "
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For, if .possible, suppose that f does not measure a; then, f being prime,
p, a are pnme to one another. [VII. 29]

Suppose OR = m.p.
Now a,,=a.o"_1" (IX. II]
Therefore a. a"-1 = 1ll .f,

and a : f = 1ll : a"_1' [\'II. 19]
Hence, fl, p being prime to one another,

p measures a"-1' [VII. 20, 2I]
By a repetition of the same process, we can prove that l' measures a,,_~

and therefore a"-3' and so on, and finally that!, measures a.
But, by hypothesis, p does not measure a: which is impossible.
Hence p, a are not prime to one another:

therefore they have some-common factor. [\"II. Def. 14]
But p is the only number vvhich measures p ;

therefore p measures a.
Heiberg remarks that, as, in the £KB((TL';, Euclid sets himself to prove that

E measures A, the words bracketed above are unnecessary and therefore
perhaps interpolated.

PROPOSITION 13.

If as many numbers as we please beginning from all unit be
-in cOlttz"nuedproportion, and the number after the unit be prime,
the greatest will not be measured by an)'cxcept those li.J/ziclt.hlwl:
a place among the proportional numbers.

Let there be as many numbers as we please, A, B, C D,
beginning from an unit and in continued proportion. and let A,
the number after the unit, be prime;
I say that D, the greatest of them, will not be measured by any
other number except A, B, C.

A---­

B----

c-----­
D--------

E--
F------
G--­

H----

F orr if possible, let it be measured by E, and let.E not be
the same with any of the numbers A. B, C. .

It is then manifest that E is not prime.
F or, if E is prime and measures D,

it will also measure A (IX. 12], which is prime, though it is not
the same with it :
which is impossible.
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Therefore E is not prime.
Therefore it is composite.
But any composite number is measured by some prime

number ; [VII. 31]

therefore E is measured by some prime number.
I say next that it will not be measured by any other prime

except A.
For, if E is measured by another,

and E measures D,
that other will also measure D ;
so that it will also measure A [IX. 12], which is prime, though
it is not the same with it :
which is impossible.

Therefore A measures E.
And, since E measures D, let it measure it according to F
I say that F is not the same with any of the numbers

A,B,C.
For, if F is the same with one of the numbers A, B, C,

and measures D according to E,
therefore one of the numbers A, B, C also measures D according
toE.

But one of the numbers A, B, C measures D according to
some one of the numbers A, B, C; [IX. II]
therefore E is also the same with one of the numbers A, B, C:
which is contrary to the hypothesis.

Therefore F is not the same as anyone of the numbers
A,B,C.

Similarly we can prove that F is measured by A, by
proving again that F is not prime.

For, if it is, and measures D,
it will also measure A [IX. 12], which is prime, though it is not
the same with it :
which is impossible;
therefore F is not prime.

Therefore it is composite.
But any composite number is measured by some pnme

number ; [VII. 31]

therefore F is measured by some prime number.
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I say next that it will not be measured by any other p~~
except A.

F or, if any other prime number measures F,
and F measures D,
that other will also measure D ;
so that it will also measure A [IX. 12], which is prime, though it
is not the same with it :
which is impossible.

Therefore A measures F.
And, since E measures D according to F,

therefore E by multiplying F has made D.

But, further, A has also by multiplying C made D; [IX. 11]

therefore the product of A, C is equal to the product of E, F.
Therefore, proportionally, as A is to E, so is F to C.

[VII. 19]
But A measures E;

therefore F also measures C.
Let it measure it according to G.
Similarly, then, we can prove that G is not the same with

any of the numbers A, B, and that it is measured by A.
And, since F measures C according to G,

therefore F by multiplying G has made C.
But, further, A has also by multiplying B made C; [IX. II]

therefore the product of A, B is equal to the product of F, G.
Therefore, proportionally, as A is to F, so is G to B.

Em. I9J
But A measures F;

therefore G also measures B.

Let it measure it according to H.
Similarly then we can prove that H is not the same

with A.
And, since G measures B according to H,

therefore G by multiplying H has made B.
But further A has also by multiplying itself made B;

[IX. 8]

therefore the product of H, G is equal to the square on A.

Therefore, as H is to A, so is A to G. [VII. 19]

H. E. II. z6
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But A measures G ;
therefore H also measures A, which is prime, though it is not
the same with it :
which is absurd.

Therefore D the greatest will not be measured by any
other number except A, B, C.

Q. E. D.

If I, a, a2, ... an be a geometrical progression, and if a is prime, an will not
be measured by any numbers except the preceding terms of the series.

If possible, let an be measured by b, a number different from all the
preceding terms.

Now b cannot be prime, for, if it were, it would measure a. [IX. 12]
Therefore b is composite, and hence will be measured by some prime

number [VII. 3 I], say p.
Thus p must measure an and therefore a [IX. 12); so that p cannot be

different from a, and b is not measured by any prime number except a.
Suppose that an = b . c.
Now c cannot be identical with any of the terms a, a2, ... an-I; for, if it

were, b would be identical with another of them: [IX. II)
which is contrary to the hypothesis.

We can now prove (just as for b) that c cannot be prime and cannot be
measured by any prime number except a.

Since b.c=an=a.an_I , [IX. II]
a : b = c : an-I>

whence, since a measures b,
c measures an-I'

Let an_1 = c. d.

We now prove in the same way that d is not identical with any of the terms
a, a2, ••• an _ 2 , is not prime, and is not measured by any prime except a, and
also that .

d measures an- 2 •

Proceeding in this way, we get a last factor, say k, which measures a
though different from it:
which is absurd, since a is prime.

Thus the original supposition that an can be measured by a number b
different from all the terms a, a2 , ... a"-l must be incorrect.

Therefore etc.

PROPOSITION 14.

If a number be the least that is measured byprime numbers,
it will not be measured by any other prime number except those
originally measuring it. .

For let the number A be the least that is measured by the
prime numbers B, C, D;
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I say that A will not be measured by any other prime number
except B, C, D.

For, if possihle, let it be measured by the prime number
E, and let E not be the same with anyone of the numbers
B, C,D.

A-------

E---

F---

B­

c-­
0--

Now, since E measures A, let it measure it according
to F;

therefore E by multiplying F has made A.
And A is measured by the prime numbers B, C, D.
But, if two numbers by multiplying one another make some

number, and any prime number measure the product, it will
also measure one of the original numbers; [Vll.30 ]

therefore B, C, D will measure one of the numbers E, F
N ow they will not measure E ;

for E is prime and not the same with anyone of the numbers
B, C,D.

Therefore they will measure F, which is less than A :
which is impossible, for A is by hypothesis the least number
measured by B, C, D.

Therefore no prime number will measure A except
B, C, D.

Q. E. D.

In other words, a number can be resolved into prime factors in only
one way. .

Let a be the least number measured by each of the pnme numbers
b, c, d, .. , k-

If possible, suppose that a has a prime factor p different from b, '-, Ii, ... k ..

Let a=p. m.
Now b, c, d, '" k, measuring «, must measure one of the two factors p, tn.

[VII. 30]
They do not, by hypothesis, measure t;

therefore they must measure 111, a number less than a :

which is contrary to the hypothesis.

Therefore a has no prime factors except b, c, d, ... k.
26-2
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PROPOSITION 15.

B--

[VII. 22]

A--

c----
E

D---l-F

If three numbers £n cont£nued p1'ojortz"on be the least of
those wh£ch have tlu sante ratio with them, any two whatever
added together w£ll be jrinte to the rema£ning number.

Let A, B, C, three numbers in continued proportion, be
the least of those which have the same
ratio with them;
I say that any two of the numbers
A, B, C whatever added together are
prime to the remainingnumber, namely
A, B to C; B, C to A; and further A, C to B.

For let two numbers DE, EF, tne least of those which
have the same ratio with A, B, C, be taken. [VIII. 2]

It is then manifest that DE by multiplying itself has made
A, and by multiplying EF has made B, and, further, EF by
multiplying itself has made C. [VIII. 2]

Now, since DE, EF are least,
they are prime to one another.

But, if two numbers be prime to one another,
their sum is also prime to each ; [VII. 28]
therefore DF is also prime to each of the numbers DE, EF.

But further DE is also prime to EF;
therefore DF, DE are prime to EF.

But, if two numbers be prime to any number,
their product is also prime to the other;
so that the product of FD, DE is prime to EF;
hence the product of .fiD, DE is also prime to the square
on EF. [VII. 25J

But the product of FD. DE is the square on DE together
with the product of DE, EF; [u.3]
therefore the square on DE together with the product of DE,
EF is prime to the square on EF

And the square on DE is _r{,

the product of DE, EF is B,
and the square on EFis C;
therefore A, B added together are prime to C.
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[VIII. 2]

[VII. 24J
[VII. 25]

[VII. 28]

[VII. 24, 25]
Lastly,

Similarly,
or

or

i.e.

a2, a/3, {3'J.
Now, a, {3 being prime to one another,

a + {3 is prime to both a and {3.
Therefore (a + (3), a are both prime to {3.
Hence (a + (3) a is prime to {3,

and therefore to [32 ;
a2+ a{3 is prime to [32,

a + b is prime to c.
a{3 + [32 is prime to a2,

b + C is prime to a.
a + {3 being prime to both a and {3,

(a + (3)Z is prime to a{3,
or a2+ f32 + 2a{3 is prime to a{3:
whence a2+ f32 is prime to a{3.

The latter inference, made in two steps, may be proved by reductio ad
absurdum as Commandinus proves it.

If a2+ f32 is not prime to a{3, let x measure them;
therefore x measures a2+ f32 + 2a{3 as well as af3;
hence a2+ f32 + 2a{3 and a{3 are not prime to one another, which is contrary
to the hypothesis.

Similarly we can prove that B, C added together are
prime to A.

I say next that A, C added together are also prime to B.
For, since DF is prime to each of the numbers DE, EF,

the square on DF is also prime to the product of DE, EF.
[VII. 24, 25J

But the squares on DE, EE together with twice the pro­
duct of DE, EF are equal to the square on DF; [II. 4]
therefore the squares on DE, EF together with twice the
product of DE, EF are prime to the product of DE, EF

Separando, the squares on DE, EF together with once
the product of DE, EF are prime to the product of DE, EF.

Therefore, separando again, the squares on DE, EF are
prime to the product of DE, EF.

And the square on DE is A,
the product of DE, EF is B,
and the square on EF is C.

Therefore A, C added together are prime to B.
Q. E. D.

If a, b, c be a geometrical progression in the least terms which have a
given common ratio, (b + c), (c + a), (a + b) are respectively prime to a, b, c.

Let a : {3 be the common ratio in its lowest terms, so that the geometrical
progression is
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PROPOSITION 16.

If two numbers be pril1ze to one another, the second will not
be to any other 1l1t1Jzber as the first £s to the seco1zd.

For let the two numbers A, B be prime to one another;
I say that B is not to any other number as
A is to B. A,---

F or, if possible, as A is to B, so let B be B---

to C. c'----
Now A, B are prime,

primes are also least, [VII. 21]
and the least numbers measure those which have the same
ratio the same number of times, the antecedent the antecedent
and the consequent the consequent ; [VII. 20]
therefore A measures B as antecedent antecedent.

