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and of these the square on K7 is greater than the square
on BX;

therefore the remainder, the square on ZA4, is less than the
square on X A4.

Therefore 4X is greater than AZ;
therefore 4 X is much greater than A4G.

And AX is the perpendicular on one base of the poly-
hedron,

and AG on the surface of the lesser .sphere ;

hence the polyhedron will not touch the lesser sphere on its
surface.

Therefore, given two spheres about the same centre, a
polyhedral solid has been inscribed in the greater sphere
which does not touch the lesser sphere at its surface.

Q. E. F.

Porism. But if in another sphere also a polyhedral solid
be inscribed similar to the solid in the sphere BCDE,

the polyhedral solid in the sphere ZCDE has to the poly-
hedral solid in the other sphere the ratio triplicate of that
which the diameter of the sphere ZCDZ has to the diameter
of the other sphere.

For, the solids being divided into their pyramids similar

in multitude and arrangement, the pyramids will be similar.
~ But similar pyramids are to one another in the triplicate
ratio of their corresponding sides; [xi 8, Por.]

therefore the pyramid of which the quadrilateral ABAS is
the base, and the point 4 the vertex, has to the similarly
arrangéd pyramid in the other sphere the ratio triplicate of
that which the corresponding side has to the corresponding
side, that is, of that which the radius 45 of the sphere about
A as centre has to the radius of the other sphere.

Similarly also each pyramid of those in the sphere about
A as centre has to each similarly arranged pyramid of those
in the other sphere the ratio triplicate of that which 4.5 has
to the radius of the other sphere.
And, as one of the antecedents is to one of the conse-
quents, so are all the antecedents to all the consequents ;
[v. 12]
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hence the whole polyhedral solid in the sphere about A4 as
centre has to the whole polyhedral solid in the other sphere
the ratio triplicate of that which AZ has to the radius of the
other sphere, that is, of that which the diameter £ has to
the diameter of the other sphere.

Q. E. D.

This proposition is of great length and therefore requires summarising in
order to make it easier to grasp. Moreover there are some assumptions in it
which require to be proved, and some omissions to be supplied. The figure
also is one of some complexity, and, in addition, the text and the figure treat
two points Z and ¥, which are really one and the same, as different.

The first thing needed is to know that all sections of a sphere by planes
through the centre are circles and equal to one another (great circles. or
“greatest circles” as Euclid calls them, more appropriately). Euclid uses his
definition of a sphere as the figure described by a semicircle revolving about
its diameter. This of course establishes that all planes through the particular
diameter make equal circular sections ; but it is also assumed that the same
sphere is generated by any otker semicircle of the same size and with its
centre at the same point.

M

[

The construction and argument of the proposition may be shortly given-
as follows.

A plane through the centre of two concentric spheres cuts them in great
circles of which BE, GF are quadrants.

A regular polygon with an even number of sides is inscribed (exacsly as in
Prop. 16) to the outer circle such that its sides do not touch the inner circle.
BK, KL, LM, ME are the sides in the quadrant BE.
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AQ is drawn at right angles to the plane 4BZ, and through 40 are
drawn planes passing through B, X, Z, M, E, etc., cutting the sphere in great
circles.

OB, OK are quadrants of two of these great circles.

As these quadrants are equal to the quadrant B, they will be divisible
into arcs equal in number and magnitude to the arcs 5K, XL, LM, ME.

Dividing the other quadrants of these circles, and also all the quadrants of
the other circles through O4, in this way we shall have in all the circles a
polygon equal to that in the circle of which BZ is a quadrant.

BP, PQ, QR, RO and KS, ST, TU, UO are the sides of these polygons
in the quadrants 80, KO.

Joining 2S, @7, R¥, and making the same construction all round the
circles through 40, we have a certain polyhedron inscribed in the outer
sphere.

d .Draw PV perpendicular to 428 and therefore (since the planes 045,
BAE are at right angles) perpendicular to the plane B4Z; [x1. Def. 4]
draw S perpendicular to 4K and therefore (for a like reason) perpendicular
to the plane FAE.

DPraw KZ perpendicular to 4. (Since BK=BPF, and DB. BV = BF?
DB .BZ=BK? it follows that BV = BZ, and Z, V coincide.)

Now, since s PAV, S4 W, being angles subtended at the centre by
equal arcs of equal circles, are equal,
and since Ls PVA, SWA are right,

while A5=APF,

As PAV, SA W are equal in all respects, [1. 26]
and AV=AW.
Consequently AB:AV=A4AK:AW;

and V1V, BK are parallel.

But PV, SI¥ are parallel (being both perpendicular to one plane) and
equal (by the equal As P4V, SAW),
therefore VI, FS are equal and parallel.

Therefore BX (being parallel to V') is parallel to 2S.

Consequently (1) BASK is a quadrilateral in one plane.

Similarly the other quadrilaterals PQ7'S, QRUT are in one plane ; and
the triangle OR U is in one plane. )

In order now lto prove that the plane BPSK does not anywhere touckh the
tnner sphere we have to prove that the shorlest distance from A to the plane
75 greater than AZ, which by the construction in X\1. 16 is greater than AG.

Draw A4X perpendicular to the plane BA2SK.

Then AX+ XB=AX+XK*=AX*+XS*'=AX*+ XP?= 4B,
whence XB=XK=XS= XP,
or (2) the quadrilateral BPSK is inscribable in a circle with X as centre and
radius X5. .

Now BK>TVW

> PS;
therefore in the quadrilateral BPSXK three sides BX, BP, KS are equal, but
PS is less.

Consequently the angles about X are three equal angles and one smaller

angle ;
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therefore any one of the equal angles is greater than a right angle, i.e. £ BXK
is obtuse.

Therefore (3) BK?> 28X~ [1. 12]
Next, consider the semicircle KD with KZ drawn perpendicular to B.D.
We have BD < 2D2Z,

so that DB.BZ<2D7Z. ZB,

or BK?*<2K7%

therefore, & fortivrs, [by (3) above]
(4) BX®< K2
Now AK*=AB;

therefore AZ?+ ZK = AX*+ X B
And BX*< KZ?;

therefore AX?*> AZ?

or (5) AX> AZ.

But, by the construction in xi1. 16, 4Z> AG; therefore, a fortiors,
AX > AG.

And, since the perpendicular 4.X is the shortest distance from 4 to the
plane BFPSK,

(6) the plane BASK does not anywhere meet the inner sphere.

Euclid omits to prove that, a jfortiors, the other quadrilaterals PQZS,
QRUT, and the triangle KO U, do not anywhere meet the inner sphere.

For this purpose it is only necessary to show that the radii of the circles
circumscribing BPSK, PQTS, QR UZ and ROU are in descending order of
magnitude.

D’ [o4

We have therefore to prove that, if ABCD, 4’ B'C'D" are two quadrilaterals

inscribable in circles, and
AD=BC=A4A'D =8,

while A8 is not greater than 4D, A'B"'= CD, and AB> CD> C'D,
then the radius OA of the circle circumscribing the first quadrilateral is greater
than the radius O'A’ of the circle circumscribing the second.

Clavius, and Simson after him, prove this by zeductio ad absurdum.

(1) If04=04,
it follows that s AOD, BOC, A'OD, B'O'C" are all equal.

Also LAOB> 1L AOF,

‘ £t COD>L COD,

whence the four angles about O are together greater than the four angles
about O, l.e. greater than four right angles ;

which is impossible.
H. E. TIL 28
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(2) If 04'> 04,
cut off from 0’4, OB, O'C', O'D lengths equal to 04, and draw the inner
quadrilateral as shown in the figure (XYZI¥).
Then AB>A'B = XY,
CD>CD>ZW,
AD=A'D > WX,
BC=BC>YZ
Consequently the same absurdity as in (1) follows a fortiori.
Therefore, since OA is neither equal to nor less than 0’4,
OA4A > 04,
The fact is also sufficiently clear if we draw M0, NO bisecting D4, DC
perpendicularly and therefore meeting in O, the centre of the circumscribed

circle, and then suppose the side D4 with the perpendicular /O to turn
inwards about D as centre. Then the intersection of A0 and NO, as £, will

gradually move towards V.
Simson gives his proof as “Lemma 11" immediately before xir 1.

He adds to the Porism some words explaining how we may construct a
similar polyhedron in another sphere and how we may prove that the

polyhedra are similar.
The Porism is of course of the essence of the matter because it is the

porism which as much as the construction is wanted in the next proposition.
It would therefore not have been amiss to include the Porism in the enuncia-
tion of X11. 17 50 as to call attention to it.

Prorvosition 18.

Spheres are to one another in the triplicate vatio of thetr
respective diameters.

Let the spheres ABC, DEF be conceived,
and let BC, £F be their diameters ;
I say that the sphere 45 has to the sphere DEF the ratio
triplicate of that which BC has to £F.

For, if the sphere ABC has not to the sphere DEF the
ratio triplicate of that which BAC has to £F,
then the sphere 45C will have either to some less sphere
than the sphere DZF, or to a greater, the ratio triplicate of
that which BC has to £F.

First, let it have that ratio to a less sphere GHKX,
let DEF be conceived about the same centre with GHX,
let there be inscribed in the greater sphere DEF a poly-
hedral solid which does not touch the lesser sphere GHX at
its surface, [xmm. 17]
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and let there also be inscribed in the sphere 48C a poly-
hedral solid similar to the polyhedral solid in the sphere DEF;

therefore the polyhedral solid in 48C has to the polyhedral
solid in DEF the ratio triplicate of that which BC has to £F.

[x1n 17, Por.]

But the sphere 4Z2C also has to the sphere GHK the
ratio triplicate of that which ZC has to £F;

therefore, as the sphere ABC is to the sphere GHKX, so is
the polyhedral solid in the sphere 4ZC to the polyhedral
solid in the sphere DEF;

and, alternately, as the sphere 45C is to the polyhedron in
it, so is the sphere GAK to the polyhedral solid in the
sphere DEF. [v. 16]

But the sphere A5 C is greater than the polyhedron in it;

therefore the sphere. G/7K is also greater than the polyhedron
in the sphere DEF.

But it is also less,
for it is enclosed by it.

Therefore the sphere 4BC has not to a less sphere than
the sphere DEF the ratio triplicate of that which the diameter
BC has to EF.

28—2
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Similarly we can prove that neither has the sphere DZF
to a less sphere than the sphere 4BC the ratio triplicate of
that which ZF has to BC.

I say next that neither has the sphere 4B to any greater
sphere than the sphere DZEF the ratio triplicate of that which
BC has to EF.

For, if possible, let it have that ratio to a greater, ZMN ;

therefore, inversely, the sphere LM has to the sphere A5C
the ratio triplicate of that which the diameter £/ has to the
diameter ZC.

But, inasmuch as ZMN is greater than DEF,

therefore, as the sphere LMV is to the sphere ABC, so is the
sphere DEF to some less sphere than the sphere A5C, as

was before proved. [x11. 2, Lemma]

Therefore the sphere DEF also has to some less sphere
than the sphere AABC the ratio triplicate of that which £/
has to 5C:

which was proved impossible.

Therefore the sphere ABC has not to any sphere greater
than the sphere DZF the ratio trlphcate of that which BC
has to £F.

But it was proved that neither has it that ratio to a less
sphere.

Therefore the sphere 45C has to the sphere DEF the
ratio triplicate of that which ZC has to £ZF.

Q. E. D.

It is the method of this proposition which Legendre adopted for his proof
of x11. 2 (see note on that proposition).

The argument can be put very shortly. We will suppose S, S’ to be the
volumes of the spheres, and 4, 4’ to be their diameters; and we will for brevity
express the triplicate ratio of & to &' by &*: 4.

If a:d%+ 5.5,
then 4:d%*=85:7,
where 7'is the volume of some sphere either greater or less than S,

I. Suppose, if possible, that 7°<.5".

Let 7" be supposed concentric with S’
As in X11. 17, inscribe a polyhedron in S such that its faces do not any-
where touch T7;

and inscribe in .S a polyhedron similar to that in .S
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Then S:T=d*:4%
= (polyhedron in .S) : (polyhedron in S*);
or, alternately,
S : (polyhedron in §) = T': (polyhedron in S').

And S > (polyhedron in .S);
therefore 7" > (polyhedron in .§").

But, by construction, 7 < (polyhedron in S'):
which is impossible.

Therefore r<.S.

II. Suppose, if possible, that 7> S".

Now &#:d?*=5:T

=X:8,

where X is the volume of some sphere less than S, [x11. 2, Lemma)
or, inversely, a%:d8=8": X,
where X < S.

This is proved impossible exactly as in Part I.

Therefore 7% S.

Hence 7, not being greater or less than .S, is equal to it, and
. d%=5: 8.
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HISTORICAL NOTE.

I have already given, in the note to 1v. 1o, the evidence upon which the
construction of the five regular solids is attributed to the Pythagoreans. Some
of them, the cube, the tetrahedron (which is nothing but a pyramid), and the
octahedron (which is only 2 double pyramid with a square base), cannot but
have been known to the Egyptians. And it appears that dodecahedra have
been found, of bronze or other material, which may belong to periods earlier
than Pythagoras’ time by some centuries (for references see Cantor’s Geschichte
der Mathematik 15, pp. 175—6).

It is true that the author of the scholium No. 1 to Eucl. X111 says that the
Book is about ‘“the five so-called Platonic figures, which however do not
belong to Plato, three of the aforesaid five figures being due to the Pythagoreans,
namely the cube, the pyramid and the dodecahedron, while the octahedron
and the icosahedron are due to Theaetetus.” This statement (taken probably
from Geminus) may perhaps rest on the fact that Theaetetus was the first to
write at any length about the two last-mentioned solids. We are told indeed
by Suidas (s. v. @ealryros) that Theaetetus “first wrote on the ‘five solids’ as
they are called.” This no doubt means that Theaetetus was the first to write
a complete and systematic treatise on all the regular solids; it does not
exclude the possibility that Hippasus or others had already written on the
dodecahedron. The fact that Theaetetus wrote upon the regular solids agrees
very well with the evidence which we possess of his contributions to the
theory of irrationals, the connexion between which and the investigation of
the regular solids is seen in Euclid’s Book x111.

Theaetetus flourished about 380 B.c,, and his work on the regular solids
was soon followed by another, that of Aristacus, an elder contemporary of
Euclid, who also wrote an important book on SoZid Loci, i.e. on conics treated
as loci. This Aristaeus (known as “the elder”) wrote in the period about
320 B.C. We hear of his Comparison of the five regular solids from Hypsicles
(2nd cent. B.C.), the writer of the short book commonly included in the editions
of the Elements as Book x1v. Hypsicles gives in this Book some six proposi-
tions supplementing Eucl. xii.; and he introduces the second of the
propositions (Heiberg’s Euclid, Vol. v. p. 6) as follows :

“ The same circle civeumscribes both the pentagon of the dodecahedron and the
triangle of the icosahedron when both are inscribed in the same spheve. This is
proved by Aristaeus in the book entitled Comparison of the five figures.”
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Hypsicles proceeds (pp. 7 sqq.) to give a proof of this theorem. Allman
pointed out (Greek Geometry from Thales to Euclid, 1889, pp. 201—2) that this
proof depends on eight theorems, six of which appear in Euclid’s Book x111.
(in Propositions 8, 1o, 12, 15, 16 with Por., 17); two other propositions not
mentioned by Allman are also used, namely xmI 4 and 9. This seems, as
Allman says, to confirm the inference of Bretschneider (p. 171) that, as
Aristaeus’ work was the newest and latest in which, before Euclid’s time, this
subject was treated, we have in Eucl. xuL at least a partial recapitulation of
the contents of the treatise of Aristaeus.

After Euclid, Apollonius wrote on the comparison of the dodecahedron
and the icosahedron inscribed in one and the same sphere. This we also
learn from Hypsicles, who says in the next words following those about
Aristaeus above quoted: “But it is proved by Apollonius in the second
edition of his Comparison of the dodecakedron with the tcosahedron that, as the
surface of the dodecahedron is to the surface of the icosahedron [inscribed
in the same sphere], so is the dodecahedron itself [ie. its volume] to the
icosahedron, because the perpendicular is the same from the centre of the
sphere to the pentagon of the dodecahedron and to the triangle of the
icosahedron.”
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ProposITION 1.

If a straight line be cut in extveme and mean vatio, the
square on the greater segment added to the half of the whole
25 five times the square on the half.

For let the straight line A8 be cut in extreme and mean
ratio dt the point C,
and let 4 C be the greater segment;

let the straight line 420 be pro-
duced in a straight line with C4,
‘and let 4D be made half of 45 ; 4N

I say that the square on CD is P ¢

five times the square on 4D. o}

For let the squares AE, DF
be described on 45, DC, D A

and let the figure in J/ be drawn ;
let #C be carried through to G.

Now, since A8 has been cut in
extreme and mean ratio at C,

therefore the rectangle A5, BC is K N
equal to the square on AC.
[vi. Def. 3, v 17]

And CE is the rectangle 4B, BC, and FH the square
on AC;

therefore CE is equal to FH.
And, since 54 is double of 4D,
while BA is equal to K4, and 4D to AH,
therefore K4 is also double of 4.
But, as K4 is to AH, sois CK to CH ; [vi. 1]
therefore CK is double of CH.
But LA, HC are also double of CH.
Therefore KC is equal to LA, HC.
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But CE was also proved equal to AF;
therefore the whole square A4Z is equal to the gnomon M NVO.
And, since B4 is double of 4D,
the square on B4 is quadruple of the square on A0,
that is, A4 £ is quadruple of DA.
But 4 E is equal to the gnomon MNO;
therefore the gnomon M/ NVO is also quadruple of 4P
therefore the whole DF is five times A4 2.
And DF is the square on DC, and AP the square on DA;
therefore the square on CD is five times the square on DA4.

Therefore etc.
Q. E. D.

The first five propositions are in the nature of lemmas, which are required
for later propositions but are not in themselves of much importance.

It will be observed that, while the method of the propositions is that of
Book 11., being strictly geometrical and not algebraical, none of the results of
that Book are made use of (except indeed in the Lemma to X111 2, which is
probably not genuine). It would therefore appear as though these propositions
were taken from an earlier treatise without being revised or rewritten in the
light of Book 11. It will be remembered that, according to Proclus (p. 67, 6),
Eudoxus “greatly added to the number of the theorems which originated with
Plato regarding #ke section” (i.e. presumably the *“golden section”); and it is
therefore probable that the five theorems are due to Eudoxus.

That, if 48 is divided at C in extreme and mean ratio, the rectangle
AB, BC is equal to the square on AC is inferred from vI. 17.

A.D is made equal to half 4.8, and we have to prove that

(sq. on CD) =5(sq. on 4D).
The figure shows at once that

[OCH=[HL, s
sothat [JCH+[JHL=2([7CH)
=[TAG.
Also sq. HF=(sq. on AC)
= rect. AB, BC A C___8
= CE.

By addition, /
(gnomon MNO)=sq. on 4B R

=4(sq. on 4D);
whence, adding the sq. on 4.D to each, we have
(sq. on CD)=75(sq. on 4D).
The result here, and in the next propositions, K G E
is really seen more readily by means of the figure

of 1L 11.
In this figure SR = AC+§ 4B, by construction;

and we have therefore to prove that
(sq- on SR) =5(sq. on 4AR).
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This is obvious, for
(sq. on SK)=(sq. on RB)
=sum of sqs. on 45, AR
=5 (sq. on 4&).

The Mss. contain a curious addition to x111. 1—j5 in the shape of analyses
and syntheses for each proposition prefaced by the heading :

“What is analysis and what is synthesis.

¢ Analysis is the assumption of that which is sought as if it were admitted
<and the arrival > by means of its consequences at something admitted to
be true.

“Synthesis is an assumption of that which is admitted <and the arrival >
by means of its consequences at something admitted to be true.”

There must apparently be some corruption in the text; it does not, in the
case of synthesis, give what is wanted. B and V have, instead of *“something
admitted to be true,” the words “the end or attainment of what is sought.”

The whole of this addition is evidently interpolated. To begin with, the
analyses and syntheses of the five propositions are placed all together in four
Mss. ; in P, q they come after an alternative proof of x11. 5 (which alternative
proof P gives after x111. 6, while q gives it instead of x111. 6), in B (which has
not the alternative proof of X1 5) after x111. 6, and in b (in which xr. 6 is
wanting, and the alternative proof of x111. 5 is in the margin, in the first hand)
after xnl. 5, while V has the analyses of 1—3 in the text after x111. 6 and
those of 4—j5 in the same place in the margin, by the second hand. Further,
the addition is altogether alien from the plan and manner of the Elements.
The interpolation took place before Theon’s time, and the probability is that
it was originally in the margin, whence it crept into the text of P after xur 5.
Heiberg (after Bretschneider) suggested in his edition (Vol. v. p. lxxxiv.) that
it might be a relic of analytical investigations by Theaetetus or Eudoxus, and
he cited the remark of Pappus (v. p. 410) at the beginning of his

“comparisons of the five [regular solid] figures which have an equal surface,”
to the effect that he will not use “the so-called analytical 1nvest1gat10n by
means of which some of the ancients effected their demonstrations.” More
recently (Paralipomena su Euklid in Hermes xxxviuL, 1903) Heiberg con-
jectures that the author is Heron, on the ground that the sort of analysis’ and
synthesis recalls Heron’s remarks on analysis and synthesis in his commentary
on the beginning of Book 11. (quoted by an-Nairiz, ed. Curtze, p. 89) and his
quasi-algebraical alternative proofs of propositions in that Book.

To show the character of the interpolated matter I need only give the
analysis and synthesis of one proposition. In the case of xmL I it is in
substance as follows. The figure is a mere
straight line, D A (o] B

Let 4B be divided in estreme and mean  +— ; ' '
ratio at C, 4C being the greater segment ;

and let AD=1AB.
I say that (sq. on C.D) =35 (sq. on 4D).
(Analysis.)
“For, since (sq. on CD)=5(sq. on AD)”

and  (sq. on CD)=(sq. on CA)+(sq. on AD) + 2 (rect. CA, AD),
therefore (sq. on CA) + 2 (rect. CA4, AD) = 4(sq. on AD).

But rect. B4 . AC=z(rect. CA.AD),
and (sq. on Cd4)=(rect. 48, BC).
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Therefore
(rect. BA, AC) + (rect. 4B, BC) = 4(sq. on AD),

or (sq. on 4B)=4(sq. on 4AD):
and this is true, since AD=%AB.

(Synthesis.)

Since (sq. on 4B) = 4(sq. on AD),
and (sq. on AB) = (rect. BA, AC) + (rect. 4.8, BC),
therefore 4(sq. on 4D) =2(rect. DA, AC)+sq. on 4C.

Adding to each the square on 42, we have

(sq. on CD) =5 (sq. on AD).

ProposiTION 2.

443

If the square on a stvaight line be five times the square on
a segment of it, then, when the double of the said segnient is cut
tn extreme and mean ratio, the greater segnent is the remaining

part of the original straight line.

For let the square on the straight line A5 be five times

the square on the segment AC
of it,

and let CD be double of AC;

Isaythat, when CDis cut in extreme
and mean ratio, the greater segment N,

1s CB. M/

Let the squares AF, CG be de-
scribed on A8, CD respectively,

let the figure in A/ be drawn, A c
and let BZ be drawn through.

Now, since the square on B4 is
five times the square on AC,

AF is five times A .
Therefore the gnomon MNO is

quadruple of 4 H.
And, since DC is double of CA,

therefore the square on DC is quadruple of the square on C4,

that is, CG is quadruple of 4.

But the gnomon MV O was also proved quadruple of 4/;

therefore the gnomon MNO is equal to CG.
And, since DC is double of CA,

while DC is equal to CK, and AC to CH,

therefore K5 is also double of BA.

[vi. 1]
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- But LA, HB are also double of A5 ;
therefore X7 is equal to LA, HB.
But the whole gnomon MNO was also proved equal to
the whole CG;
therefore the remainder /ZF is equal to BG.
And BG is the rectangle CD, DB,
for CD is equal to DG ;
and //F is the square on C5;
therefore the rectangle CD, DB is equal to the square on CB
Therefore, as DCis to CAB, sois CB to BD.
But DC is greater than C5;
therefore C5 is also greater than D).
Therefore, when the straight line CD'is cut in extreme and
mean ratio, C/5 is the greater segment.
Therefore etc.

LEMMA,

That the double of 4C is greater than BC is to be proved
thus.

If not, let BC be, if possible, double of CA.

Therefore the square on BC is quadruple of the square
on CA;

therefore the squares on BC, CA are five times the square
on CA.

But, by hypothesis, the square on 54 is also five times
the square on CA ;
therefore the square on 54 is equal to the squares on BC, CA:
which is impossible. (1. 4]

Therefore CA is not double of 4AC.

Similarly we can prove that neither is a straight line less
than CA double of CA4 ;

for the absurdity is much greater.

Therefore the double of 4AC is greater than CA.
Q. E. D.
This proposition is the converse of Prop. 1. We have to prove that, if
AB be so divided at C that

(sq. on AB)=75(sq. on AC),
and if CD=24C,

then (rect. C.D, DB)=(sq. on CB).
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Subtract from each side the sq. on AC;
then (gnomon MNO)=4(sq. on 4C)
= (sq. on'CD).
Now, as in the last proposition,
[ CE=2([JBH)
=[7BH +[7HL

Subtracting these equals from the equals, the square on CD and the
gnomon MO respectively, we have

[ BG = (square HF),
ie. (rect. CD, DB)=(sq. on CB).
Here again the proposition can readily be proved by means of a figure
similar to that of 1. 11.

Draw CA through C af right angles to CB and of length equal to CA in
the original figure; make CD double of CA;

produce AC to & so that CR = CA.

Complete the squares on C& and CD, and
join AD.
Now we are given the fact that
(sq. on AR) =5 (sq. on CA).
But C
5(sq. on AC)=(sq. on AC)+ (sq. on CD)

=(sq. on 4.D).
Therefore A

(sq. on AR)=(sq. on 4D),
or AR =AD.
Now .
(rect. KR, RC)+(sq. on AC)=(sq. on AR) K E G
=(sq. on A.D)
=(sq. on AC)+ (sq. on CD).
Therefore (rect. KR . RC)=(sq. on CD).
That is, (rectangle RE) = (square CG).
Subtract the common part CZ,
and (rect. BG) = (sq. BB),
or rect. CD, DB =(sq. on C5).

Heiberg, with reason, doubts the genuineness of the Lemma following this
proposition.

ProrosiTiON 3.

If a straight line be cul in extreme and mean vatio, the
square on the lesser segment added to the half of the greater
segment 1s five limes the square on the half of the greater
segment.
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For let any straight line 4.3 be cut in extreme and mean
ratio at the point C,

let AC be the greater segment,
and let 4C be bisected at D ;

I say that the square on AD is
five times the square on DC. ot

For let the square AZ be r / : M
described on AR5, ' L

and let the figure be drawn
double. H K F N

Since AC is double of DC,

therefore the square on AC is
quadruple of the square on DC,

that is, RS is quadruple of FG.

And, since the rectangle 45, BC is equal to the square
on AC,

and CZ is the rectangle A5, BC,
therefore CZ is equal to RS.
But &S is quadruple of /G ;
therefore C£ is also quadruple of FG.
Again, since 4D is equal to DC,
HK is also equal to KF.
Hence the square G/ is also equal to the square ZL.

Therefore GK is equal to KL, that is, MN to NE ;
hence M/ F is also equal to FE.
But M F is equal to CG; :
therefore CG is also equal to FZ.
Let CAV be added to each;
therefore the gnomon OFQ is equal to CE.
But CE was proved quadruple of GF;
therefore the gnomon OPQ is also quadruple of the square #G.

Therefore the gnomon OPQ and the square FG are
five times FG.

But the gnomon OPQ and the square G are the
square DNV,

And DN is the square on DA, and G F the square on DC.

Therefore the square on DB is five times the square
on DC. Q. E. D.
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In this case we have

(sq. on BD) = (sq. FG) + (rect. CG)+ (rect. CV)

5q. FG) + (rect. CE)
= (sq. FG) + (rect. AB, BC)

(
(sq. FG) + (rect. FE)+ (rect. CN)
(

= (sq. #G) + (sq. on 4C), by hypothesis,

=§(sq. on DC).
The theorem is still more obvious if the figure
of 1. 11 be used. Let C/ be divided in extreme
and mean ratio at £, by the method of 11. 11.

Then, since

(rect. AB, BC) + (sq. on CD) c
=sq. on BD
=sqs. on CD, CK

(rect. 4B, BC) =(sq. on CF) D
=(sq. on C4),

and 478 is divided at Cin extreme and mean ratio.
And  (sq. on BD)=(sq. on DF)

= 5(sq. on CD). A

Prorosirion 4.

447

-

O

If a strawght lLine be cut in extreme and mean ratio, the
square on the whole and the square on the lesser segment fogether
are triple of the square on the greater segment.

Let 425 be a straight line,
let it be cut in extreme and mean ratio at C,
and let 4C be the greater segment;

I say that the squares on 425, BC are
triple of the square on CA.

For let the square ADEZB be de-
scribed on A5,

and let the figure be drawn.

Since then 4.2 has been cut in extreme
and mean ratio at C,

and AC is the greater segment,

A C B
~ AN M
! \
H Tz A
Nk
D G E

therefore the rectangle A8, BC is equal to the square on AC.
[v1. Def. 3, vi. 17]
And AK is the rectangle 45, BC, and /G the square

on AC;
therefore AKX is equal to ZG.
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And, since AF is equal to FE,
let CK be added to each;
therefore the whole 4K is equal to the whole CZ';
therefore AKX, CE are double of AX.
But AKX, CE are the gnomon LMN and the square CK;

therefore the gnomon ZMN and the square CK are double
of AK.

But, further, AKX was also proved equal to ¢ ;
therefore the gnomon LMN and the squares CK, G are
triple of the square AG.

And the gnomon LAMN and the squares CK, HG are
the whole square 4Z and CK, which are the squares on
AB, BC,
while /G is the square on AC.

Therefore the squares on A5, BC are triple of the square
on AC.

Q. E. D.

Here, as in the preceding propositions, the results are proved de zozo by
the method of Book 11., without reference to that Book. Otherwise the proof
might have been shorter.

For, by 1. 7,

(sq- on 4B) + (sq. on BC) =z (rect. 48, BC) +(sq. on AC)
=3(sq. on AC).

ProrosiTION 5.

If a strawght line be cut tn extreme and mean ratio, and
theve be added to 1t o straight line equal to the greater segment,
the whole straight line has been cut in extveme and mean ratio,
and the oviginal straight line is the greater segment.

For let the straight line 45 be cut in extreme and mean
ratio at the point C,

let AC be the greater segment,
and let 4.0 be equal to AC.

I say that the straight line
DPB has been cut in extreme and K
mean ratio at 4, and the original
straight line 424 is the greater
segment.

For let the square AF be described on A5,
and let the figure be drawn.

D A C B
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Since A5 has been cut in extreme and mean ratio at C,

therefore the rectangle 4.5, BC is equal to the square on AC.
[vi. Def. 3, v1. 17]

And CE is the rectangle A58, BC, and CH the square
on AC;
therefore CZ is equal to ZC.
But AZE is equal to CZ,
and D/ is equal to /ZC;
therefore D/ is also equal to ZZ.

Therefore the whole DX is equal to the whole 4.
And DK is the rectangle 8D, DA,

for AD is equal to DL ;
and A/ is the square on A5 ;

therefore the rectangle B0, DA is equal to the square
on AB5.

Therefore, as DB is to BA, sois BA to AD. [vi 17]
And DB is greater than 54 ;

therefore 54 is also greater than A0, [v. 14]

Therefore D2 has been cut in extreme and mean ratio at
A, and A B is the greater segment.

0. E. D.
We have (sq. DH)=(sq. HC)
= (rect. CE), by hypothesis,
= (rect. HE).

Add to each side the rectangle AKX, and
(rect. DK)=(sq. AE),
or (rect. BD, DA)=(sq. on 4B).
The result is of course obvious from IL 1I.
There is an alternative proof given in P after xi11. 6, which depends on
Book v.