But it also measures itself;
therefore A measures A, B which are prime to one another:
which is absurd.

Therefore B will not be to C, as A is to B.
Q. E. D.

If a, b are prime to one another, they can have no integral third
proportional.

If possible, let a : b = b : x.
Therefore [VII. 20, 21] a measures b; and a, b have the common measure

a, which is contrary to the hypothesis.

[VII. 13]

8---A--

PROPOSITION 17.

If there be as many mmzbers as we please in continued
proportion, and the extremes of them be prime to one another.
tlu last will not be to any other number as the first to the
secol1d.

For let there be as many numbers as we please, A,B, C,D,
in continued proportion,
and let the extremes of them. ~-1,

D, be prime to one another; C
0------

I sav that D is not to anv other
number as A is to B. J E ---------

F or, if possible, as A is to B, so let D be to E ;
therefore, alternately, as A is to D, so is B to E.
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But A, D are prime,
primes are also least, [VII. 2 r]

and the least numbers measure those which have the same
ratio the same number of times, the antecedent the antecedent
and the consequent the consequent. [VII. 20]

Therefore A measures B.
And, as A is to B, so is B to C.
Therefore B also measures C;

so that A also measures C.
And since, as B is to C, so is C to D,

and B measures C,
therefore C also measures D.

But A measured C;
so that A also measures D.

But it also measures itself;
therefore A measures A, D which are prime to one another:
which is impossible.

Therefore D will not be to any other number as A is to B.
Q. E. D.

If a, a2 , a3 , ••• an be a geometrical progression, and a, an are prime to one
another, then a, a2 , an can have no integral fourth proportional.

For, if possible, let a ; a2 = a" ; x.
Therefore a : an =a2 : x,

and hence [VlI. 20, 2 I] a measures a2 •

Therefore a2 measures a., [YII. Def. 20]

and hence a measures a3 , and therefore also ultimately an'

Thus a, an are both measured by a; which is contrary to the hypothesis.

PROPOSITION I8.

Given two numbers, to investigate whether it is possible to
.find a thirdproportional to them.

Let A, B be the given two numbers, and let it be required
to investigate whether it is possible to find a third proportional
to them.

Now A, B are either prime to one another or not.
And, if they are prime to one another, it has been proved

that it is impossible to find a third proportional to them.
[IX. 16]
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Next, let A, B not be prime to one another,
and let B by multiplying itself make C.

Then A either measures C or does not measure it.

[IX. 18

A-­

B---

0----

c-----------

First, let it measure it according to D ;
therefore A by multiplying D has made C.

But, further, B has also by multiplying itself made C;
therefore the product of A, D is equal to the square on B.

Therefore, as A is to B, so is B to D ; . [VII. 19]
therefore a third proportional number D has been found to
A,B.

Next, let A not measure C;
I say that it is impossible to find a third proportional number
to A, B.

For, if possible, let D, such third proportional, have been
found.

Therefore the product of A, D is equal to the square on B.
But the square on B is C;

therefore the product of A, D is equal to C.
Hence A by multiplying D has made C;

therefore A measures C according to D.
But, by hypothesis, it also does not measure it :

which is absurd.
Therefore it is not possible to find a third proportional

number to A, B when A does not measure C. Q. E. D.

Given two numbers a, b, to find the condition that they may have an
integral third proportional.
(I) a, b must not be prime to one another. [IX. I6J
(2) a must measure IT.

For, if a, b, c be in continued proportion,
ac= b2

•

Therefore a measures IT.
Condition (I) is included in condition (2) since, if IT = ma, a and b cannot
be prime to one another.

The result is of course easily seen if the three terms in continued
proportion be written
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[VII. 14]

c---
0-----

E--------

PROPOSITIOX 19.

Given three numbers, to investigate 'lohm it is possible to
find a fourth proportional to tlum.

Let A, B, C be the given three numbers, and let it be
required to investigate when it is A----

possible to find a fourth proportional B _

to them.
Now either they are not in con­

tinued proportion, and the extremes
of them are prime to one another;
or they are in continued proportion, and the extremes of them
are not prime to one another;
or they are not in continued proportion, nor are the extremes
of them prime to one another;
or they are in continued proportion, and the extremes of them
are prime to one another.

If then A, B, C are in continued proportion, and the
extremes of them A, C are prime to one another,
it has been proved that it is impossible to find a fourth pro­
portional number to them. [IX. I7]

tNext, let A, B, C not be in continued proportion, the
extremes being again prime to one another;
I say that in this case also it is impossible to find a fourth
proportional to them.

For, if possible, let D have been found, so that,
as A is to B, so is C to D,

and let it be contrived that, as B is to C, so is D to E.
Now, since, as A is to B, so is C to D,

and, as B is to C, so is D to E,
therefore, ex aequali, as A is to C, so is C to E.

But A, C are prime,
primes are also least, [VII. 21]
and the least numbers measure those which have the same
ratio, the antecedent the antecedent and the consequent the
consequent. [VII. 20]

Therefore A measures C as antecedent antecedent.
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But the product of B, Cis D ;
therefore the product of A, E is also equal to D.

Therefore A by multiplying E has made D ;
therefore A measures D according to E,
so that A measures D.

But it also does not measure it:
which is absurd.

Therefore it is not possible to find a fourth proportional
number to A, B, C when A does not measure D.

Next, let A, B, C not be in continued proportion, nor the
extremes prime to one another.

And let B by multiplying C make D.
Similarly then it can be proved that, if A measures D,

it is possible to find a fourth proportional to them, but, if it
does not measure it, impossible. Q. E. D.

But it also measures itself;
therefore A measures A, C which are prime to one another:
which is impossible.

Therefore it is not possible to find a fourth proportional
to A, B, c.t

Next, let A, B, C be again in continued proportion,
but let A, C not be prime to one another.

I say that it is possible to find a fourth proportional to
them.

F or let B by multiplying C make D ;
therefore A either measures D or does not measure it.

First, let it measure it according to E;
therefore A by multiplying E has made D.

But, further, B has also by multiplying C made D;
therefore the product of A, E is equal to the product of
B, C; .
therefore, proportionally, as A is to B, so is C to E; [VII. 19J

therefore E has been found a fourth proportional to A, B, C.
Next, let A not measure D ;

I say that it is impossible to find a fourth proportional number
to A, B, C.

F or, if possible, let E have been found;
therefore the product of A, E is equal to the product of B, C.

[VII. 19J
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Given three numbers il, b, c, to find the condition that they may have an
integral fourth proportional.

The Greek text of part of this proposition is hopelessly corrupt. Accord·
ing to it Euclid takes four cases.
(I) a, b, c not in continued proportion, and il, c prime to one another.
(2) il, b, e in continued proportion, and a, e not prime to one another.
(3) a, b, e not in continued proportion, and a, c not primt: to one another.
(4) a, b, e in continued proportion, and a, e prime to one another.

(4) is the case dealt with in IX. 17, where it is shown that on hypothesis
(4) a fourth proportional cannot be found.

The text now takes case (I) and asserts that a fourth proportional cannot
be found in this case either. ""e have only to think of 4, 6, 9 in order to see
that there is something wrong here. The supposed proof is also wrong. If
possible, says the text, let d be a fourth proportional to a, 1>, c, and let e
be take71 such that

b : e == d: e.
Then, ex aequalz~ a : e == e : e,

whence a measures e : [VIl. 20, 2I]
which is impossible, since a, e are prime to one another.

But this does not prove that a fourth proportional d cannot be found; it
only proves that, if d is a fourth proportional, no integer e can be found to
satisfy the equation

b:e==d:e.
Indeed it is obvious from IX. 16 that in the equation

a:e=e:e
e cannot be integral.

The cases (2) and (3) are correctly given, the first in full, and the other as
a case to be proved "similarly" to it.

These two cases really give all that is necessary.
Let the product be be taken.
Then, if a measures be, suppose bo' == ild;

therefore a : b == <" : d,
and d is a fourth proportional.

But, if a does 110t measure be, no fourth proportional can be found.
For, if x were a fourth proportional, a.t" would be equal to be, and a would
measure be.

The sufficient condition in any case for the possibility of finding a fourth
proportional to a, b, e is that a should measure be.

Theon appears to have corrected the proof by leaving out the incorrect
portion which I have included between daggers and the last case (3} dealt
with in the last lines. Also, in accordance with this arrangement, he does not
distinguish four cases at the beginning but only two. " Either A, B, Care
in continued proportion and the extremes of them A, C are prime to one
another; or not." Then, instead of introducing case (2) by the words
"Next let A, B, C... to find a fourth proportional to them," immediately
following the second dagger above, Theon merely says "But, if not," [i.e.
if it is not the case that a, b, c are in G.P. and a,- e prime to one another] "let
B by multiplying C make D," and so on.
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August adopts Theon's form of the proof. Heiberg does not feel able to
do this, in ....'iew of the superiority of the authority for the text as given above
(P); he therefore retains the latter without any attempt to emend it.

PROPOSITIOX 20.

c--
oE-----------+-,F

[VII. 3 r]

G---

A­
s-

Prime llUmbers are more thalt any assigtted multitude of
prime numbers.

Let A, B, C be the assigned prime numbers;
I say that there are more
prime numbers than A, B, C.

F or let the least number
measured by A, B, C be
taken,
and let it be DE;
let the unit DFbe added to DE.

Then EF is either prime or not.
First, let it be prime;

then the prime numbers A, B, C, EF have been found which
are more than A, B, C.

N ext, let EF not be prime;
therefore it is measured by some prime number.

Let it be measured by the prime number G.
I say that G is not the same with any of the numbers

A,B,C.
For, if possible, let it be so.
Now A, B, C measure DE;

therefore G also will measure DE.
But it also measures EF.
Therefore G, being a number, will measure the remainder,

the unit DF:
which is absurd.

Therefore G is not the same with anyone of the numbers
A,B,C.

And by hypothesis it is prime.
Therefore the prime numbers A, B, C, G have been found

which are more than the assigned multitude of A, B, C.
Q. E. D.
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We have here the important proposition that the number of prime numbers
zs injillite.

The proof will be seen to be the same as that given in our algebraical
text-books. Let a, b, c, k be any prime numbers.

Take the product abc k and add unity.
Then (abc ... k + I) is either a prime number or not a prime number.

(I) If it IS, we have added another prime number to those given.
(2) If it is not, it must be measured by some prime number [VII. 3 I], say p.

Now p cannot be identical with any of the prime numbers a, b, c, ... k.
For, if it is, it will divide abc ••. k.

Therefore, since it divides (abc ... k + I) also, it will measure the difference,
or unity:
which is impossible.

Therefore in any case we have obtained one fresh prime number.
And the process can be carried on to any extent.

PROPOSITIOX 2 I.

1/ as many eve1t mmtbers as we please be added together,
the 'Zohole -is e'ieJZ.