By hypothesis, BA:AC=AC : CB,
or, inversely, AC : AB=CB : AC.
Componenda, (AB+AC): AB=AB : AC,
or DB :BA4 =P84 :AD.

ProrosiTioN 6.

If a rational straight line be cut in extreme and mean ratio,
eack of the segments is the irrational stvaight line called
apotome.

H. E. IIL 29
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Let A2 be a rational straight line,
let it be cut in extreme and mean
ratio at C, D A c B
-and let AC be the greater segment

I say that each of the straight lines AC, C5 is the irrational
straight line called apotome.

For let AA be produced, and let 4.0 be made half of 54.
Since then the straight line 45 has been cut in extreme
and mean ratio,

and to the greater segment AC is added A0 which is half
of AB,

therefore the square on C2 is five times the square on JA4.
. [xm1 1]
Therefore the square on €2 has to the square on DA the
ratio which a number has to a number;

therefore the square on CD is commensurable with the square

on DA. [x. 6]
But the square on 1A is rational,

for DA is rational, being half of 4/& which is rational ;

therefore the square on CJD is also rational ; [x. Def. 4]

therefore CD is also rational.

And, since the square on CD has not to the square on
DA the ratio which a square number has to a square number,

therefore C/) is incommensurable in length with D4 ; [x. g]

therefore CD, DA are rational straight lines commensurable
in square only ;

therefore AC is an apotome. [x. 73]

Again, since 475 has been cut in extreme and mean ratio,
and 4 ( is the greater segment,
therefore the rectangle 45, BC is equal to the square on 4C.
[vi. Def. 3, vi. 17]
Therefore the square on the apotome AC, if applied to
the rational straight line 425, produces BC as breadth.
But the square on an apotome, if applied to a rational
straight line, produces as breadth a first apotome ; [x. 97]

therefore (A is a first apotome.
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And CA was also proved to be an apotome.
Therefore etc.

Q. E. D.

It seems certain that this proposition is an interpolation. P has it, but the
copyist (or rather the copyist of its archetype) says that ““ this theorem is not
found in most copies of the new recension, but is found in those of the old.”
In the first place, there is a scholium to X111 17 in P itself which proves the
same thing as xI11. 6, and which would therefore have been useless if xni 6
had preceded. Hence, when the scholium was written, this proposition had
not yet been interpolated. Secondly, P has it before the alternative proof of
X1 5 ; this proof is considered, on general grounds, to be interpolated, and
it would appear that it must have been a Ja#er interpolation (x111. 6) which
divorced it from the proposition to which it belonged. Thirdly, there is cause
for suspicion in the proposition itself, for, while the enunciation states that
each segment of the straight line is an agofome, the proposition adds that the
lesser segment is a firs/ apotome. The scholium in P referred to has not this
blot. What is actually wanted in x111. 17 is the fact that the greafer segment
is an apotome. It is probable that Euclid assumed this fact as evident enough
from x1i1. 1 without further proof, and that he neither wrote Xii1. 6 nor the
quotation of its enunciation in XL 17.

ProrosiTiON 7.

If three angles of an equilateral pentagon, taken either in
order or not in ovder, be equal, the pentagon will be equiangular.
For in the equilateral pentagon 4 BCDE let, first, three
angles taken in order, those at 4, B, C,
be equal to one another; A

I say that the pentagon ABCDE is
equiangular. , A
B =4

For let AC, BE, FD be joined.

Now, since the two sides CB, BA
are equal to the two sides 54, AE
respectively,

and the angle CAA4 is equal to the c D
angle BAE,

therefore the base 4C is equal to the base BZ,
the triangle 4 5C is equal to the triangle ABZ,

and the remaining angles will be equal to the remaining angles,
namely those which the equal sides subtend, [r. 4]

that is, the angle ACA to the angle BEA, and the angle
ABE to the angle CAB;

hence the side 4 is also equal to the side B~ [1. 6]

29—2
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But the whole .4 C was also proved equal to the whole £Z;
therefore the remainder #C is also equal to the remainder /E.

But CD is also equal to DE.
Therefore the two sides FC, CD are equal to the two
sides FE, ED;

and the base 7/ is common to them ;
therefore the angle #CJD is equal to the angle FZ£D. 1. 8]

But the angle BCA was also proved equal to the angle
AERB;
therefore the whole angle BCD is also equal to the whole
angle AED.

But, by hypothesis, the angle ZCD is equal to the angles
at 4, B;
therefore the angle A£D is also equal to the angles at 4, 5.

Similarly we can prove that the angle CDZ is also equal
to the angles at 4, B, C;

therefore the pentagon ABCDE is equiangular.

Next, let the given equal angles not be angles taken in
order, but let the angles at the points 4, C, D be equal;

- I say that in this case too the pentagon A BCDE is equiangular.
For let £D be joined.

Then, since the two sides 54, AE are equal to the two
sides BC, CD,

and they contain equal angles,
therefore the base B Z is equal to the base 5D,
the triangle A BE is equal to the triangle (D,

and the remaining angles will be equal to the remaining angles,
namely those which the equal sides subtend ; (L 4]

therefore the angle 4 £ 5 is equal to the angle CDA.
But the angle BZD is also equal to the angle BDE,
since the side A is also equal to the side BD. [t 5]

Therefore the whole angle 4£7D is equal to the whole
angle CDE.

But the angle CDZ is, by hypothesis, equal to the angles
at A, C;

therefore the angle A ED is also equal to the angles at 4, C.
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For the same reason
the angle ABC is also equal to the angles at 4, C, D.
Therefore the pentagon A5CDE is equiangular.
Q. E. D.
This proposition is required in x111. 17.
The steps of the proof may be shown thus.

I. Suppose that the angles at 4, B, C are all equal.
Then the isosceles triangles BAE, ABC are equal in all respects ;

thus BE=A4C, 1BCA=rBEA, +CAB=rFEBA.
By the last equality, FA = FB,
so that, since BE = AC, FC= FE.
The as FED, FCD are now equal in all respects, [1. 8, 4]
and Lt FCD =L FED.
But L ACB =1 AE B, from above,
whence, by addition, L BCD=r AED.

Similarly it may be proved that « CDE is also equal to any one of the
angles at 4, 5, C.

1I. Suppose the angles at 4, C, D to be equal.
Then the isosceles triangles 4B8E, CB.D are equal in all respects, and
hence BE=BD (so that « BDE =+ BED),

and L CDB=r AEB.
By addition of the equal angles,
L CDE=L DEA.

Similarly it may be proved that  ABC is also equal to each of the angles
at 4, C, D.

ProrosiTion 8.

If in an equilateral and equiangular pentagon straight
ltnes subtend two angles taken in order, they cut one another
tn extreme and mean ratio, and their greater segments are equal

to the side of the pentagon.

For in the equilateral and equiangular pentagon 4BCDE
let the straight lines AC, BE, cutting

one another at the point /Z, subtend A

two angles taken in order, the angles m
at 4, B;

I say that each of them has been & A B

cut in extreme and mean ratio at
the point /7, and their greater seg-
ments are equal to the side of the
pentagon. D (S

For let the circle ABCDE be
circumscribed about the pentagon 4 B5CDE. [1v. 14]
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Then, since the two straight lines £A4, AFB are equal to
the two A B, BC,

and they contain equal angles,
therefore the base BZ is equal to the base AC,
the triangle 4B E is equal to the triangle 4A5C,

and the remaining angles will be equal to the remaining angles
respectively, namely those which the equal sides subtend. [1. 4]

Therefore the angle B4C is equal to the angle ABE;
therefore the angle 4 /7E is double of the angle ZAH. [1 32]
But the angle £A4C is also double of the angle ZAC,

inasmuch as the circumference £DC is also double of the
circumference CA ; [t 28, vi 33]

therefore the angle /A E is equal to the angle AHE
hence the straight line /7 is also equal to £.A4, that is, to 4 5.

L6

And, since the straight line 54 is equal to AZ, -]

the angle ABZ is also equal to the angle 4A£5. 1. 5]

But the angle A BE was proved equal to the angle A4 H;
therefore the angle ££.4 is also equal to the angle ZAH.

And the angle ABE is common to the two triangles A5 E
and ABH;
therefore the remaining angle B4 £ is equal to the remaining
angle AHRB; (1 32]
therefore the triangle 4BZ is equiangular with the triangle
ABH ;
therefore, proportionally, as £8 is to BA, so is AB to BH.

] [vi 4]
But B4 is equal to £H ;
therefore, as BE is to £H, so is EH to HB.
And BE is greater than £H;
therefore £ /7 is also greater than A 5. [v. 14]

Therefore B has been cut in extreme and mean ratio at
£, and the greater segment £ is equal to the side of the
pentagon.

Similarly we can prove that 4C has also been cut in
extreme and mean ratio at /7, and its greater segment CA
is equal to the side of the pentagon.

Q. E. D.
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In order to prove this theorem we have to show (1) that the As AZ5,

HARB are similar, and (2) that £H = E4 (= 45).
To prove (2) we have
nrs AEB, BAC equal in all respects,

whence EB=AC,
and L BAC=1 ABE.
Therefore Lt AHE =21 BAC
=, EAC,
so that EA=FEA
= AB-

To prove (1) we have, in the As 4£B, HAB,
L BAH = EBA4

=+ AEDB,
and £ ABE is common ;
therefore the third ~s AHB, EAPB are equal,
and As AEB, HARB are similar.

Now, since these triangles are similar,
EB : BA=F8A4: BH,
or (rect. £8, BH)=(sq. on BA)
=(sq. on EH),
so that £5 is divided in extreme and mean ratio at A.
Similarly its equal, C4, is divided in extreme and mean ratio at /.

PROPOSITION 0.

If the side of the hexagon and that of the decagon inscrited
in the same circle be added together, the whole straight line
has been cut in extveme and mean ratio, and its greater segment

is the side of the hexagon.
Let ABC be a circle ;

of the figures inscribed in the circle 4BC let BC be the side

of a decagon, CD that of a hexagon,
and let them be in a straight line;
[ say that the whole straight line

B has been cut in extreme and E
. L B

mean ratio, and CJD is its greater

segment.

For let the centre of the circle,
the point £, be taken,

let £5, EC, E£D be joined,
and let BE be carried through to 4. D
Since 5C is the side of an equilateral decagon,
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therefore the circumference ACAB is five times the circum-
ference 5FC;
therefore the circumference 4 C is quadruple of C25.

But, as the circumference AC is to CB, so is the angle
AEC to the angle CEZ; [vi. 33]
therefore the angle 4 £C is quadruple of the angle C£5.

And, since the angle £Z8C is equal to the angle £CB, [1. 5]
therefore the angle 4ZC is double of the angle £CA. [v 32]

And, since the straight line £C is equal to CD,
for each of them is equal to the side of the hexagon inscribed
in the circle 4BC, (1v. 15, Por.]
the angle CED is also equal to the angle CDE; [r 5]
therefore the angle £CA is double of the angle £ZDC. [u 32]

But the angle 4 Z£C was proved double of the angle £C7;
therefore the angle 4 £C is quadruple of the angle £DC.

But the angle 4AZC was also proved quadruple of the
angle BEC;
therefore the angle £2DC is equal to the angle BEC.

But the angle £5.D is common to the two triangles 5EC
and BED ;

therefore the remaining angle BZD is also equal to the
remaining angle £CH; [1. 32]
therefore the triangle £BD is equiangular with the triangle
EBC.

Therefore, proportionally, as DB is to BE, so is EB to BC.

) [vr. 4]
But £5 is equal to CD.

Therefore, as BD is to DC, so is DC to CAB.
And BD is greater than DC;

therefore DC is also greater than C5.

Therefore the straight line B0 has been cut in extreme
and mean ratio, and DC is its greater segment.

0. E. D.

. BC is the side of a regular decagon inscribed in the circle; CD is the
md% on" the inscribed regular hexagon, and is therefore equal to the radius BZ
or £C.

_ Therefore, in order to prove our theorem, we have only to show that #4e
triangles EBC, DBE are similar.
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Since BC is the side of a regular decagon,
(arc BCA) =5 (arc BC),

so that (arc CFA) = 4 (arc BC),
whence L CEA=4:.BEC.
But L CEA=2 1 ECB.
Theretore LECB=22BEC .ccoeviiiiiiiiinnninnnnnnn. (1).

But, since CD = CE,
L CDE=. CED,
so that LECB=2.CDE.
It follows from (1) that + BEC=cs CDE.
Now, in the As £BC, DBE,
LBEC=r BDE,

and L EBC is common,
so that L ECB=1r DEB,
and As EBC, DBE are similar,
Hence DB :BE=EPF: BC,
or (rect. DB, BC)=(sq. on £B)
=(sq. on C.D),

and DZB is divided at C in extreme and mean ratio.

To find the side of the decagon algebraically in terms of the radius we
have, if x be the side required,

(7 + x)x=7%

whence x = g (&5 = 1).

ProrosiTioN 10.

If an equilateral pentagon be inscribed in a civcle, the
square on the side of the pentagon is equal to the squares on
the side of the hexagon and on that of the decagon inscribed in
the same circle.

Let ABCDE be a circle,
and let the equilateral pentagon 4ABCDE be inscribed in the
circle ABCDE.

I say that the square on the side of the pentagon ABCDE
is equal to the squares on the side of the hexagon and on
that of the decagon inscribed in the circle 4BCDE.

For let the centre of the circle, the point F, be taken,
let A be joined and carried through to the point G,
let 75 be joined,
let /A be drawn from # perpendicular to 45 and be carried
through to X,
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let AKX, KB be joined,
let /L be again drawn from # perpendicular to 4K, and be
carried through to /7,
and let AV be joined.

Since the -circumference
ABCG is equal to the circum-
ference AEDG,

and in them AABC is equal to
AED,

therefore the remainder, the
circumference CG, is equal to
the remainder GD.

But €2 belongs to a pen-
tagon ;
therefore CG belongs to a G
decagon.

And, since A4 is equal to F5,
and /A is perpendicular,
therefore the angle 47K is also equal to the angle A75.

[1. 5, 1. 26]

Hence the circumference 4 KX is also equal to K5 ; [1. 26)
%;efore the circumference A 5 is double of the circumference
therefore the straight line AKX is a side of a decagon.

For the same reason

AKX is also double of K M.

Now, since the circumference 47 is double of the circum-
ference BK,
while the circumference €2 is equal to the circumference 45,

therefore the circumference C/2 is also double of the circum-
ference BK. '

But the circumference C2 is also double of CG ;

therefore the circumference CG is equal to the circumference
BK.

But AKX is double of KM, since KA is so also;
therefore CG is also double of KM/,
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 But, further, the circumference CB is also double of the
circumference BX,

for the circumference CAB is equal to BA.

Therefore the whole circumference GB is also double
of BM;

hence the angle G2 is also double of the angle BFM. [v1. 331
But the angle G2 is also double of the angle /.45,
for the angle ~A4 B is equal to the angle ABF.

Therefore the angle BFNV is also equal to the angle #A4 5.
But the angle 4AF is common to the two triangles ABF
and BFN;

therefore the remaining angle AFB is equal to the remaining
angle BNF; [ 3]
therefore the triangle ABF is equiangular with the triangle
BFN.

Therefore, proportionally, as the straight line A8 is to BF,
sois B to BN ; [vi. 4]

therefore the rectangle A58, BN is equal to the square on BZF.
[vi. 17]
Again, since AL is equal to LXK,

while Z/V is common and at right angles,

therefore the base KV is equal to the base ANV ; [ 4]

therefore the angle LKAV is also equal to the angle ZAN.
But the angle LAV is equal to the angle XBN ;

therefore the angle ZX /A is also equal to the angle KXBN.

And the angle at 4 is common to the two triangles A X5
and AKN.

Therefore the remaining angle AKB is equal to the
remaining angle KN A ; [ 32]
therefore the triangle KB4 is equiangular with the triangle
KNA.

Therefore, proportionally, as the straight line B4 is to

AK, so is KA to AN ; [v1. 4]
therefore the rectangle B4, AN is equal to the square on AKX
v 17}

But the rectangle A5, BN was also proved equal to the
square on BF; , ,
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therefore the rectangle 458, BV together with the rectangle
BA, AN, that is, the square on 5A [u 2], is equal to the
square on BF together with the square on AKX,

And BA is a side of the pentagon, BF of the hexagon
[wv. 15, Por.}, and A K of the decagon.
Therefore etc.
Q. E. D.

ABCDE being a regular pentagon inscribed in a circle, and 4G the
diameter through 4, it follows that

(arc CG)=(arc GD),
and CG, G.D are sides of an inscribed regular decagon.

FHK being drawn perpendicular to 425, it follows, by 1. 26, that
s AFK, BFK are equal, and BK, KA are sides of the regular decagon.
Stmilarly it may be proved that, ZZAM being perpendicular to 4K,

AL =LK,
and (arc AM) = (arc MXK).
The main facts to prove are that

(1) the triangles 4 BF, FBN are similar, and (2) the triangles 48K, AKN
are similar.

(x) 2 (arc CG) = (arc CD) .
= (arc 4.5)
= 2 (arc BK),
or (arc CG) = (arc BK) = (arc AK)
= 2 (arc KM).
And (arc CB) =z (arc BK).

Therefore, by addition,
(arc BCG) = 2z (arc BKM).

Therefore L BFG=2. BFN.
But LBFG=2: FAB,
so that LFAB =1 BFN.
Hence, in the &s ABF, FBN,
L FAB=1 BEN,
and LABF is common ;
therefore L AFB =1 BNF,

and As ABF, FBN are similar.
(2) Since AL =LK, and the angles at L are right,
AN = NK,
and Lt NKA=r NAK
=L KBA.
Hence, in the As 4BK, ARKN,
o ABK =1 AKN,
and L KAN is common,
whence the third angles are equal ;
therefore the triangles 48X, AKXV are similar.
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Now from the similarity of As ABF, FBA it follows that
AB : BF=BF: BN,
or (rect. AB, BN)=(sq. on BF).
And, from the similarity of 48K, AKN,
BA:AK=AK : AN,
or (rect. B4, AN)=(sq. on AK).
Therefore, by addition,
(rect. AB, BN)+ (rect. BA, AN)=(sq. on BF) +(sq. on 4AX),
that is, (sq- on ARB)=(sq. on BF) + (3q. on AK).

If » be the radius of the circle, we have seen (X111 9, note) that

AK:Z (J5—1).

Therefore (side of pentagon)*=»* + g (6 ~24/5)
7‘2
== (10-2,/5),
4
so that (side of pentagon) = g 1o -2 ./5.

ProposITION II.

If in a circle whick has its diameter vational an equilateval
pentagon be inscribed, the side of the pentagon is the irrational
straight line called minor.

For in the circle 4 BCDE which has its diameter rational
let the equilateral pentagon ABCDE be inscribed ;

I say that the side of the pentagon is the irrational straight
line called minor.

For let the centre of the circle, the point #, be taken,
let AF, FB be joined and carried through to the points, G, 4,
let AC be joined,
and let 7K be made a fourth part of AZ.
Now AF is rational ;
therefore /X is also rational.
But BF is also rational ;
therefore the whole A A is rational.
And, since the circumference 4CG is equal to the circum-

ference ADG,
and in them ABC is equal to AED,
therefore the remainder CG is equal to the remainder GD.
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And, if we join AD, we conclude that the angles at L
are right,

and CD is double of CL.

For the same reason
the angles at 7 are also right,
and AC is double of C//.

A
B8 E
N F K
H
[
) D
G

Since then the angle ALC is equal to the angle AMF,

and the angle ZAC is common to the two triangles ACL
and AMF,

therefore the remaining angle 4CL is equal to the remaining
angle MFA4 ; [1. 32]

therefore the triangle 4CL is equiangular with the triangle
AMF;

therefore, proportionally, as ZCis to CA, so is MF to FA.
And the doubles of the antecedents may be taken ;

therefore, as the double of ZC is to CA, so is the double of
MFto FA.

But, as the double of M F'is to F A, so is MF to the half
of FA ;

therefore also, as the double of ZC is to CA4, so is M F to the
half of FA4.

And the halves of the consequents may be taken ;

therefore, as the double of LZC is to the half of CA, so is MF
to the fourth of /4.
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And DC is double of LC, CM is half of CA, and FK a
fourth part of 4 ;

therefore, as DC is to CM, so is MF to FK.

Componendo also, as the sum of DC, CM is to CM, so is
MK to KF [v. 18]

therefore also, as the square on the sum of DC, CM is to the
square on CM, so is the square on MK to the square on K7,

And since, when the straight line subtending two sides of
the pentagon, as AC, is cut in extreme and mean ratio, the
greater segment is equal to the side of the pentagon, that is,
to DG, [xm1. 8]

while the square on the greater segment added to the half
of the whole is five times the square on the half of the
whole, [xuL 1]

and CH is half of the whole 4C,

therefore the square on DC, CM taken as one straight line is
five times the square on C/H/.

But it was proved that, as the square on DC, CM taken
as one straight Jine is to the square on CH/, so is the square
on MK to the square on K/7;

therefore the square on A/K is five times the square on A/
But the square on K/ is rational,

for the diameter is rational ;

therefore the square on M/ K is also rational ;

therefore M/ K is rational.

And, since BF is quadruple of FK,
therefore BK is five times KF;

therefore the square on AKX is twenty-five times the square
on K7

But the square on /X is five times the square on A F;
therefore the square on 5K is five times the square on X M/;

therefore the square on AKX has not to the square on KM

the ratio which a square number has to a square number ;

therefore 5K is incommensurable in length with AWM. [x. 9]
And each of them is rational.

Therefore BK, KM are rational straight lines commen-
surable in square only.
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But, if from a rational straight line there be subtracted a
rational straight line which is commensurable with the whole
in square only, the remainder is irrational, namely an apotome;

therefore 475 is an apotome and MK the annex to it. [x. 73]

I say next that /B is also a fourth apotome.

Let the square on V be equal to that by which the square
on BK is greater than the square on K4/
therefore the square on BKX is greater than the square on KM
by the square on V.

And, since KF is commensurable with #5,

componendo also, KB is commensurable with #5. [x. 15]
But BF is commensurable with B/ ;
therefore BK is also commensurable with 5/7. [x. 12]

And, since the square on AKX is five times the square
on KM,
therefore the square on BK has to the square on K/ the
ratio which g5 has to 1.

Therefore, convertendo, the square on BK has to the square
on V the ratio which 5 has to 4 [v. 19, Por.], and this is not the
ratio which a square number has to a square number ;

therefore £K is incommensurable with V; [x. 9]

therefore the square on AKX is greater than the square on K/
by the square on a straight line incommensurable with £X.

Since then the square on the whole ZK is greater than
the square on the annex A}/ by the square on a straight line
incommensurable with 54

and the whole AKX is commensurable with the rational straight
line, BH, set out,

therefore 445 is a fourth apotome. [x. Deff. 1 4]

But the rectangle contained by a rational straight line and
a fourth apotome is irrational,

and its square root is irrational, and is called minor. (x. 94]
But the square on 45 is equal to the rectangle /75, B,

because, when A /7 is joined, the triangle 4B/ is equiangular
with the triangle A5M, and, as HAB is to BA, so is AR
to BM.
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Therefore the side 45 of the pentagon is the irrational
straight line called minor.

Q. E. D.

Here we require certain definitions and propositions of Book x.

First we require the definition of an apofome [see x. 73}, which is a straight
line of the form (p ~  /£.p), where p is a “rational” straight line and £ is any
integer or numerical fraction, the square root of which is not integral or
expressible in integers. The lesser of the straight lines p, /2. p is the annex.

Next we require the definition of the fowsth apotome |X. Deff. 1L (after
X. 84)], which is a straight line of the form (x—y), where x, y (being both
rational and commensurable in square only) are also such that ~x* -3 is
incommensurable with x, while x is commensurable with a given rational
straight line p. As shown on x. 88 (note), the fourth apotome is of the form

(éP_inA)'

Lastly the minor (straight line) is the irrational straight line defined in
x. 76. 1t is of the form (x —y), where x, y are incommensurable in square,
and (x*+3?) is ‘rational’ while xy is ‘medial’ As shown in the note on
X. 76, the minor irrational straight line is of the form

Py Y
N NEEY N NEEY-a

The proposition may be put as follows. ABCDE being a regular
pentagon inscribed in a circle, 4 G, BA the diameters through 4, B meeting
CDin L and AC in M respectively, £ is made equal to }4F

Now, the radius 4 F (») being rational, so are FK, BX.

The arcs CG, GD are equal ;
hence s at L are right, and CD=2CL.

Similarly ~s at A7 are right, and 4C=2CM.

We have to prove
(1) that BM is an apotome,
(2) that B4/ is a fourth apotome,
(3) that B4 is a minor irrational straight line.

Remembering that, if C4 is divided in extreme and mean ratio, the
greater segment is equal to the side of the pentagon [xnr. 8], and that accord-
ingly [xnr. 1] (CD + }CA) =5 (3CA)*, we work towards a proportion con-
taining the ratio (CD + CM)* : CAL?, thus.

The As ACL, AFM are equiangular and therefore similar.

Therefore LC:. CA=MF: FA4,
and accordingly 2LC:CA=MF:}FA4;
thus 2LC:5CA=MF: LFA,
or DC:.:CM=MF: FK;

whence, componendo, and squaring,
(DC+ CMy : CM*=MK*?: KF*
But (DC+CMP=5CM*;
therefore MK = KF?

H. E. IIL 30
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[This means that ME?*= 57,
or MK = —“—{5 7]

It follows that, A# being rational, A7K*, and therefore M X, is rational.
(1) To prove that BA is an apofome and MK its annex.

We have BF=4FK;
therefore BK =3 FK,
BK*= 25 FK*?

= s MK?, from above ;

therefore BK* has not to M/K*® the ratio of a square number to a square
number ;

therefore BK, MK are incommensurable in length.
They are therefore rational and commensurable in square only ;
accordingly BM is an apotome.

[BK*=sMK*= 25/ and BK =$r.
Consequently BK ~ MK = (i - .“:{5 r> ]
(2) To prove that BM is a fourth apofome.

First, since K7, FB are commensurable,

BK, BF are commensurable, i.e. BK is commensurable with B4, a given
rational straight line.

Secondly, if *= BK?*~ KM?,
since BK?: KM*=35: 1,
it follows that BEKE: Ni=3: 4,

whence BXK, NV are incommensurable.
Therefore BM is a fourth apotome.
(3) To prove that B4 is a minor irrational straight line.

If a fourth apotome form a rectangle with 4 rational straight line, the side
of the square equivalent to the rectangle is minor [X. 94].

Now BA*= HB. BM,
HB is rational, and BM is a fourth apotome ;
therefore BA is a minor irrational straight line.

BA =r/2. §_g/_5={,\/10~2 .
[ v Piairaal NG
If this is separated into the difference between two straight lines, we have

BA=§~/5+2J5—§~/5—2 5]

ProrosiTION 12.

If an equilateral triangle be inscribed in a circle, the square

on the side of the triangle is triple of the square on the radius
of the circle.
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Let ARC be a circle,
and let the equilateral triangle 4 BC be inscribed in it;

I say that the square on one side of
the triangle A8C is triple of the square a
on the radius of the circle.

For let the centre D of the circle
ABC be taken,

let AD be joined and carried through
to £, '

and let B be joined. B\ A
Then, since the triangle AABC is 3

equilateral,

therefore the circumference ZZC is a third part of the circum-
ference of the circle A5C.

Therefore the circumference A is a sixth part of the
circumference of the circle;

therefore the straight line ZZ belongs to a hexagon ;
therefore it is equal to the radius DZ. [1v. 15, Por.]
And, since AFE is double of DE,

the square on 4 £ is quadruple of the square on £, that is,
of the square on 5ZE.
But the square on 4 Z is equal to the squares on 45, BE;

(1. 31, 1. 47]
therefore the squares on 458, BE are quadruple of the square
on BE.

Therefore, separando, the square on A8 is triple of the
square on BE.

But BE is equal to DE;
therefore the square on 475 is triple of the square on DZ.

Therefore the square on the side of the triangle is triple
of the square on the radius.

Q. E. D.

ProrosiTion 13.

To construct a pyranid, to comprehend it in a given spheve,
and to prove that the square on the diameler of the spherve is
one and a half times the square on the side of the pyramid.

30—z
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Let the diametet 45 of the given sphere be set out,
and let it be cut at the point C so that 4C is double of C5;
let the semicircle 408 be described on A5,
let CD be drawn from the point C at right angles to 45,
and let DA be joined ;

let the circle ZFG which has its radius equal to DC be
set out,

let the equilateral triangle £/G be inscribed in the circle £/G,
[1v. z]

let the centre of the circle, the point #, be takern, [mr. 1]
let £EH, HF, HG be joined ;

from the point A let ZK be set up at right angles to the plane
of the circle £/G, [x1. 12]

let ZK equal to the straight line AC be cut off from AKX,
and let K, K/, KG be joined.

D

Now, since K/ is at right angles to the plane of the
circle EFG

therefore it will also make right angles with all the straight
lines which meet it and are in the plane of the circle £FG.
[x1. Def. 3]
But each of the straight lines 7 £, AF, HG meets it :
therefore /7K is at right angles to each of the straight lines
HE, HF, HG.

And, since 4C is equal to ZK, and CD to HE,
and they contain right angles,

therefore the base DA is equal to the base KZ. (1 4]
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For the same reason
each of the straight lines K7, K'G is also equal to DA ;

therefore the three straight lines K£, K/, KG are equal to
one another.

And, since 4C is double of CA5,
therefore A5 is triple of 5C.

But, as A5 is to BC, so is the square on 4D to the square
on DC, as will be proved afterwards.

Therefore the square on A0 is triple of the square on DC.

But the square on #Z is also triple of the square on £/,

[xuL 12]
and DC is equal to £/ ;
therefore DA is also equal to £F.

But DA was proved equal to each of the straight lines
KE, KF, KG;
therefore each of the straight lines £F, /G, GE is also equal
to each of the straight lines K&, KF, KG ;

therefore the four triangles £FG, KEF, KFG, KEG are
equilateral.

Therefore a pyramid has been constructed out of four
equilateral triangles, the triangle £/ being its base and the
point X its vertex.

It is next required to comprehend it in the given sphere
and to prove that the square on the diameter of the sphere
is one and a half times the square on the side of the pyramid.

For let the straight line /L be produced in a straight
line with KH,

and let /7Z be made equal to C5.

Now, since, as AC is to CD, so is CD to C5, [vi. 8, Por.]
while AC is equal to KA, CD to AE, and CB to HL,
therefore, as KH isto HE, sois EH to HL ;

therefore the rectangle K/7, /L is equal to the square on
EH. [t 17]

And each of the angles KA E, EHAL is right;

therefore the semicircle described on AL will pass through
E also. [ef. vi. 8, 1 31]
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If then, K'Z remaining fixed, the semicircle be carried round
and restored to the same position from which it began to be
moved, it will also pass through the points 7, G,
since, if /7L, .G be joined, the angles at /#, & similarly become
right angles ;
and the pyramid will be comprehended in the given sphere.

For KL, the diameter of the sphere, is equal to the
diameter 45 of the given sphere, inasmuch as X/ was
made equal to AC, and AL to CB.

I say next that the square on the diameter of the sphere
is one and a half times the square on the side of the
pyramid.

For, since AC is double of CB,
therefore A8 is triple of BC;
and, convertendo, B.A is one and a half times AC.

But, as B4 is to AC, so is the square on BA to the square
on AD.

Therefore the square on BA4 is also one and a half times
the square on AD.

And BA is the diameter of the given sphere, and 4D is
equal to the side of the pyramid.

Therefore the square on the diameter of the sphere is
one and a half times the square on the side of the pyramid.

~ Q. E. D.
LeEMMa. .

It is to be proved that, as 45 is to BC, so is the square
on AD to the square on DC.

For let the figure of the semi- : D
circle be set out, )
let DB be joined,

let the square £C be described
on AC,

and let the parallelogram 73 be
completed. -

Since then, because the tri-
angle DAZB is equiangular with
the triangle DAC,
as BA isto AD,sois DA to AC, ¢
[vi. 8, v1. 4]
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therefore the rectangle 84, A C is equal to-the square on AD.