Eo

divisible into two
[id.]

cB
I

A

For let as many even numbers as we please, AB, BC, CD,
DE, be added together;
.1 say that the whole AE
IS even.

For, since each of the numbers AB, BC, CD, DE is even,
it has a half part; [VII. Def. 6]

so that the whole A E also has a half part.
But an even number is that which is

equal parts;
therefore A E is even.

Q. Eo D.

In this and the following propositions up to IX. 34 inclusive we have a
number of theorems about odd, even, "even-times even" and "even-times
odd" numbers respectively. They are all simple and require no explanation
in order to enable them to be followed easily.

PROPOSITION 22.

1/as many odd 1zumbers as weplease be added together, and
thez'r mul#tude be even, the whole will be eVe1l.

For let as many odd numbers as we please, AB, BC, CD,
DE, even in multitude, be added together;
1 say that the whole A E is even.
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For, since each of the numbers AB, Be, CD, DE is odd,
if an unit be subtracted from each, each of the remainders will
be even; [VII. Def. 7]

so that the sum of them will be even. [IX. 21]

A B ? o
I

E

But the multitude of the units is also even.
Therefore the whole A E is also even. [IX. 21]

Q. E. D.

[VII. Def. 7]
[IX. 22]

[IX. 2I]

C
I

[VII. Def. 7]
Q. E. D.

B
I

A

PROPOSITION 23.

If as many odd numbers as we please be added together,
and their mult£tude be odd, the whole wi!! also be odd.

For let as many odd numbers as we please, AB, BC, CD,
the multitude of which is odd,
be added together;
I say that the whole AD is
also odd.

Let the unit DEbe subtracted from CD ;
therefore the remainder CE is even.

But CA is also even;
therefore the whole AE is also even.

And DE is an unit.
Therefore AD is odd.

3. Literally" let there be as many numbers as we please, of which let the multitude be
odd." This form, natural in Greek, is awkward in English.

PROPOSITION 24.

If from, an even. number an even number be subtracted, the
remainder 'w£!l be evetl.

For from the even number AB let the even number BC
be subtracted:
I say that the remainder CA is even. A C B

For, since AB is even, it has a half
part. [VII. Def. 6]
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F or the same reason B C also has a half part ;

so that the remainder [CA also has a half part, and] A C is
therefore even.

Q. E. D.

PROPOSITION 25.

If from an even number an odd numbe1' be subl1'acted, the
rema£nder will be odd.

[IX. 24)

COB

[VII. Def. 7]

[VII. Def. 7)

Q. E. D.

A

For from the even number AB let the odd number BC be
subtracted;

I say that the remainder CA is odd.

F or let the unit CD be sub­
tracted from BC;
therefore DB is even.

But AB is also even;

therefore the remainder AD is also even.

And CD is an unit;

therefore CA is odd.

PROPOSITION 26.

If from an odd number all, odd mtmber be subtracted, the
remainder will be even.

DBC
I

[VII. Def. 7)

[m. Def. 7)

[IX. 24)

Q. E. D.

A

For from the odd number AB let the odd number BC be
subtracted;

I say that the remainder CA is even.

For, since AB is odd, let the unit
BD be subtracted;

therefore the remainder AD is even.

F or the same reason CD is also even;

so that the remainder CA is also even.
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[IX. 24]
[VII. Def. 7]

Q. E. D.

A­

B--
c------

PROPOSITION 27.

If from an odd number an even number be subtracted, the
remainder will be odd.

For from the odd number AB let the even number BC be
subtracted;
I say that the remainder CA is odd.

Let the unit AD be subtracted;
therefore DB is even. [VII. Def. 7]

But BC is also even;
therefore the remainder CD is even.

Therefore CA is odd.

PROPOSITION 28.

if an odd number by multiplying an even number make
some number, the product will be even.

For let the odd number A by multiplying the even number
B make C;
I say that C is even.

For, since A by multiplying B has
made C,
therefore C is made up of as many numbers equal to B as
there are units in A . [VII. Def. 15]

And B is even;
therefore C is made up of even numbers.

But, if as many even numbers as we please be added
together, the whole is even. [IX. 21]

Therefore C is even.
Q. E. D.

PROPOSITIOX 29.

If an odd number by lJl1t/tip/)'llzg an odd mtmber make
some member, the product will be odd.

For let the odd number A by multiplying the odd number
B make C;
I say that C is odd. A-

For, since A by multiplying B has ~--
made C. -------
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[IX. 23]

A-

B------

c--

A---

B-----

c----------
0-

therefore C is made up of as many numbers equal to B as
there are units in A. [VII. Def. IS]

And each of the numbers A, B is odd;
therefore C is made up of odd numbers the multitude of which
is odd.

Thus C is odd. [IX. 23]
Q. E. D.

PROPOSITIOX 30.

If all odd number measure all e'i-Jen number, it 'Will also
measure the half if it.

For let the odd number A measure the even number B;
I say that it will also measure the half
of it.

For, since A measures B,
let it measure it according to C;
I say that C is not odd.

F or, if possible, let it be so.
Then, since A measures B according to C,

therefore A by multiplying C has made B.
Therefore B is made up of odd numbers the multitude

of which is odd.
Therefore B is odd:

\vhich is absurd, for by hypothesis it is even.
Therefore C is not odd;

therefore C is even.
Thus A measures B an even number of times.
For this reason then it also measures the half of it.

Q. E. D.

PROPOSITIOX 3 r.

If a1Z odd 1Ztmzber be prime to any mtmbcr, it will also be
prime to the double of it.

F or let the odd number A be prime to any number B,
and let C be double of B ;
I say that A is prime to C.

F or, if they are not prime
to one another, some number
will measure them.

H. E. II.
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A­
B---

c----­
0-----------

Let a number measure them, and let it be D.
:\ow A is odd;

therefore D is also odd.
And since D \vhich is odd measures C.

and C is e\'en,
therefore [D] will measure the half of C also. [IX. 30 ]

But B is half of C ;
therefore D measures B.

But it also measures A ;
therefore D measures A, B which are prime to one another:
which is impossible.

Therefore A cannot but be prime to C.
Therefore A, C are prime to one another.

Q. E. D,

PROPOSITIOK 32.

Each ofthe ?lumbers which are continually doubled begi1ming
from a dyad is e7,/e1l-times c;.:m olll)'.

For let as many numbers as 'we please, B, C, D, have been
continually doubled beginning
from the dyad A ;
I say that B, C, Dare e\'en­
times even only.

K ow that each of the
numbers B, C, D is even-times even is manifest; for it IS

doubled from a dyad.
I say that it is also even-times even only.
F or let an unit be set out.
Since then as many numbers as we please beginning from

an unit are in continued proportion.
and the number A after the unit is prime,
therefore D, the gre?test of the numbers A, B, C, D, will not
be measured by any other number except .d, B, C. [IX. 13]

And each of the numbers A, B, C is even;
therefore D is e\'en-times even only. [VII. Def. 8]

Similarly \ve can prove that each of the numbers B, Cis
even-times e\'en only.

Q. E. D.
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A

Q. E. D.

[m. Def. 9]

See the notes on VII. Deff. 8 to I I for a discussion of the difficulties
s~own by Iamblichus to be involved by the Euclidean definitions of "even­
tImes even," "even-times odd" and" odd-times even."

PROPOSITIOX 33.

If a 1~umber have its half odd, it is cu'm-times odd Oll!;'.
For let the number A have its half odd;

I say that A is even-times odd only.
Now that it is even-times odd is

manifest; for the half of it, being odd,
measures it an even number of times.

I say next that it is also even-times odd only.
F or, if A is even-times even also,

it \vill be measured by an even number according to an even
number; em. Def. 8)

so that the half of it will also be measured by an even number
though it is odd:
which is absurd.

Therefore A is even-times odd only.

PROPOSITION 34.

If a member neither be one of those 'ii/hich are continuall)'
doubled from a dyad, nor have its half odd, it is both eveJZ­
times even and e'i.JeJI-times odd.

For let the number A neither be one of those doubled
from a dyad, nor have its half odd;
I say that A is both even-times even A

and even-times odd.
N ow that A is even-times even is manifest:

for it has not its half odd. [VII. Def. 8)

I say next that it is also even-times odd.
For, if we bisect A, then bisect its half, and do this con­

tinually, we shall come upon some odd number \vhich \'lill
measure A according to an even number.

F or, if not, we shall come upon a dyad,
and A will be among those which are doubled from a dyad:
which is contrary to the hypothesis.
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Thus A is even-times odd.
But it was also proved even-times even.
Therefore A is both even-times even and even-times odd.

Q. E., D.

PROPOSITIOX 35.

If as mall)' mmzbers as we please be z'n c01Ztz'mtedproportz'o?l,
a1ld there be subtractedfrom the second and the last ?lumbers
equal to the first, then, as the excess of the second is to the
first, so '££..Iill the excess of the last be to all those before it.

Let there be as many numbers as we please in continued
proportion, A, BC, D, EF,
beginning from A as least,
and let there be subtracted
from BC and EFthe numbers
BG, FH, each equal to A ;
I sav that, as GC is to A, so
is EHto A, Be, D.

For let FK be made equal to Be. and FL equal to D.
Then, since FK is equal to BC,

and of these the part FH is equal to the part BG,
therefore the remainder H K is equal to the remainder Gc.

And since, as EF is to D, so is D to BC, and BC to A,
while D is equal to FL, BC to FK, and A to FH,
therefore. as EF is to FL, so is LF to FK, and FK to FH.

Separalldo, as EL is to LF, so is LK to FK, and KH
to FH. [VII. II, 13]

Therefore also, as one of the antecedents is to one of the
consequents, so are all the antecedents to all the consequents;

[VII. 12]
therefore, as KH is to FH, so are EL. LK, KH to LF,
FK, HF.

But KH is equal to CG, FH to A, and LF, FK, HF to
D.Be,A;
therefore. as CG is to A. so is EH to D, Be. A.

Therefore, as the excess of the second is to the first, so is
the excess of the last to all those before it.

Q. E. D.
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This proposition is perhaps the most interesting in the arithmetical Books
since i~ gives a ~1ethod, an~ a very degant on~, of SII1lUJlill<~' al~Y stn,'s i1
terms 11l geometnml progressiOll.

Let aI' a2 , tl3 ,· •• an, an+! be a series of term~ in geometrical progression.
Then Euclid's proposition proves that

(aMI - al) : (a l + a2 ..,. ... + all) = (a2- ill) : a ,.

For clearness' sake we will on this occasion use the fractional notation of
algebra to represent proportions.

Euclid's method then comes to this.

Since

we have, sejaralldo,

tlJl + 1 an tJ'2
- = - --- = ... = --" ,
an a n- 1 ai

tlJ/+ 1 - au an - an_1 G;, - a::, 0'2 - a1... -
an a J1 _ 1 a~ a1

whence, since, as one of the antecedents is to one of the consequents, so is
the sum of all the antecedents to the sum of all the consquents, [VII. 12]

a::.-a1

or

we have

an + an- 1 + ... -+ a1

which gives al + a" + ... + a,,, or SI!"
If, to compare the result with that arrived at in algebraical text-books, we

write the series in the form
a, al', ar, ... ar,,-l (11 terms),

ar'- a ar-a
----s;:- a

S _ a (r" - I)
n - r- I

PROPOSITIO~ 36.

If as mall)' numbers as we please btgi1l1ll·ll~f[ from aJlliJlit
be set out continllously in double proportioll. until the Slim of all
becomes prime, and if the sum 11mltip/it'd i1zto tilt' last make
some 1Zlt1lzbe1', the product 'Zuill be peifect.

For let as many numbers as \.ve please, ~-1. B, C D,
beginning from an unit be set out in double proportion, until
the sum of all becomes prime,
let E be equal to the sum, and let E by multiplying D
make FG;
I say that FG is perfect.

For. however many A, B, C, D are in multitude, let so
many E, HK, L, J:f be taken in double proportion beginning
from E;
therefore, ex aequali, as A is to D, so is Eta ...11. [m. q]
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Therefore the product of E, D is equal to the product of
A, .J1tI. [VII. 19]

And the product of E, D is FG;
therefore the product of A, M is also FG.

Therefore A by multiplying M has made FG;
therefore M measures FG according to the units in A.

And A is a dyad;
therefore FG is double of M.

-A --B

---c
-------0

L ---E
M-------------------

H---:':-N--K

p-------

F--+?------~,·--------G

Q-----

But M, L, H K, E are continuously double of each other;
therefore E, HK, L, M, FG are continuously proportional in
double proportion.

Now let there be subtracted from the second H K and the
last FG the numbers HN, FO, each equal to the first E;
therefore, as the excess of the second is to the first, so is the
excess of the last to all those before it. [IX. 35]

Therefore, as 1'/K is to E, so is OG to M, L, KH, E.
And ATK is equal to E;

therefore OG is also equal to lfiI, L, H K, E.
But FO is also equal to E,

and E is equal to A, B, C, D and the unit.
Therefore the whole FG is equal to E, HK, L, jlf and

A, B, C, D and the unit;
and it is measured by them.

I say also that FG \vill not be measured by any other
number except A, B, C, D, E, HK, L, .J1tI and the unit.

Fat', if possible, let some number P measure FG,
and let P not be the same with any of the numbers A, B, C,
D, E, HK, L, 111'.

And, as many times as P measures FG, so many units let
there be in Q;
therefore Q by multiplying P has made FG.
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But, further, E has also by multiplying D made FG;
therefore, as E is to Q, so is P to D. [VII. 19)

And, since A, B, C, D are continuously proportional
beginning from an unit,
therefore D will not be measured by any other number except
A, B, C. [IX. 13]

And, by hypothesis, P is not the same \",ith any of the
numbers A, B, C;
therefore P will not measure D.

But, as P is to D, so is E to Q;
therefore neither does E measure Q.

And E is prime;
and any prime number is prime to any number which it does
not measure. [\'II. 29]

Therefore E, Q are prime to one another.
But primes are also least, [m.21J

and the least numbers measure those which haye the same
ratio the same number of times, the antecedent the antecedent
and the consequent the consequent; [m. 20]
and, as E is to Q, so is P to D;
therefore E measures P the same number of times that Q
measures D.

But D is not measured by any other number except
A,B,C;
therefore Q is the same with one of the numbers A, B, C.

Let it be the same with B.
And, however many B, C, D are in multitude, let so many

E, H K, L be taken beginning from E.
Now E, HK, L are in the same ratio with B, C, D;

therefore, ex aequali, as B is to D, so is E to L. [VII. q]
Therefore the product of B, L is equal to the product of

D, E. [VII. 19]
But the product of D, E is equal to the product of Q, P;

therefore the product of Q, P is also equal to the product of
B,L.

Therefore, as Q is to B, so is L to P.
And Q is the same with B ;

therefore L is also the same with P:
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which is impossible, for by hypothesis P is not the same with
any of the numbers set out.

Therefore no number will measure FC except A, B, C,
D, E, H K, L, M and the unit.

And FC was proved equal to A, B, C, D, E, HK, L, M
and the unit;
and a perfect number is that which is equal to its own parts;

[VII. Def. Z2]

therefore FC is perfect.
Q. E. D.

If the sum of any number of terms of the series
q n-l

I, Z, Z-, ... Z

be prime, and the said sum be multiplied by the last term, the product will be
a "perfect" number, i.e. equal to the sum of all its factors.

Let I + 2 + Z~ + ... + Z"-1 (= S,,) be prime;
then shall S" . Z"-1 be "perfect."

Take (n - I) terms of the series
S", 2S", z~S", ... 2"-~S".

These are then terms proportional to the terms
2, 2 2, 2 3, ... 2 n- l .

Therefore, ex aequali,

[VII. 19]
of the series

[IX. 13J

[VII. Def. zo]
[VII. 29]

or

2 : 2"-1 =.s'", : 2"-~ S,,, [VII. 14]

or Z • z"-~Sn = 2"-1. S". [VII. 19]
(This is of course obvious algebraically, but Euclid's notation requires him to
prove it.)

Now, by IX. 35, we can sum the series Sn + 2S" + + Z"-2S,,,
and (2S,,-Sn): Sn= (z'>-1S" -S,,): (S,,+2S,,+ + z"-~S,,).

Therefore S" + zSn + z~S" + ... + 2"-~S" = 2"-1S" - S,,,
2n- 1S" = S" + zS" + z~S" + ... + 2"-~S" + S"

= Sn + zSn + ... + 2n-~s'a + (I + 2 + 2~ + ... + 2 n-1),

and Z"-1 Sn is measured by every term of the right hand expression.
It is now necessary to prove that Z"-IS" cannot have any factor except

those terms.
Suppose, if possible, that it has a factor x different from all of them,

and let Z"-1 Sn =;<; • m.
Therefore Sn : m =;x; : Z,,-I.
Now zn-l can only be measured by the preceding terms

I, 2, 2 2
, ..• 2 n -1,

and x is different from all of these;
therefore x does not measure 2"-\

that SIt does not measure m.
And Sn is prime; therefore it is prime to m.
It follows [\'II. ZO, 21] that

11i measures 2"-1.
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Suppose that
Now, ex aequali,
Therefore

PROPOSITION 36

1ll = Zr.

Zr : Z"-1 =S.. : 2,,-r-l S".
Zr • 2"-r-1S,, = 2,,-1 S"

= X • 1ll, from aboye.
[vn. 19]

And m= 2 r j

therefore x = 2,,-r-1, one of the terms of the series 1, z, 22, •.. 2,,-2: which
contradicts the hypothesis.

Therefore Z"-IS" has no factors except
S,.., 2.s~" 2 2S", ... 2"-"S,,, 1, 2, z", ... Z,,-I.
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li.KPO~, extreme (of numbers in a series) .p8,
36j: li.Kpov Ka, P.EUOV M"'/ov reTp.fw8aL, .. to
be cut in extreme and mean ratio" 189

li.AO"'fO~, irrational II ,-8
a,vaAo"'/ia, proportion: definitions of, inter­

polated IJg
a,Vcl.AO"'/OV = ava. M"'/ov, proportional or in pro­

portion: used as indeclinable adj. and as
adv. 129, 165: P.E<1'T/ o.Vcl.:\O"iov, mean pro­
portional (of straight line) 129. similarly
P.E<10~ o.Vcl.AO",/OV of numbers 395, 363 etc. :
TpiT'T/ (TpiTO~) o.Vcl.:\o",/ov, third proportiunal
z14, 407-8: TfTo.pT1j (TETapTo~) o.Vo.AO'oV,
fourth proportional 215, +og: €~i)~ o.vo.\o,ov
in continued proportion 3+6

aVo.1raALV (M",/o~), im-erse (ratio), inversely r3+
o.vauTpEif!aVTL, convertc1Zdo 13.'
o.vauTpo¢'tj M"/ov, conversion of a ratio 13':;
o.VlUcl.KLS aVLUcl.KLS tuo~, unequal by unequal

by equal (of solid numbers) = sealOle,
U¢1jVi'TKOS, U¢'T/KiUKO~ or ~WP.i<1KOS ogo

avop.oiws T€Ta"'/p.Evwv TWV AO"'/WV (of p''Yturbed
proportion) in Archimedes r36

a,vTavaipfuLs, i? afJT'tj, defiuition of same ratio
in Aristotle (o.p8v¢aipful~Alexander) r 20:
terms explained 12 r

o.VTL1r€1rOV80Ta uxljp.aTa, reciprocal (=reci­
procally related) figures, interpolated def.
of, r8g

o.1rAani~, breadthless (of prime numbers) 085
o.-rroKaTaUTaTLKOS, recurrent (=spht!rical), of

numbers 3g1
/i1rTfU8aL, to meet, occasionally to tOllch

(instead of €¢a.1rreU8al) '0: also = to pass
through, to lie on 79

a,pl8p.o~, number, definitions of, 080
a,pTLcl.KlS o.pTtoOUvap.op (Xicomachus) 280
apnaKLS a.PTl.O~, (,";/fll·timt'J e'Z'/;?Ji 281-2
d:.pnaK'~ 1r£pUl'(J'ot;, t.'Z't!ll-tilJh'S odd Z82-4
apTL07r£plTTO~,even-odd(I\icomachus etc.) 080
i1.PTto~ (o.pL8p.o~), even (number) 28r
o.UUV8€TOS, (prime and) incomposite (of

numbers) z8+

~ff31jK£PCJ.L, to stand (of angle standing on
circumference) +

f3WP.iUKO~, altar-shaped (of "scalene" solid
nnmbers) 2g0

'Yf'Y0P£TW (in constructions), "let it be made"
2+8

i'fA/ovoS' av Ei.'1J 70 iT.'f.:rax{hh·~ ... vrh.:'lt \Yn.s tn­
joineJ. ,vHl h:1ve ~een dune -, So, :1 I

l€vop.£VOS~ 0 E~ at\j~v . ... their .tr~jd;,c:·· ~lf)~

3J6 etc.: 0 €K ToD b:os "}'fPJ,dn'o~=~" the
:-Vlft.lrc' of the one:' ;;:1 ';

"ylIWp.wv, gnomon: Dt'mocritus 'it'€f.-L i3HUP(J~

pn,s ·,vWJ.1.0VOS (","U:',47]): or ,"t~;"i1js?j 1j 7r€P~

";aU{1'LOS 10.::;:7'\01. I(a.~ crcpai.p17s -to: ~uf nun1L("r~J

2Sy
,pajJ.jJ.LKus. Encar i01 m,m,i:::I1.:r:; in ()!~t: dll1:~~1~

::;iorll :!S;: lui" rr:nle n:.::n1Jer:;1 :!~:.