[vi. 17]
And since, as A8 is to BC, so is £B to BF, [vL 1]

and £25 is the rectangle 54, AC, for £A is equal to AC,
and BF is the rectangle AC, C5,

therefore, as A8 is to BC, so is the rectangle B4, AC to the
rectangle AC, CA5.

And the rectangle 54, AC is equal to the square on AD
and the rectangle 4 C, CB to the square on DC,

for the perpendicular DC is a mean proportional between the
segments AC, CB of the base, because the angle ADA is
right. [vL. 8, Por.]

Therefore, as 48 is to BC, so is the square on AD to
the square on DC.
Q. E. D.

The Lemma is with reason suspected. Euclid commonly takes more
difficult theorems for granted in the stereometrical Books. It is also clumsy
in itself, while, from a gloss in the proposition rejected as an interpolation, it
is clear that the interpolator of the gloss had not the Lemma. With the
Lemma should disappear the words “as will be proved afterwards ” (p. 469).

In the figure of the proposition, the semicircle really represents half of
a section of the sphere through its centre and one edge of the inscribed
tetrahedron (A0 being the length of that edge).

The proof is in three parts, the object of which is to prove
(1) that KEFG is a tetrabedron with all its edges equal to 4.0,

(2) that it is inscribable in a sphere of diameter equal to 45,

(3) that AB*=34D"
To prove (1) we have to show
(2) that KE=KF=KG=A4D,
(4) that AD=EF,
(a) Since HE =HF=HG = CD,
KH=AC,
and s ACD, KHE, KHF, KHG are right,
As ACD, KHE, KHF, KHG are equal in all respects ;
therefore KE=KF=KG=A4D.
() Since AB=38C,
and AB:BC=4B.AC: AC.CP
=AD?:. CD?
it follows that AD?*=3CD>
But [x111. 12] ERF=3EH;

and £H = CD, by construction.
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Therefore AD=EF
Thus EFGK is a regular tetrahedron.

(2) .We now observe the usefulness of Euclid’s description of a sphere
lin x1. Def. 14].

Producing K4 (= AC) to L so that HL= CB,
we have XL equal to 45 ;
thus KZ is a diameter of the sphere which should circumscribe our tetra-
hedron,
and we have only to prove that &, %, G lie on semicircles described on AL
as diameter.

E.g. for the point &,

since AC.:CD=CD: CB,

while AC=KH, CD=HE, CB=HL,
we have KH :HE=HFE :HL,

or KH.HL=HE?

whence, the angles XA E, EHL being right,
EXL is a triangle right-angled at £ [cf. vi. 8]

Hence Z lies on a semicircle on XKL as diameter.

Similarly for 7, G.

Thus a semicircle on XZ as diameter revolving round KL passes
successively through £, £, G.

(3) AB=3BC;
therefore B4 =3%A4C.
And BA:AC=BA4*:BA4.4C
=BA*: AD*
Therefore BA*=3AD"

If » be the radius of the circumscribed sphere,

(edge of tetrahedron) = E;/“—/f r=%,/6.7

It will be observed that, although in these cases Euclid’s construction is
equivalent to inscribing the particular regular solid in a given sphere, he does
not actually construct the solid #z the sphere but constructs a solid which a
sphere egual to the given spheré will circumscribe. Pappus, on the other
hand, in dealing with the same problems, actually constructs the respective
solids in the given spheres. His method is to find circular sections in the
given spheres containing a certain number of the angular points of the given
solids. His solutions are interesting, although they require a knowledge of
some properties of a sphere which are of course not found in the Elements
but belonged to treatises such as the Spiaerica of Theodosius.

Pappus’ solution of the problem of Eucl. XIII 13.

In order to inscribe a regular pyramid or tetrahedron in a given sphere,
Pappus (111. pp. 142—144) finds two circular sections equal and parallel to one
another, each of which contains one of two opposite edges as its diameter. In
this and the other similar problems he proceeds in the orthodox manner by
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analysis and synthesis. The following is a reproduction of his solution of
this case.

Analysis.

Suppose the problem solved, 4, B, C, D being the angular points of the
required pyramid.

Through 4 draw EF parallel to CD; this will make equal angles with
AC, AD; and, since 4B does so too, EF
is perpend1cular to 458 EPappus has a lemma a o H
for this, p. 140, 12—24], and is therefore a k——f—
tangent to the sphere (for £ is parallel to L A M
CD, the base of the triangle 4CD, and K \
therefore touches the circle circumscribing C ORI
it, while it also touches the circular section \¢
AB made by the plane passing through 4.5 E s
and EF perpendicular to it). \\ P

A

Similarly GA drawn through O parallel
to A8 touches the sphere.

And the plane through GH, CD makes
a circular section equal and parallel to 45.

Through the centre X of that circular
section, and in the plane of the section, draw L4/ perpendicular to CD and
therefore parallel to 48. Join BL, BM.

B M is then perpendicular to 458, ZM, and LB is a diameter of the sphere.

Join MC.

F

Then LM?*=2MC?,
and BC=AB=LM,
so that BC*=2MC2

And BM, being perpendlcular to the plane of the circle LM, is perpen-
dicular to CM

whence BC?=BM*+ MC?
so that BM=MC.

But BC=LM,;
therefore LM?=2BM"

And, since the angle ZM2B is right,
BL=LM*+ MB =3 LM*

Synthesis.

Draw two parallel circular sections of the sphere with diameter &,
such that

an=

where 4 is the diameter of the sphere.

[This is easily done by dividing BZ, any diameter of the sphere, at 7, so
that LP=2PB, and then drawing PJ7 at right angles to LB meeting the
great circle ZMB of the sphere in M. Then LM*: LB*=LP: LB=2:3.]

Draw sections through 47, B perpendicular to #5, and in these sections
respectively draw the parallel diameters LW, 4B5.

Lastly, in the section LA draw CD through the centre X perpendicular
to LM.

ABCD is then the required regular pyramid or tetrahedron.

(Zl

b

o
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ProrosiTION 14.

To construct an octahedron and comprehend it in a sphere,
as in the preceding case; and to prove that the square on the
diameter of the spheve is double of the square on the side of the
octahedrvon.

Let the diameter A8 of the given sphere be set out,
and let it be bisected at C;
let the semicircle 4D B be described on A5,
let CD be drawn from C at right angles to 425,
let DB be joined ;
let the square £/G /A, having each of its sides equal to D25,
be set out,
let ZF, EG be joined,
from the point X let the straight line AZ be set up at right

angles to the plane of the square £/G/H [xu 12, and let it be
carried through to the other side of the plane, as X/ ;

from the straight lines KZ, KM let KL, KM be respectively
cut off equal to one of the straight lines £X, FK, GK, HK,

andlet LE, LF, LG, LH, ME, MF, MG, MH be joined.

L

F G

Then, since K £ is equal to K/,
and the angle £K/H is right,
therefore the square on AZZ is double of the square on £X.

. —_ ‘ (1. 47]
Again, since LK is equal to KZ,

and the angle LZAE is right,
therefore the square on £Z is double of the square on £X.

[id]
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But the square on /£ was also proved double of the
square on £K;

therefore the square on L £ is equal to the square on £/ ;
therefore Z £ is equal to £ /.

For the same reason
LH is also equal to /£
therefore the triangle Z £/ is equilateral.
Similarly we can prove that each of the remaining tri-

angles of which the sides of the square £/ G/7 are the bases,
and the points L, M the vertices, is equilateral ;

therefore an octahedron has been constructed which is con-
tained by eight equilateral triangles.

It is next required to comprehend it in the given sphere,
and to prove that the square on the diameter of the sphere is
double of the square on the side of the octahedron.

For, since the three straight lines ZX, KM, KE are equal
to one another,

therefore the semicircle described on LA/ will also pass
through Z.

And for the same reason,

if, LM remaining fixed, the semicircle be carried round and
restored to the same position from which it began to be
moved,

it will also pass through the points 7, G, A,
and the octahedron will have been comprehended in a sphere.

I say next that it is also comprehended in the given sphere.
For, since LK is equal to KM,
while AZ is common,
and they contain right angles,
therefore the base ZZ£ is equal to the base Z//. (1 4]
And, since the angle Z£M is right, for it is in a semicircle,
_ [ 31]
therefore the square on L/ is double of the square on LE.
(r- 47]
Again, since AC is equal to C5,
AR is double of BC.
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But,as 45 is to BC, so is the square on 4.5 to the square
on BD;
therefore the square on 425 is double of the square on BD.
But the square on L/ was also proved double of the
square on LZE.

And the square on A is equal to the square on LZ, for
EH was made equal to DA5.

Therefore the square on A5 is also equal to the square
on LM

therefore A5 is equal to LM.
And AR is the diameter of the given sphere ;
therefore LA/ is equal to the diameter of the given sphere.

Therefore the octahedron has been comprehended in the
given sphere, and it has been demonstrated at the same time
that the square on the diameter of the sphere is double of the
square on the side of the octahedron.

Q. E. D.

I think the accompanying figure will perhaps be clearer than that in
Euclid’s text.
EFGH being a square with side equal to BD, it follows that K%, K,

KG, KH are all equal to C5.
D :
M
hence LE, LF, LG, LH and ME, MF, MG, MH are all equal to £ZF or 5D,

So are XL, KM, by construction ;

Thus (1) the figure is made up of eight equilateral triangles and is therefore
a regular octahedron.

(2) Since KE=KL=KM,
the semicircle on ZA/ in the plane LK passes through Z.

Similarly 7, G, A lie on semicircles on LM as diameter.

Thus all the vertices of the tetrahedron lie on the sphere of which LM/ is
a diameter.

(3) LE=EM=B8D;
therefore LM?*=2FEl*=25D?
= AB?

or LM = AR5,
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(4) AB?=2BD?
=2 EF7
If # be the radius of the circumscribed sphere,
(edge of octahedron) = /2 .~

Pappus’ method.

Pappus (111. pp. 148—150) finds the two equal and parallel sections of the
sphere which circumscribe two opposite faces of the octahedron thus.

Analysis.
Suppose the octahedron inscribed, 4, B, C; D, E, F being the vertices.
Through ABC, DEF describe planes

making the circular sections 48C, DEF.

Since the straight lines DA, DB, DE, DF F
are equal, the points 4, £, 7, B lie on a circle ‘

of which D is the pole.

" Again, since 4B, BF, FE, EA are equal,

ABFE is a square inscribed in the said circle,

and 45, £F are parallel.
Similarly DZ is parallel to BC, and DF

to AC. 7
Therefore the circles through 0, £, Fand ‘

A, B, C are parallel; and they are also equal A
because the equilateral triangles inscribed in
them are equal.
Now, 4 BC, DEF being equal and parallel circular sections, and 4.8, EF
equal and parallel chords “ not on the same side of the centres,”

AFis a diameter of the sphere.

[Pappus has a lemma for this, pp. 136—138]
And AE = EF, so that AF?=2FE>
But, if 4’ be the diameter of the circle DEF,

a* =4 EF. [cf. xmL 12]
Theréfore, if 4 be the diameter of the sphere,

22:d%=3:2.
Now 4 is given, and therefore @' is given; hence the circles DEF, 4BC
are given.

Synthesis.
Draw two equal and parallel circular sections with diameter 2, such: that
d‘) - éd!)
where 4 is the diameter of the sphere.
Inscribe an equilateral triangle 48C in either circle (4BC )

In the other circle draw Z 7 equal and parallel to 453 but on the opposite
side of the centre, and complete the inscribed equilateral triangle DEZ

ABCDEZF is the octahedron required.

It will be observed that, whereas in the problem of xin. 13 Euclid first
finds the circle circumscribing a face and Pappus first finds an edge, in this
problem Euclid finds the edge first and Pappus the circle circumscribing
a face.
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ProrosiTION 13.

To construct o cube and comprehend it in a spheve, like the
pyramid ; and to prove that the square on the diameter of the
sphere ts triple of the square on the side of the cube.

Let the diameter 425 of the given sphere be set out,
and let it be cut at C so that AC is double of CA ;
let the semicircle 4D/ be described on A5,
let CD be drawn from C at right angles to 425,
and let DB be joined ;
let the square £ZFGH having its side equal to D25 be set out,

from £, FF, G, H let EK, FL, GM, HN be drawn at right
angles to the plane of the square £FGH,

from EX, FL, GM, HN let EK, FL, GM, HN respectively
be cut off equal to one of the straight lines £F, FG,
GH, HE,

and let KL, LM, MN NK be joined ;

therefore the cube #/V has been constructed which is contained
by six equal squares.

) £ H
K N

A c B = \G
L M

It is then required to comprehend it in the given sphere,
and to prove that the square on the diameter of the sphere is
triple of the square on the side of the cube.

For let KG, £G be joined.

Then, since the angle KXZG is right, because KF is also
at right angles to the plane £G and of course to the straight
line ZG also, - [x1. Def. 3]

therefore the semicircle described on K'G will also pass through
the point Z.

Again, since G/ is at right angles to each of the straight
lines L, FE,

GF is also at right angles to the plane FX;
hence also, if we join #K, GF will be at right angles to 7K ;
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and for this reason again the semicircle described on GX will
also pass through /.

Similarly it will also pass through the remaining angular
points of the cube.

If then, KG remaining fixed, the semicircle be carried
round and restored to the same position from which it began
to be moved,

the cube will be comprehended in a sphere.

[ say next that it is also comprehended in the given
sphere.
For, since GF is equal to FE,
and the angle at /' is right,
therefore the square on ZG is double of the square on £7.
But £Fis equal to £K;
therefore the square on ZG is double of the square on £X;

hence the squares on G £, £K, that is the square on GK [ 47],
is triple of the square on £XK.

And, since 425 is triple of BC,

. while, as A8 is to BC, so is the square on 4 B to the square
on BD,

therefore the square on A5 is triple of the square on BD.
But the square on GX was also proved triple of the square
on KE.
And KE was made equal to D5 ;

therefore XG is also equal to A 5.
And A2 is the diameter of the given sphere ;

therefore KG is also equal to the diameter of the given
sphere.

Therefore the cube has been comprehended in the given
sphere ; and it has been demonstrated at the same time that
the square on the diameter of the sphere is triple of the square
on the side of the cube.

Q. E. D.

AB is divided so that AC=2CF; CL is drawn at right angles to 4.5,
and B.D is joined.

K@ is, by construction, a cube of side equal to BD.

To prove (1) that it is inscribable in a sphere.

Since K'E is perpendicular to £H, EF,

KE is perpendicular to £G.
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Thus, XEG being a right angle, £ lies on a semicircle with diameter XG.

The same thing is proved in the same way of the other vertices
£ H, L, M, N.

Thus the cube is inscribed in the sphere of which X'G is a diameter.

(2) KG*= KE* + EG*
=KE* + 2 EF*
=3 KK~
Also AB=3BC,
while AB:BC=AB*:. 4B.BC
=AB*: BD?;
therefore AB*= 38D
But BD=EK;
therefore KG=AB.
(3) AB*=3BD?
=3KE*
If » be the radius of the circumscribed sphere,
(edge of cube) = Jig, r=%.J3.7

Pappus’ solution.

In this case too Pappus (1l pp. 144—148) gives the full analysis and
synthesis.

Analysis.

Suppose the problem solved, and let the vertices of the cube be
4, B, C, D, E, F, G, H. '

Draw planes through 4, B, C, D and
E, F, G, H respectively; these will produce
parallel circular sections, which are also equal
since the inscribed squares are equal.

And CE will be a diameter of the sphere.

Join EG.

Now, since EG*=2EH?=2GC?,
and the angle CGZ is right,

CE:=GC*+ EG?=3EG>

But CZ£*is given;
therefore £G* is given, so that the circles
EFGH, ABCD, and the squares inscribed in them, are given.

Synihesis.

Draw two parallel circular sections with equal diameters &', such that
) d2= % an,
where & is the diameter of the given sphere.

Inscribe a square in one of the circles, as ABCD.

In the other circle draw #G equal and parallel to BC, and complete the
square on #G inscribed in the circle £FGH.

The eight vertices of the required cube are thus determined.
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ProrosiTioN 16.

To construct an tcosakedvon and comprekend it in a spheve,
like the aforesaid figures; and to prove that the stde of the

tcosahedron 1s the wrrational straight line called minor.

Let the diameter A5 of the given sphere be set out,
and let it be cut at C so that 4C is quadruple of C5,
let the semicircle 405 be described on A5,

let the straight line CD be drawn from C at right angles
to AB,

and let DZ be joined ;

let the circle £EFGHK be set out and let its radius be equal
to DB,

let the equilateral and equiangular pentagon ZFGHK be
inscribed in the circle EFGHK,

let the circumferences £F, FG, GH, HK, KE be bisected at
the points L, M, N, O, P,

and let LM, MN, NO, OP, PL, EP be joined.

H. E. IIL ’ 31
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Therefore the pentagon LM NOP is also equilateral,
and the straight line £2 belongs to a decagon.

Now from the points £, F, G, H, K let the straight lines
EQ, FR, GS, HT, KU be set up at right angles to the plane

of the circle, and let them be equal to the radius of the circle
EFGHK,

let QR, RS, ST, TU, UQ, OL, LR, RM, MS, SN, NT,
70, 0U, UP, PQ be joined.
Now, since each of the straight lines £Q, KU is at right
angles to the same plane,
therefore £Q is parallel to KU. [x1. 6]
But it is also equal to it;

and the straight lines joining those extremities of equal and
parallel straight lines which are in the same direction are equal
and parallel. [1. 33]

Therefore QU is equal and parallel to £X.

But Z£X belongs to an equilateral pentagon ;
therefore O U/ also belongs to the equilateral pentagon inscribed
in the circle EFGHK. :

For the same reason

each of the straight lines QR, RS, S7, 7°U also belongs to
the equilateral pentagon inscribed in the circle £ZFGHK ;

therefore the pentagon QRS7 U is equilateral.

And, since Q£ belongs to a hexagon,
and £2 to a'decagon,
and the angle Q£2 is right,
therefore QP belongs to a pentagon ;

for the square on the side of the pentagon is equal to the
square on the side of the hexagon and the square on the side
of the decagon inscribed in the same circle. [xuL 10]

For the same reason
PU is also a side of a pentagon.

But QU also belongs to a pentagon ;
therefore the triangle QP U is equilateral.

For the same reason

each of the triangles QL R, RMS, SNT, 7OU is also equi-
lateral. .
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And, since each of the straight lines QZ, QP was proved
to belong to a pentagon,
and L P also belongs to a pentagon,
therefore the triangle QL P is equilateral.

For the same reason
each of the triangles ZRM, MSN, N7T0O, OUP is also equi-
lateral.

Let the centre of the circle £/GHK, the point V) be
taken;
from V'let V/Z be set up at right angles to the plane of the
circle,
let it be produced in the other direction, as VX,
let there be cut off /I¥, the side of a hexagon, and each of
the straight lines VX, WZ, being sides of a decagon,
and let QZ, QW, UZ, EV, LV, LX, XM be joined.

Now, since each of the straight lines VIV, QF is at right
angles to the plane of the circle,

therefore VI is parallel to QZ. [x1. 6]
But they are also equal ;
therefore £V, QW are also equal and parallel. [t 33]

But £V belongs to a hexagon ;
therefore QW also belongs to a hexagon.
And, since QW belongs to a hexagon,
and WZ to a decagon,
and the angle QW2 is right,
therefore Q.2 belongs to a pentagon. [xm. 10]

For the same reason
UZ also belongs to a pentagon,
inasmuch as, if we join VA, WU, they will be equal and
opposite, and VA, being a radius, belongs to a hexagon ;
[xv. 15, Por.]
therefore WU also belongs to a hexagon.
But WZ belongs to a decagon,
and the angle UWZ is right ;
therefore {/Z belongs to a pentagon. [x1 10]
But QU also belongs to a pentagon ;
therefore the triangle Q UZ is equilateral.

3I—2
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For the same.reason
each of the remaining triangles of which the straight lines
QR, RS, S7, TU are the bases, and the point Z the vertex,
is also equilateral.

Again, since VL belongs to a hexagon,
and VX to a decagon,
and the angle Z VX is right,
therefore Z X belongs to a pentagon. [x1L 10]

For the same reason,
if we join MV, which belongs to a hexagon,
MX is also inferred to belong to a pentagon.

But L also belongs to a pentagon ;
therefore the triangle ZA/X is equilateral.

Similarly it can be proved that each of the remaining
triangles of which MN, NO, OP, PL are the bases, and the
point X the vertex, is also equilateral.

Therefore an icosahedron has been constructed which is
contained by twenty equilateral triangles.

It is next required to comprehend it in the given sphere,
and to prove that the side of the icosahedron is the irrational
straight line called minor.

For, since /W belongs to a hexagon,
and WZ toa decagon,
therefore V/Z has been cut in extreme and mean ratio at w,
and VI is its greater segment ; [xur. o]
therefore, as ZV isto VIV, sois VW to WZ.

But VW is equal to VE, and WZ to VX ;
therefore, as Z 1V is to VE, sois £V to VX.

And the angles ZVE, EVX are right;

therefore, if we join the straight line ZZ, the angle XEZ
will be right because of the similarity of the triangles XEZ,
VEZ.

For the same reason,
since, as Z}V is to VW, sois VIV to WZ,
and ZV is equal to X W, and VIV to WQ,
therefore, as X W is to WQ, sois QW to WZ.
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And for this reason again,

if we join QX the angle at Q will be right; [v. 8]
therefore the semicircle described on XZ will also pass
through Q. [ 31]

And if, XZ remaining fixed, the semicircle be carried
round and restored to the same position from which it began
to be moved, it will also pass through Q and the remaining
angular points of the icosahedron,

and the icosahedron will have been comprehended in a
sphere.

I say next that it is also comprehended in the given sphere.

For let V¥ be bisected at A"

Then, since the straight line /Z has been cut in extreme
and mean ratio at 7

and ZW is its lesser segment,

therefore the square on Z /¥ added to the half of the greater
segment, that is W.A4', is five times the square on the half
of the greater segment; [xu1. 3]

therefore the square on ZA' is five times the square on
A'W.
And ZX is double of ZA47, and I"I¥ double of A"V

therefore the square on ZX is five times the square on
wr.

And, since AC is quadruple of C5,
therefore A7 is five times 5C.

But, as A5 is to BC, so is the square on 4.5 to the square
on BD; [v. 8, v. Def. 9]

therefore the square on 4.5 is five times the square on BD.

But the square on ZX was also proved to be five times

the square on V' IW.
And DB is equal to VI,

for each of them is equal to the radius of the circle £FGHK;
therefore A7 is also equal to XZ.

And AR is the diameter of the given sphere;
therefore XZ is also equal to the diameter of the given sphere.

Therefore the icosahedron has been comprehended in the
given sphere.
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I say next that the side of the icosahedron is the irrational
straight line called minor.

For, since the diameter of the sphere is rational,
and the square on it is five times the square on the radius
of the circle ZFGHK,
therefore the radius of the circle ZFGHK is also rational ;
hence its diameter is also rational.

But, if an equilateral pentagon be inscribed in a circle
which has its diameter rational, the side of the pentagon is
the irrational straight line called minor. [xim 11]

And the side of the pentagon ZFG/HK is the side of the
icosahedron.

Therefore the side of the icosahedron is the irrational
straight line called minor.

Porism. From this it is manifest that the square on the
diameter of the sphere is five times the square on the radius
of the circle from which the icosahedron has been described,
and that the diameter of the sphere is composed of the side
of the hexagon and two of the sides of the decagon inscribed
in the same circle.

Q. E. D.

Euclid’s method is

(1) to find the pentagons in the two parallel circular sections of the sphere,
the sides of which form ten (five in each circle) of the edges of the icosahedron,
(2) to find the two points which are the poles of the two circular sections,

(3) to prove that the triangles formed by joining the angular points of the
pentagons which are nearest to one another two and two are equilateral,

(4) to prove that the triangles of which the poles are the vertices and the
sides of the pentagons the bases are also equilateral,

(5) that all the angular points other than the poles lie on a sphere the
diameter of which is the straight line joining the poles,

(6) that this sphere is of the same size as the given sphere,
(7) that, if the diameter of the sphere is rational, the edge of the icosahedron
is the zznor irrational straight line.

I have drawn another figure which will perhaps show the pentagons, and
the position of the poles with regard to them, more clearly than does Euclid’s

figure.
(1) If 4B is the diameter of the given sphere, divide 48 at C so that
AC=4CB;

draw CD at right angles to 4.8 meeting the semicircle on 4B in D.
~ Join BD.
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BD is the radius of the circular sections containing the pentagons.
[If 7 is the radius of the sphere,

since AB :BC=A4AB*:AB.BC
=AB*: BD?,
while AB =35BC,
it follows that AB?=5BD%
or (radius of section)’ = $%
. . R 7,2
Thus [x11. 10, note] (side of pentagon)’= 3 (10 —2,/5).]
A
: S / A’ LY l'/'
\ /’;;ll - L \‘\ (A
Gl / 7 E
N > / !é'—-
d -.\0\ T 7 K P c D
X B

Inscribe the regular pentagon E£FGHK in the circle ZFGHK of radius
equal to BD.

Bisect the arcs EF, FG, ..., so forming a decagon in the circle.

Joining successive points of bisection, we obtain another regular pentagon
LMNOP.

LMNORP :is one of the pentagons containing five edges of the icosakedron.

The other circle and inscribed pentagon are obtained by drawing perpen-
diculars from Z, #, G, A, KX to the plane of the circle, as £Q, FR, GS,
HT, KU, and making each of these perpendiculars equal to the radius of the
circle, or, as Euclid says, the side of the regular hexagon in it.

QRSTU s the second pentagon (of course equal to the first) containing five
edges of the icosakedron. )

Joining each angular point of one of the two pentagons to the two nearest
angular points in the other pentagon, we complete ten triangles each of which
has for one side a side of one or other of the two pentagons.

V, W are the centres of the two circles, and ¥1# is of course perpen-
dicular to the planes of both.

(2) Produce VW in both directions, making VX and WZ both equal to
a side of the regular decagon in the civcle (as EL). .
Joining X, Z to the angular points of the corresponding pentagons, we
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have five more triangles formed with the sides of each pentagon as bases, ten
more triangles in all.

Now we come to the proof.
(3) Taking two adjacent perpendiculars, £Q, KU, to the plane of the circle
EFGHK, we see that they are parallel as well as equal;
therefore QU, EX are equal and parallel.

Similatly for Q&, £ etc.

Thus the pentagons have their sides equal.

To prove that the triangles QPZ etc., are equilateral, we have, e.g.

QL =LE*+ EQ?
= (side of decagon)® + (side of hexagon)*

= (side of pentagon)’, [xi1L 10]
ie. QL = (side of pentagon in circle) ‘
=LP
Similarly QP=LP,
and A QPL is equilateral.

So for the other triangles between the two pentagons.
(4) Since VW, EQ are equal and parallel,
VE, WQ are equal and parallel.
Thus W Q is equal to the side of a regular hexagon in the circles.
Now the angle ZQ is right;
therefore ZQP=2ZW+ W
= (side of decagon)? + (side of hexagon)®
= (side of pentagon)™ [x111. 10]
Thus ZQ, ZR, ZS, ZT, ZU are all equal to QR&, RS etc.; and the
triangles with Z as vertex and bases QR&, R.S etc. are equilateral.
Similarly for the triangles with X as vertex and ZJM, MV etc. as bases.
Hence the figure is an icosahedron, being contained by twenty equal
equilateral triangles.
(5) To prove that all the vertices of the icosahedron lie on the sphere
which has XZ for diameter.

VIV being equal to the side of a regular hexagon, and #Z to the side of
a regular decagon inscribed in the same circle,

VZis divided at W in extreme and mean ratio. [xur 9]
Therefore V.- VWwW=VWw: . Wz,
or, since VW=VE, WZ=VX,
ZV.VE=VE : VX
Thus £ lies on the semicircle on ZX as diameter. [vi 8]

Similarly for all the other vertices of the icosahedron.
Hence the sphere with diameter XZ circumscribes it.
(6) To prove XZ=ARB.

_ Since VZ is divided in extreme and mean ratio at W} and PI is
bisected at 4,

A7 = sA' W [XIII. 3]
Taking the doubles of 4'Z, 4'I¥, we have
XZ? =5V
= 580"

=AB [see under (1) above]



XIIL 16] PROPOSITION 16 489

That is, XZ = AB.
[If  is the radius of the sphere,

VW=BD=—r,
5
VX = (side of decagon in circle of radius B.D)
= £-Z—)(N/s —1) [x111. 9, note)
2
»
=7 (V5 —1)
Consequently XZ=VW+2VX
2 2
=Vt 7 -1
NRINGA R
=27.]

(6) The radius of the circle £EFGHK is equal to T/Zg #, and is therefore

“rational ” in Euclid’s sense. ) ]
Hence the side of the inscribed pentagon is the irrational straight line

called minor. [x111. 11]
[The side of this pentagon is the edge of the icosahedron, and its value is
(note on XIIL. 10)
é;—-D J10 — 2,/
o —_—
=—,JI0—2
125

e ————
:g'\/IO(S—N/S)']
Pappus’ solution.

This solution (Pappus, 111 pp. 150—6) differs considerably from that of
Euclid. Whereas Euclid uses #wo circular sections of the sphere (those
circumscribing the pentagons of his construction), Pappus finds_four parallel
circular sections each passing through #4re¢ of the vertices of the icosahedron;
two of the circles are small circles circumscribing two opposite triangular
faces respectively, and the other two circles are between these two circles,
parallel to them and equal to one another.

Amnalysis.

Suppose the problem solved, the vertices of the icosahedron being 4, B, C;
D, E F; G H K; L, M, V.

Since the straight lines B4, BC, BF, BG, BE drawn from B to the
surface of the sphere are equal,

4, C, £, G, E are in one plane.

And AC, CF, FG, GE, EA are equal ;

therefore 4 CFGE is an equilateral and equiangular pentagon.

So are the figures KEBCD, DHFB{, ARKLGB, AKNHC, and
CHMGA.
Join £7, KH.
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Now 4C will be parallel to £F (in the pentagon 4CFGE) and to KA
(in the pentagon 4XNHC), so that £F, KH are also parallel;

and further K/ is parallel to ZM (in the pentagon LXDHM).

Similarly BC, ED, GH, LN are all parallel ;
and likewise B4, FD, GK, MN are all parallel.

Since BC is equal and parallel to Z, and B4 to MN, the circles ABC,
LMUN are equal and parallel.

Similarly the circles DEZF, KG A are equal and parallel ; for the triangles
inscribed in them are equal (since each of the sides in both is the chord
subtending an angle of equal pentagons), and their sides are parallel re-
spectively.

Now in the equal and parallel circles DEF, KGH the chords £F, KH
are equal and parallel, and on opposite sides of the centres;

therefore #X is a diameter of the sphere [Pappus’ lemma, pp. 136—8], and the
angle FEX is right [Pappus’ lemma, p. 138, 20—26].

[The diameter ZX is not actually drawn in the figure.]
In the pentagon GEACFE, if EF be divided in extreme and mean ratio,

the greater segment is equal to 4C. [Eucl. x111. 8]
Therefore £ : AC = (side of hexagon) : (side of decagon in same circle).

: XI11.
And EF*+ AC*= EF*+ EK*=d?, L 0]

where £ is the diameter of the sphere.

Thus FX, EF, AC are as the sides of the pentagon, hexagon and decagon
respectively inscribed in the same circle. [x11L 10]
But ZX, the diameter of the sphere, is given ;

therefore £F, AC are given respectively ;

thus the radii of the circles £#D, 4CHB are given (if 7, # are their radii,
P=LEF r*=14C%.
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Hence the circles are given ;

and so are the circles KA G, LMN which are equal and parallel to them
respectively.

Synthesis.

If 4 be the diameter of the sphere, set out two straight lines x, y, such
that d, x, y are in the ratio of the sides of the pentagon, hexagon and decagon
respectively inscribed in one and the same circle.

Draw (1) two equal and parallel circular sections in the sphere, with radii
equal to », where # = % as DEF, KGH,
and (2) two equal and parallel circular sections as 4B C, LM N, with radius 7/
such that »? =1y

In the circles (1) draw EF, K H as sides of inscribed equilateral triangles,
parallel to one another, and on opposite sides of the centres;
and in the circles (2) draw AC, ZM as sides of inscribed equilateral triangles
parallel to one another and to £ 4, KH, and so that 4 C, £/ are on opposite
sides of the centres, and likewise KA, LM.