IPci.¢fvtJa,~ H t;) be /rlJ':-'l,'j'· t,,,,\ri::;!ot1t::'1 1=0

O€VTfPOS, -"t'I.·,.wJ~lJJ! \of Tl1.:nlLt;r..;,): hi. ~icu~

n1:.1chu:i anu Iam'Jlichu:; a ~t:l,...Iivi~:I)~ t):

edd :!S6, ~~;

O€XO,U€VOV, '"admltHng'· tof seglner~t of circ1e
:ldIl1itting or containi:ll; arl. angle) E

Ol.Q.LpfLer8a;, Iuseu uf . "separation'~ 0:" r:ltiu:::}:
oU1.l.pet3evra., ~'t.1..lrl,:Jl.lk, opp.. to vl')Kfi.,,uOa.,

... t.-·.OlllltJJlc'~lJO 1(is . p ~ ~...
or.aLpf(HS \0,01..', St"/,tll"t"zfluJ:, iltt:rUily ~lJ.:' J';ZOll,

of ratio I ;:k"
at.Ej~E1.'/(Uf'Vr; (civa.:\o'}ia), disjoined, = discrete

" I~roportion) "9~ . . ,...,
Ol.€:\OVTL, ::"t/'arailt.1l' , lIterally a~:'t:lL'JUlv (uf

proportions} I~E~. . " .
OtVP'fJ,UfVTJ ldpa:\o"'/~al .. !tz,'c'r·dL- \pr')ifQr:;ul1Y, I.e.

in f0~.tr tenn~, :1:; di::;tinct f:orn .."t};2tinm;u;;
(G"t'JlEX~S, lFVV'1],U,U.fll'lJ) :n tl;;Ye-- ternl=, 13 i,

?9.:i ".. . ~.,
05,.1JX(Jw tOLct..,er.Vf~ "let It be drawn t IJrJu.:>"t'Jt '

or "ai:ros:.,·~: 'j'
5,· (troU, t'~t' ac'duali 'of ratics I 136: or...' :o-ot' f.p

TETupui'f.J.€vll a.:Ja.\o"'ii~ .. •• l,'X a"'iu~,~'i in per­
turbed proportion" 136

OLKOAOl'pO>, "':I,:i(t,,'~tnl1zc;.ZkJ ~,t"l.f pyrG,n1hl3.1
ntunlH.:r~) :!91

Qt1rAcLO"LOS' :\%s~ t1.0U/./r.' r~tiu: OL'1r:\a.;;£~v

AD/'oS', ,i'U/lz't'tltr.' r:1ti()~ cOI1.tr:l:-.teu ,".-ith., 133
au.va~uS', povoi'er: == ::tdt:al \'al1..le of Do ~ub­

nlu1tiple in units tXicOnl.1chusj :!Sz: =~idt:

of number not a complete square ~1.e. TI."i,.1l

or surd) in Plato ~~S, ~90: ==squ.n-,' in
Plato 09+-5

E150s, figure 23+: = furrn ~~+
Et.:aI1TOS, each: cunclUs u"e- df1 79 ,
i!\,A€Lj.l.p.a, d,,';:'d .lin app~~ca~iGn of ,,:r~asl 060_
EAA£i1rEL'v, H fali ~hurt tin ayplt,;::atlon 'ut

areas) ,"60
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Ep:;ri7rT€Lv, fall ill (= be interpolated) 358
eVCL 1fA€iw, "several OlliS" (def. of number)

280
EVCLAM.~ ("AD')'0,) , alternate (ratio): alternately,

alternando 13+
EVCLpp.J!:€LV, to fit in (active), IV. Def. 7 and

IV. I, 79, 80, 81 .
EPTO', within (of iuternal contact of cIrcles)

13 .' d . (f
E~~' civaAoyov, In continue proportIon 0

terms in geometrical progression) 3+6
hn,uopws A&yOS, sitperparticlliaris ratio,

= the ratio (n + 1) : n, 295
hri1f€oos (apLBp.o,), plane (number) 287-8
f1fop.€Va, consequents (=" following" terms)

in a proportion 134, 238
fTEPOP.1}K7J" obloJlg (of numbers): in Plato

= 1rpop1}K7JS, which however is distinguished
from ET€POP.1}K7J' by Nicomachus etc. 289­
90, 293

€U8uypapp.tKo" rectilinear (tenn for prime
numbers) z85

€UBVP.€TptKO" euthymetric (of primes) 285

7noUp.€VCL, antecedents (" leading" terms) in
a proportion 1 34

1/1f€P, than: construction after IIL"'ACL<riwv etc.
133

iIlWj.L1}K7J" of square number (Iamblichus) Z93
"raKe< itraKe< fO"o', equal multiplied hy equal

and again hy equal (of a cube number)
z90, z9 1

iO"am fO"os, equal multiplied by equal (of
a square number) 291

iO"aKLS fa-o' EACLTTovaKLS (p.€L!:ovaKLS), species of
solid nmnbers,="'ALvtJi, (lIod, or O"T7JAi')
z9 1

KCLA€iO"Bw, "let it be called," indicating origi­
nality of a definition 129

KCLTCLP.€TP€LV, measure 1I5: without remainder,
completely (...A7JPOUVTWS) 280

KaTu6K£va.?,W, construct: TWP a.ViWV KO:TG.­

O"K€VCLa-8€vT.."', "with the same construc­
tion n II

KCLTCLTOpi) KCLVOVOS, Sedio ca1Zonis of Euclid
295

K€vTPOV, centre: 7) €K TOU K. = radius 2
K€pa.TO€LO~S ')'WViCL, horlllike angle 4, 39, 40
KAaV, to break ojf, illflect: K€KAaa-8w 111) ...aAtV

47: K€KMa-8CLL, def. of, alluded to by
Aristotle 47

KOAOVpo', truncated (of pyramidal number
minus vertex) 291

KVKAtKOS, cyclic, a particular species of square
number z91

AEryo" ratio: meaning I 17: definition of,
I16-9: original meaning (of something
expressed) accounts for use of I£A0-Y0',
JzaVillg no ratio, £rJ-ctioncl II7

p.ePOVCxr8CLL, to be isolated, of p.opas (Theon
of Smyrna) 279

p.epo', part: two meanings I I 5: generally =::

submultiple 28o: /-dp7J, pa1·ts (=proper
fraction) 115, 280

}Jia-7J avaAo')'ov (€M€L"), p.ea-os civd.AO')'OV (&.pLB­
p.o,), mean proportional (straight line or
number) 129, 295, 363 etc.

,UT} ')'ap, "suppose it is not" 7
P.ijKO', length (of number in one dimension):

=side of complete square in Plato 288
p.ova" unit, monad: supposed etymological

connexion wilh p.ovo" solitary, p.ov-f" rest
'279

OP.OLO', similar: (of rectilineal figures) 188:
(of plane and solid numbers) '293

OP.OtOT7JS M-ywv, "similarity of ratios" (inter­
polated def_ of proportion) I 19

OP.OAO')'OS, homologous, corresponding 134:
exceptionally "in the same ratio with"
238

lipos, term, in a proportion 131

"'CLpCL(3aAA€tV &....0, used, exceptionally, instead
of ",,,pCL(3aAAELV ...a.pa. or &'va.-ypaepELv a....\ 262

...a.pCLAAaTTw, "fall sideways" or "awry" 54

...€VTa-ypCLp.poV 99

...€pa.ivova-a. ...Oa-OT7JS, "limiting quantity"
(Thymaridas' definition of unit) 279

",€pLO"a-aKLS I£pTw" odd-times eZ'en '282-4
7r€pLrTO"aKLs ...€pta-a-o" odd·times odd 284
"'€pLa-O"apTLO', odd-even (Nicomachus etc.) 283
"'€PLO"a-OS, odd 281
7r7JAiKOS, how great: refers to continuous

(geometrical) magnitude as "'00"0' to discrete
(multitude) I16-7

"'7JAtKOT7JS, used in Y. Def. 3, and spurious
Def. 5 of VI.: = size (not quantltplicity as it
is translated by De Morgan) 116-7, 189­
90: suppo~ed multiplication of 7r7JALKOT7]TES
(VI. Def. 5) r 32: distinction between
"'7JAt"07'7]' and p.E')'€Bo' 1 I7

...MTOS, breadth: (of numbers) 288
"'A€Vpa, side: (of factors of "plane" and

"solid" numbers) 288
7rAijBos WptrTpevov or ",''''€pa.<rp.evov, defined or

finite multitude (definition of number) 280:
€K p.ovd.llwv O'v')',,€ip.€vov "'Aij8os (Euclid's
def.) 280

...OAACL1fACLO"ta!:€LV, multiply: defined '287
"'OAACL"'ACLO"L"<rpas, multiplication: "a.B' 07rOLOV­

ouv ...O"AACL...Aa.a-LCLO'P.OV "(arising) from any
mUltiplication whatever" I 20

...oAA"...AaO"oo" multiple: la-aK'S ...OAAa....AcI.O'LCL,
equimultiples I20 etc.

1fOM1rA€VPOV, multilateral: excludes TETpa­
...A€VpOV, quadrilateral '239

...op£rTa.a-8a.t, to find 248
7rOO'o.KLS 1roa-aKLs 1rotTol, "so many times so

many times so many" (of solid numbers,
in Aristotle) 286, 290

...oO"ans ...oO'oi, "so many times so many" (of
plane numbers, in Aristotle) '286

...oa-ov, quantity, in Aristotle II5: refers
to multitude as "'7JAiKOv to magnitude
II6-7
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1rP0J1.7WflS, obI01~g- (of numbers): in Plato=
ET€POp:ryK7JS, but distinguished by ~ico·

machus etc. 289-90, 293
1rporrava:ypaifia<, to draw on to: (of a circle) to

complete, when segment is given ~6

1rpOrrWpiLv, to find in addition (of finding
third and fourth proportionals) 2 If

1rpWTOS, prime 28+-5
1rpWTO< 1rpOS <iAA~AouS, (numbers) prime to

one another 285-6

P7JTOS, rational (literally" expressible") 117

(fUV€X.qs, continuous: o'vv€x1Js dvaAo')'la, "con­
tinuous proportion" (in three terms) 131

rrUVTJJ1..u.EVTJ dvaAo'Yia, connected (i.e. con-
tinuous) proportion 13I, 293: rrUVTJJ1..u.EVOS,
of compound ratio in Archimedes I33

rrUVBEVT<, compolZendo 13+-5
rrvvBerrL< il.0'Y0u, composition of a ratio, dis­

tinct from compolwdillg of ratios 13+-5
rrvvBeTos, composite (of numbers): in ~ico·

machus and Iamblichus a subdivision of
odd 286

rruvlrrTarrBa<, construct: ou rrurrTaBnrreTa< ~3

rruvT1B7JJ1.<, rrV'YKE<p.a< (of ratios) 135, 189-9°:
rrU')'Kelp.€va and li<a<peBEP'ca (compolleudo and
separalldo) uzec1 relatively to one another
I68, 170

rrVrrTTJp.a J1.ovaowv, "collection of units" (def.
of number) 280

(J'uf5T7Jp.anKos, collective 279
rr</>a<p<Kos, spherical (of a particular species of

cube number) 291
rr¢TJK1(J'Kos, or (J'¢7JvlrrKos, of solid numher

with all three sides unequal (= "scalene "j
29°

rJXEt1LS, "rdation~': ?rOUl. C1Xfcrl.S, , .. a :-.nrt of
relation" (in def. of ratio) 116-,

Tal'TOp:!WYJS, of square number i ~ic"m.) 1'1.1
ra{'TOT''1S Xo"iwv, ·~5:ln1eneSS of rat:us" 119

TEAe<os, ferttxt (of a cIas,; of numhcr,;) 2<)3-+
T€Ta-ip.Ev7j idva:\O"yla), .. ordered (pn ,portion)"

137
T€Tapwi.u.bTJ dVctAOjLct, tcr/urh'd /r"!iJrtion

136
T€Tpa1rAWpOV, quadrilateral, not a "polygon"

239
TP.f)fJ.CJ. ('VK\OV), ,egment (of circle1: Tp:!;p.aTOs

"}'wvla, angle of a :-;egment 4: iv TU.7;j.La.Tf.

""fwv/.a, angle ill a ~egment 4
TOJ1.eVS (KU.\Ol'), sector lof circle): GKt'TOTO'

p.u..os TO,u.evS', lol ~hoemaker';:; knife~' f
TOP.O€l.O~S tof ii~urd. .,tt!o}'-Zi/..y :.
ToO"etFTa1r:\ci471.0P, '~the f.ame n1ultiplc" Ltr)
Tp;. ..../CJ..wov: 70 rp!.1T"'!\OVV, TO i5L' a\\7j\wv, triple,

interwoven triangle, =pentagr:::.m 99
TPL1t:"'a.(]'!OS, triple, Tptr.:"'aui;.:J;J, ~rip1ko.te {of

rat~os) [~3 •• . .
TL"'yxaPELP, nappen: a:\:\a., a. f7'l'X€P, t."-G.KlS

1rO!>.Aa1r\arrW, "other, chance, equimulti·
pIes" 1+3-4: 71xo£iva. i'W1Ita:. • • , 1.V.~1· angle!'
212

i'h€pTeA~S or L'1r€PTfX€LOS, "over·perfect·' (of
a class of number,,;) z93-+

U1roo'7I'\eunos, suo·dujo.'i,·a/,\ = ho.lf I~ico-
rnachu,,;) 280 •

b1r01rOA),all'Aifrrws, ,,;ubnll:ltiple (~icomachusl

z80
[;'fos, height 189

xwplov, area o~+
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Adrastus 292
Alcinous 98
Altentate and altenzately (of ratios) 13+
Alternative proofs, interpolated (ef. III. 9

and fol1owing) 22: that in 1II. 10 claimed
by Heron 23-4-

Amaldi, Ugo, 30, 126
Ambiguous case of VI. j, 208-9
Anaximander II I

Anaximenes I I I

Angle: angles not less than two right angles
not recognised as angles (cf. Heron,
Proclus, Zenodorus) +7-9: holltrdl-angled
figure (the re-entrant angle was exterior)
48: did Euclid extend "angle" to angles
greater than two right angles in VI. 33?
275-6: "angle of semicircle" and "of
segment" 4-: hornlike angle 4, 39, 40:
controversies about" angle of semicircle"
and hornlike angle 39-42 (see also Ronzlike)

Antecedents (leading terms in proportion) r34
Antiparal1els: may be used for construction

of VI. 12, 215
Apollonius: PlaneVeUIJelr, problem from, 81,

lemma by Pappus on, 64-5: Plane Lod,
theorem from (arising out of Euc\. VI. 3),
also found in Aristotle 198-200: 75, 190,
258

Application of areas (including exceedingand
falling short) corresponding to solution of
quadratic equations 187, 258-60, 263-5,
266-7

Approximations: 7/5 as approximation to.J2
(Pythagoreans and Plato) II9: approxi­
mations to ,J3 in Archimedes and (in
sexagesimal fractions) in Ptolemy II9: to
". (Archimedes) fl9: to,J4500 (Theon of
Alexandria) 119

Archimedes: new fragment of, 4-°: Liber
assttmptorum, proposition from, 65: ap­
proximations to ,J3' square roots of large
numbers, and to ". II9: extension of a
proportion in commensurables to cover in­
commensurables 193: 136, 190

Archytas: proof that there is no numerical
geometric mean between nand 11 + I 295

Aristotle: indicates proof (pre-Euclidean) that
angle in semicircle is right 63: on def. of
sa?1te raHo (=sa1Ju tivTa.va.lpelTl.s) l'2o-J:
on proportion as" equality of ratios" II9:

INDEX.

on theorem in proportion not prO\'ed
gette,.al~l· till his time 113: on proportion
in three terms (crl'V€xf;r, cuntinuous), and
in four terms (olTJfY'1p.eV'1. discrete) 131.293:
on alternate ratios 13+: on i,zz'erse ratio
1M, 1+9: on similar rectilineal fi::;ures 188:
has locus-theorem (arising out of Eucl. n.
3) also given in Aoollonius' Plane uci
198-200: on ul1it 2i9: on 1lUmber 280:
on non-applicability of arithmetical proofs
to magnitudes if these are not numbers
1[3: on definitions of odd and even by one
another 281: on prime numhers 284-~:

on composite numbers as plane and solid
286, ~88, 290: on representation of
numbers by pebbles forming figures 288

Arithmetic, E!<'IIzmls of, anterior to Euclid
~95

August, E. F. ~3, 2;;. r+9, 238, 2;;6, +12
Austin, \V. li2, 188, 2JI, 2:9
Axioms tacitly assumed: in Book v. 137:

in Book VIl. 29+

Babylonians r12
Baermann, G. F. ~[3

Baltzer, R. 30
Barrow: on Eucl. v. Def. 3. If,: on v.

Def. :, r2l: ::,6, 186, 238
Billingsley, H. ::,6, 238
Boethius 29::'
Borelli, G. A. 2, 8+
Breadth (of numbers) =second dimension or

factor 288
Briggs, H. 143

Camerer, J. G. '22, 25, 28, 33, 3+, 40, 67,
121,13[, 189, 21 3,244-

Campanus 28, 41,56,9°, n6, II9' 121, 1+6,
189,211,2341 23E, 253,275,320, 322,3~8

Candalla 189
Cantor, :\Ioritz ;;, 40, 97
Cardano, Hieronimo +I

Case: Greeks did not infer limiting cases,
but pro"ed them separately 75

Casey, J. ~27

"Chance equimultiples" in phrase "other,
chance, equimultiples" 143-4-

Circle: definition of equal circles 2: circles
touching, meaningof definition, 3: "circle"
in sense of "circumference" 23: circles
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intersecting and touching, difficulties in
Euclid's treatment of, 25-;, 28-9, modern
treatment of, 30-2

Clavius 2, +r, +2, +" +9, ~3, ;:6, 6;, ,0, ,3,
130, [jO, 190, ~3I, 238, 24-h 27 1

Commandinus +" 130, 190
CompoJlet1do (vvvllivn), denoting "composi­

tion" of ratios q.'J.: compoJlet1do and
separando used relatively to each other
168, 170

Composite numbers, in Euclid 286: with
Eucl. and Theon of Smyrna may be even,
but with Kicom. and Iamb!. an; a sub­
division of odd 286: plane and s"lid
numbers species of, '.186

"Composite to one another" (of numbers)
'.186-7

Composition of ratios (vuvll«m A&yOV), de­
noted by comjoJlelZdo (vL'vllivTL), distinct
from compounding ratios 13+-5

Compound ratio: explanation of, 132-3:
interpolated definition of, r89-90: com­
pound.ed ratios in Y. 20-23, r ,6-8

C01lS,,,!umts (" following" ternlS in propor-
tion) 13+, 238

Continuous proportion (vt'VEX~S or vvvTJl-'l-'ivr;
dvaAo'}'!a) in three terms 13 t

Conversion of ratio (avavTpoq/i] A&yOV), de­
noted by com'ertcJldo (allavTp€iflavTL) r35:
com'ertendo theorem not established by Y.
r9, Por. r7+-5 , but proved by Simson's
Prop. E 175

COlwertmdo denoting" conversion" of ratios,
q.".

CorrespoJlding magnitudes r3+
Cube: duplication of, reduced by Hippo­

crates to problem of two mean pro­
portionals 133: cube number, def. of, 29r:
two mean proportionals between two cube
numbers 29+, 36+-5

C)'die, of a particular kind of square number
'.19 I

Cydomathia of Leotaud +2

Data of Euclid: Def. 2, 2+8: Prop. 8, 2+9­
50: Prop. '.1+, 2+6-7: Prop. :'5, 25+:
Props. 56 and 68, 2+9: Prop. 58, 263, 265:
Props. 59 and 8+, 266-,: Prop. 6; assumes
part of converse of Simson's Prop. B (Book
Yr.) '.12+: Prop. ;0, 250: Prop. 85, 26+:
Prop. 87, 228: Prop. 93, 227

Dechales 259
Dedekind's theory of irrational numbers

corresponds exactly to Eucl. Y. De£. 5,
I2+-6

Democritus: OJl di.Jfi'reJla C!i gJlomon etc.
(? on "angle of contact") +0: on parallel
and infinitely near sections of cone +0:
stated, without proving, propositions about
volumes of cone and pyramid +0

De Morgan, A.: on definition of ratio I r6-;:
on extension of meaning of ratio to cover
incommensurables I r8: means of express­
ing ratios between incommensurables by
approximation to any extent II8-9: de-

fence and explanation of Y. Def. 5, 122-4:
on necessity of proof that tests for greater
and less, or greater and equal, ratios can­
not coexist r3e-r, 157: on compound ratio
132-3,23+: sketch of proof of existence of
fourth proportional (assumed in v. t8) r 7t :
proposed lemma about duplicate ratios as
alrernative means of proving v!. 22, 2+6-7:
5, " 9-10, II, 15, 20, '2'2, 29,56, 76-i,
83, IOI, 10+, rr6-9, r20, 130, r39, 1+5,
19i, 202, 217-8,232, '233, 23+, '27 2 , '275

Dercy!!ides II r
Diorism2fs for solution of a quadratic 259
Discrete proportion, IkOPTJl-'ivTJ or ,1L€!:W'YI-'EVTj

aVo,Ao'}'!a, in four terms, 13 1 , 293
" Dissimilarly ordered" proportion (avol-'o!w~

T€Ta,},I-'EvWlI TWV M'Ywl') in Archimedes
= "je,-turbfd proportion" 136

Dividend,? (of ratios), see Separation, separ­
ando

"Division (of ratios)," see Separation
Divisions (of.figures), On, treatise by Euclid,

proposition from, 5
Dodecahedron: decomposition of faces into

elementary triangles, 98
Dodgson, C. L. +8, 275
Duplicate ratio r33: oL7TAav!wv, duplicate,

distinct from OL7TAa.vto~, double (=ratio
2 : r), though use of terms not uniform r 33 :
"duplicate" of given ratio found by VI.
r I, 2If: lemma on duplicate ratio as al­
ternative to method of VI. 22 (De Morgan
and others) 2+'.1-7

Duplication of cube: reduction of, by Hippo­
crates, to problem of finding two mean
proportionals r33: wrongly supposed to
be alluded to in Timaeus 32 A, B, '.19+-5 n.