Complete the figure.

The correctness of the construction is proved as in the analysis.

It follows also (says Pappus) that

(diam. of sphere)® = 3 (side of pentagon in DEF).

For, by construction, KF . FE=p2:4,
where p, % are the sides of the pentagon and hexagon inscribed in the same
circle DEF. _

And FE : s =the ratio of the side of an equilateral triangle to that of a
hexagon inscribed in the same circle ;

that is, FE:h=,/3:1,
whence KF:p=,/3:1
or ‘ KF*®= 3%

Another construction.

Mr H. M. Taylor has a neat construction for an icosahedron of edge a.

Let / be the length of the diagonal of a regular pentagon with side equal
to a.

Then (figure of x111. 8), by Ptolemy’s theorem,

P=la+a.

Construct a cube with edge equal to Z

Let O be the centre of the cube.

From O draw 0L, OM, ON perpendicular to three adjacent faces, and in
these draw PP, QQ', RR parallel to 4B, AD, AE respectively.

Make LFP, LP', MQ, MQ', N&R, NR all equal to }a.

Let p, 7', ¢, ¢, 7, # be the reflexes of P, P, Q, Q', R, R’ respectively.

Then will B, 7', Q, O, &, &', , 7', g, ¢, , ¥ be the vertices of a regular
icosahedron.

The projections of PQ on AB, AD, AE are equal to §(/—~a), a, §/
respectively.

Therefore PO = i ({—a)l+La*+ 382

( —a/+a‘)

l,_.

3

&
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Therefore PQ=a.

Similarly it may be proved that every other edge is equal to a.
All the angular points lie on a sphere with radius 02, and

0P =} (a*+ ).

P’

E

Each solid pentahedral angle is composed of five equal plane angles, each
of which is the angle of an equilateral triangle.
Therefore the icosahedron is regular.

[@*=40P2 -2~
And, from the equation 2= /z + a* we derive

a
/= '2‘ (,\/5 + I).
Therefore, if # be the radius of the sphere,

2 {1 . (Js: I)‘l}=4,.g,

whence d=47’/~/10+2~/5

=47 10—2,/5/"/80

=é\/10—2~/5

= V1o (5= /s),
as above.]
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ProrositiON 17.

7o construct a dodecakedron and comprehend it in a spheve,
like the aforesaid figures, and to prove that the side of the
dodecalkedron is the irvational straight line called apotome.

Let ABCD, CBEF, two planes of the aforesaid cube at
right angles to one another, be set out,

let the sides A5, BC, CD, DA, EF, EB, FC be bisected at
G, H, K, L, M, N, O respectively,

let GK, HL, MH, NO be joined,

let the straight lines NP, PO, HQ be cut in extreme and
mean ratio at the points &, S, 7 respectively,

and let RP, PS, 70 be their greater segments ;

from the points &, S, 7 let RU, SV, TW be set up at right
angles to the planes of the cube towards the outside of the
cube,

let them be made equal to RP, PS, 70,
and let UB, BW, WC, CV, VU be joined.

u
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I say that the pentagon UBWCV is equilateral, and in
one plane, and is further equiangular.

For let B, SB, V5 be joined.
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Then, since the straight line V2 has been cut in extreme
and mean ratio at &,

and RP is the greater segment,
therefore the squares on PN, NR are triple of the square
on RP. [xuL 4]
But PN is equal to VB, and PR to RU ;
therefore the squares on BN, NR are triple of the square
on RU.
But the square on BR is equal to the squares on BN, NR;

. 1. 47]
therefore the square on SR is triple of the square on RU;

hence the squares on BR, RU are quadruple of the square
on RU.

But the square on BU is equal to the squares on 5K, RU;
therefore the square on B/ is quadruple of the square on RU;
therefore BU is double of RU.

But /U is also double of UR,
inasmuch as SZ& is also double of PR, that is, of RU ;
therefore BU is equal to UV

Similarly it can be proved that each of the straight lines
BW, WC, CV is also equal to each of the straight lines
BU, UV

Therefore the pentagon ZUVC W is equilateral.

I say next that it is also in one plane.
For let PX be drawn from 2 parallel to each of the
straight lines RU, SV and towards the outside of the cube,

and let XA, AW be joined ;
I say that X/Z I is a straight line.

For, since AZQ has been cut in extreme and mean ratio at
7, and Q7 is its greater segment,

therefore, as ZQ isto Q7,sois Q7 to TH.

But AQ is equal to AP, and Q7 to each of the straight
lines 770, PX ;
therefore, as AP isto PX, sois W7 to TH.

And AP is parallel to 7W7,
for each of them is at right angles to the plane 80 ;  [xu 6]
and 7'/ is parallel to PX,
for each of them is at right angles to the plane BF. [7d.]
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But if two triangles, as XP/, AT, which have two
sides proportional to two sides be placed together at one
angle so that their corresponding sides are also parallel,

the remaining straight lines will be in a straight line; [vt 32]
therefore X/ is in a straight line with A WV.

But every straight line is in one plane ; [x1. 1]
therefore the pentagon UBWCV is in one plane.

I say next that it is also equiangular.
For, since the straight line V2 has been cut in extreme.
and mean ratio at &, and AR is the greater segment,

while PR is equal to AS,

therefore VS has also been cut in extreme and mean ratio
at 2,

and VP2 is the greater segment; [xur 5]

therefore the squares on NS, SP are triple. of the square
on NP. [xm. 4]

But VA is equal to VB, and PS to SV';

" therefore the squares on V.S, SV are triple of the square
on NB;

hence the squares on VS, SNV, N5 are quadruple of the square
on V5.

But the square on SAB is equal to the squares on SV, NV5;

therefore the squares on A.S, SV that is, the square on BV
—for the angle I'SA is right—is quadruple of the square
on NVB;

therefore V5 is double of BN,
But BC is also double of BNV ;
therefore BV is equal to BC.

And, since the two sides BU, UV are equal to the two
sides BW, WC,

and the base BV is equal to the base ZC,
therefore the angle AUV is equal to the angle BWC. (1 8]

Similarly we can prove that the angle UVC is also equal
to the angle ZWC;

therefore the three angles BWC, BUV, UFC are equal to
one another.
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But if in an equilateral pentagon three angles are equal to
one another, the pentagon will be equiangular, [xur 7]

therefore the pentagon UV is equiangular.
And it was also proved equilateral ;

therefore the pentagon BUVCIW is equilateral and equi-
angular, and it is on one side 5C of the cube.

Therefore, if we make the same construction in the case
of each of the twelve sides of the cube,

a solid figure will have been constructed which is contained
by twelve equilateral and equiangular pentagons, and which is
called a dodecahedron.

It is then required to comprehend it in the given sphere,
and to prove that the side of the dodecahedron is the irrational
straight line called apotome.

For let X7 be produced, and let the produced straight
line be X7 ;

therefore £Z meets the diameter of the cube, and they bisect
one another,

for this has been proved in the last theorem but one of the
eleventh book. [x1. 38]
Let them cut at Z;

therefore Z is the centre of the sphere which comprehends
the cube,

and ZP is half of the side of the cube.

Let UZ be joined.
Now, since the straight line V.S has been cut in extreme
and mean ratio at 2,

and VP is its greater segment,

therefore the squares on NS, SP are triple of the square
~on NP. [x111. 4]

But VS is equal to XZ,

inasmuch as V2 is also equal to 2Z, and XP to PS.
But further 2S is also equal to X U,

since it is also equal to R/7;

therefore the squares on ZX, XU are triple of the square
on NP,

But the square on UZ is equal to the squares on ZX, X U;
therefore the square on UZ is triple of the square on V2.
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But the square on the radius of the sphere which compre-
hends the cube is also triple of the square on the half of the
side of the cube,

for it has previously been shown how to construct a cube and
comprehend it in a sphere, and to prove that the square on
the diameter of the sphere is triple of the square on the side
of the cube. [xm1. 15]

But, if whole is so related to whole, so is half to half also;
and V2 is half of the side of the cube;

therefore UZ is equal to the radius of the sphere which com-
prehends the cube. '

And Z is the centre of the sphere which comprehends the
cube ;

therefore the point ¢/ is on the surface of the sphere.

Similarly we can prove that each of the remaining angles
of the dodecahedron is also on the surface of the sphere;

therefore the dodecahedron has been comprehended in the
given sphere.

I say next that the side of the dodecahedron is the irrational
straight line called apotome.

For since, when V.2 has been cut in extreme and mean
ratio, K2 is the greater segment,

and, when 2O has been cut in extreme and mean ratio, 2.S
is the greater segment,

therefore, when the whole NN O is cut in extreme and mean
ratio, /S is the greater segment.

[Thus, since, as NP is to PR, so is PR to RN,
the same is true of the doubles also,
for parts have the same ratio as their equimultiples ; [v. 15]
therefore as VO is to RS, so is &S to the sum of V&, SO.
But VO is greater than RS ;
therefore RS is also greater than the sum of V&, SO;
therefore VO has been cut in extreme and mean ratio,
and RS is its greater segment. |
But ZS is equal to UV
therefore, when NV O is cut in extreme and mean ratio, {/V is
the greater segment.

H. E. IIL . 32
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And, since the diameter of the sphere is rational,

and the square on it is triple of the square on the side of the
cube,

therefore VO, being a side of the cube, is rational.

[But if a rational line be cut in extreme and mean ratio,
each of the segments is an irrational apotome. ]
Therefore UV, being a side of the dodecahedron, is an

irrational apotome. [xu1. 6]

Porism. From this it is manifest that, when the side of
the cube is cut in extreme and mean ratio, the greater segment
is the side of the dodecahedron.

Q. E. D.

In this proposition we find Euclid using two propositions which precede
but are used nowhere else, notably vi. 32, which some authors, in consequence
of their having overlooked its use here, have been hard put to it to explain.

Euclid’s construction in this case is really identical with that given by
Mr H. M. Taylor, and also referred to by Henrici and Treutlein under “ crystal-
formation.”

Euclid starts from the cube inscribed in a sphere, as in X111 135, and then
finds the side of the regular pentagon in which the side of the cube is a
diagonal.

Mr Taylor takes / to be the diagonal of a regular pentagon of side ¢,
so that, by Ptolemy’s theorem,

P=al+a%
constructs a cube of which 7 is the edge, and gets the side of the pentagon
by drawing ZX from Z, the centre of the cube, perpendicular to the face BF
and equal to % (/+ a), then drawing UV through X parallel to BC, and
making UX, XV both equal to }a.

Euclid finds U¥ thus.

Draw NO, MH bisecting pairs of opposite sides in the square BF and
meeting in 2.

Draw G KX, HL bisecting pairs of opposite sides in the square BLD and
meeting in Q.

Dinde PN, PO, QH respectively in extreme and mean ratio at &, S, T
(PR, PS, QT being the greater segments); draw RU, .SV, TW outwards
perpendicular to the respective faces of the cube, and all equal in length
to PR, PS, 7Q.

Join BU, UV, VC, CW, WA.

Then BUVCW is one of the pentagonal faces of the dodecakedron ;
and the others can be constructed in the same way.

Euclid now proves

(1) that the pentagon BUVC W is equilateral,
(2) that it is in one plane,

(3) that it is equiangular,
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(4) that the vertex I is on the sphere which circumscribes the cube, and
hence

(5) that all the other vertices lie on the same sphere,
and (6) that the side of the dodecahedron is an agofome.

(x) To prove that the pentagon BUVCW is equilateral.
We have BU*=BR*+ RU?
=(BN*+ NR* + RP?
= (PN*+ NR*) + RP?
=3RP* + RP? [x1mn 4]
= 4R P*?
=UV=
Therefore BU=UV.
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Similarly it may be proved that B, WC, CV are all equal to UV
or BU.

[Mr Taylor proceeds in this way. With his notation, the projections of
BU on BA, BC, BE are respectively }a, £ (/—a), 34

Therefore BU=ta*+}(l—af+ 102
=% (P~al+ )
=d?

Similarly for BW, WC etc.]

(2) To prove that the pentagon BUVC IV is in one plane.

Draw PX parallel to £ U or S¥ meeting UV in X.
Join XA, AWW.

32—2
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Then we have to prove that XA, H'W are in one straight line.

Now P, WT, being both perpendicular to the face B.D, are parallel.
For the same reason X2, A7 are parallel.

Also, since QA is divided at 7 in extreme and mean ratio,

QH: QT'=QT: TH.
And QHA=HP, QT'= WT=PX.
Therefore HP: PX=WT:TH.

Consequently the triangles ZPX, WTH satisfy the conditions of V1. 32 ;
hence XA IV is a straight line.
{Mr Taylor proves this as follows :

The projections of WH, WX on BE are $a and } (e + /),
and the projections of WA, WX on B4 are §(/—a) and /;
and a:(a+l)=({-a):]
since af ="~ o’

Therefore WHX is a straight line.]

(3) To prove that the pentagon BUVC W is equiangular.
We have BVi=F8S*+ SV

=(BN®+ NS + SP?

= PN+ (NS? + SP?)

= PN*+ 3 PNV?,
since VS is divided in extreme and mean ratio at 2 [X1iL 5], so that
NS*+ SP=3 PN - [xun 4]
Consequently BV2=4PN*?
=BC?
or BV=ZC.
The As UBV, WEBC are therefore equal in all respects,
and LBUV=rBWC.
Similarly LCVU=rBWC.
Therefore the pentagon is eguiangular. [xur. 7]

(4) To prove that the sphere which circumscribes the cube also circum-
scribes the dodecahedron we have ohly to prove that, if Z be the centre of
the sphere, ZU = ZB, for example.

Now, by x1. 38, X7 produced meets the diagonal of the cube, and the
portion of* X7 produced which is within the cube and the diagonal bisect
one another.

And ZU=72X*+ XU*
= NS+ PS?
=3PN23

as before.

Also (cf. X111 15)
ZB?= 7P+ PB®
=ZP? + PN? + NB?
=3 PN
Hence ZU=ZB.
(5) Similarly for ZV, ZIW etc.



X1L 17] PROPOSITION 17 %go;{
Ll

i
(6) Since PN is divided in extreme and mean ratio at &, r*\sﬁ%
NP:PR=PR:RN. B

z

Doubling the terms, we have
NO: RS=RS: (NR+S50),

so that, if VO is divided in extreme and mean ratio, the greater segment
is equal to &S.

Now, since the diameter of the sphere is rational,
and (diam. of sphere)®= 3 (edge of cube)?,
the edge of the cube (i.e. VO) is rational.

Consequently &S5 is an apofome.

[This is proved in the spurious x111. 6 above; Euclid assumes it, and the
words purporting to quote the theorem are probably interpolated, like x111. 6

itself.]
As a matter of fact, with Mr Taylor’s notation,
2= la+ a
and a= “ﬁ;ll 4

Since, if # is the radius of the circumscribing sphere, »= /3. o

a=—-(J5-1)=3 (S5~ /3)
Pappus’ solution.

Here too Pappus (111 pp. 156—162) finds four circular sections of the
sphere all parallel to one another and all passing through five of the vertices
of the dodecahedron.

Analyss.

Suppose (he says) the problem solved, and let the vertices of the
dodecahedron be 4, B, C, D, E; F, G, H K, L; M, NV, O, P, Q;
R S, T, U, V.

Then, as before, £D is parallel to #Z, and AF to FG; therefore the
planes A BCDE, FGHKL are parallel.

But, since P4 is parallel to BH, and BH to OC, P4 is parallel to OC;
and they are equal; therefore PO, A are parallel; so that .S7;, ZD are also
parallel.

Similarly RS, DC are parallel, and likewise the pairs (77U, E4),
(UV, AB), (VR, BC).

Therefore the planes ABCDE, RSTUV are parallel; and the circles”
ABCDE, RSTUV are equal, since the inscribed pentagons are equal.

Similarly the circles FGHKL, MNOPQ are equal, since the pentagons
inscribed in them are equal.

Now CZ, OU are parallel because each is parallel to KNV ;
therefore Z, C, O, U are in one plane.

And LC, CO, OU, UL are all equal, since they subtend angles of equal
pentagons.

Also Z, C, O, U are on a plane section, i.e. a circle ;
therefore ZCOU is a square.

Therefore OL=2LC*=2LF"

(for LC, LF subtend angles of equal pentagons).



502 BOOK XIII [xun 17

And the angle OLF is right; for PO, LF are equal and parallel chords
in two equal and parallel circular sections of a sphere [Pappus’ lemma, p. 138,
20—26).

Therefore OF*= QL*+ FI?=3FI* [from above]

And OF is a diameter of the sphere; for PO, FL are on opposite sides
of the centres of the circles in which they are [Pappus’ lemma, pp. 136—8].

Now suppose p, 4, 4 to be the sides of an equilateral pentagon, triangle
and hexagon in the circle FGHKL, d the diameter of the sphere.

Then d:FL=3:1 " [from above]
=tk [Eucl. x1n. 12]
and it follows alternando (since FL = p) that
dit=p:h

Now let &', p/, #' be the sides of a regular decagon, pentagon and hexagon
respectively inscribed in azy one circle
Since, if FZ be divided in extreme and mean ratio, the greater segment is
equal to £D, [x11. 8]
FL:ED=F:d. [vi. Def. 3, x111. 9]
And FL : ED is the ratio of the sides of the regular pentagons inscribed
in the circles FGHKL, ABCDE, and is therefore equal to the ratio of the
sides of the equilateral triangles inscribed in the same circles.

Therefore #:(side of Ain ABCDEY=/X : d'.
But d:t=p:k
=7 ¥

therefore, ex aequali, d : (side of A in ABCDE)=p" :4d'.
Now 4 is given;
therefore the sides of the equilateral triangles inscribed in the circles A BCDE,

FGHKL respectively are given, whence -the radii of those circles are also
given.
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Thus the two circles are given, and so accordingly are the equal and
parallel circular sections.
Synthesis.

Set out two straight lines x, ¥ such that 4, x, y are in the ratio of the sides
of a regular pentagon, hexagon and decagon respectively inscribed in one and
the same circle.

Find two circular sections of the sphere with radii », #, where

r=La% =1y

Let these be the circles FGHKL, ABCDE respectively, and draw the
equal and parallel circles on the other side of the centre, namely MNVOPQ,
RSTUV. .

In the first two circles inscribe regular pentagons with their sides respec-
tively parallel, £D being parallel to #Z.

Draw equal and parallel chords (on the other sides of the centres) in the
other two circles, namely .S7" equal and parallel to £, and PO equal and
parallel to ZZ; and complete the regular pentagons on S7, PO inscribed in
the circles. .

Thus all the vertices of the dodecahedron are determined.

The proof of the correctness of the construction is clear from the analysis.

Pappus adds that the construction shows that the circles containing five
vertices of the dodecahedron are the same respectively as those containing
three vertices of the icosahedron, and that the same circle circumscribes the
triangle of the icosahedron and the pentagonal face of the dodecahedron in
the same sphere.

ProrosiTron 18.

To set out the sides of the feve figures and to compare them
wilh one another.

Let 4B, the diameter of the given sphere, be set out,

and let it be cut at C so that
AC is equal to CB, and at
so that 40 is double of DB ;

let the semicircle 4£5 be de-
scribed on A5,

from C, Dlet CE,DFbedrawn H E_F M
at right angles to 425,

and let AF, FB, £B be joined.

Then, since 4D is double
of DB,

therefore A28 is triple of BD. A kK ¢ ot B
Convertendo, therefore, BA is one and a half times 4.0.

G
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But,as BA is to AD, so is the square on BA to the
square on A%, [v. Def. g, v1. 8]
for the triangle 475 is equiangular with the triangle AFD;

therefore the square on 54 is one and a half times the square
on AF.

But the square on the diameter of the sphere is also one
and a half times the square on the side of the pyramid.

[xmrL 13]
And A58 is the diameter of the sphere;

therefore 4/ is equal to the side of the pyramid.

Again, since 4D is double of D25,
therefore A2 is triple of BD.

But, as A5 is to BD, sois the square on A5 to the square
on BF; [v1. 8, v. Def. 9]
therefore the square on 45 is triple of the square on BF.

But the square on the diameter of the sphere is also triple
of the square on the side of the cube. [xur 15]
And AZF is the diameter of the sphere;

therefore A/ is the side of the cube.

And, since AC is equal to CAB,
therefore 45 is double of BC.

But, as A5 is to BC, so is the square on A5 to the square
on BE;
therefore the square on 4.5 is double of the square on BE.

But the square on the diameter of the sphere is also double
of the square on the side of the octahedron. [xmr 14]

And AZF is the diameter of the given sphere;
therefore BF is the side of the octahedron.

Next, let 4G be drawn from the point A4 at right angles
to the straight line 425,

let AG be made equal to 45,

let GC be joined,

and from /A let ZK be drawn perpendicular to 4 5.
Then, since G A4 is double of AC,

for GA 1s equal to A5,

and, as GA is to AC, so is HK to KC,

therefore /7K is also double of £C.
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Therefore the square on /X is quadruple of the square
on KC; = :

therefore the squares on K, KC, that is, the square on /C,
is five times the square on XC.
But AZC is equal to CB;
therefore the square on BC is five times the square on CX.
And, since A8 is double of CB,
and, in them, A0 is double of D2,
therefore the remainder 5.0 is double of the remainder DC.
Therefore BC is triple of CD ;
therefore the square on BC is nine times the square on CD.
But the square on BC is five times the square on CK;
therefore the square on CKX is greater than the square on CJJ;
therefore CK is greater than CD.
Let CL be made equal to CK,
from L let LM be drawn at right angles to 45,
and let /5 be joined.

Now, since the square on BC is five times the square
on CK,

and 42 is double of BC, and XL double of CK,
therefore the square on 427 is five times the square on K L.

But the square on the diameter of the sphere is also five
times the square on the radius of the circle from which the
icosahedron has been described. [x111. 16, Por.]

And AZ5 is the diameter of the sphere;
therefore KL is the radius of the circle from which the icosa-
hedron has been described ;
therefore AL is a side of the hexagon in the said circle.

[1v. 15, Por.]

And, since the diameter of the sphere is made up of the
side of the hexagon and two of the sides of the decagon
inscribed in the same circle, [xuL 16, Por.]
and A/ is the diameter of the sphere,

“while KL is a side of the hexagon,

and AK is equal to LB,

therefore each of the straight lines 4K, LB is a side of the
decagon inscribed in the circle from which the icosahedron
has been described.
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And, since LB belongs to a decagon, and ML to a
hexagon,
for ML is equal to KZ, since it is also equal to /K, being
the same distance from the centre, and each of the straight
lines AKX, KL is double of KC,

therefore /5 belongs to a pentagon. [x1n. 10]
But the side of the pentagon is the side of the icosa-
hedron ; rxmr 16]

therefore M5B belongs to the icosahedron.

Now, since /B is a side of the cube,
let it be cut in extreme and mean ratio at 2V,
and let V5 be the greater segment ;
therefore V.5 is a side of the dodecahedron. [x111. 17, Por.]

And, since the square on the diameter of the sphere was
proved to be one and a half times the square on the side 4/
of the pyramid, double of the square on the side BZ of the
octahedron and triple of the side 725 of the cube,

therefore, of parts of which the square on the diameter of the
sphere contains six, the square on the side of the pyramid
contains four, the square on the side of the octahedron three,
and the square on the side of the cube two.

Therefore theé square on the side of the pyramid is four-
thirds of the square on the side of the octahedron, and double
of the square on the side of the cube;
and the square on the side of the octahedron is one and a half
times the square on the side of the cube.

The said sides, therefore, of the three figures, I mean the
pyramid, the octahedron and the cube, are to one another in
rational ratios.

But the remaining two, I mean the side of the icosa-
hedron and the side of the dodecahedron, are not in rational
ratios either to one another or to the aforesaid sides ;
for they are irrational, the one being minor [xnr. 16] and the
other an apotome [xmur 17].

That the side M5 of the icosahedron is greater than the
side VB of the dodecahedron we can prove thus.

For, since the triangle /DA is equiangular with the
triangle " /45, [v1. 8]

proportionally, as DB is to BF, so is BF to BA. [vi. 4]
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And, since the three straight lines are proportional,
as the first is to the third, so is the square on the first to the
square on the second ; [v. Def. 9, V1. 20, Por.]
therefore, as DB is to BA, so is the square on DB to the
square on BF;
therefore, inversely, as A5 is to BD, so is the square on FB
to the square on B0,
But A28 is triple of BD ;
therefore the square on FAB is triple of the square on BD.
But the square on AD is also quadruple of the square
on D5,
for 4D is double of D5 ;
therefore the square on 4D is greater than the square on /5;
therefore A0 is greater than 775 ;
therefore 4L is by far greater than #5.
And, when AL is cut in extreme and mean ratio,
KL is the greater segment,
inasmuch as Z X belongs to a hexagon, and X4 to a decagon;
{xm1 g
and, when /A8 is cut in extreme and mean ratio, V.5 is the
greater segment ;
therefore KL is greater than V5.
But KL is equal to LM ;
therefore LA/ is greater than V5.
Therefore M B, which is a side of the icosahedron, is by

far greater than V2 which is a side of the dodecahedron.
Q. E. D.

I say next that #o otker figure, besides the sard frve figures,
can be constructed which is contained by equilateral and equi-
angular figures equal to one another.

For a solid angle cannot be constructed with two triangles,
or indeed planes.

With three triangles the angle of the pyramid is constructed,
with four the angle of the octahedron, and with five the angle
of the icosahedron ;

but a solid angle cannot be formed by six equilateral and equi-
angular triangles placed together at one point,



508 BOOK XIII [xmL 18

for, the angle of the equilateral triangle being two-thirds of a
right angle, the six will be equal to four right angles:

which is impossible, for any solid angle is contained by angles
less than four right angles. [x1. 21]

For the same reason, neither can a solid angle be con-
structed by more than six plane angles.

By three squares the angle of the cube is contained, but
by four it is impossible for a solid angle to be contained,

for they will again be four right angles.

By three equilateral and equiangular pentagons the angle
of the dodecahedron is contained ;

but by four such it is impossible for any solid angle to be
contained,

for, the angle of the equilateral %@ntagon being a right angle
i

and a fifth, the four angles willibe greater than four right
angles :

which is impossible.

Neither again will a solid angle be contained by other
polygonal figures by reason of the same absurdity.
Therefore etc.

Q. E. D.

LEMMA.

But that tke angle of the equilateral and equiangulor
pentagon is a right angle and a fifth we must prove thus.
Let ABCDE be an equilateral and equiangular
pentagon,
let the circle A BCDE be cir-
cumsgribed about i,
let its centre 7 be taken, E
and let 74, FB, FC, FD, FE
be joined. B
Therefore they bisect the
angles of the pentagon at A,
B, C D, E.
And, since the angles at & D
are equal to four right angles
and are equal,

A
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therefore one of them, as the angle A/5, is one right angle
less a fifth;

therefore the remaining angles ~AZB, ABF consist of one
right angle and a fifth.

But the angle 7425 is equal to the angle /5C;
therefore the whole angle AB8C of the pentagon consists of
one right angle and a fifth.
Q. E. D.

We have seen in the preceding notes that, if #» be the radius of the sphere
circumscribing the five solid figures,

(edge of tetrahedron) = £,/6.7,
(edge of octabedron) = /2.7
(edge of cube) =3 4/3.7,

(edge of 1cosahedron) :\/ 10 (5 — 4/5),
% h
(edge of dodecahedron) = §(~/¥§ - J3)
Euclid here exhibits the edges of all the five regular solids in one figure.
(1) Make AD equal to 2DB.

Thus BA=3A4D,
and BA:AD=BA*: AF?;
therefore BA*=34F2
Thus AF= f 2r = £,/6 . v = (edge of tetrakedron).
(2) AB: BF*=AB: BD
=311
Therefore BF*=1A4DB
2 2
or BF \/3 =3 N3 -7 = (edge of acbe).
(3) A5’2 = 2BE>
Therefore BE = f2.7=edge of octahedron).

(4) Draw AG perpendicular and equal to 453. Join GC, meetmg the
semicircle in A, and draw AKX perpendicular to 4.5.

Then GA=24C;
therefore, by similar triangles, AKX =:2KC.
Hence HEK?>=4KC?
and therefore sKC*= HK®*+ KC*
= HC?
= CH.
Again, since A8 =2C5, and 4D =2D25,
by subtraction, BD=2DC,

or BC=3DC,
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Therefore 9DC*=BC?
=5KC%

Hence XC> CD.

Make CL equal to XKC, draw LM at right angles to 45, and join
AM, MB.

Since CB:=5KCY

AR =5 K[

It follows that XL (= ~/— #) is the radius of, or the side of the regular

hexagon in, the circle containing the pentagonal sections of the icosahedron.

[x11. 16]
And, since

27 = (side of hexagon) + 2 (side of decagon in same circle)
[x111. 16, Por.]

AK = LB = (side of decagon in the said circle).
But LM = HK = KL = (side of hexagon in circle).
Therefore LM+ LB? (= BM®) = (side of pentagon in circle)®  [xur 10]
= (edge of icosahedron)?,

and BM = (edge of icosakedron).
[More shortly, HK =2KC,
whence HEK®=4KC%
and sKC*= HC*=7*
Also AK=7r-CK=7» I—'\/>
Thus BM?*=HK*+ AK?
. gLy <1 - -—>
5
10 2
(2-3)
5 W5
=z (10 — 2,/5),
5
and BM = —57: N10 (5 — J5) = (edee of icosakedron).]

(5) Cut BF (the edge of the cube) in extreme and mean ratio at /V,
Then, if BV be the greater segment,
BN = (edge of dodecakedron). [xnn 17]

[Solving, we obtain
BN= ~/%—_1 .BF

5T 2
2z W3
=§(JE—J3)

= (edge of dodecakedron).]
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(6) 1If 4 o, ¢ are the edges of the tetrahedron, octahedron and cube
respectively,
47 =31 =20"= 3~
If each of these equals is put equal to X,

4% =X,
£=%. X
F=%.X,
: f=1.X,
whence 47200 EF=6:4:3:2,

and the ratios between 27, 7, o, ¢ are all razional (in Euclid’s sense).

The ratios between these and the edges of the icosahedron and the
dodecahedron are irrational.

(7) To prove that

(edge of icosahedron) > (edge of dodecahedron),

ie that MB > NB.

By similar As FDFB, AFB,

DB "BF=2BF: B4,

or DB :B4A=DB: BF
But 3DB =84;
therefore BF:=3DB.
By hypothesis, AD*= 4 DB
therefore AD> BF,
and, @ fortiors, AL > BF.

Now LXK is the side of a hexagon, and 4X the side of a decagon in the
same circle ;

therefore, when 4Z is divided in extreme and mean ratio, XZ is the greater
segment.

And, when BF is divided in extreme and mean ratio, BV is the greater
segment.
Therefore, since AL> BF,

KL > BN,
or LM > BMN.
And therefore, a _fortiori, MZB > BN.



APPENDIX.

I. THE CONTENTS OF THE SO-CALLED BOOK X1V.
BY HYPSICLES.

This supplement to Euclid’s Book x1in is worth reproducing for the sake
not only of the additional theorems proved in it but of the historical notices
contained in the preface and in one or two later passages. Where I translate
literally from the Greek text, I shall use inverted commas; except in such
passages I reproduce the contents in briefer form.

I have already quoted from the Preface (Vol. 1. pp. 5—6), but I will
repeat it here.

“Basilides of Tyre, O Protarchus, when he came to Alexandria and met
my father, spent the greater part of his sojourn with him on account of the
bond between them due to their common interest in mathematics. And on
one occasion, when looking into the tract written by Apollonius about the
comparison of the dodecahedron and icosahedron inscribed in &ne and the
same sphere, that is to say, on the question what ratio they bear to one
another, they came to the conclusion that Apollonius’ treatment of it in this
book was not correct; accordingly, as I understood from my father, they
proceeded to amend and rewrite it. But I myself afterwards came across
another book published by Apollonius, containing a demonstration of the
matter in question, and I was greatly attracted by his investigation of the
problem. Now the book published by Apollomnius is accessible to all; for it
has a large circulation in a form which seems to have been the result of later
careful elaboration.

“For my part, I determined to dedicate to you what I deem to be
necessary by way of commentary, partly because you will be able, by reason
of your proficiency in all mathematics and particularly in geometry, to pass an
expert judgment upon what I am about to write, and partly because, on
account of your intimacy with my father and your friendly feeling towards
myself, you will lend a kindly ear to my disquisition. But it is time to have
done with the preamble and to begin my treatise itself.

[Prop. 1.] “ The perpendicular drawn from the centre of any circle lo the
side of the pentagon inscribed in the same civcle is half the sum of the side of the
kexagon and of the side of the decagon inscribed in the same circle.”
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Let 4BC be a circle, and BC the side of the inscribed regular pentagon.

Take D the centre of the circle, draw DZ from 2 perpendicular to BC,
and produce .JZ both ways to meet the circle in 4 4.

I say that DZ is half the sum of the side of the hexagon and of the side
of the decagon inscribed in the same circle.

Let DC, CF be joined ; make GZ equal to £ZF, and join GC.

Since the circumference of the circle is five
times the arc BFC, A

and half the circumference of the circle is the arc
ACEF,

while the arc #C is half the arc BFC,

therefore (arc ACF) =5 (arc FC)

or (arc AC) = 4 (arc CF).
Hence L ADC=4 L CDF,

and therefore L AAFC=2 L CDF.
Thus L CGF=LAFC=2 1. CDF;

therefore (1. 32] + CDG =1 DCG,

so that DG=GC=CF.
And GE=EF;

therefore DE=FEF+ FC.
Add DE to each;

therefore 2DE = DF+ FC.

And DFis the side of the regular hexagon, and FC the side of the regular
decagon, inscribed in the same circle.
Therefore etc.

“Next it is manifest from the theorem [12] in Book x1iL that #ze perpen-
dicular drawn from the centre of the civele lo the side of the equilateral triangle
(inscribed in it] s kalf of the radius of the circle.

[Prop. 2.] “ The same civcle civcumscribes both the pentagon of the dodeca-
hedron and the triangle of the icosafiedron inscribed in the same sphere.

“This is proved by Aristaeus in his work entitled Comparison of the five
Jigures. But Apollonius proves in the second edition of his comparison of the
dodecahedron with the icosahedron that, as the surface of the dodecahedron
is to the surface of the icosahedron, so also is the dodecahedron itself to the
icosahedron, becauge the perpendicular from the centre of the sphere to the
pentagon of the dodecahedron and to the triangle of the icesahedron is the
same.

¢ But it is right that I too should prove that
[Prop. 2] The same circle circumscribes both the pentagon of the dodecakedyon
and the triangle of the icosahedron inscribed in the same sphere.

“ZFor this I need the following

Lemma.

“If an equilateral and equiangular pentagon be inscribed in a circle, the sum
of the squares on the straight line sublending two sides and on the side of the
pentagon is five times the square on the radiuns.”

H. E. III. 33
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Let 4BC be a circle, 4C the side of the pentagon, D the centre ;
draw DF perpendicular to 4C and produce it to

B, E; B
join AB, AE.

I say that

BA*+ AC? = 5 DE~
For, since BE =2ED,
BE*=4ED D

And BE*=BA*+ AE*;
therefore BA*+ AE*+ ED*=sEDA

But AC*=DE*+ EA*; £

[Eucl. x11. 10] A E_,/ ¢

therefore BA*+ AC* =5.DE>

“This being proved, it is required to prove that the same circle circum-
scribes both the pentagon of the dodecahedron and the triangle of the
icosahedron inscribed in the same sphere.”

Let AB be the diameter of the sphere, and let a dodecahedron and an
icosahedron be inscribed.

Let CDEFG be one pentagon of the dodecahedron, and KZAH one
triangle of the icosahedron.
I say that the radii of the circles circumscribing them are equal.
Join DG ; then DG is the side of a cube inscribed in the sphere.
[Bucl xmn. 17]
Take a straight line M4V such that 452 = 5 M NV2
Now the square on the diameter of the sphere is five times the square on
the radius of the gircle from which the icosahedron is described.
[xi. 16, Por.]
Therefore MV is equal to the radius of the circle passing through the five
vertices -of the icosahedron which form a pentagon.
Cut M4 in extreme and mean ratio at O, MO being the greater segment.
Therefore MO is the side of the decagon in the circle with radius MV,
[xur g and 5, converse]
Now sMN?*= AB*=3DG [xur 15]
But 3DG: 3CG =5 MN*®: s MO*
(since, if DG is cut in extreme and mean ratio, the greater segment is equal
to CG, and, if two straight lines are cut in extreme and mean ratio, their
segments are in the same ratio: see lemma later, pp. 518—9).
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And sMO* + sMN? =g K712
[This follows from X111 10, since KZ is, by the construction of X111 16, the
side of the regular pentagon in the circle with radius equal to AV, that is, the
circle in which M4V is the side of the inscribed hexagon and MO the side of
the inscribed decagon.]

Therefore sK12=3CG*+ 3DG
But 5 KL% = 15 (radius of circle about KZHA)?, [xur 12]
and 3DG? + 3CG* = 15 (radius of circle about CDEFG).

[Lemma above]
Therefore the radii of the two circles are equal.
Q. E. D,

(Prop. 3. “.If there be an equilateral and equiangular pentagon and a
cirele circumscribed about it, and if a perpendicular be dvawn from the centre to
one side, then

30 times the rectangle contained by the side and the perpendicular is equal to
the surface of the dodecahedron.”

Let ABCDE be the pentagon, # the centre of the circle, #G the
perpendicular on a side CD.
I say that A
30CD . FG = 12 (area of pentagon).
Let CF, FD be joined.

A B E
Then, since
CD.FG=2(0CDF),
5CD . FG=10(ACDF),
whence  goCD. FG =12 (area of pentagon). c D

Similarly we can prove that,

{Prop. 4] If ABC be an equilateral triangle in a
circle, D the centre, and DE perpendicular fo BC,

30BC . DE = (surface of icosakedron).

For DE.BC=2(nDBC);
therefore 3DE.BC=6(nDBC)
=2 (AABC),

whence 30DE.BC=20(AABC).

It follows that [Prop. 5]

(surface of dodecakedron) : (surface of icosaledron)
= (side of pentagon) . (its perpendicular) : (side of triangle) . (i?s perp.).

“This being clear, we have next to prove that,

[Prop. 6] As the surface of the dodecakedron is to the surface of the icosahedron,
$0 is the side of the cube 1o the side of the icosahedron.”

33—2
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Let ABC be the circle circumscribing the pentagon of the dodecahedron
and the triangle of the icosahedron, and let CD
be the side of the triangle, 4C that of the
pentagon.

Let £ be the centre, and ZF, EG perpen-

diculars to CD, 4C. H

Produce E£G to meet the circle in B and
join BC.

Set out A equal to the side of the cube in- D ¢
scribed in the same sphere. B

I say that A

(surface of dodecahedron) : (surface of icosahedron)
=H:CD.

For, since the sum of £B, B(C is divided at B in extreme and mean ratio,
and BE is the greater segment, [xim. 9]
and EG =% (EB +BC), [Prop. 1]
while £F=L{BE, [see p. 513 above]

therefore, if £ is divided in extreme and mean ratio, the greater segment is
equal to £F [that is to say, since £5 is the greater segment of £5 + BC
divided in extreme and mean ratio, $£5 Is the greater segment of
$ (EB + BC) similarly divided].

But, if A is also divided in extreme and mean ratio, the greater segment

is equal to C4. [xnn 17, Por.]
Therefore H:CA=EG: EF,
or FE.H=CA.EG.
And, since H:CD=FE.H:FE.CD,
and FE.H=C4. EG,
therefore H:CD=CA.EG:FE.CD
= (surface of dodecahedron) : (surf. of icos.).
(Prop. 5]

Another proof of the same theorem.

Preliminary.

Let ABC be a circle and A B, AC sides of an inscribed regular pentagon.

Join BC; take D the centre of the circle, join 4.0 and produce it to
meet the circle at £, Join BD.

Let DF be made equalsto $4.D, and CH equal A
to :CG.
I say that B G s
rect. 4F. B.H = (area of pentagon). b H
For, since AD =2DF,
AF=84D. iF
And, since GC = 3HC, [
GC=3GH. E
Therefore FA :AD=CG: GH,
so that AF.GH=A4D. CG
=AD. BG

=2(AABD).
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Therefore ‘

54F. GH=10(AABD)= 2 (area of pentagon).
And GH=2HC;

therefore 5AF. HC = (area of pentagon),

or AF. BH = (area of pentagon).

Proof of theorem.

This being clear, let the circle be set out which circumscribes the pentagon
of the dodecahedron and the triangle of the icosahe-
dron inscribed in the same sphere. A

Let ABC be the circle, and A5, 4 C two sides of
the pentagon ; join BC.

Take £ the centre of the circle, join 4£ and g K c
produce it to A £

Let AE=2£EG, KC=3CH.

Through G draw DA at right angles to AF g L€ M
meeting the circle at D, M/ ; S

DM is then the side of the inscribed equilateral 3
triangle.
Join A.D, AM, which are equal to DM,
Now, since AG . BH = (area of pentagon),
and AG . GD = (area of triangle),
therefore BH : GD = (area of pentagon) : (area of triangle),
and 128H : 20G D = (surface of dod.) : (surface of icos.).
But 12BH =105C, since BH=5HC, and BC=6HC,
and 20G.D = 10D
therefore (surface of dodecahedron) : (surface of icosahedron)
= (side of cube) : (side of icosahedron).

“ Next we have to prove that,

[Prop. 7] If any straight line whatever be cut in extreme aud mean ratio, then,
as is (1) the straight line the square on whick is equal to the sum of the squares
on the whole line and on the greater segment fo (2) the straight line the square on
which is equeal to the sum of the squares on the whole and on the lesser segment,
s0 Is (3) the side of the cube to (4) the side of the icosahedron.”

Let 4H B be the circle circumscribing both the pentagon of the dodeca-
hedron and the triangle of the icosahedron inscribed
in the same sphere, C the centre of the circle, and A
CAB any radius divided at D in extreme and mean
ratio, C'D being the greater segment.

CD is then the side of the decagon inscribed in
the circle. [xnr ¢ and 5, converse] B

Let £ be the side of the icosahedron, # that of
the dodecahedron, and & that of the cube, inscribed
in the sphere.

Then £, F are the sides of the equilateral triangle
and pentagon inscribed in the circle, and, if & is
divided in extreme and mean ratio, the greater F
segment is equal to 7. [®mn 17, Por] €
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Thus E=3BCY [t x2]
and CB + BD*=3CD" [xm1. 4]
Therefore E?: CB*=(CB*+ BD?: CL",
or B (CB*+ BDY)=CB: CD?
=G F2

Therefore, alternately and inversely,
G E*=F*: (CB + BDY).
But 7%= BC*+ CD?; for the square on the side of the pentagon is equal

to the sum of the squares on the sides of the hexagon and decagon inscribed
in the same circle. [x11L 10]

Therefore G?: E?=(BC?*+ CD?) : (CB*+ BD?),
which is the result required.

It has now to be proved that
[Prop. 8] (Side of cube) : (side of icosakedron)
= (content of dodecakedron) : (content of icosakedron).

Since equal circles circumscribe the pentagon of the dodecahedron and
the triangle of the icosahedron inscribed in the same sphere,

and in a sphere equal circular sections are equally distant from the centre,

the perpendiculars from the centre of the sphere to the faces of the two solids
are equal ;

in other words, the pyramids with the centre as vertex and the pentagons of
the dodecahedron and the triangles of the icosahedron respectlvely as bases
are of equal height.

Therefore the pyramids are to one another as their bases.
Thus (12 pentagons) : (2o triangles)
= (12 pyramids on pentagons) : (zo pyramids on triangles),
or (surface of dodecahedron) : (surface of icosahedron)

= (content of dod.) : (content of icos.).
Therefore

(content of dodecahedron) : (content of icosahedron)
= (side of cube) : (side of icosahedron). [Prop. 6]
Lemma.

If two straight lines be cut in extreme and mean ratio, the segments of both
are in one and the same ratio.

Let 4B be cut in extreme and mean ratio at €, 4C being the greater
segment ;

and let DE be cut in extreme and mean ratio at F, DF being the greater
segment.

Isaythat AB:AC=DE:DF A c B
Since AB.BC=AC, D —
and DE.EF=DF, :

AB.BC: AC*=DE . EF: DF?
and 44B.BC: AC*=4DE . EF: DF?,
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Componendo,
(44B.BC+ AC*) : AC*=(4DE . EF+ DF?) : DF?,

or (AB+BCY : AC*=(DE + EFY : DF?; {11 8]
therefore (AB+BC): AC=(DE+ EF): DF.

Componendo,

(AB+BC+AC): AC=(DE + EF + DF) : DF,

or: 248 : AC=2DE : DF;
that is, AB : AC=DE : DF,

Summary of results.

) If A be any straight line divided at € in extreme and mean ratio, 4C
being the greater segment, and if we have a cube, a dodecahedron and an
icosahedron inscribed in one and the same sphere, then :

(1) (side of cube) : (side of icosahedron) = / (4.B82+ AC?) : |/ (4B + BC?;

(2) (surface of dod.) : (surface of icos.)
= (side of cube) : (side of icosahedron);
(3) (content of dod.) : (content of icos.)

= (surface of dod.) : (surface of icos.) ;
and (4) (content of dodecahedron) : (content of icos.)
= /(4B +AC% : J (4B + BC?.

II. NOTE ON THE SO-CALLED “BOOK XV.”

The second of the two Books added to the genuine thirteen is also
supplementary to the discussion of the regular solids, but is much inferior
to the first, “Book x1v.” Its contents are of less interest and the exposition
leaves much to be desired, being in some places obscure and in others
actually inaccurate. It consists of three portions unequal in length. The
first (Heiberg, Vol. v. pp. 40—48) shows how to inscribe certain of the
regular solids in certain others, (#) a tetrahedron (“pyramid”) in a cube,
(8) an octahedron in a tetrahedron (“‘pyramid ”), (¢) an octahedron in a cube,
(4) a cube in an octahedron and (¢) a dodecahedron in an icosahedron.
The second portion (pp. 48—s50) explains how to calculate the number of
edges and the number of solid angles in the five solids respectively. The
third (pp. 50—66) shows how to determine the angle of inclination between
faces meeting. in an edge of any one of the solids. The method is to con-
struct an isosceles triangle with vertical angle equal to the said angle of
inclination ; from the middle point of any edge two perpendiculars are drawn
to it, one in each of the two faces intersecting in that edge; these perpen-
diculars (forming an angle which is the inclination of the two faces to one
another) are used to determine the two equal sides of an isosceles triangle,
and the base of the triangle is easily found from the known properties of the
particular solid. The rules for drawing the respective isosceles triangles are
first given all together in general terms (pp. 50—52); and the special interest
of the passage consists in the fact that the rules are attributed to “Isidorus
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our great teacher.” This Isidorus is no doubt Isidorus of Miletus, the
architect of the Church of St Sophia at Constantinople (about 532 A.p.),
whose pupil Eutocius also was; he is often referred to by Eutocius (Comm.
on Awrchimedes) as & Midjjoros pmpyavikds Laidwpos fuérepos &iddokalos. Thus
the third portion of the Book at all events was written by a pupil of Isidorus
in the sixth century. Kluge (De Euclidis elementorum lbris qui feruntur XIV
et XV, Leipzig, 1891) has closely examined the language and style of the
three portions and conjectures that they may be the work of different authors;
the first portion may, he thinks, date from the end of the third century (the
time of Pappus), and the second portion too may be older than the third.
Hultsch however (art. “ Eukleides” in Pauly-Wissowa’s Real-Encyclopidie der
classischen Altertumswissenschaft, 1907) does not think his arguments con-
vincing.

It may be worth while to set out the particulars of Isidorus’ rules for
constructing isosceles triangles with vertical angles equal respectively to
the angles of inclination between faces meeting in an edge of the several
regular solids. A certain base is taken, and then with its extremities as
centres and a certain other straight line as radius two circles are drawn;
their point of intersection determines the vertex of the particular isosceles
triangle. In the case of the cube the triangle is of course right-angled; in
the other cases the bases and the equal sides are as shown below.

Equal sides of

Base of isosceles triangle isosceles itriangle
For the tetrahedron the side of a triangular face the perpendicular from the
vertex of a triangular face
to its base
For the octahedron the diagonal of the square ditto
on one side of a triangular
face
For the icosahedron the chord joining two non- ditto

consecutive angular points
of the regular pentagon on
an edge (the *pentagon of
the icosahedron”)

For the dodecahedron the chord joining two non- | the perpendicular from the
consecutive angular points middle point of the chord
of a pentagonal face [BC joining two non-consecu-
in the figure of Eucl. x111. tive angular points of a
17] face to the parallel side of

that face [Z.X in the figure
of Eucl. x111. 17]




ADDENDA ET CORRIGENDA.

Frontispiece. 'This is a facsimile of a page (fol. 45 verso) of the famous
Bodleian ws. of the Elements, D'Orville 301 (formerly X. 1 inf. 2, 30), written
in the year 888. The scholium in the margin, not very difficult to decipher,
though some letters are almost rubbed out, is one of the scholia Vaticana
given by Heiberg (Vol. V. p- 263) as 111. No. Is: Ata Tod Kcvrpov ovmov obk v
C‘r/ﬂya’ew; aELov, €l SLXG. -re;wovo-w a/\)w;}\as T 'ya.p Kevrpov adroy 97 Sr.xorol.ua
o,uom)g kol 7) € Ths e’repag dua Tob kévrpov ovos 7 érépa ,u.v; Sk Tob xévrpov ey,
ot od dixa Téuverar v &ia Tov kévrpov. The % before ei in the last sentence
should be omitted. PFVat. read » without €. The marginal references lower
down are of course to propositions quoted, (1) 8wk 76 a” 7o¥ ¥, “by 11 1,” and
(2) 8t& 76 ¥ 70V adrod, “by 3 of the same.”

Vol 1. p. zo. T am aware that the assumption that the reference in the
Mechaiics (1. 24, p. 62, ed. Nix and Schmidt) is to Posidonius of R%odes is dis-
puted. It is pointed out that the context seems to show that the Posidonius
referred to lved before Archimedes. Hoppe considers that the reference is
to Posidonius of Alexandria, who was a pupil of Zeno the Stoic in the third
century B.C. (cf. Meler, De Heronis actate, pp. 19—21). The passage of the
Meckanzes in the German translation is as follows: “Posidonius, ein Stoiker,
hat den Schwer- und Neigungspunkt in einer natiirlichen (physikalischen ?)
Definition bestimmt und gesagt: der Schwer- oder Neigungspunkt ist ein
solcher Punkt, dass, wenn die Last in demselben aufgehingt wird, sie in zwei
gleiche Teile geteilt wird. Deshalb haben Archimedes und seine Anhinger
in der Mechanik diesen Satz spezialisiert und einen Unterschied gemacht
zwischen dem Aufhingepunkt und dem Schwerpunkt.” This passage may
certainly indicate that Posidonius’ definition “represents a more imperfect
standpoint than that of Archimedes” (Enestrém in Bibliotheca Mathematica
villg, p. 177). But I do not feel certain that “ deshalb” necessarily means so
much as that it was the particular definition given by Posidonius personally
which suggested to Archimedes the necessity for a distinction between the
“ Aufhingepunkt” and the “Schwerpunkt.” I agree however with Meier
(p. 21) that the doubt as to the reference makes it impossible to build upon
the passage for the purpose of determining the date of Heron.

Vol 1. pp. 32—33. As bearing on the question whether Proclus continued
his commentary beyond Book 1., T should have referred to the scholium pub-
lished by Heiberg in Hermes XXXVIIL, 1903, p. 341, No. 17. It begins with
the heading “Scholium on the scholium of Proclus on the gth proposition
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where he says...” the words then quoted being taken from the last five lines
of the long scholium x. No. 62 (Heiberg, Vol. v. pp. 450—2), one of the
scholia Vaticana; and similar words lower down are accompanied by the
parenthetical remark, ‘“as the scholium of the divine Proclus says.” If Proclus
was really the author of the scholium, this is a point in favour of those who
maintain that Proclus did write commentaries on the other Books (cf. Meier,
De Heronis actate, pp. 27—28). Heiberg however points out that, while the
scholium shows that a Byzantine scholar took the collection of scholia
Vaticana to be the work of Proclus, it does not prove more than this, and
certainly it is not conclusive evidence that Proclus’ commentaries covered all
the Books. That this is possib/e cannot be denied; the scholia Vaticana to
the other Books may, like those to Book 1., have been extracted from Proclus,
as also may the fragments which they contain of the commentary of Pappus,
though it 1s not easy to explain why Proclus should have included extracts
from Pappus which had already been put into the text by Theon. But it is
much more probable, Heiberg thinks, that a Byzantine mathematician who
had in his ms. of Euclid the collection of scholia Vaticana, and knew that
those on Book 1. came from Proclus, himself attached the name of Proclus to
the rest of the collection; and this hypothesis seems to be confirmed by the
fact that none of the other, older, sources of the scholia Vaticana have
Proclus’ name in X. No. 62.

Vol. 1. pp. 64—66. Hultsch has some valuable remarks on the origin of
the scholia (Biblivtheca Mathematica Vi, pp. 225 sqq. and art. ““ Eukleides”
in Pauly-Wissowa’s Real-Encycdopidie der cdassischen Allertumswissenschaft,

1907). Theodorus, Plato’s teacher, is quoted in Plato’s Zheaeletus 147 D as

having proved the irrationality of /3, \/5 etc. up to N17; and the expres-
sions used to describe such square roots, evidently Theodorus’ own, are
Svapts modala, Sdvapes Tpimous, Stvaps mevrdrovs ete., the “ square root” or
“side” of “one, three, five etc. square feet.” The same phraseology sur-
vxves in the schoha x. Nos. 52, 94, 149, where we have the expresswns
77 Tpmovs, 1y TeTpamovs, 1 wevrdmwovs, 1 Efdwovs, 1 éwrdmovs, 7 OkTdmOUS, 7
évwveamous etc. Hultsch concludes that the sources go back as far as
Theodorus. As regards the extracts from Geminus, Hultsch observes
that the scholia to Book L contain a considerable portion of Geminus’
commentary on the definitions. They are specially valuable because they
contain extracts from Geminus o7/y, whereas Proclus, though drawing mainly
upon him, quotes from others as well. On the postulates and axioms the
scholia give more than is found in Proclus. Hultsch considers it probable
that the scholium at the beginning of Book v. (No. 3) attributing the discovery
of the theorems to Eudoxus but their arrangement to Euclid represents the
tradition going back to Geminus; similarly he regards scholium xur No. 1
as having the same origin.

Vol. 1. p. 71.  The scholium numbered 17 on page 341 in Hermes
XXXVIL is taken from a Ms. which was written in the 11th cent. Since the
Arabic figures in it are in the first hand, it follows that the acquaintance of

the Byzantines with these figures dates 100 years further back than the date
given (1z2th cent.).

Vol. 1. p. y1. In the numerical illustrations of Euclid’s propositions
sexagesmal fractions are often used; e.g. approximations to the values of
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surds are expressed as so many units, so many of the fractions 1/60, so
many of the fractions 1/60® etc., going as far as “fourth-sixtieths” or the
fractions 1/60% Hultsch wrote a short paper on the sexagesimal fractions
in the scholia to Book x (Bibliotheca Mathematica vy, pp. 225—233). He
shows that numbers expressed in these fractions are handled with skill and

sometimes include results of surprising accuracy, as when /27 is given
(allowing a slight correction of the last fraction by means of the context)
as §5° 11’ 46” 10", where ° represents units and dashes the successive
sexagesimal fractions, which gives for ,/3 the approximation 1° 43’ 55" 23",
being the same result as that given by Hipparchus in his tables of chords
reproduced by Ptolemy and correct to the seventh decimal place. Similarly
/8 is given as 2° 49’ 42" 20" 10", which is equivalent to /2 = 1'4142135.
Hultsch gives instances of the various operations, addition, subtraction,
multiplication and division, carried out in these fractions, and shows how the
extraction of the square roots was effected, after the method which Theon of

Alexandria in his commentary on Ptolemy’s ovvraéis applies to the evaluation
of V4500, and which evidently goes back to Hipparchus.

Vol 1. p. 1o1. In the Biblotheca Mathematica 1%;, 1908, p. 76, A. Sturm
notes that the preface to Camerarius’ Euclid was not by Rhaeticus but by
Camerarius himself, since the printer of the Steinmetz edition, Johann Stein-
mann, says, in a short preliminary notice, that Camerarius had written the
preface 28 years before “sub alieno nomine.”

Vol. . p. 116. The date given for Eudoxus is that arrived at by Susemihl,
“Die Lebenszeit des Eudoxos von Knidos” in Rheinisches Museum fiiv
Philologie, L., 1898, pp. 626—8. Hultsch however shows cause for rejecting
this conjecture and for adhering to the earlier determination of the date as
408—355 B.C.

Vol. 1. pp. 249, 370. The statement that Euclid does not use the
expression ai BAT, “the straight lines B4 C,” for “the straight lines 84, AC”
is not accurate. Although I have not found it in the early Books, it is some-
what common in Books X, x1 and xu1. Thus, e.g., in Book x “the rectangle
(contained) by 8D, DC” is often written 76 iw6 7dv BAT or 7o dwo BAT, and
in one place (x. 59) we find 76 cvyxelpevov ék Tav dnd 7év MNE for “ the sum
of the squares on MN, NO.” In Book x1 the contracted form is used in
expressions for the plane through two straight lines, e.g. 76 8wz rdv BAA
ériredov, ““ the plane through BD, DA In xul 11 we have owapddrepos
7 AT'M for “the sum of the two straight lines DC, CM,” where DC, CM
form an angle.

Vol. 1. pp. 343—4, 351; Vol. 1. p. 97; Vol. r1r. pp. 1—3, etc. Heinrich
Vogt’s paper “Die Geometrie des Pythagoras” in the Bzblivtheca Matkhematica
I1X, (September, 1go8), pp. 14—34, unfortunately appeared too late to be
noticed in the proper places. I do not think it would have enabled me to
modify greatly what I have written regarding the supposed discoveries of
Pythagoras and the early Pythagoreans, because I have throughout endeavoured
to give the traditions on the subject for what they are worth and no more, and
not to build too much upon them. Vogt’s paper is however a valuable piece of
criticism, deserving of careful study; and it requires notice here so far as con-
siderations of spacé allow. G. Junge had in his paper Wann kabern die Griechen
das Irrationale entdeckt] mentioned above (Vol. 1. p. 351, Vol. 1L p. 1 2.)
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tried to prove that Pythagoras himself could not have discovered the irrational ;
and the object of Vogt’s paper is to go further on the same lines and to
maintain (1) that the theory of the irrational was first discovered by Theodorus,
to whom Plato refers, and (2) that neither could Pythagoras himself have been
the discoverer (2) of the theorem of Eucl 1. 4%, or (b) of the construction of
the five regular solids in the sense in which they are respectively constructed
in Bucl. x1t,, or (¢) of the application of areas in its widest sense, equlvalent
to the solution of a quadratic equation in its most general form. Vogt's main
argument as regards (@) the theorem of 1. 47 is based on a new translation
which he gives of the well-known passage of Proclus’ note on the proposmon
(p 426 6—9), Tov [.LEV LO‘TOpELV T apxaw. ﬂow\o‘usvuw dxodovras TO eewp'qpta
TO'UTO ELS HU&O.‘)/OPO.V avaﬂ'e,um'ovrwv GO'TLV E'UPGLV KaL ﬁov@v‘n)v A.E‘)/OVTIDV G.'I)TOV iﬂ'l.
T evpéoe. Vogt translates this as follows: “Unter denen, welche das
Altertum erforschen wollen, kann man einige finden, welche ‘denen Gehor
geben, die dieses Theorem auf Pythagoras zuriickfilhren und ihn als Stier-
opferer bei dieser Gelegenheit bezeichnen,” “ Among those who have a taste
for research into antiquity, we can find some who give ear to those who refer
this theorem to Pythagoras and describe him as sacrificing an ox on the
strength of the discovery.” According to this version the words 7dv...
Bovdopévey and the words dvamepmdvrov...kal... Aeydvrwv refer respectively to
two different sets of persons, in fact two different generations; the latter are
older authorities who are supposed to be cited by the former; the former are
a later generation, perhaps contemporaries of Proclus, some of whom accepted
the view of the older authorities while others did not. But this would have
requlred the article rdv before avmre,uwowwv, or some such expression as
aAAwv Twdy ol dvaréumovo: instead of dvameumdvrwv. Vogt's interpretation is
therefore quite inadmissible. The persons denoted by dvaweurdvrov are some
of the persons denoted by ror Bovhouérwrv; hence Tannery’s translation, to
which mine (Vol. 1. p. 350) is equivalent, is the only possible one, namely
“Si Pon écoute ceux qui veulent raconter lhistoire des anciens temps, on
peut en trouver qui attribuent ce théoréme & Pythagore et lui font sacrifier un
beeuf apres sa découverte” (La Glométrie grecque, p. 103). dkodovras agrees
with the assumed sud jea‘ of edpeiv ; dvamrepmivrov and Aeydvray should strictly
speaking, have been dvaméumovras and Aéyovras agreeing with twas (the direct
object of evpelv) understood, but are simply attracted into the case of Bov-
Aopéver; the construction is quite intelligible. I agree with Vogt that
Eudemus’ history contained nothing attributing the theorem to Pythagoras.
The words of Proclus imply this; but I do not think that they imply (as
Vogt maintains) any pronouncement by Proclus himself agazzst such attribution.
In my opinion, Proclus is simply determined not to commit himself to any
view ; his way of evading a decision Is the sentence following, éyd 8¢ Gav/uaZm
’LEV KU.L TO'UQ Wp(l)TO'U9 €7TLO’T(1 VTosS T’l’/ TO'UBG TOU 96(1)/:)77,.’.(17’09 (IA.’)’]GGLU., }L€L€0V(D§ 86 a'yap.az
Tov grotxewwriy... ; the mlural robs mpdrovs émordvras is, I hold, used for the
very purpose of makmg the statement as vague as pOSSIble he will not even
allow it to be 1nferred that he attrlbuted the discovery to any single person.