Egyptians r 12: Egyptian view of mmzber'.l80
Enriques (F.) and Amaldi (U.) 30, I'.!6
Equimultiples: "any equimultiples what-

ever," l(1'aKLS 'Jf'Ohr..a.1rAa.(1'La KaO' 01TOLOPOVP

7ToAAa7TAavLo,vp.Ol' 120: stereotyped phrase
"other, chance, equimultiples " r+3-+:
should include onee each magnitude r45

Eratosthenes: measurement of obliquity of
ecliptic (230 5r' 20") rII

Escribed circles of triangle 85, 86-7
Eudemus 99, III
Eudoxus 99, 280, 295: discovered general

theory of proportionals covering incom­
mensurables r 1'.1-3: was first to prove
scientifically the propositions about volumes
of cone and pyramid +0

Eutocius: on "n. Def. 5" and meaning of
7TTJ\LKC)T'1)~ 1I6, 13'.1, r89-90: gives locus­
theorem from Apollonius' Plane Loci r98­
200

Even (number): definitions by Pythagoreans
and in Kicomachus 28r: definitions of odd
and even by one another unscientific
(Aristotle) 28r: Kicom. divides even into
three classes (I) f!7}uz-times even and ('.I) evm­
times odd as extremes, and (3) odd-times
e,'m as intermediate 28'.1-3
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Even-times even: Euclid's use differs from
use by Nicomachus, Theon of Smyrna and
Iamblichus 28[-2

Even-times odd in Euclid different from e<'i'Il­
odd of Nicomachus and the rest 282-f

Ex aequali, of ratios, 136: ex aequali pro­
positions (v. 20, 22), and ex aequali "'in
perturbed proportion" (v. 21, 23) 176-8

Faifofer 126
Fourth proportional: assumption of existence

of, in v. 18, and alternative methods for
avoiding (Saccheri, De Morgan, Simson,
Smith and Bryant) I70-f: CIa,'ius mad~

the assumption an axiom I/O: sketch of
proof of assumption by De illorgan 171 :
condition for existence of number which
is fourth proportional to thlee numbers
f09- II

Galileo Galilei: on angle if contact f2
Geometric means 357 sqq.: one mean between

square numbers 29f, 363, or between
similar plane numbers 3il-2: two means
between cube numbers 29f, 36+-5, or
between similar solid numbers 373-5

Geometrical progression 3f6sqq.: summation
of 1Z ternlS of (IX. 35) f20-1

Gherard of Cremona f7
Gnomon (of numbers) 289
Golden section (section in extreme and mean

ratio), discovered by Pythagoreans 99:
theory carried further by Plato and }<.u­
doxus 99

Greater ratio: Euclid's criterion not the only
one 130: arguments from greater to less
ratios etc. unsafe unless they go back to
original definitions (Simson on V,IO) 156-7:
test for, cannot coexist with test for equal
or less ratio 130-1

Greatest common measure: Euclid's method
of finding corresponds exactly to ours 1I8,
299: Nicomachusgives the same method 300

Gregory, D. II6, If3

Habler, Th. 29+1Z.
Hankel, H. II6, IIi
Hauber, C. F. 2++
Heiberg, J. L. passim
Henrici and Treutlein 30
Heron of Alexandria: Eucl. Ill. [2 interpo­

lated from, 28 : extends Ill. 20, 2I to angles
in segments less ilian semicircles f7-8: does
not recognise angles equal to or greater than
two right angles f7-8: proof of formula for
area of triangle, A =Js(s- a)(s-b) (s-c)
87-8: 5, 16-17, 24, 28, 3+, 36, H, [[6,
189, 302, 320,383, 395

Hippasus 97
Hippocrates of Chios 133
HO"nlike angle (K€pa.rofLoi)< -ywvla.) 7,39, fO:

hornlike angle and angle if semicircle, con­
troversies on, 39-42; Pr?clus on, 39-fo:
Democritus may have wntten on hornlzke
angle 40 : Campanus ("not angles in same

sense") f[ : Cartlano (qll,uztitia of different
order;; or kinds): Pelt:tier (lz"y;z:ikc angle
no angle, no quantity, nothing; angle, of
allsemicircIes n:/fl:·t a1},{~"'c.TJ' and equal) if:
Clavius fJ: Viera ane! Galil~o (" angle of
contact no angle ") fJ: Wallis (angie of
contact not i/lc/intltioll ar all but di'!,-'7f" if
cltro'alun') f2

Hultsch, F. [33

Iamblichus 97, rr6, 2,9, 280, J8[, 283, 28f.
~8:, 2t;6, 2~/' J8~, 2ti9, 290, 291, 2~P, 29.~'

+19
Icosahedron 98
Incomm~nsurabJes: method uf testing incom­

mensurability Iproce33 ,of jinding ,;.C.~l.)

I 18: means of "xpre;;;;ion consist ill power
ofapproximation without limit (De :\lurgan)
[19: approximations to ,'2 I)Jy means of
side- and diag<Jlla!·numbers, [19, to ,'3
and to "., [19: to ''4iOO by means of
sexagesimal fruction, [19

Incomposite (of number) =prime J8f
Ingrami, G. 30, 126
Inverse (ratio), inversely (ap,b,."X,,) [3+: in­

version is suhject of \". .j., Pur. (Theun)
I f+, and of \'. " POl'. 149, but i3 not
properly put in either place If9: Simson's
Prop. B on, directly dedt:cibk from Y,

Def. t, Iff
Isosceles triangle of 1\'. 10: con,tructi01l of,

by Pythagoreans 97-9

Jacobi, c. F. A.. 188

Lachlan, R. 2'26, 227, 24E-6, ~47, 2f6, 2';'2

Lardner, D. :;1l, 2.;9, 27 I
Least COmmon multiple 336-+[
Legendre 30: proves \"1. I and similar pro­

posirions in tw~ parts (IJ for. commen'
surables, (2) for mcommensurahJes I93-:-f

Lenlma assumed in 1'1. :! 2, ::q.:!-3: n.lternatlve
proposition:; on duplicate ratios and m:ios
of which they are duplicate (De :\Iorgan
and others) JfJ-7 . ' .

Length, J.'~KOS (of numbers m one ,hmen;;lon!
287: Plato restricts term to side of com·
plete square 28,

Leotaud, Vincent f2
Linear (of numbers) = ([! in one dimension

~87, (2) prime 285 "
Logical inferences, not made by Euclid 2J, 29
Lucian 99

::\Ieans: three kinds, arithmetic, geometric
and harmonic 292-3: geometric mean is
"proportionparexceilmce" (Kl'plw<j 292-3:
one geometric mean between two square
numbers two between two cube numbers
(Plato) ;9f, 363-5: one geometric m=
between similar plane numbers, two be­
tween similar solid numbers 371-5: no
numerical geometric mea.n. between nand

. n + I (Archvtas and Euchd) 29:-
~Iodemtus, a' Pythagorean 280
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:\fultiplicatiun, definition of 28,
.Jlllsid S,rip/ores &'ra,','i ~9t

an-Xairizl ~, 16, 28,3+ 36, .f4, +j, 302, 320,
383

~nsirnd<lin at·Tils; 2S
~esselmann. 'G'. II. F. 28j, 293
:s'icomachus II6, II9, 13[, 2j9- 180, '281,

':!82, 283, 28i. 2St, 286, 28j, 288, 289- ':!9O,
29 1, 29 2• 293, 29i. 300, 363

);ixon, K. C. J. 16
:s'umber: detin~d l,y Thales, Eudoxus,

:'\foderatus, Ari,totle, Euclid 18o: :t\ico­
machu,; and Inmblichus on, 280, repre­
sented by lines 28~, and by points or dots
'.!8~-9

Oblong (of number) , in Plato either 7T'pop:qK'l<
or iT.pop.~X7J< 288: but these terms denote
two distinct divi,ion. of plane numbers in
Xicomachus, Theon of Smyrna and lam­
blichu. 289""90

Octahedron 98
Odd (number): defs. of in Xicomachus '281 :

Pythagorean definition 281: def. of odd
and even by one another unscientific
(Aristotle) 281: :t\icom. and Iambl. dis­
tinguish three classes of odd numbers
([I prime ami incomposite, (2) secondary
and composite, as extremes, (3) secondary
and compo.ite in itself but prime and in­
composite to one another, which is inter­
mediate 28j

Odd-times /?i'"l1 (number): definition in Eucl.
spurious 283-i, and differs from definitions
by Xicomachu. etc. ibid.

Odd-timesodd(number): defined in Eucl. but
not in :s'icom. and Iambl. 284-: Theon of
Smyrna applies tenu to prime numbers
2Si

Oenopides of Chios II I

"Ordered" proportion lTfTa:yp,bn1 ava.Ao')'la.),
interpolated definition of, 13j

Pappu., lemma on Apollonius' Plane ".VGEL<
6i-~: problem from same work 81: assumes
ca~e of n. 3 where external angle bisected
(Simson'. n. Prop. A) [9j' theorem from
A polluuius Plane Lo,i 198: theorem that
ratio compounded of ratios of ,ides is equal
to ratio of rectangles contained by sides
'lEO: .f., 27, 29, 6j, 79, 81, !I3, 133,211,
'250,251, z9 2

" Parallelepipedal" (solid) numbers, two of
the three factors differ by unity (Xicoma­
chus) 290

Peletarius (Pdetier): on angle ofcvntact and
angle ofsemicircle +1: +j, ~6, 84,146, 190

Pentagon: decomposition of regular pentagon
into jO elementary triangles 98: relation to
pentagram 99

Pentagonal numbers 289
"Perfect" (of a class of numbers) '293-4-,

,PI-5: Pythagoreans applied term to 10,
294: 3 also called "perfect" '29+

Perturbed proportion (UTa.pa.,,/piV'l aVClAo')'la)
136, I j6-7

Pfleiderer, C. F. '2
Philolaus 9j
Philoponus 234, 282
Plane number., product of two factors

(" sides" or "length" and "breadth")
287-8: in Plato either square or oblong
287-8: similar plane numbers 293: one
mean proportional between similar plane
numbers 371-2

Plato: construction of regular solids from
triangles 9j-8: on golden section 99: 715
as approximation to •./2, JI9: on square
and oblong numbers 288, 293: on iluvc1p.EL<
(square roots or surds) 288, 290: theorem
that between square numbers one mean
suffices, between cube numbers two means
necessary 294-, 36+

Playfair, John 2
Plutarch 98, Z5+
Ponml (corollary) to proposition precedes

"Q.E.D." or "Q.E.F." 8,6+: Ponsm to IV.
15 mentioned by Proclus 109: Porism to
n. 19,234