Returning to 4 tdv dAdywr mpayparela (Proclus, p. 65, 19), we may concede
that the imperfect (arithmetical) theory of proportion would probably be
discovered earlier than the theory of the irrational ; but we can hardly accept
the reading dvaldywv or dvakoyiav (instead of a}\oywv) until it is confirmed by
further investigation of the mMss. I do not agree in Vogt’s contention that
the theory of the irrational was first discovered by Theodorus. It seems to
me that we have evidence to the contrary in the very passage of Plato referred
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to. Plato (Z%eaetetus 147 D) mentions /3, /5, -.. up to /17 as dealt with by
Theodorus, but emits /2. This fact, along with Plato’s allusions elsewhere
to the irrationality of /2, and to approximations to it, in the expressions appyros
and pury Siudperpos s mepwddos, as if those expressions had a well-known
signification, implies that the discovery of the irrationality of ./2z had been
made before the time of Theodorus. The words 4 7év dAdywv mpayparela
might well be used even if the reference is only to /2, because the first step
would be the most difficult, and mpayparela need not mean the establishment of
a complete theory or anything more than “investigation” of a subject. Coming
now to (4) the construction of the cosmic figures, 4 rév xoopuiwdr oxnudroy
ovaraas (Proclus, p. 63, 20), I agree with Vogt to the following extent. It is
unlikely that Pythagoras or even the early Pythagoreans “constructed” the five
regular solids in the sense of a complete theoretical construction such as we
find, say, in Eucl. x111. ; and it is possible that Theaetetus was the first to
give these constructions, whether éypaye in Suidas’ notice, mpdros 8¢ Ta wévre
xalovueva oTepen éypafe, means “constructed” or “wrote upon.” But
adoracis in the above phrase of Proclus may well mean something less than
the theoretical constructions and proofs of Eucl. x111. ; it may mean, as Vogt
says, simply the “putting together” of the figures in the same way as Plato
puts them together in the Zimaeus, 1.e. by bringing a certain number of angles
of equilateral triangles and of regular pentagons together at one point. There
is no reason why the early Pythagoreans should not have “constructed” the
five regular solids in this sense; in fact the supposition that they did so
agrees well with what we know of their having put angles of certain regular
figures together round a point (in connexion with the theorem of Eucl. 1. 32) and
shown that only three kinds of such angles would fill up the space iz one plane
round the point. But I do not agree in the apparent refusal of Vogt to credit
the Pythagoreans with the knowledge of the theoretical construction of the
regular pentagon as we find it in Eucl. 1v. 10, 11. I do not know of any
reason for rejecting the evidence of the Scholia 1v. Nos. 2z and 4 which say
categorically that “this Book” (Book 1v) and ‘“the whole of the theorems”
in it (including therefore Props. 10, 11) are discoveries of the Pythagoreans.
And the division of a straight line in extreme and mean ratio, on which the
construction of the regular pentagon depends, comes in Eucl. Book 11
(Prop. 11), while we have sufficient grounds for regarding the whole of the
substance of Book 11. as Pythagorean. I am sorry that, when I was writing on
the subject of the “five bodies of the sphere” in the fragment of Philolaus
(Vol. 11. p. 97), my attention had not been called to the version of the
passage in Diels’ Fragmente der Vorsokratiker (Berlin 1903, p. 254, and
znd ed. Berlin 1906, p. 244) : xai 7& pév tas odaipas cdpara wévre dvri 70 &y
T opalpar whp <kal> Vowp kol Y& kal dijp, kal & tds apalpas OAkds, méprov,
“Und zwar gibt es fiinf Elemente der Weltkugel: die 7z der Kugel befind-
lichen, Feuer, Wasser, Erde und Luft, und was der Kugel Lastschiff ist, das
fiinfte.” If this version is right, there is (as Vogt points out) no allusion here
to the five regular solids, and the fragment ceases to have any bearing on the
present question. I will permit myself one more criticism out of many which
Vogt’s paper is sure to evoke. I think he bases too much on the fact that it
was left for Oenopides (in the period from, say, 470 to 450 B.C.) to discover
two elementary constructions (with ruler and compass only), namely that of a
perpendicular to a straight line from an external point (Eucl. 1. 12), and
that of an angle equal to a given rectilineal angle (Eucl & 23). Vogt
infers that geometry must have been in a very rudimentary condition at
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the time. I do not think this follows; the explanation would seem to be
rather that, the restriction of the instruments used in constructions to the
ruler and compass not having been definitely established before the time
when Oenopides wrote, it had not previously occurred to anyone to substitute
new constructions based on that principle for others previously in vogue. In
the case of the perpendicular, for example, the construction would no doubt,
in earlier days, have been made by means of a set square.

Vol. I. p. 411, column 2, line 12, for ékarépg éxarépa read ékarépa Exarépe.

Vol. 1. pp. 189—1g9o. Hultsch (art. “Eukleides” in Pauly-Wissowa’s
Real-Encyclopidie der classischen Altertumswissenschaf?) thinks that the defini-
tion of compound ratio (vi. Def. 5) is genuine. His grounds are (1) that it stood
in the wmadad &doaus represented by P (though P only has it in the margin)
and (z) that some explanation on the subject must have been given by way of
preparation for vI. 23, while there is nothing in the definition which is -
consistent with the mode of statement of vI. 23. If however the definition is
after all genuine, I should be inclined to regard it as a mere survival from
earlier text-books, like the first of the two alternative definitions of a solid
angle (x1. Def. 11); for its form seems to suit the old theory of proportion
applicable to commensurable quantities only better than the generalised
theory due to Eudoxus.

Vol. 11, pp. 424—35. I should have added to the note on perfect
numbers ” the following references. Nicomachus (1. 16, 2—7) observes that
perfect numbers are rare, there being only one among the units (6), one
among the tens (28), one among the hundreds (496) and one among the
thousands (8128), and that they end alternately in 6 and 8. Cf. Tamblichus,
P- 33; 15——25.

Nesselmann (Die Algebra der Griecken, p. 164, note) gives a reference to a
letter from Fermat to Mersenne ( Varia opera mathematica Petvi de Fermat,
Tolosae, 1679, p. 177) in which Fermat enunciates three propositions which
much facilitate the investigation whether a number of the form 2* — 1 is prime
or not. If we write in one line the successive exponents 1, z, 3, 4 etc. of
the successive powers of 2 and underneath them respectively, in another line,
the numbers representing the corresponding powers of 2 diminished by 1,
thus,

I 2 3 4 5 6 7 8 9 10 IT ... 7

I 3 7 15 3I 63 127 255 5{II 1023 2047...... 2"—1

the following relations are found to subsist between the numbers in the first
line and those directly below them in the second line.

1. If the exponent is not a prime number, the corresponding number is
not a prime number either (since 4?1 —1 is always divisible by a? — 1 as well
as by o? —1).

2. If the exponent is a prime number, the corresponding number
w_ 2 277/—1__ I

diminished by 1 is divisible by twice the exponent. (2 ; so that

2n
this is a special case of ““ Fermat's theorem ” that, if # is a prime number and

a is prime to g, then #?~'—1 is divisible by p.)
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3. If the exponent » is a prime number, the corresponding number is
only divisible by numbers of the form (2mz+ 1). If therefore the corre-
sponding number in the second line has no factor of this form, it bas no
integral factor.

The first and third of these propositions are those which are specially useful
for the purpose in question. As usual, Fermat does not give his proofs but
merely adds: “Voila trois fort belles propositions que jay trouvées et
prouvées non sans peine. Je les puis appeller les fondements de Finvention
des nombres parfaits.”

_ The %irst four perfect numbers, those mentioned above as given by
Nicomachus, are

2(22—1)=6, 22°(2®~1)=28, 2%(2%—1)=496, 2%(2"—1)=8128.

Hultsch investigated the next four, the fifth to the eighth (Nack#. d. Geseli-
schaft d. Wissensch. zu Gittingen, 1895, pp. 246 sqq.); the fifth is
2% (2% — 1) = 33,550,336, the sixth 2'%(2%— 1), the seventh 2% (2" — 1), and the
eighth 2% (2% — 1), which is greater than 2 trilions. The ninth, 2% (2~ 1),
was discovered by P. Seelhoff (Zedtschrift fiir Math. u. Physik xxX1., 1886,
PD- 174—38) and verified by Lucas (Mathésis vii. pp. 45—46) ; Hultsch also
wrote upon it (Abkandlungen der Gesellschat 4. Wissensch. zu Gottingen, 1897,
PD- 47 sq.); it has 37 digits.

Loria (7 periodo aureo della geometria greca, p. 39) gives further references.
He observes that the question of the existence of further prime numbers of
the form 2" —1 where »>61 is not yet solved; it would be, however, if it
were found possible to prove the empirical theorem of Catalan that, if 2" -1

is a prime number (=), the numbers ' = 22 — 1, 3" = 22 — 1 etc. will also be
prime numbers (“ Mélanges mathématiques” in Mémoires de la Société de Liéce,
2° Série, x11. p. 376). There have also been attempts, so far unsuccessful, to
solve the guestion whether there exist other “ perfect numbers” than those of
Euclid and, in particular, perfect numbers which are 044 (cf. several notes by
Sylvester in Comptes rendus cv1., 1888 ; Catalan, *“ Mélanges mathématiques” in
Mém. de la Soc. de Lidge, 2° Série, xv., 1888, pp. 205—7; C. Servais, in
Mathisis vir. pp. 228—z230 and VIIL pp. 92-——93, 135 ; E. Cesiro in Mathésis
VII. pp. 245—6 ; E. Lucas in Matkésis X. pp. 74~—176).
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aydwior, angle-less (figure) 1. 187
advvarov: 9 els 7O dd. drwaywyr, B di& Tob do.
detfes, 4 els 70 40. dyovsa drbdedis 1. 136

dkidoedrs, barb-like 1. 188

dkpos, extreme (of numbers in a series) II.
328, 367: (els) dkpov xal uéoov Abyov
Terufofar, “to be cut in extreme and
mean ratio” 11. 189

dNoyos, having no ratio, i7rational 11. 117-8:
2 relative term, resting on assumption or
convention (Pythagoreans) III. 1, It: use
of term restricted in Euclid 111, 12

dupNeta (ywrla), obtuse (angle) I. 181

dupBN\vydvios, obtuse-angled I. 187

dueprs, indivisible 1. 41, 268

dugplrohos (of curvilineal angles) 1. 178

dupicvpros (of curvilineal angles) 1. 178

draypdper ambd, to describe on, contrasted
with to comstruct (ovorhoacfar) 1. 348:
peculiar use of active participle, al lra
TeTpdywra draypdgovoal=straight lines on
which equal squares are descrited 111. 13

dradoyla, proportion: definitions of, inter-
polated 1I. 119

dvahoyor =drd Néyor, proportional or in pro-
portion: used as indeclinable adj. and as
adv. 1I. 129, 165: péon dvdhoyor, mean
proportional (of straight line) I1I. 129,
similarly uégos dvdloyor of numbers IL
295, 363 etc.: rplry (rpiTes) dvdloyo,
third proportional II. 214, 407-8: Terdpry
(rérapros) drdMoyor, fourth proportional
II. 215, 40Q: é&fs dvdloyor, in continued
proportion II. 346

dralvbuevos (Téwos), Treaswury of Adnalysis,
1. 8 10, 11, 138

drvdmwalw (Abyos), inverse (ratio), inversely IIL
i34

dracTpéparti, convertendo, in proportions 11,
135: analogous use otherwise than in
proportions 1II. 164

dvacrpopy Aéyov, “conversion” of a ratio 1L
I35

drasrpogucds (species of locus) 1. 330

H. E. III.

avgdies dviodres Yoos, unequal by unequal
by equal (of solid numbers)= scalene,
agnriokos, opnriokos or PBwulokos 1I. 290

dvopotopeptss, non-uniform 1. 40, 161-2

dropolws TeTaryuévwy v&v Noywy (of perturbed
proportion) in Archimedes i1. 136

dvravalpesis, § abry, definition of same ratio
in Aristotle (dvfugalpesis Alexander) II
r20: terms explained II. 121

drruremorfbra oxiuare, reciprocal (=recipro-
cally related) figures, interpolated def. of,
11. 189

dvTicTpod, conwersion 1. 236-4: leading
variety, % wponyounéry or B xuplws, ibid.

drirapkTos, non-existent 1. 129

dfwr, axis II1. 269

déparos, indeterminate: (of lines or curves)
1 160: (of problems) I. 129

draywyn, reduction 1. 1351 els 76 &dlvaror
1. 136

drepos, infinite: 9 énr’ dar. éxPalrouéry of
line or curve extending without limit and
not **forming a figure” 1. 160-1 : én’ dr. or
els dw. adverbial 1. 190: ér’ dm. Siarpelofu
1. 268 : Aristotle on '3 drepor I. 232~4

dmharys, breadthless: in definition of a line,
ufikos awharés, breadthless length 1. 158:
(of prime numbers) 11. 283

amwhobs, simple : (of lines or curves) I. 161—2:
(of surfaces) I. 170

amwbdetts, proof {one of necessary divisions of
a proposition) I. 129, 130

drokaracraricds, recurvent (=spherical), of
numbers II. 291

amworout), apofome, a compound irrational,
difference of two terms 111. 7: defined 11I.
158-9: wéons dmoroudy wpdry (Sevrépa),
first (second) apotome of a medial (straight
line) 111. 7, defined 111. 159-6o

dwrecfar, to meeet, occasionally to fouch
(instead of éparresfar) I. 57, IL 2: also
=to pass through, to lie oz 11. 79

dpufuds, number, definitions of, 11. 2860

dppyros, inexpressible, drrational: of Nbyos

34
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I. 137: dppmros diduerpos THs weumddos,
““irrational diameter of 5 (Plato)= /50,
1. 399, IIL. I2, 525

ap‘rta,ms dpreodivapor {Nicomachus) 11. 282

apriakis dpreos, even-times even 11. 281-2

dpridkis wepaads, even-times odd 1. 282—4,

dpriomépirros even-odd (Nicomachus etc.) II.
282

dprios (dpebués), even (number) II. 281

dovufBaros, incompatible 1. 129

dobuuerpos, incommensurable : d. pikec (wdvow)
incommensurable in length (only), durduet
““in square” III. 11

dodumTewros, not-meeting, non-secant, asym-
ploz‘z’csl 40, 161, 203: (of parallel planes)
1. 265

davvderos, incomposite : (of lines) I 160, 161:
(of surfaces) I. 170: (prime and) incom-
posite (of numbers) 11, 284

&rakros, unordered: (of problems) I.
(of irrationals) 1. 115, 1L 10

dropot ypappual, °¢indivisible lines’ 1. 268

128:

Bafos, depth 1. 158-9

Béos, base 1. 248—9

BeBnrévar, to stand (of angle standing on
circumference) I11. 4

Buwuiokos, altar-shaped (of *‘scalene”
numbers) 11. 290

solid

~yeyorérw (in constructions), * let it be (have
been) made” 1I. 248

veyovds v eln 70 émraxfév, *what was
enjoined will have been done ” 11. 8o, 261

yeypapfuw, let it be (lit. Zave deern) drawn”
1. 242

~yevbuevos, & € alrav, ‘“their product™ 11.
316, 326 etc.:
=‘the square of the one” II. 327

Yy, gnomon ¢.. : Democritus epl Sia-
Gopiis yr@uovos (’yuw/.u]s or yawwins?) 4§ wepl
Yaboios kikhov kal ogalpns 1. 40: (of
numbers) II. 289

ypapph, line (or curve) g.z.

ypapukds, linear (of numbers in one dimen-
sion) 11. 287 : {of prime numbers) 11. 2835
ypaupuikds, graphically 1. 400

ypageafar, “to be proved” {Aristotle) 1I. 120

dedopévos, given, different senses I.
Euclid’s 8efouéva or Data g.v.

delypara, ilinstrations, of Stoics 1. 329

3¢ 87, “‘thus it is required” (or ‘“‘is neces-
sary”}, introducing dtopiouds 1. 293

SevTepos, secondary (of numbers): in Nico-
-machus and Iamblichus a subdivision of
odd 11, 286, 287

dexbuevor, **admitting > (of segment of circle
admitting or containing an angle) 11.

Sudypuppa = proposition (Aristotle) I. 252

Juaupelofar (used of “‘separation” of ratios):
Swupebévra, separando, opp. to cvykeiuerva,
componendo 11. 168

dualpeats, point of division (Aristotle) 1. 163,
.170, 171: method of division (exhaustion)
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1. 285 : Euclid’s mepl Saipéoewv, On divi-
stons (of figures) 1. 8, 9, 18, 87, 110: Sial-
pesis Aéyov, se;»amtz'an, literally division,
of ratio 11. 135

duiperpos, diameter: of a circle, parallelogram
etc. 1. 185, 325: of sphere 1IL 270

Siaordoes, almost = “dimensions” 1. 157,
158, I11. 262 : Aristotle speaks of six 111. 263

SiacTarby, extended, &Y & ome way, érl dbo
two ways, éwl Tpla three ways (of lines,
surfaces and solids respectively) 1. 158,
170, 1II. 263

Sussrua, distance 1. 166, 167, 207 : (of radius
of circle) 1. 199: (of an angle) =divergence
L 176-

diefevyuéry (dvakoyla), disjoined = discrete
(proportion) 1I. 293

SeeNbvri, separande, literally dividendo (of
proportions) II. 135

Stefodirds (of a class of loci) 1. 330

Sunpruérn (dvaloyla), discrete (proportion), i.e.
in four terms, as distinct from continuous
(owexds, quvnuuéyn) in three terms 1. 131,

2

5Lﬁ)(903w, “Jlet it be drawn through” (=
duced} or “across” I. 280, II. 7

8 loov, ex aequali (of ratios) 11 136: &’
loov év TeTapayuéry aya)\o'yig, “‘ex aequali
in perturbed proportion ™ I 136

Sucbhoupos, twice-truncated (of pyramidal
numbers) 1I. 29I

6w;no’,uos-—(1) particular statement or defini-
tion, one of the formal divisions of a pro-
position 1. 129: (2) statement of condition
of possibility 1. 128, 129, 130, 131, 234,
243, 293 .

Surhdaios Abyos, double ratio: Surhagiwy Néyos,
duplicate ratio, contrasted with, II. 133
SYvams, power: =actual value of a sub-

multiple in units (Nicomachus) 1. 282:
=side of number not a complete square
(i.e. 7oof or surd) in Plato 1L 288, 290,

1L I, 2, 3: =sguare in Plato II. 294-5

dtvacfar, “to be side of square equal to”
L 13 ol Suwdpevar adrd, sides of squares
equal to them 1L 13: % B r7s A ,uet(‘ov
dtwarar 7y AZ, ‘‘the square on BC is
greater than the square on 4 by the square
on DF,” literally ** BC is in power greater
than 4 by DF” 111, 43

pro-

€eldos, figure 11. 234: =form II. 254

eloarywryh) appovikd, Introduction fo Harmony,
by Cleonides 1. 17

&kasros, each: curious use of, 1. 79

éxarépa éxarépg, meaning respectively 1. 248,

350

ékBeBNjobwoar, use of, 1. 244

éxeivos=Euclid 1. 400

ékOeois, sefting-out, one of formal divisions
of proposmon 1. 129 may sometimes be
omitted I. 130

éxbs, kart 70 {of an exferior angle in sense
of re-entrant) 1. 263: % éxros ywvla, the
exterior angle 1. 280
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éagowy, minor (irrational) straight line 111,
7 etc.

éhwkoedrls, spiral-shaped 1. 159

ENewupa, defect (in application of areas) 11, 262

elmew, ““fall short” (in application of
areas) II. 262

ENewns, falling-short (in application of areas)
I. 36, 343-5, 383~ )

éNumes wpbBimua, a deficient (=indetermi-
nate) problem 1. 129

éumlrrew, fall in (=be interpolated) I1. 358

éval\d£, alternately or (adjectivally) alternate
I. 308: évalhaf MNdvyos, alternate ratio,
alternando 11. 134

va mhelw, ‘‘several ones”
11. 280

évapuofew, to fit in (active) Book 1v. Def. 7
and Prop. 1, IL. 79, 8o, 81

&vowa, norlon, use of, I. 221

é‘uo‘rams, objection 1. 133

éyrés, within : (of internal contact of circles)
1L 13 kaTe TO év7ds or # évrds (7wv[a), of
an inlerior augle I 463, 280: % évrds kal
dmevavriov ywria, the interior and opposite
angle 1. 280 .

éEfjs dwdhoyov, in continued proportion (of
terms in geometrical progression) II. 346

érefebxfuoar (érifedyrvu, join) I 242

émiudpios Novyos, superparticularis ratio =ratio
(m+1): 2 11 205

éwiwedov, plare in Euclid, used for surface
also in Plato and Aristotle I. 169, III. 263

émrimedos (&pifuds), plane (number) 11. 287-8

émwpocfely, {mimpoofer elvai, to stand in
Jront of (hiding from view), in Plato’s
definitions of straight line and plane I.
165, 166

émipavea, surface :
Aristotle 111, 263

émdueva, consequents (= ‘“following” terms)
in a proportion II. 134, 238

érepopiks, oblong : érepbunxes, oblong (figure)
I. 151, 188: (of numbers) in Plato=mpo-
prkys, which however is distinguished from
érepoptxns by Nicomachus ete. I1. 289-go,

(def. of number)

in Euelid 1. 169: in

3

eu0u9, 79, the straight I. 159: edfeln (ypapus),
stra1ght line 1. 165-9

ebfuypauuixss, rectilinear (term for prime
numbers) II. 285

evfiypapuos, rectilineal 1. 187:
substantive 1. 346

ebBuuerpucds, euthymetric (of prime numbers)
1. 2853

épamreslatl, to touch 1. 57

épapublew, to coincide, épapubrecfar, to be
applied fo 1. 168, 224~5, 249

épexructs (of a class of loci) 1. 330

epetfs, “in order” 1. 181: of adjacent angles
1. 181, 278

neuter as

Ayobueva, antecedents (¢‘leading” terms) in
a proportion II. 134
#mep, than: construction after Surhaciwy ete.

11. 133

531

fewpypa, theorem, g.7.
Bupeés (shield)=ellipse 1. 165

{8iophiens, of square number (Iamblichus) 11

293

1’7!'7!'211 wédy, hippopede (horse-fetter), name
for a certain curve I. 162-3, 176

lgares lodkes Toos, equal multiplied by equal
and again by equal (of a cube number) 11
290, 201

lodres oos, equal multiplied by equal (6f a
square number) II. 29I

lodres loos ENarrovikes (uecfovdris), species of
solid numbers, =mAwbis (Soxls or oryAls)
II. 291

loouérpwr  oxqudrwr, wepl, On isometric
Jigures {Zenodorus) I 26, 24, 333

kdferos (ebfelo  ypapuud),
181-2, 271: ‘plane”
pendicular 1. 272

kahefofo, “let 1t be called,” indicating
originality of a definition II. 129

kaumiros, ‘curved (of lines) I. 159

karapueTpely, measure II I15: without re-
mainder,* completely * (r\ypotwrrws) 11. 280

karackevaiw, construct: TOr adrdy KaTa~
crevacfévror, “with the same construc-
tion™ IL 11

xaTacKevd, construction, or mackinery, one
of the divisions of a proposition 1. 129:
sometimes unnecessary I. 130

karaTouTy Kewbvos, Sectio canonzs of Euclid 1.
17, 1. 295

keloGw, “let it be made” 1. 269

kexappérn, bent (of lines) 1 159, 176

kévrpov, centre I. 183, 184, 199: of sphere
L. 270: % ék 0¥ révrpov=radius I. 199,
1. 2

keparoedys (yovla), korn-like (angle) 1. 177,
178, 182, 1I. 4, 39, 40

kA&r, to zreako_ﬁ" deflect, or tnflect: kexNdobat,
def of, alluded to by Aristotle 1. 118, 150,
176, 178, II. 447: kexhacuévy ypopuus,
defined by Heron I. 150, 159: kexhdofw
o wdAew 11 4%

kNdos, dreaking (of lines) 1. 176

k\oes, inclination: (of line to line) 1. 176:
(of straight line to plane or of plane to
plane) III. 263-4: duolws kexAlabaz, to be
similarly inclined 11I. 265

kot\oydvior, kollow-angled (figure), in Zeno-
dorus I. 27, 188

kowal &rvoar, Common Notions (=axioms)
1. 221—2: called also & xowd, kowal d6kat
(Arlstotle) L. 120, 221

kowd wposkelodw, agnpioiew, “%let there be
added to, subtracted from, each” 1. 276

kol Topd, common section (of planes) 111,

26

perpendicular I
and “*solid ” per-

xbovpos, fruncated (of pyramidal number
minus vertex) 1. 291

Kkopug, vertex : kard kopugrhy, vertical (angles)
L 278

kplros, ring {Heron) 1. 163
34—2
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Kvhkds, cyclic, a particular species of square
number II. 291

xkU\wdpos, cylinder 111, 271

x&vos, cone 1II. 270

Muua, lemma (=something assumed, Aap-
Bavbuevor) 1. 133—4

Abyos, ratio: meaning II. 117: definition of,
II. 116-9: original meaning (of something
expressed) accounts for use of &loyos,
having no ratio, irrational 11. 117

Aourds, remaining: Nowrs ) AA Aoy 74 BH
ton éoriv 1. 245

pelfwy, major (irrational straight line) 111. 7,
87-8 etc.

peporidofar, to be isolated, of upords, unit
(Theon of Smyrna) 11. 279

Mépos, part: two meanings 11. 115: generally
=submultiple 11. 280: uépy, paris (=proper
fraction) 11. 115, 280: uépy (=direction)
L. 190, 308, 323: (=side) I. 271

péan avdhoyor (ebfeia), uéoos dreloyor (dpif-
pbs), mean proportional (straight line or
number) 1I. 129, 295, 363 etc.

wéoos, “medial” (of a certain irrational
straight line or area) I1l. 49, 50 : 7 éx do
péowy wpdry (Bevrépa), ** the hrst (second)
bimedial (straight line)” 1r1. 7, 84-6:
wéons dmworoun mwpdrn (Beurépa), ¢ first
(second) apotome of a medial (straight
line)” 1. 7, 159-62: pyrov kal wéoor
Surapévny, *‘side of (square equal to) the
sum of a rational and a medial area”
1I1. 7, 88—9 : d¥o péoa Surauévy, ‘‘side of
the sum of two medial areas” nrL 7,
89-g0: % pmerd pnrol (uéoov) péoov T Shov
wowboa, ‘‘side of (square equal to) the
difference between a medial and a rational
(medial) area I111. 7, 1647

petéwpos, elevated (above a plane) 111 272

wh ydp, ‘“suppose it is not ” 11, 7

#kos, length 1. 158—¢9: in Plato =side of
complete square or length commensurable
with unit of length 11. 288, 111. 3: more
generally, of number 71 one dimension
1. 287-8

wapoedss, lune-like (of angle) I. 26, 201: 76
pmpoedés (oxHua), lune 1. 187

uikrds, “mixed” (of lines or curves) 1. 161,
162 : (of surfaces) I. 170

uovds, unit, monad : supposed etymological
connexion with uéves, solitary, mpors, rest
1L 279 povéas wpoohaBofoa féowr, definition
of a point 1. 155

povboTpogos €N, “¢ single-turn spiral 7 1. 122
3 7., 164-5: in Pappus=cylindrical helix
I. 165

veboews, inclinations, a class of problems
I. 150-1: vevew, to werge 1. 118, 150

Evorpoeidis, scraper-like (of angle) 1. 178

opoerdis, ‘‘of the same form” 1. 250
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ouoromepts, uniform (of lines or curves) I. 4o,
161-2

Suoos, similar: (of rectilineal figures) 11. 188:
(of angles) =equal (Thales, Aristotle) I.
252 : (of segments of circles) II. 5; (of
plane and solid numbers) I. 357, 11. 293

buotbrns Noyww, ¢ similarity of ratios ” (inter-
polated def. of proportion) 1I. 119

dpohoyos, homologous, corresponding 11. 134 :
exceptionally “in the same ratio with”
1. 238

dvoua, name or Zerm, in such expressions as
7 €éx 8o dvoudrwr, the binomial (straight
line) 111. ¥ etc.

éketa (ywrla), acute (angle) 1. 181

dfvydrios, acute-angled 1. 187

8wep &det etta (Or rorfjoat) Q.E.D. (or F.) 1. 57

Spboydwos, right-angled : as used of quadri-
laterals=rectangular 1. 188-9

opiopds, definition I. 143

8pos, definition 1. 143 : original meaning of,
I 143 : =boundary, limit 1. 182: =Zerm
in a proportion II. 131

Syus, visual ray 1. 166

wdrTy petalaufavduevar, ‘‘taken together in
any manner ” 1. 282

wapaBdN\ew, to apply (an area) : wapafdAiew
émd used, exceptionally, instead of mapa-
BdANew wapd or dvaypdpew dmwb 11 262

wapafoly Tdv xwplvr, application of areas
I. 36, 343—5: contrasted with JrepBoly
(exceeding) and EN\ews (falling-short) 1.
343: wepaBoly contrasted with edorrass
(constructdon) 1. 343 : application of terms
to conics by Apollonius I. 344-5

mwapddofos Témos, 6, The Treasury of Para-
doxes 1. 32

rapalhdrrw, *fall beside,” *‘sideways” or
“awry” 1. 262, II. 54

mapalyhemimedos (ad).), parallelepipedal=
“with parallel planes or faces’: orepedw
mapaA\nheriredor = *‘ parallelepipedal
solid,” not * solid parallelepiped” 111. 326

wapa AnAdypapuss, parallelogrammic (=pa-
rallel-lined) :  mwapaAAnhéypappor xwpioy
‘¢ parallelogrammic area,” shortened to
rapaAAy\Sypauuor, parallelogram 1. 325

wapaTAGpwua, complement (of a parallelo-
gram) g.o.

weyTdypopmuor II. 99

mwepaivovso, woodrns, *limiting quantity ”
(Thymaridas’ definition of unit) 11. 279

wépas, extremity I. 165, 182 : wépas ovyxheloy
(Posidonius’ definition of figzere) 1. 183

weptexouévn (of angle), wepiexduevor (of rect-
angle), contained 1. 370: 76 8ls wepiex-
wevor, rvice the rectangle contained 1. 380:
(of figure) contained or bounded 1. 182,
183, 184, 186, 187

wepioodris Gprios, oda-times ever 11. 282—4

wepioadKis wepioads, odd-times odd 11. 284

wepigadprios, odd-even (Nicomachus etc.)
11. 283

weptoobs, odd (number) II. 281
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wepipépera, circumference (includes are) 1. 184

repupeprs, circular I. 159

mepipepbypapmos, contained by a circum-
ference of a circle or by arcs of circles
. 182, 184

my)\lxos, how great: refers to continuous
(geometrical) magnitude as rogés to discrete
{multitude) 11. 116-7

myAbrys, used in v. Def. 3 and vi. Def. 5:
=sige (not guantuplicity as it is translated
by De Morgan) II. 116-7, 189-go: sup-
posed multiplication of wyhwdryres (VI
Def. 5) 1. 132: distinction between
myhucbrys and péyefos 1. 11%

whdros, breadth 1. 158-9: (of numbers) 11. 288

wAeovdov (mpbBAnua), ¢ (problem)in excess”
I 129

mhevpd, side: (of factors of *plane”
““solid ” numbers) 11. 288

whijfos dpiouévor or memepacuévov, defined
or finite multitude (definition of number)
1. 280 : éx uovddwy ocuykeluevoy mwAflos
(Euclid’s def.) 11. 280

wolarhaaid{ew, multiply : defined 11. 287

rolariacouds, multiplication: ka8’ émoc-
ovoly roamhadiaoudy, t* (arising) from any
multiple whatever” II. 120

mol\amAdaios, multiple : irdris rorhamhdota,
equimultiples 11. 120 etc.

méhos, a mathematical instrument 1. 370

roNUmAevpor, multilateral, many-sided fgure
1. 187: excludes Terpdwrhevpor, quadri-
lateral 11. 239

mropicacfar, to ““find” or
1. 248

wbpiopa, porism g.2.

woodkts woodks wogol, ‘“so many times so
many times so many” (of solid numbers,
in Aristotle) 11. 286, 290

wogdkis wogol, ‘SO many times so many” (of
plane numbers, in Aristotle) 11. 286

mwoody, gquaniity, in Aristotle 11. 115 : refers
to multitnde as wyMcor to magnitude Il
116—7

wploua, prism III. 268

mpéBAnua, problem g..

mwpoyyolueves, leading: (of conversion)=
complete 1. 2567 : mporryobpevov (fedpmual,
leading (theorem}, contrasted with converse
I. 257

wpousikns, oblong (of numbers): in Plato
= érepounrns, but distinguished from it by
Nicomachus etc. I1. 289-90, 293

mpbs, in geometry, various meanings of, 1. 277

wposavaypdipal, to draw on to: (of a circle) to
complele, when segment is given 11. 56

mpocapudfovoa (ebfeia) =**annex,” the straight
line which, when added to a compound ir-
rational straight line formed by subtraction,
makes up the greater “term, ? ie. the
negative ‘‘term” IIL. 19

mpogevpelv, to find in addition (of finding
third and fourth proportionals) 11. 214

wpbracis, enunciation 1. 129-30

wporelvw, to propound I. 128

and

“ fornish ” 1. 125,
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mporTifévar, to propose : ) mporefelva elfela,
any a551gned straight hne III. 11

mpGToL wpos dAMAous, (numbers) prime to
one another I 285-6

wpaTos, prime: two senses of,I. 146: I1. 284~5

wTdots, case 1. 134

mupauls, pyramid 111 268

pnrés, rational (literally *expressible”) I
137, 1L 117, 11I. I : a 7elalive term, un-
like deodumerpos {incommensurable) which
is a matural kind (Pythagoreans) 111, 1:
Ty BLci,ue'rpos 7fs mweumwddos, ‘ rational
diameter of 5 (=7, as approximation to
\/ao) 1. 399, IIL 12, 525 : pyrov kal uéoov
Suvauéry (=side of square equal to sum of
a rational and a medial area) etc. 111, 7

gquelor, point I. ¥55—6

oTdfum, a mathematical instrument I 341

arepebs, solid 11T. 262~3: of solid numbers
1. 290-1: oTeped ywvla, solid angle 1L
267-8: Ouowe oTeped oxfuera, similar
solid figures IIT. 263~

osreyud, point 1. 156

grouxelor, element 1. 114-6

orpoyyUhor, 74, the round (circular), in Plato
1. 159, 184

aTpoyyvhéTys, roundness I. 182

oUpuerpos, commensurable : ufxes, in length,
duvduet wovor, in square only ITI. 11

cvumépacua, condusiorn (of a proposition)
I. 129, I30

aivevsts, convergence I. 282

owexns, continuous: cuvexds dralovyia,
“ continuous proportion” (in three terms)
II. 131

cuvnupéry dvahoyla,connected (i.e. continuous)
proportion II. 131, 293: ownyuuévos of
compornd ratio in Archimedes 11 "33

ouwbévTi, componends I1. 134—5

gtvbeais Néyov, ‘‘composition of a ratio,”
distinct from compounding of ratios 1L
134-5

cruvge'ros, composite: (of lines or curves)
I. 160: (of surfaces) I. 170: (of numbers),
in Nicomachus and Jamblichus a sub-
division of odd 11. 286

auvioTagbal, construct: special connotation
I. 259, 289 : with évrés 1. 289 : contrasted
with TapaBdAhew (apply) 1. 343 = ol gvoTa-
hoeTas, osvsTalfoovTar, ¢ there cannot be
constructed ” I. 259, IL 53

ourTifnue, obykeuar (of ratios) II. 135, 189—
go: ouykelpera and Sapefévra  (com-
ponendo and separando) used relatively to
one another II. 168, 170

gloTyua povddwy, ¢ collection of units ” (def.
of number) 11. 280

svoeTnuaTwbs, collective II. 279

opaipa, sphere 111, 269

opaipicbs, spherical (of a particular species of
cube number) 11, 291

a@nkloros or cpnriokos, of solid number with
all three sides unequal (=scalene) 11. 290
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axéos, “relation”: wowt oxéos, “a sort of
relation” (in def. of ratio) 11. 116-%

FXNRATOYpapey, oxuaToypapla, representing
(numbers) by figures of like shape 1. 359

exyuaromroodoa or oxire mowdera, * fornung
a figure” (of a line or curve) I. 1601

radTowhens, of square number (Nicomachus)
1I. 293

-rm’;rémgs Nywy, “sameness of ratios” II. 119

Té\ews, perfect (of a class of numbers) 11.
203~

Tm?«?yz'uos, “ordered” : Terayuévor mpbSinua,
‘“ordered’ problem I 128: Terayuérn
draloyla, ** ordered” proportion II. 137

rerapaypévy dvalovyla, perturbed proportion
1. 136

Terparywriopubs, squaring, definitions of, 1. 149~
50, 410

Terpdywrov, square: sometimes (but not in
Euclid) any four-angled figure 1. 188

TeTpdmhevpor, quadrilateral I. 187: not a
“polygon™ II. 239

TpAue kUxhov, segment of a circle: ruduaros
ywria, angle ¢f a segment 11. 43 év TuRuaTL
vywric, angle 22z a segment 1I. 4

Touels {kikhov), sector (of a circle): gxvroto-
pekds Touets, ¢ shoemaker’s knife ” 11. 5

Tout, section, =point of section 1. 170, 171,
2781 kowd Tomh, “‘ common section ” IIL

2

To,uoe%ﬁ?fs (of figure), sector-like 1I. §

romkdy Gewpnua, locus-theovem: 1. 329

rémos, Jocus I. 320-31: =room Or space
I. 23 #z.: place (where things may be
found), thus rémos dvalvéuevos, Treasury
of Analysis 1. 8, 1o, wapddofos Tbwos,
Treasury of Paradoxes, 1. 329
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répvos, instrument for drawing a circle I. 37t

rocavramridoiov, ‘¢ the same multiple ” 11. 146

Tplywvov, triangle : 70 Tpiwholp, 70 8 AANG-
Awy, triple, interwoven triangle, =penta-
gram Ii. g9

rpirhdaios, triple, Tpurhasiwr, triplicate (of
ratios) I1. 133

rplwhevpor, three-sided figure 1. 18y

Tuyxdvew, happen: Tuxdv onuelor, any point
at random 1. 282: Tuyolca ywria, *‘ any
angle” 11. 212 : d&N\\a, & Zruyep, lodiis ToA~
Aamhdoia, ‘“other, chance, equimultiples”
I 1434

vmwepBoNy, exceeding, with reference to method
of application of areas I. 36, 343-%,
386—7

UmepreNs or vmrepréhstos, ‘“‘over-perfect” (of
a class of numbers) I1I. 293—4

vmrd, in expressions for an angle (% ¢wd BAT
ywria) 1. 249, and a rectangle L. 370

Ymodiwhdseos, sub-duplicate, = half (Nico-
machus) 1. 280

Umokelpevos, laid down or assumed: 76 Ymwo-
ketuevor émwiwedov, the plane of reference
1L 292

Uwéketrar, ‘‘is by hypothesis” I. 303, 312

bromoArawhdotos, submultiple (Nicomachus)
1. 280

vrorelvew, subtend, with acc. or iré and acc.
1. 249, 283, 330

#pos, height 11, 189

xwplov, area IL. 234

apiouérn ypappr, determinate line (curve),
“forming a figure” 1. 160
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al-Abbas b. Sa'‘id al-Jauhail I. 83

‘¢ Abthiniathus” (or ¢ Anthisathus™) 1. 203

Abd °l ‘Abbds al-Fadl b. Hatim, see an-
Nairizl

Abii ‘Abdallah Muh. b. Muadh al-Jayyani
1. go

Abt QAH al-Bagrl 1. 88

Abti*Ali al-Hasan b. al-Hasan b. al-Haitham
I. 88, 89

Abi Da’ad Sulaimin b, ‘Ugba 1. 83, go

Abi Ja'far al-Khazin 1. 77, 85

Ab@ Ja'far Muh. b. Muh. b al-Hasan
Nagiraddin at- Tisi, see Nasiraddin

Ab@t Muh. b. Abdalbaqi al-Bagdad al-Faradi
I. 8 ., go

Abii Muh. al-Hasan b. ‘Ubaidalidh b. Sulai-
min b. Wahb 1. 87

AbG Nasr Gars al-Na'ma 1. 90

Abii Nagr Mansir b. ‘Al b. Iriq 1. go

Abi Nagr Mub. b. Muh. b. Tarkhin b.
Uzlag al-Farabi 1. 88

Abl Sahl Wijan b. Rustam al-Kdhi 1. 88

Abi Smd Sinin b. Thabit b. Qurra 1. 88

Abi 'Uthmin ad-Dimashql 1. 25, 77

Abl ’l Wafi al-Bizjani I. 77, 83, 86

Abt Visuf Ya'qub b. Ishiq b. as- Sabbah al-
Kindi 1. 86

Abit Visuf Ya'qiib b. Mub. ar-Rizi 1. 86

Adjacent (épetfs), meaning 1. 181

Adrastus 11. 292

Aenaeas (or Aigeias) of Hierapolis I. 28, 311

Aganis 1. 27-8, 191

Ahmad b. al- Husam al-Ahwazi al-Katib 1. 89

Ahmad b. “Umar al- Karab151 1. 85

al-Ahwazi 1. 8g

Aigeias (? Aenaeas) of Hierapolis I. 28, 3II

Alcinous 11. 98

Alexander Aphrodisiensis I. 7., 29, I1I. 120

Algebra, geometrical I. 372-4: classical
method was that of Eucl. 11. (cf. Apol-
lonius) 1. 373: preferable to semi-alge-
braical method 1. 377-8: semi-algebraical
method due to Heron 1. 373, and favoured
by Pappus I. 373 : geometrical equivalents
of algebraical operations I. 374 algebraical
equivalents of propositions in Book 11, I.

372-3" eqmvalents in Book x. of pro-

posmons in algebra, /% -a\/A cannot be

equal to #, 11I. 58-6o: if a=\/b=x%\/y,
then a=x, b=y, I11. 934, 167-8
‘Alf b. Ahmad Abii’l Qasim al-Antaki 1. 86
Allman, G. J- 1. 1357, 318, 352, 1II. 18~

9: 439

Alternate: (of angles) 1. 308:
alternately 11. 134

Alternative proofs, interpolated I. 58, 59:
cf. 11, g and following 1. 22: that in
111. 10 claimed by Heron 11. 234

Amaldi, Ugo 1. 175, 179~80, 193, 20I, 3I3,
328, 1I. 30, 126

Ambigrous case 1. 306~7 : in VI. 7, II. 208-¢

Amphinomus 1. r25, 128, 130 7.

Amyclas of Heraclea 1. 117

Analysis (and synthesis) 1. 18 : definitions
of, interpolated, 1. 138, I1I. 442 : described
by Pappus 1. 138-9: mystery of Greek
analysis I11. 246: modern studies of Greek
analysis 1. 139: theoretical and problem-
atical analysis 1. 138: Z¥easury of Analy-
sis (rémos dralviueros) I. 8, 10, Ir, 138:
method of analysis and precautions neces-
sary to, 1. 130—40: analysis and synthesis
of problems I. 140—2: two parts of analysis
(a) Zransformation, (b} resolution, and two
parts of synthesis, (a) construction, (b)
demonstration 1. 141: example from
Pappus I. 141-2: analysis should also
reveal dwptouds (conditions of possibility)
I. 142: interpolated alternative proofs of
XIII. 1-5 by analysis and synthesis 1. 137,
UL 442-3

Analytical method I. 36 : supposed discovery
of, by Plato 1. 134, 137

Anaximander 1. 370, II. IXI

Anaximenes II 111

Anchor-ring 1. 163

Andron 1. 126

Angle: curvilineal and rectilineal, Euclid’s
definition of, 1. 176 sq.: definition criti-
cised by Syrianus 1. 176: Aristotle’s notion
of angle as kAdos I. 17 6 Apollonius’ view
of, as contraction 1. 176 157+ Plutarch and
Carpus on, I 177: to which category does
it belong? quantum, Plutarch, Carpus,
f““Aganis® I 177, Euclid 1. 178; quale,
Aristotle and Eudemus 1. 177-8: zelation,

{of ratios),
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Euclid 1 178: Syrianus’ compromise
1. 178: treatise on tke Angle by Eudemus
1. 34, 38, 177-8: classification of angles
{Geminus) I. 178-g: curvilineal and
““mixed” angles 1. 26, 198-q, korn-like
(reparoadis) I. 177, 178, 182, 265, II. 4,
39, 40, lune-like (paypoedis) 1. 26, 178-9,
scraper-like (Fvorpoadss) 1. 178: angle of a
segment I. 253, II. 4: angle of a semi-
circle 1. 182, 253, T1. 4: controversies about
“angle of semicircle” and Aornlike angle
1I. 39-42: definitions of angle classified
1. 179: recent Italian views I. 179-81:
angle as cluster of straight lines or rays
1. 180-1, defined by Veronese 1. 180: as
part of a plane (‘‘ angular sector ) 1. 179—
80: jar angle (Veronese etc.) 1. 18o-I,
269: three kinds of angles, which is prior
(ATistotle)? 1. 181~2: angles not less than
two right angles not recognised as angles
(cf. Heron, Proclus, Zenodorus) II. 47-9¢
did Euclid extend ‘“angle” to angles
greater than two right angles in vI. 337
11. 275~6 : adjacent angles 1. 181 : alternate
1. 308: szmilar (=equal) 1. 178, 182, 232:
vertical 1. 2498: exterior and intevior
(to a figure) 1. 263, 280: exferior when
re-entrant I. 263, in which case we have a
kollow-angled figure 1. 2%, 188, II. 48:
interior and opposite 1. 280: construction
by Apollonius of angle equal to angle
L. 296: angle in a semicircle, theorem of,
1. 31%~Q: ftrisection of angle, by con-
choid of Nicomedes 1. 2656, by quadratrix
of Hippias 1. 266, by spiral of Archimedes
. 267: dihedral angle 1I1. 264-5: solid
angle 111, 261, 267-8

Annex (wpocapubfovoa) =the straight line
which, when added to a compound ir-
rational straight line formed by subtraction,
makes up the greater “term,” i.e. the
negative ““term” III. 159

al-Antaki 1. 86

Auntecedents (leading terms in proportion) Ir.

134

“A.?lthisathus ? (or “ Abthiniathus”) 1. 203

Antiparallels: may be used for construction
of VI. 12, II. 21§

Antiphon 1. 77 35

Apastamba-Sulba-Sutra 1. 352 : evidence in,
as to early discovery of Eucl. I. 47 and use
of gnomon I. 360-4: Biirk’s claim that
Indians had discovered the irrational 1.
363—4: approximation to /2 and Thibaut’s
explanation 1. 361, 363-4: inaccurate
values of » in, I. 364

Apollodorus “ Logisticus ™ 1. 37, 319, 351

Apollonius : disparaged by Pappus in com-
parison with Euclid 1. 3: supposed by
some Arabians to be author of the ZZ-
ments 1. §: a “carpenter” I. g: on ele-
mentary geometry I. 42: on the Ze 1.
159: on the angle 1. 176: general defini-
tion of diameter 1. 325: tried to prove
axioms I. 42, 62, 222-3: his ¢‘general
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treatise’”- 1. 42: constructions by, for
bisection of straight line 1. 268, for a
perpendicular 1. 270, for an angle equal to
an angle I. 296: on parallel-axiom (?)
1. 42—3: adaptation to conics of theory of
application of areas I. 344-5: geometrical
algebrain, 1.373: Plane Loci,1.14, 259,330,
theorem from (arising out of Eucl. V1. 3),
also found in Aristotle I1. 1g8-200: Flane
veloes 1. 151, problem from, 11. 81, lemma
by Pappus on, II. 64-5: comparison of do~
decahedron and icosahedron 1. 6, III. 439,
512, 513: on the cocklias 1. 34, 42, 102:
on “unordered” irrationals 1. 42, 1135, ITI.
3,10, 246, 255-9: general definition of ob-
lique {circular) cone 111. 270: 1. 138, 188,
221, 222, 246, 259, 370, 373, IL 75, 190,
258, 1IL. 264, 267 .

Apotome: compound irrational straight line
(difference between two *‘terms™) IIL. 7:
defined 111. 158~9: connected by Theae-
tetus with harmonic mean 1. 3, 4:
biquadratic from which it arises 111, 7:
uniquely formed 11I. 167-8: first, second,
third, jfourth, fifth and sixth apotomes,
quadratics from which arising 11. 5~6,
defined 111. 177, and found respectively
(%. 83-90) 111. 178-90: apotome equivalent
to square root of fzzsZ apotome III. 190—4:
Jirst, second, thivd, fourth, fifih and sixth
apotomes equivalent to squares of apoforme,
Jfiwst apotome of a medial etc. 111, 212-29:
apotome cannot be binomial also 111. 2402 :
different from mediz! (straight line) and
from other irrationals of same series with
itself IT1. 242 : used to rationalise binomial
with proportional terms I11. 243-8, 252—4

Apotome ofp a medial (straight line): first and
second, and biquadratics of which they are
roots III. 4: first apotome of a medial
defined 111. 159-6o, uniquely formed Il
168-9, equivalent to square root of second
apotome III. 194-8: second apotome of a
medial, defined 111. 161-2, uniquely formed
I1I. 170-2, equivalent to square root of
Zird apotome II. 199-202

Application of areas 1. 36, 343-5: contrasted
with exceeding and falling-short 1. 343:
complete method equivalent to geometrical
solution of mixed quadratic equation I.
344—5, 383-35, 386-8, 1L 187, 258-60,
203-5, 260—7 : adaptation to conics (Apol-
lonius) 1. 344-5: application contrasted
with comstruction (Proclus) 1. 343

Approximations : 7/5 as approximation to \/2
(Pythagoreans and Plato) IT. 119: approxi-
mations to 4/3 in Archimedes and (in
sexagesimal fractions) in Ptolemy 1f. 119:
to 7 (Archimedes) 1L 119: to N 3500
(Theon of Alexandria) 11. 119 : remarkably
close approximations (stated in sexagesimal
fractions) in scholia to Book X., IT1. 523

¢ Agaton” 1. 88

Arabian editors and commentators I. 75—
go
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Arabic numerals in scholia to Book x.,
11th ¢., 1. 71, 1L 322

Archimedes: *‘ postulates” in, 1. 120, I23:
“porisms” in, I. TI#., 13: on straight
line 1. 166: on plane 1. 171~2: Liber
assumptorun, proposition from, II. 63:
approximations to 4/3, square roots of large
numbers and to m, II. 119: extension of
a proportion between commensurables to
cover incommensurables 1. 193 : *“ Axiom”
of (called however ¢lemma,” assumption,
by A. himself) 1. 234 : relation of ** Axiom”
to X. 1, IIL 15-6: ‘“Axiom?” already
used by FEudoxus and mentioned by
Aristotle I11. 16: proved by means of
Dedekind’s Postulate (Stolz) 1L 16: on
discovery by Eudoxus of method of ex-
haustion IIL. 365-6, 374: new fragment
of, “ method (&podos) of Archimedes about
mechanical theorems,” or égbdwov, dis-
covered by Heiberg and published and
annotated by him and Zeuthen 1I. 40, I11.
366-8, adds new chapter to history of
integral calculus, which the method actually
is, 111. 366-7: application to area of para-
bolic segment, z8:d.: spiral 6f Archimedes
1. 26, 2673 1. 116, 142, 225, 370, L. 136,
190, IIL. 2486, 270, 378, 52!

Archytas I. 20: proof that there is no
numerical geometric mean between 7z and
n+1 1L 293

Areskong, M. E. 1. 113

Arethas, Bishop of Caesarea I. 48: owned
Bodleian Ms. (B) 1. 47-8: had famous
Plato Ms. of Patmos (Cod. Clarkianus)
written 1. 48

Argyrus, Isaak 1. 74

Aristaeus 1. 138: on conics 1. 3: Solid Loci
1. 16, 329: comparison of five (regular
solid) fgures I. 6, I1. 4389, 513

Aristotelian Problemss 1. 166, 182, 187

Aristotle: on nature of elements 1. 116: on
first principles 1. 177 sqq.: on definitions
I. 117, 119—20, 143—4, 146~50: on distinc-
tion' between hypotheses and definitions
I. 119, 120, between hypotheses and
postulates I. 18, 119, between hypotheses
and axioms I. 120: on axioms I. 11g—21:
axioms indemonstrable 1. r2r1: on defini-
tion by negation 1. 156-7: on goinés 1.
155-6, 165: on ZJnes, definitions of, L
158-9, classification of, I. 159~60: quotes
Plato’s definition of straight line 1. 166:
on definitions of suzface 1. 170: definition
of “body” as that which has three
dimensions or as * depth” 111. 262 : body
“bounded by surfaces” (émumrédos) ITI
263: speaks of szx ‘¢ dimensions *’ 111. 263
definition of sphere 111. 269: on the angle
1. 176-8: on priority as between right and
acute angles 1. 18r-2: on jfigure and
definition of, 1. 182-3: definitions of
“squaring” 1. 149-50, 470: on parallels
I. 19o-2, 308~Q: on gnomon 1. 351, 355
359: on attributes xare wavrés and wporor
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xafblov I. 319, 320, 325: on the objection
1. 135 On reductiorn 1. 135: on reductic ad
@bsurdum 1. 136 on the infinite1. 2324
supposed postulate or axiom about diver-
gent lines taken by Proclus from, 1. 43,
207 : gives pre-Euclidean proof of Eucl. 1.
5:1. 252—3: on theorem of angle in a semi-
circle I. 149; has proof (pre-Euclidean)
that angle in semicircle is right 11. 63:
on sum of angles of triangle I. 319-21:
on sum of exterior angles of polygon I.
322: on def. of same ratio (= same
dvravalpesis) 11. 120-I : on propottion as
‘“equality of ratios™ 11. 119: on theorem in
proportion (alternardo) not proved generally
till his time IT. 113 on proportion in three
terms (curexis, continuousf)), and in four
terms (Ouypnuévn, discrete) II. 131, 293 ¢ on
alternate ratios 11. 134 : on #1verse ratio I1.
134, 149: on similar rectilineal figures 11.
188: has locus-theorem (arising out of
Eucl. vi. 3) also given in Apollonius’
Plane Loci 11. 1982001 on wnit I1. 279:
on number 11. 280: on non-applicability of
arithmetical proofs to magnitudes if these
are not numbers I1. 113: on definitions of
odd and even by one another 11. 281: on
prime numbers II. 284~5: on composite
numbers as plane and solid 11. 286, 288,
290: on representation of numbers by
pebbles forming figures 11. 288: gives
proof (no doubt Pythagorean) of incom-
mensurability of /2, IIL. 2: I. 38, 45, 117,
150 7., 181, 184, 183, 187, 188, 195, 202,
203, 221, 222, 223, 226, 259, 262-3, 283,
1. 2, 4, 22, 79, 112, 135, §40, 159, 160,
163, 184, 188, 189, I1II. 4

Arithmetic, Elements of, anterior to Euclid
. 20%

al-Arjé,rgﬁ, Ibn Rahawaihi 1. 86

Ashkil at-ta’sis 1. § 7.

Ashraf Shamsaddin as-Samarqgandi, Muh. b.
L 52, 89

Astaroff, Ivan I. 113

Asymptotic (non-secant) : of lines I. 40, 1671,
203 : of parallel planes 1. 265

Athelhard of Bath 1. 78, 93-6

Athenaeus of Cyzicus 1. 117

August, E. F. 1. 103, IL. 23, 25, 149, 238,
256, 412, 1IL. 2, 48

Austin, W.1. 103, 111, 1I. 172, 188, 211, 259

Autolycus, Or the moving sphere, 1. 17

Avicenna, I. 77, 89

“Axiom of Archimedes” I1I. 15-6: already
used by Eudoxus, I11. 15, and mentioned by
Aristotle, 111, 16: relation of, to Eucl. x.
1, III. 15-6

Axioms, distinguished from postulates by
Aristotle I. 118-9, by Proclus (Geminus
and ‘‘others”) 1. 40, 121-3: Proclus on
difficulties in distinctions I. 123—4: distin-
guished from hypotheses, by Aristotle 1.
120~1, by Proclus I. 121~-2 : indemonstrable
I. 121: attempt by Apollonius to prove 1.
222-3 : = ““common (things)” or “common
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opinions” in Aristotle 1. 120, 221: com-
mon to all sciences 1. 119, 120: called
¢ common notions ” in Eueclid 1. 121, 221:
which are genuine? I 221 sqq.: Proclus
recognises five 1. 222, Heron three I. 222:
interpolated axioms I. 224, 232: Pappus’
additions to axioms I. 25, 223, 224, 232!
axioms of congruence, (1) Euclid’s Common
Notion 4, 1. 224-7, (2) modern systems
(Pasch, Veronese and Hilbert) 1. 228-31:
““axiom” with Stoics = every simple
declaratory statement I. 41, 221: axioms
tacitly assumed, in Book v., II. 137, in
Book vi., II. 294

Axis: of sphere IiL. 261, 269: of cone IIL
261, 271: of cylinder 111. 262, 271

Babylonians: knowledge of triangle 3, 4, 5,
1. 352: supposed discoverers of ¢ harmonic
proportion ” 1L 112

Bacon, Roger I. g4

Baermann, G. F. 11. 213

Balbus, de mensuris 1. 91

Baltzer, R. I1I. 30

Barbarin 1. 219

Barlaam, arithmetical commentary on Eucl.
L., I. 74

Barrow:7on Eucl. v. Def. 3, 1. 117: on
v. Def. 5, 1. 121: I. 103, I05, 110, IIY,
1. 56, 186, 238

Base: meaning 1. 248-9: of cone L 262:
of cylinder 1II. 262 ’

Basel editio princeps of Eucl., 1. 100-1

Basilides of Tyre 1. 5, 6, 111 312

Bandhiyana Sulba-Siitra 1. 360

Bayfius (Baif, Lazare) I. roo

Becker, J. K. 1. 174

Beez 1. 176

Beltrami, E. 1. 219

Benjamin of Lesbos I. 113

Bergh, P. 1. 400-1

Bernard, Edward 1. xoz

Besthorn and Heiberg, edition of al-Hajjdj’s
translation and an-Nairizi's commentary
I 22, 25 7., 79#%.

Bhaskara 1. 355

Billingsley, Sir Henry, 1. 10g-10, IL 56, 238,
1L 48 '

Bimedial (straight line): first and second,
and biquadratic equations of which they
are roots IIL. 7: first bimedial defined 1r1.
84-5, equivalent to square root of second

binomial 111. 84, 120-3, uniquely divided '

I 94-5: second bimedial defined 1IIL
85~7, equivalent to square root of third
binomial 111, 84, 124-3, uniquely divided
I 95-7

Binomial (straight line): compound ir-
rational straight line (sum of two “terms”)
1r 7: defined 111. 83, 84: connected by
Theaetetus with arithmetic mean 1L 3, 4
biquadratic of which binomial is a positive
root IIL. 7: first, second, third, fourth,
Jfifth and sixth binomials, quadratics from
which arising 111. 5-6, defined III. 101-2,
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and found respectively (X. 48-53) 111. 102+
15, are equivalent to squares of binomial,
first bimedial etc. 1I1. 132—458: binomial
equivalent to square root of firs¢ binomial
1I. 116-20: binomial uniquely divided,
and algebraical equivalent of this fact 111
92—4: cannot be apofome also IIl. 240-2:
different from medial (straight line) and
from other irrationals (first bimedial etc.)
of same series with itself 111. 242: used to
rationalise apotome with proportional terms
111, 248-52, 252—4

al-Bir{ini 1. go

Bj6rnbo, Axel Anthon 1. 172, 93

Boccaccio 1. 96

Bodleian Ms. (B) 1. 47, 48, III. 521

Boeckh 1. 351, 371 -

Boethius 1. 92, 95, 184, II. 295

Bologna ms. (b) 1. 49

Bolyai, J. 1. 219

Bolyai, W. 1. r74-5, 219, 328

Bolzano 1. 16y

Boncompagni 1. 93 7., 104 %.

Bonola, R. 1. 202, 219, 237

Borelli, Giacomo Alfonso 1. 106,194, 11. 2, 84

Boundary (8pos) 1. 182, 183

Brdkenhjelm, P. R. 1. 113

Breadth (of numbers) =second dimension or
factor I1. 288

Breitkopf, Joh. Gottlieb Immanuel 1. g%

Bretschneider 1. 136 %., 137, 295, 304, 344,
354, 358, 111 439, 442

Briconnet, Frangois I. 1oo

Briggs, Henry 1. 102, II. 143

Brit, Mus. palimpsest, 7th—8th c., I. 50

Bryson, 1. 82

Birk, A. 1. 332, 360—4

Biirklen 1. 179

Buteo (Borrel), Johannes I. 104.

Cabasilas, Nicolaus and Theodorus 1. 72

Caiani, Angelo I. 101

Camerarius, Joachim 1. ror, IIL. 523

Camerer, J. G. 1. 103, 293, II. 22, 2§, 28,
33, 34 49, 07, 121, 131, 189, 213, 244

Camorano, Rodrigo, I. 112

Campanus, Johannes I. 3, 78, 94-6, 104,
106, 110, 407, II. 28, 41, 56, 9o, 116, 119,
121, 146, 189, 2I1, 234, 235, 253, 275,
320, 322, 328

Candalla, Franciscus Flussates (Frangois de
Foix, Comte de Candale) I. 3, ro4, Iro,
1. 189

Cantor, Moritz 1. 772., 20, 272, 304, 318,
320, 333, 352, 355, 3578, 360, 401, IL 5,
40, 97, 111 8, 15, 438

- Cardano, Hieronimo II. 41, 111 8

Carduchi, L. 1. r1z

Carpus, on Astronomy, I. 34, 43: 45, 127,
128, 177

Case, technical term I. 134: cases inter-
polated 1. 58, 59: Greeks did not infer
limiting cases but proved them separately
. 75 :

Casey, J. I1. 227
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Casiri, 1. 4 7., 97

Cassiodorius, Magnus Aurelius 1. g2

Catalan 111. 327

Cataldi, Pietro Antonio 1. 106

Catoptrica, attributed to Euclid, probably
Theon’s 1. 17: Catoptrica of Heron 1. 21,
253

Cauchy 111. 267 : proof of Eucl. %1. 4, 111. 280

“ Cause ” : consideration of, omitted by com-
mentators I. 19, 45: definition should state
cause (Aristotle) 1. 14¢: cause=middle
term (Aristotle) 1. 149: question whether
geometry should investigate cause (Gemi-
nus), 1. 45, 1507%.

Censorinus 1. g1

Centre, révrpov 1. 1843

Ceria Aristorelica 1. 33

Cesaro, E. 111. 527

“ Chance equimultiples” in phrase * other,
chance, equimultiples” I1I. 1434

Chasles on Porisms of Euclid 1. 10, 11, 14, 13

Chinese, knowledge of triangle 3, 4, 3,
L. 352: ‘““Tcheou pei” I. 353

Christensen 1I1. 8

Chrysippus 1. 330

Chrystal, G. 111, 19

Cicero 1. 91, 351

Circle: definition of, I. 183-3: = round,
grpoyydhor (Plato), 1. 184: = mepipepd-
ypopuov (Aristotle) 1. 184: a plane figure
I. 183—4: exceptionally in sense of *“cir-
cumference ™ II. 23: centre of, 1. 184~5:
pole of, 1. 185: bisected by diameter
(Thales) 1. 185, (Saccheri) 1. 185~6: inter-
sections with straight line 1. 237-8, 272—4,
with another circle 1. 238-40, 242-3,
293—4: definition of *‘equal circles™ 11. 2:
circles zouching, meaning of definition,
1. 3: circles Intersecting and touching,
difficulties in Euclid’s treatment of, 1I.
25~7, 28~9, modern treatment of, I1. 30-2

Circumference, wepigépeia, 1. 184

Cissoid, 1. 161, 164, 176, 330

Clairaut 1. 328

Clavius (Christoph Schliissel) 1. 103, 105, 194,
232, 381, 391, 407, IL. 2, 47, 42, 47, 49,
53, 50, 67, 70, 73, 130, 170, I90, 231, 238,
244, 271, IIl. 273, 331, 347, 350, 359, 433

Claymundus, Joan. I 101

Cleonides, [ntroduction to Harmony, 1. 17

Cochlias or cocklion (cylindrical helix) 1. 162

Codex Leidensis 399, 1: I. 22, 27 7., 792.

Coets, Hendrik, 1. 109

Commandinus I. 4, 102, 103, 104—5, 106,
110, II1, 407, 1I. 47, 130, 1go: scholia
included in translation of Elements 1. 73 :
edited (with Dee) De divisionibus 1. 8,
9, IIo

Commensurable : defined 111, 10: com-
mensurable iz Jeng?i, commensurable iz
square, and commensurable 72z sguareronly
defined 1II. 10, TI: symbols used in notes
for these terms III. 34

Commentators on Eucl. criticised by Proclus .