Polygonal numbers 289
Prime (number): definitions of, '28i-5: Aris­

totle on two senses of "prime" z85:
2admitted as prime by Eucl. and Aristotle,
but excluded by Nicomachus, Theon of
Smyrna and Iamblichus, who make prime
a subdivision of odd '284--5: "prime and
incomposite (ciGVVOeTo<)" '284: different
names for prime, "odd-times odd" (Theon),
"linear" (Theon), "rectilinear" (Thy­
maridas), "euthymetric" (Iamblichus) '285:
prime absolutely or in themselves as dis­
tinct from prime to one another (Theon)
'285 : definitions of" prime to one another"
285-6

Produs: on absence of formal divisions of
proposition in certain cases, e,g. IV. 10,
100: on use of "quindecagon" for as­
tronomy lJI: +,39,4-°,193, '2+7, '269

Proportion: complete theory applicable to
incommensurables as well as commen­
surables is due to Eudoxus 1[2: old
(Pythagorean) theory practically repre­
sented by arithmetical theory of Eucl. VII.
113: in giving older theory as well Euclid
simply followed tradition I13: Aristotle
on general proof (new in his time) of
theorem (alternando) in proportion 113:
x. 5 as connecting two theories I 13: De
:\Iorgan on extension of meaning of ratio
to cover incommensurables I I 8: power of
expressing incommensurable ratio is power
of approximation without limit JI9: in­
terpolated definitions of proportion as
"sameness" or "similarity of ratios" JI9:
definition in v. Def. 5 substituted for that
of VI!. Def. '20 because latter found inade­
quate, not ,",ice versa I':lI: De Morgan's
defence of v. De£. 5 as necessary and
sufficient r22-+' V. Def. 5 corresponds to
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\Veierstrass' conception of number in
general and to Dedekind's theory of ir­
rationals 124-6: alternatives for v. Def. ,
by a geometer-friend of Saccheri, by
Faifofer, Ingrami, Veronese, Enriques and
Amaldi 126: proportionals of nr. Def. '20
(numbers) a particnlar case of those of v.
Def. 5 (Simson's Props. C, D and notes)
126-9: proportion in three terms (Aristotle
makes it four) the" least" 131: "con·
tinuous" proportion (ITUVEX.f]S or IflJVT//l-p.f.v1/
dvctX0'Y[a, in Euclid E~i1S dvd.Xo'Yov) 13 I, 293:
three "proportions" '292, but proportion
par excellmce or primary is continuous or
geometric 292-3: " discrete" or "dis­
joined" (lJ'TJPT/!dVT/,oIErEtryp.E.T/) 131, '293:
"ordered" proportion (TETct'Ypb.,,) , inter­
polated definition of, 137: "perturbed"
proportion (TETctpct'Y/I-€vT/) 136, 176-7: ex­
tensive use of proportions in Greek

. geometry 187: proportions enable any
quadratic equation with real roots to be
solved 187: supposed use of propositions of
Book v. in arithmetical Books 314, 3'20

Psellus 23+
Ptolemy, Claudius: lemma about quadri­

lateral in circle (Simson's n. Prop. D)
225-7: 111, 117, 119

Pyramidal numbers '29°: pyramids truncated,
twice-truncated etc. 291

Pythagoras: reputed discoverer of construc­
tion of five regular solids 97: introduced
" the most perfect proportion in four terms
and specially called 'harmonic'" into
Greece I 1'2: construction of figure equal
to one and similar to another rectilineal
figure 254

Pythagoreans: construction of dodecahedron
in sphere 97: construction of isosceles
triangle of IV. 10 and of regular pentagon
due to, 97-8: possible method of discovery
of latter 97-9: theorem about only three
regular polygons filling space round a
point 98: distinguished three SOrtS of
means, arithmetic, geometric, harmonic
I 12: had theory of proportion applicable
to commensurables only Il'2: 7/S as ap­
proximation to ..}2, 1I9: definitions of
unit '279: of even and odd 281: called 10
" perfect" 29+ .

Quadratic equations: solution by means of
proportions 187, 263-S. 266-7: owp,up.6s
or condition of possibility of solving
equation of Eucl. VI. 28, 259: one solution
only given, for obvious reasons 260, 26~,

267: but method gives both roots if real
2S8: exact correspondence of geometrical
to algebraical solution 263-+, 266-7

Quadrilateral: inscribing in circle of quadri­
lateral equiangular to another 91-2: con­
dition for inscribing circle in, 93, 95:
quadrilateral in circle, Ptolemy's lemma
on (Simson's VI. Prop. D), 225-7: quadri­
lateral not a "polygon" 239

"Quindecagon" (fifteen-angled figure): use­
ful for astronomy I I I

Radius: no Greek word for, 2
Ratio: <;lefinition of, 116-g. no sufficient

ground for regarding it as spurious IIi,
Barrow's defence of it IIi: method of
transition from arithmetical to mOre general
sense co\'ering incommensurables [ I ~ :

means of ,·.xprusing ratio of incomm"n­
surables i3 by approximation to any degree
of accuracy I 19: def. of greater ratio only
Olle criteri<;>n (there are other" j '30: tests
for greater equ:J.1 and less ratios mutually
exclusive '30-1: test for greater ratio
easier to apply than that for equal ratio
129-3°: arguments about greater and Jess
ratios unsafe unless they go back to original
definitions (Simson on V. 10) IE6-i: com·
pomul ratio 132-3, 189-go, 23+: operation
of compounding ratios 23+: ., ratio com­
pounded of their sides" (careless expres­
sion) 2+8: duplicate, triplicate etc. ratio
as distinct from dauble, tripld etc. 133:
alternate latio, alternalldo 134; iltz'i:Y3e
ratio, im'ersely 13+: comjtuilion of mtio,
compoJZ8IIdo, different from compounding
ratios 13+-5: separation of ratio, separand;;
(commonly dividmdo) I3E: cOnL'er3!on of
ratio, cOllvertmd() I 3.~: ratio ex acl}uali
136, ex aequali in perturbed ir%rtion
136: di<'ision of ratius used in Data as
general method alternative to compounding
24g-S0: names for particular arithmetical
ratios 292

Reciprocal or rtciprc""alty related figures:
definition spurious 189

Reductio ad absurdum, the only possible
method of pro,-ing Ill. I, 8

" Rule of three": \'I. I 2 equivalent to, 2 I E

Saccheri, Gerolamo 126, 130: proof of ex­
istence of fourth proportional by n. I, 2,

1'2,170
Savile, H. Igo
Sca/me, a class of solid numbers 2go
Scholin.: I'.". No. ~ ascribes Book IV. to

Pythagoreans 97: \". XO. I atl ributes
Book v. to Eudoxus 112

Scholiast to Clouds of Aristophanes 99
Seclio cantmis of Euclid 295
Sector (of circle): explanation of name: two

kinds (I) with vertex at centre, (2) with
vertex at circumference 5

Sector-like (figure) 5: bisection of such a
figure by straight line 5

Segment of circle: angle '1; 4: similar seg­
ments 5

Semicircle: angle oj; +, 39-+1 (s,'e Angle):
angle in semicircle a right angle, pre­
Euclidean proof 63

Separation of ratio, iltct'pelT,r :\6yov, and
separanda (oIEX6vn) 135-: separando and
componendo used relatively to one another,
not to original ratio 168, 170
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Sides of plane and solid numbers 287-8
Similar plane and solid numbers 293: one

mean between two similar plane numbers
371-2, two means between two similar
solid numbers 29·b 373-5

Similar rectilineal figures: def. of, given in
Aristotle 188: def. gives at once too little
and too much 188: similar figures on
straight lines which are proportional are
themselyes proportional and conversely
(n.22), alternatives for proposition 2.P-7

Similar segments of circles 5
Simon, Max 12+, 13+
Simpson, Thomas 12l
Simson, R.: Props. C, D (Book v.) connect­

ing proportionals of VI!. Def. 20 as par­
ticular case with those ofv. Def. 5,126-9:
Axioms to Book v. 137: Prop. B (inver.
sion) 144: Prop. E (co1Zv,~·tendo) 175:
shortens v. 8 by compressing two cases
into one 152-3: important note showing
flaw in v. 10 and giving alternative 156-7:
Book VI. Prop. A extending VI. 3 to case
where external angle bisected 197: Props.
B, C, D 222-7: remarks. on VI. 27-9,
25S-9: 2, 3,8, 22,23,33,3,,4,37, 43, +9,
53, 70, 73, 79, 90, 117, 131, 132, 140,
143-4, 1+5, 1+6, 1+8, 154, 161, 162, 163,
165, 170-2, I ii, 179, 180, 182, 183, 184,
185, 186, 189, 193, 195, 209, 2TI, 212,
230-1, 238, 252, 269, 270, 272-3

Size, proper translation of 7r7]A1KOT7]S in v.
Def. 3, II6-7, IS9-90

Smith and Bryant, alternative proofs of v. 16,
17, IS by means of VI. I, where maguitudes
are straight lines or rectilineal areas 165-6,
169, 173-+

Solid numbers, three varieties according to
relative length of sides 290- I

Sphencal number, a particular kind of cube
number 291

Square number, product of equal numbers
289, 291: one mean between square
numbers 29+, 363-+

Stobaeus 280
Subduplicate of any ratio found by VI. 13,

216
Swinden, ]. H. van 1&8

Tacquet, A. 121, 258
Tannery, P. IlZ, 113
Tartaglia, Niccoli:> 2, 47

Taylor, H. M. 16,22,29, 56, 75, 102,227,
'2++, 24i, 27'2

Tetrahedron 98
Thales II I, 280
Theodosius 37
Theon of Alexandria: interpolation in V. 13

and Porism 1+4: interpolated Porism to
VI. 20, 239: additions to VI. 33 (abollt
sectors) 274-6: 43, 109, Il7, rI9, 149,152,
161, 186,190, 234, 235, 2+0, 24z, 256, 262,
3Il, 32Z, 412

Theon of Smyrna: I I I, II9, 279, 280, Z81,
28+, 285, 286, 288, 289, 290, 291, 292,
293, z94

Thrasyllus 292
Thymaridas 279, 285
Ti1Jtaeus of Plato 97-8, 294-5, 363
Todhunter, 1., 3, 7,2Z, 49, 51,52,67,73,9°,

99, 172, 195,202, 204,208,259, 27 1, 272,
300

Trapezium: name applied to truncated
pyramidal numbers (Theon of Smyrna)
29 1

Triangle: Heron's proof of expression for
area in terms of sides, .Js(s- a) (s - b)(s- c)
87-S: right-angled triangle which is half
of equilateral triangle used for construction
of tetrahedron, octahedron and icosahedron
(Timaeus of Plato) 98

Triangular numbers 289
Triplicate, distinct from triple, ratio r33
a~-Tusi, see N~iraddin

Unit: definitions of, by Thymaridas, " some
Pythagoreans," Chrysippus, Aristotle and
others 279: Euclid's definition was that
of the" more recent" writers 279: p.ovds
connected etymologically by Theon of
Smyrna and Nicomachus with p.6vos (soli.
tary) or p.ovl] (rest) 279

Veronese, G. 30, !'26
Vieta: on angle of contact 4Z

"Walker 20+, z08, 259
'Wallis, John: on angle of contact (" degree

of curvature") 42
'Weierstrass 124-
Woepcke 5

Zenodorus 276
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