1. 19, 26, 45
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Common Notions: =axioms I. 62, 120-1,
221-2: which are genuine? 1. 221 sq.:
meaning and appropriation of term 1. 221:
called ““axioms” by Proclus 1. 221

Complement, waparhipwpa: meaning of, 1.
341! ‘“‘about diameter” 1. 341: not
necessarily parallelograms 1. 341: use for
application of areas I. 3423

Componendo (cuvbévry), denoting * composi-
tion” of ratios ¢.2.: componends and
separands used relatively to each other
I 168, 170

Composite, atrferos: (of lines) 1. 160: (of
surfaces) I. 170: ‘(of numbers) I 286:
with Eucl. and Theon of Smyrna composite
numbers may be even, but with Nicom.
and Iamblichus are a subdivision of ¢dd I1.
286, plane and solid numbers are species
of, 11. 286

¢ Composite to one another” (of numbers)
1. 2867

Composition of ratio (cvwfesis Adyov), de-
noted by componende (cuww8érri), distinct
from compounding ratios II. 134~3

Compound ratio: explanation of, 1L 132—-3:
(interpolated ?) definition of, 11. 18¢—90, I1I.
522: compounded ratios in v. 20-3, IL
176-8

Conchoids 1. 160~1, 2635-6, 330

Conclusion, svprépacue: necessary part of 2
proposition I. 129-30: particular con-
clusion immediately made general 1. 131:
definition merely stating conclusion 1. 149

Cone: definitions of, by Euclid 11. 262, 270,
by Apollonius 111. 270! distinction between
right-angled, obtuse-angled and acute-
angled cones a relic of old theory of
conics IT1. 270: similar comes, definition
of, 11 262, 271

Congruence-Axioms or Postulates: Common
Notion 4 in Euclid I. 224-5: modern
systems of (Pasch, Veronese, Hilbert) I.
228~31

Congruence theorems for triangles, recapitula-
tion of, I. 305-6

Conics, of Euclid, 1. 3, 16 of Aristaeus, 1. 3,
16: of Apollonius 1. 3, 16: fundamental
property as proved by Apollonius equi-
valeut to Cartesian equation I.344-35: focus-
directrix property proved by Pappus 1. 15

Consequents (**following” terms in a pro-
portion) II. 134

Constantinus Lascaris 1. 3

Construct (cuvicracfur) contrasted with
describe on 1. 348, with agply lo 1. 343:
special connotation I. 259, 289

Construction, Katackev, one of formal
divisions of a proposition I. r29: some-
times unnecessary I. I30: turns nominal
into real definition 1. 146: mechanical
constructions I. 151, 387

Continuity, Principle of, 1. 234 sq., 242, 272,
2

Can%‘gnuam proportion (surexys or svrmuuérn
draloyla) in three terms YL 13
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Conwversion, geometrical : distinct from logical

L 256: ‘“‘leading” and partial varieties
of, 1. 256~7, 337

Conversion of ratio {(dvasrpogh Noyov), de-
noted by convertendo (dvasrpéfavry) II.
135 comvertendo theorem not established
by v. 19, Por. II. 174-5, but proved by
Simson’s Prop. E. 11. 175, 111. 38 : Euclid’s
roundabout substitute I11. 38

Conwvertendo denoting “ conversion” of ratios,
g.v.

Copernicus 1. rorx

Cordonis, Mattheus 1. g7

Corresponding magnitudes 11. 134

Cossali 111. 8

Cratistus I. 133

Crelle, on the plane 1. 1724, 1. 263

Ctesibins 1. 20, 21, 39 7.

Cube: defined 111, 262: problem of in-
cribing in sphere, Euclid’s solution III.
478-80, Pappus’ solution 111. 480: duplica-

tion of cube reduced by Hippocrates of

Chios to problem of two mean propor-
tionals I. 135, II. 133: cube number, de-
fined 11. 291: two mean proportionals
between two cube numbers II. 294, 364~5

Cunn, Samuel 1. 111

Curtze, Maximilian, editor of an-Nairizi
1. 22, 78, 92, 94, 96, 97 7.

Curves, classification of : see line

Cyclic, of a particular kind of square number
IL. 291

Cyclam?zthz’a of Leotaud 1I. 42

Cylinder: definition of, III. 262:
,cylinders defined r11. 262

Cylindrical helix 1. 161, 162, 329, 330

Czecha, Jo. 1. 113

similar

Dasypodius (Rauchfuss) Conrad 1. 73, ro2
Data of Euclid: 1. 8, 132, 141, 383, 391:
Def. 2, 11. 248: Prop. 8, II. 249-50:
Prop. 24, I1I. 246-7: Prop. 55, II. 254:
Props. 56 and 68, 11. 249: Prop. 38, IL
263-5: Props. 59 and 84, II. 266-7:

Prop. 67 assumes part of converse of

Simson’s Prop. B (Book VI.) IL 224:
Prop. 70, I1I. 250: Prop. 8s, II. 264:
Prop. 87, 11. 228: Prop. 93, I1. 227

Deahna 1. 174

Dechales, Claude Frangois Milliet 1. 106,
ro7, 108, 110, II. 259

Dedekind’s theory of irrational numbers
corresponds exactly to Eucl. v. Def. s,
1I. 124-6; Dedekind’s Postulate and
applications of, 1. 235—40, Iil. 16

Dee, John 1. 109, rio; discovered De
divisionibus 1. 8, 9

Definition, in sense of *‘closer statement”
(8eopiopés), one of formal divisions of a pro-
position I. 129: may be unnecessary I. 130

Definitions: Aristotle on, I. 117, 119, 120,
143: a class of fhesis (Aristotle} I. 120:
distinguished from hypotheses 1. 119, but
confused therewith by Proclus 1. 121-2:
must be assumed I. 117-9, but say nothing
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about existence (except in the case of a few
primary things) 1. 119, 143: terms for, dpos
and dpiouds 1. 143: 7eal and nmominal
definitions (real=nominal plus postulate
or proof), Mill anticipated by Aristotle,
Saccheri and Leibniz 1. 143-5: Aristotle’s
requirements in, 1. 146-50, exceptions
L 148: should state cause or middle term
and be gernetic 1. 149-50: Aristotle on un-
scientific definitions (éx wh wporépwy) 1.
148-9: Euclid’s definitions agree generally
with Aristotle’s doctrine L. 146: inter-
polated definitions 1. 61, 62: definitions
of technical terms in Aristotle and Heron,
not in Euclid 1. 150

De levi ef pomderoso, tract 1. 18

Demetrius Cydonius 1. 72

Democritus 1. 38: On difference of gnomon
ete. (? on “‘angle of contact”) 11. 40: on
parallel and infinitely near sections of cone,
I1. 40, I11. 368: stated, without proving,
propositions about volumes of cone and
pyramid, II. 40, III. 366: was evidently
on the track of the infinitesimal calculus
111. 368: treatise on irrationals (wepl d\dywr
Ypauudy kal vacridv §) 111 4

De Morgan, A.: I. 246, 260, 269, 284, 291,
298, 300, 309, 313, 314, 315 369, 376,
IL. 5, 7, 9-10, I1, 1§, 20, 22, 29, 50, 76-7,
83, 101, 104, 116-9, 120, 130, 139, 145,
197, 202, 2178, 232, 233, 234, 272, 275
on definition of ratio II. 116-7: on ex-
tension of meaning of ratZo to cover
incommensurables 11. 118: means of ex-
pressing ratios between incommensurables
by approximation to any extent II. r18-g:
defence and explanation of v. Def. 5, IL
121—4: on necessity of proof that tests for
greater and less, or greater and equal,
ratios cannot coexist II. r3o-1, 157: on
compound ratio II. 132~3, 234: sketch of
proof of existence of fourth proportional
(assumed in V. 18) II. 171; proposed
lemma about duplicate ratios as allernative
means of proving VI. 22, II. 246-7: on
Book X., 1II. 8

Dercyllides 11. 111

Desargues 1. 193

Describe on (dvaypdgew émwb) contrasted with
construct 1. 348

De Zolt 1. 328

Diagonal (duaywvios) 1. 185

“Diagonal” numbers: see “Side-” and
“ diagonal- "’ numbers

Diameter (diduerpos), of circle or parallelogram
1. 185: of sphere I1II. 261, 269, 270:
as applied to figures generally 1. 325;
““rational ¥ and “irrational ¥ diameter of
5 (Plato) 1. 399, taken from Pythagoreans
I. 399-400, IIL 12, 525

Dihedral angle =inclination of plane to plane,
measured by a plane angle 111, 264—5

Dimensions (cf. Swordoes), 1. 157, 1581
Anristotle’s view of, I. 158-9g, IIL. 262-3,
speaks of six I1I. 263
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Dinostratus 1. 117, 266

Diocles 1. 164

Diodorus 1. 203

Diogenes Laertius I. 37, 305, 317, 35T, IIL. 4

Diophantus 1. 86

Diorismus (Swopispbs)={(a) *‘definition” or
‘¢ specification,” a formal division of a
proposition 1. 129: (4) condition of possi-
bility 1. 128, determines how far solution
possible and in how many ways 1. 130-1,
243 diorismisald to have been discovered
by Leon 1. 116; revealed by axalysis
1. 142 introduced by 8¢ 84 1. 293: first
instances in ZHlements 1. 234, 293: .for
solution of quadratic 11. 259

Dippe 1. 108

Direction, as primary notion, discussed I.
179: direction-theory of parallels I. 191~2

Discretz proportion, Gippyuévn or Seevyuévn
&r¥hovyla, in four terms, II. 131, 293

 Dissimilarly ordered” proportion (drouolws
Terayuévwv T ANoywr) in Archimedes
=" perturbed proportion” II. 136

Distance, Sudorqua: = radius I. 199: in
Aristotle has usual general sense and
= dimension I. 99

Dividendo (of ratios): see
separando

Division (method of), Plato’s 1. 134

Divisions (gf figures), treatise by Euclid, 1.
8, 9: translated by Muhammad al-Bagdadi
1. 8: found by Woepcke in Arabic I. g,
and by Dee in Latin translation I. 8, g:
I. 110: proposition from, II. 35

Dodecahedron: decomposition of faces into
elementary triangles 1I. ¢8: definition of,
111. 262: dodecahedra found, apparently
dating from centuries before Pythagoras
III. 438, though said to have been dis-
covered by Pythagoreans 7béd.: problem
of inscribing in sphere, Euclid’s solution
11I. 493, Pappus’ solution III. s01-3

Dodgson, C. L. 1. 194,254,261,313,11.48,275

Dou, Jan Pieterszoon I. 108

Duhamel, J. M. C. 1. 139, 328

Duplicate ratio 11. 133 ; Strhaciwy, duplicate,
distinet from 8urhdowos, double (= ratio
2 : 1), though use of terms not uniform
11. 133 : “duplicate” of given ratio found
by vI. 11, II. 214: lemma on duplicate
ratio as alternative to method of VI. 22
(De Morgan and others} II. 2427

" Daplication of eube ; reduction of,"by Hippo-
crates, to problem of finding two mean
proportionals I. 135, 11.133: wrongly sup-
posed to be alluded to in Zimaens 32 A, B,
11 294—3 #.

Separation,

Egyptians 1I. r12: knowledge of right-angled
triangles 1. 352: view of mumber 11. 280
Elements : pre-Enclidean Elements, by Hip-
pocrates of Chios, Leon 1. 116, Theudius
1. 117: contributions to, by Eudoxus L 1,
37, Il. 112, IIL 1%, 365-0, 374, 441, The-
aetetus 1. 1, 37, 1iL. 3, 438, Hermotimus of
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Colophon I. 117; Euclid’s Elements, ulti-
mate aims of, I. 2, 1¥5-6; commentators
on, I. 19—45, Proclus I. 19, 29—45 and
passim, Heron 1. 20-24, an-Nairizl I. 21—
4, Porphyry 1. 24, Pappus I. 247,
Simplicius 1. 28, Aenaeas (Aigeias) I. 28:
MsS. of, 1. 46-51: Theon’s changes in text
1. 54-8: means of comparing Theonine with
ante-Theonine text 1. 51—3: interpolations
before Theon’s time 1. 58~63: scholia I.
64~74, 1II. 5201-3: external sources
throwing light on text, Heron, Taurus,
Sextus Empiricus, Proclus, Iamblichus 1.
62—3: Arabic translations (r) by al-ajjaj
1. 75, 76, 79, 80, 83~4, (2) by Ishaq and
Thabit b. Qurra 1. 75-80, 83~4, (3) Nasirad-
din at-Tisi 1. 77-80, 84: Hebrew transla-
tion by Moses b. Tibbon or Jakob b.
Machir 1. 76: Arabian versions compared
with Greek text 1. 79~83, with one another
1. 83, 84: translation by Boethius 1. g2:
old translation of 1oth ¢. 1. 92 ; translations
by Athelhard 1.93-6, Gherard of Cremona
1. 93—4, Campanus 1. 94-6, 97-100 etc.,
Zamberti 1. g8—100, Commandinus I. 104~
5: introducion into England, 1oth c.,
1.95: translation by Billingsley 1. 109~-10:
Greek texts, editio princeps 1. 1oo-I,
Gregory’'s 1. 102-3, Peyrard’s 1. 103,
August’s 1. 103, Heiberg’s passim: trans-

. lations and editions generally I. g7-113:
writers on Book X., 111. 8—9: on the nature
of dlements (Proclus) 1. 114-6, (Menaech-
mus) I. rig, (Aristotle) 1. 116: Proclus on
advantages of Euclid’s Elements 1. 115:
immediate recognition of, 1. r16: first
principles of, definitions, postulates, com-
mon notions (axioms) I. 117—24: technical
terms in connexion with, 1. 125-42: no
definitions of such technical terms I. r50:
sections of Book 1., 1. 308

Elinuam 1. 95

Eunestrom, G. 1IL. 321

Engel and Stickel 1. 219, 321

Enriques, F. 1. 157, 173, 193, 195, 201, 313,
1I. 30, 126

Enunciation (wpbrasis), one of formal di-
visions of a proposition 1. 129-30

Epicureans, objection to Eucl. 1. 20, L 41,
287: Savile on, 1. 287

Equality, in sense different from that of
congruence (= equivalent,” Legendre) 1.
27-8: two senses of equal (1) **divisibly-
equal” (Hilbert) or ‘“equivalent by -sum”
{Amaldi), (2) **equal in content ”* (Hilbert)
or “equivalent by difference” (Amaldi)
I. 328: modem definition of, 1. 228

Equimultiples: ““any equimultig)les what-
ever,” lodkis moXhamhdoa xad’ dmoiovoly
woAaThagiaouéy II. I20: Stereotyped
phrase ““ other, chance, equimultiples”
11. 143~4: should include ozce each magni-
tude II. 145

Eratosthenes: I. 1, 162: contemporary with
Archimedes I. 1, 2 : Archimedes’*“Method”
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addressed to, I1IT. 366: measurement of

obliquity of ecliptic (23° 51’ 20”) II. 111
Errard, Jean, de Bar-le-Duc I. 108
Erycinus 1. 27, 290, 329
Escribed circles of triangle 11. 85, 86-7
Euclid: account of, in Proclus’ summary L. 1:

date 1. 1—2: allusions to, in Archimedes

L 1: (according to Proclus) a Platonist

I. 2: taught at Alexandria 1. 2: Pappus

on personality of, I. 3: story of (in

Stobaeus) I. 3: not ‘‘of Megara™ I. 3, 4:

supposed to have been born at Gela 1. 4:

Arabian traditions about, 1. 4, 5 : ““of Tyre”

L 4-6: ‘‘of TGs” 1. 4, 57.: Arabian

derivation of name (‘*‘key of geometry ")

L 6 : Elemerts, ultimate aim of, 1. 2, 115-6:

other works, Conics 1. 16, Pseudaria 1.7,

Data 1. 8, 131, 141, 385, 391, On divisions

(of figures) 1. 8, 9, Porisms 1. 10-15,

Surface-loci 1. 15, 16, Phaenomena 1. 16,

17, Optics 1. 1§, Elements of Music ox

Sectio Caroinis 1. 17, 11. 294—5: on ‘‘three-

and four-line locus” I. 3: Arabian list of

works I. 17, 18: bibliography 1. gr-r13
Eudemus 1. 29: On the Angle 1. 34, 38,

177-8: History of Geometry 1. 34, 35-8,

278, 2935, 304, 317, 320, 387, 1. 99, III,

1II. 3, 366, 524
Eudoxus 1. 1, 37, 116, II. 40, 99, 280, 295:

_discoverer of theory of proportion covering

incommensurables as expounded generally

in Bks. V., VI.,1. 137, 351, II. T12: on the

_golden section 1. 137 discoverer of method

of exhaustion 1. 234, II1. 365-6, 374: used

¢ Axiom of Archimedes” 111. 15: first to
prove theorems about volume of pyramid

{Eucl. x11. 7 Por.) and cone (Eucl. XII. 10),

also theorem of Eucl. XII. 2, III. 15:

theorems of Eucl. X11I. 1-5 probably due

to, I1I. 441 : inventor of a certain curve,
the Zippopede, horse-fetter 1. 163: possibly

wrote Sphaerica 1.17: 111. 442, 522, 523, 520
Euler, Leonhard 1. 401
Eutocius : I. 235, 35, 39, 142, 161, 164, 250,

317, 320, 330, 373: on * vi. Def. 5 and

meaning of mywédrys I1. 116, 132, 189-g0:

_gives locus-theorem from Apollonius’ Plane

Loci 11, 198-200
Even (number) : definitions by Pythagoreans

and in Nicomachus 11. 281: definitions of

odd and even by one another unscientific

(Aristotle) 1. 148-9, 11. 281: Nicom,

"divides even into three classes (1) ewen-

zimes even and (3) even-times odd as ex-

tremes, and (3) odd-fimes ever as interme-
diate 11, 282~3
Even-times evern: Euclid's use differs from

_use by Nicomachus, Theon of Smyrna and

Jamblichus 11. 281—2
Euen-times odd in Euclid different from ezesn-

odd of Nicomachus and the rest 11. 282—4
Lx aequali, of xatios, I11. 136 : ex aeguali pro-

positions (V. 20, 22), and ex aeguali *‘in

perturbed proportion” (v. 21, 23) I1. 176-8
Exhaustion, method of: discovered by
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Eudoxus 1. 234, IIL. 365-6: evidence of

Archimedes 111. 365-6: IIL. 374~7
Exterior and interior (of angles) 1. 263, 280
Extreme and mean ratio (line cut in) : defined,

11. 188: known to Pythagoreans I. 403,

1. 99, III. 19, 525: irrationality of seg-

ments of (apotornes) 1I1. 19, 449—5I
Extremzty, wépas, 1. 182, 183

Faifofer 1I. 126

Falk, H. 1. 113

al-Faradi 1. 8#., 9o

Fermat I11. 526—%

Figure, as viewed by Plato 1. 182, by
Aristotle 1. 182-3, by Euclid 1. 183:
according to Posidonius is confining
boundary only 1. 41, 183 figures bounded
by two lines classified 1. 187: angle-less
(dydwiov) figare 1. 187

Figures, printing of, 1. 97

Fihrist 1. 40, 50, 17, 21, 24, 25, 27; list
of Euclid’s works in, 1. 17, 18

Finaeus, Orontius (Oronce Fine) L 101, 1o4

Flauti, Vincenzo I. 107

Florence ms. Laurent. XxVIil. 3 (F) 1. 47

Flussates, see Candalla

Forcadel, Pierre 1. 108

Fourier: definition of plane based on Eucl.
X1 4, L. 173—4, IIL 263

Fourth proportional : assumption of existence
of, in v. 18, and alternative methods for
avoiding (Saccheri, De Morgan, Simson,
Smith and Bryant) 11. 170—4: Clavius made
the assumption an axiom 1I. ryo: sketch of
proof of assumption by De Morgan I1I. 171:
condition for existence of number which
is a fourth proportional to three numbers
II. 409-11I

Frankland, W. B. 1.- 173, 19g

Frischauf, J. 1. 174

Galileo Galilei: on angle of contact 11. 42

Gartz 1. 97.

Gauss I. 172, 193, 194, 202, 219, 321

Geminus: name not Latin 1. 38~9: title of
work (¢hokaXla) quoted from by Proclus
I. 39, and by Schol., 1II. g522: elements
of astronomy I. 38: comm. on Posidonius
1. 39: Proclus’ obligations to, 1. 39—42:
on postulates and axioms I. 122-3, I
522: on theorems and problems 1. 128:
two classifications of lines (or curves) I.
160-2: on homoeomeric (aniform) lines
I. 162: on ‘‘mixed” lines (curves) and
surfaces 1. 162: classification of surfaces
1. 170, of angles I. 178~9: on parallels
I. 191: on Postulate 4, I. 200: on stages
of proof of theorem of I. 32, 1. 317—20:
L 21, 27-8,37, 44, 45, 13372, 203, 265, 330

Geometrical algebra 1. 372—4: Euclid’s
method in Book 11. evidently the classical
method 1. 373: preferable to semi-alge-
braical method 1. 377-8

Geometrical progression IL. 346 sqq.: summa-
tion of 7 terms of (IX. 33) II. 420-1
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Geometric means I1. 357 sqqg.: One mean
between square numbers I1. 294, 363, or be-
tween similar plane numbers 1I. 371-2: two
means between cube numbers 11. 204, 364~5,
or between similar solid numbers 11. 373-5

Gherard of Cremona, translator of Elements
1. 93—4: of an-NairizI’s commentary I. 22,
04, 1I. 47: of tract De divisionibus 1. 9

Giordano, Vitale 1. 106, 176

Given, Sedouévos, different senses, 1. 1323

Gromon: literally “that enabling (something)
to be Znown” 1. 64, 370: successive senses
of, (1) upright marker of sundial, 1. 181,
185, 271—2, introduced into Greece by
Anaximander I 370, (2) carpenter’s square

. for drawing right angles 1. 371, (3) figure
placed round square to make larger square
1. 351, 371, Indian use of gnomon in this
sense 1. 362, (4) use extended by Euclid to
parallelograms 1. 371, {5) by Heron and
Theon to any figures 1. 371-2: Euclid's
method of dencting in figure 1. 383: arith-
metical use of, I. 358-60, 371, II. 289

“ Gnomon-wise ” (xard yrduova), old name
for perpendicular {«xdferos) 1. 36, 181, 272

Gorland, A. I. 233, 234

Golden section (section in extreme and mean
ratio), discovered by Pythagoreans 1. 137,
403, II. 99: connexion with theory of irra-
tionals I. 137, I11. 192 theory carried further
by Plato and Eudoxus 11. 9g: theorems of
Eucl. XIII. 1-5 on, probably due to Eu-
doxus III. 441

¢ Goose's foot ” (pes anseris), name for Eucl.

JIIL %7, 1. 99

Gow, James I. 135 7.

Gracilis, Stephanus I. 101-2

Grandi, Guido 1. 107

Greater ratio: Euclid’s criterion not the only
one II. 130: arguments from greater to less
ratios etc. unsafe unless they go back to
original definitions (Simson on V. 10} IL
156-7 : test for, cannot coexist with test
for equal or less ratio 1I. 130-1

Greatest common measure: Euclid’s method
of finding corresponds exactly to ours II.
118, 299, I111. 18, 21-2: Nicomachus gives
the same method 11. 300: method used to
prove incommensurability 111. 18-g; for

. this purpose often unnecessary to carry it
far (cases of extreme and mean ratio and
of \/2) 111, 18~9

Gregory, David I. 102-3, IL. 116, 143, IIL 32

Gregory of St Vincent I. 401, 404

Gromatici 1. Q1 7., 95

Grynaeus I. 100-(

Hibler, Th. IL. 2947

al-Haitham 1. 88, 89

al-Hajjaj b. Yisuf b. Matar, translator of the
Elements 1. 22, 73, 76, 79, 80, 83, 84

Halifax, William 1. 108, 110

Halliwell (-Phillips) 1. 95 .

Hankel, H. I. 139, 141, 232, 234, 344> 354,
IT. 116, 117, I1L. 8
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Harmonica of Ptolemy, Comm. on, 1. 17

Harmony, Introduction fo, not by Euclid, 1. 17

Harin ar-Rashid 1. 73

al-Hasan b. ‘Ubaidallath b. Sulaiman b.
Wahb 1. 87 )

Hauber, C. F. 1. 244

Hauff, J. K. F. 1. 108 |

“ Heavy and Light,” tract on, I. 18

Heiberg, J. L. passim

Helix, cylindrical 1. 161, 162, 329, 330

Helmholtz, 1. 226, 227

Henrici and Treutlein 1. 313, 404, II. 30

Henrion, Denis 1. 108 )

Hérigone, Pierre 1. 108

Herlin, Christian 1. roo

Hermotimus of Colophon I. 1

Herodotus 1. 37 #., 370

““Heromides” I. 158

Heron of Alexandria, weckanicus, date of,
I. 20-1, 1II. 521: Heron and Vitruvius
1. 20-1; commentary on Euclid’s Zlements
. 1. 20—4: direct proof of 1. 25, 1. 301: com-
parison of areas of trianglesin 1. 24, I. 334~
5: addition to 1. 47, I. 366-8: apparently
originated semi-algebraical method of
proving theorems of Book II., 1. 373, 378
Eucl. 111 12 interpolated from, II. 28:
extends IIL 20, 21 to angles in segments
less than semicircles 11. 47-8: does not
recognise angles equal to or greater than two
right angles 11. 47-8: proof of formula for
area of triangle, & =vs(s— a)(s—8) (s - o),
1I. 87-8: 1. 1377., 159, 163, 168, 170,
171~2, 176, 183, 184, 185, 188, 189, 222,
223, 243, 253, 285, 287, 200, 351, 360,
" 371: 405, 407, 408, 1L 5, 16-7, 24, 28,
33; 34> 36, 4% 47> 48, 116, 189, 302, 320,
383, 395, IIL. 24, 263, 203, 267, 268, 269,.
270, 366, 404, 442

Heron, Proclus’ instructor 1. 29

“ Herundes” 1. 156

Hieronymus of Rhodes I. 305

Hilbert, D. 1. 157, 193, 201, 228-31, 249,
313,328

Hipparchus I. 4 7., 30 7., I 523

Hippasus II. g7, 1I11. 438

Hippias of Elis 1. 42, 265-6

Hippocrates of Chios 1. 8., 29, 35, 38, 116,
135, 136 7., 386-7, II. 133: hrst proved
that circles (and similar segments of circles)
are to one another as the squares on their
diameters 111. 366, 374

Higpopede (lwwov médn), a certain curve used
by Eudoxus I. 162-3, 176 '

Hoffmann, Heinrich 1. 107

Hoffmann, Joh. Jos, Ign. 1. 108, 365

Holgate, T. F. 111. 284, 303, 331

Holtzmann, Wilbelm (Xylander) 1. 107

Homoeomeric (uniform) lines 1. 40, 161, 162

Hoppe, E. I. 21, IIL s21 '

Hornlike angle (xeparoedys ywvla) I. 177,
178, ¥82, 265, 11. 39, 40: AZorniike angle
and angle of semicircle, controversies on,
11, 39—42: Proclus on, 1I. 39-40: Demo-
critus may have written on'Zorn/ike angle
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11. 40: view of Campanus (“not angles in
same sense”’”) I1. 41 : of Cardano (quantities
of different orders or kinds): of Peletier
(kornlike angle mno angle, no quantity,
nothing; angles of 4/ semicircles #2ght
angles and equal) 11. 41: of Clavius 1I. 42:
of Vieta and Galileo (‘“angle of contact no
angle ") 11. 42: of Wallis (angle of contact
not inclination at all but degree of curvature)
11 42 -

Horsley, Samuel 1. 106

Hoiiel, J. I. 219

Hudson, John I. roz

Hultsch, F. 1. 20, 329, 400, II. 133, IIL. 4,
522, 523, 526, 527

Hunain b. Ishiaq al-Ibadi 1. 75

Hypotheses, in Plate 1. 122: in Aristotle
1. 118-20: confused by Proclus with
definitions I. 12r-2: geometer's hypo-
theses not false (Aristotle) 1. r19

Hypothetical construction 1. 199

Hypsicles 1. 5: aunthor of Book x1v, L 3, 6,
111. 438-9, 512

Tamblichus 1. 63, 83, L. 9%, 116, 279, 280,
281, 283, 284, 285, 286, 287, 288, 289, 290,
201, 292, 293, 419, I1L. 526

Ibn al“Amid 1. 86

Ibn al-Haitham 1. 88, 89

Ibn al-Lubtdl 1. go

Ibn Rahawaihi al-Arjini 1. 86

Ibn Sind (Avicenna) L. 77, 89

Icosahedron 11. g8: defined 111, 262: dis-
covery of, attributed to Theaetetus Iir.
438: problem of inscribing in sphere,
Euclid’s solution IiL. 481-9, Pappus’ solu-
tion 111. 489~9r: Mr H. M. Taylor’s.con-
struction I1I. 491-2

¢ Iflaton™ 1. 88

Inclination (kAlgis) of straight line to plane,
defined 111. 260, 263—4 : of plane to plane
(=dihedral angle) 111. 260, 264 .

Incommensurables: discovered by Pythagora
or Pythagoreans IIl. 1, 2, 3, and with
reference to /2, 1. 351, III. I, 2, 1Q: in-
commensurable a nafural kind, unlike Z7-
rational which depends on convention or
assumption (Pythagoreans) 111. 1: proof
of incommensurability of /2 no doubt
Pythagorean 1. 2, proof in Chrystal’s
Algebra III. 19—20: incommensurable 77
length and incommensurable iz square
defined 1I1. 10, 1I: symbols for, used in
notes III. 34: method of testing incom-
mensurability (process of finding G.c.M.)
IL. 118, III. 18-9: means of expression
consist in power of approximation without
limit (De Morgan) I11. 119 : approximations
to a/2 by means of side- and diagonal-
numbers I. 399—401, II. 119, by means of
sexagesimal fractions IIL 523, to &/3 II.
119, III. 523 : to V4500 by means of sexa-
gesimal fractions 1I. 119: to =, IL. 119

Incomposite: (of lines) I. 1601, (of surfacesy
I. 170: (of number)=prime 11. 284
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Indivisible lines (dropot ypapual), theory of,
rebutted 1. 268

Infinite, Aristotle on the, 1. 232—4: infinite
division not assumed, but proved, by geo-
meters I. 268

Infinity, parallels meeting at, 1. 1923

Ingrami, G. I. 175, 193, 195, 201, 227-8,
1. 30, 126

Integral calculus, in new fragment of Archi-
medes 111, 3667 '

Interior and exterior (of angles) 1. 263, 280:
interior and opposite angle 1. 280

Interpolations in the Zlements before Theon’s
time 1. 58-63: by Theon I 46, 55-6: Eucl.
I. 40 interpolated 1. 338: other proposi-
tions interpolated, (¥1I. r2) II. 28, (propo-
sition after XI. 3%) I11. 360, (x1iL 6) III
449-5I: cases® in XI. 23, 1II. 319-2£:
defs. of analysis and synthesis, and proofs
of X11I. 1-5 by, ITL. 4423

Inverse (ratio), inversely (dvdmadw) II. 134:
inversion is subject of v. 4, Por. (Theon)
1. 144, and of V. 7, Por. 11. 149, but is
not properly put in either place 11. 149:
Simson’s Prop. B on, directly deducible
from v. Def. 5, 11. 144

Irrational: discovered by Pythagoras or Py-
thagoreans I. 351, III. 1-2, 3, and with
reference to /2, I. 351, I1. 1, 2, 19, cf. 11L
524—5: depends on assumption or conven-
tion, unlike incommensurable which is a
natural kind (Pythagoreans) 111.°1: claim
of India to priority of discovery 1. 36343
““irrational diameter of 5”° (Pythagoreans
and Plato) I. 399400, I1I. 12 : approxima-
tion to /2 Dy means of “side-” and
‘‘diagonal-”’ numbers 1. 399—401, IL 119:
Indian approximation to /2, I. 361, 3634
unordered irrationals (Apollonius) 1. 42,
115, L 3, 10, 240, 255-¢: irrational
ratio (dppyros Ndyos) 1. 137: an irrational
straight line is so relatively to any straight
line taken as rational 111, 10, 11: irrational
area incommensurable with rational area
or square on rational straight line 111, 10,
r2: Euclid’s irrationals, object of classifi-
cation of, 1II. 4, 5: Book X.a repository
of results of solution of different types of
quadratic and biquadratic equations III. 52
types of equations of which Euclid’s irra-
tionals are positive roots III. 5~7: actual
use of Euclid’s irrationals in Greek geo-
metry IIL. g—1o: compound irrationals in
Book x. all different 1I1. 242-3

Isaacus Monachus (or Argyrus) I. 73—4, 407

Ishiq b. Hunain b. Ishaq al-‘Ibadi, Abd
Yaqib, translation of Elements by, 1. 75—
80, 83—4

" Isidorus of Miletus III. 520

Ismail b. Bulbul 1. 88
Isoperimetric (or isometric) figures: Pappus
and Zenodorus on, I. 26, 27, 333

- Jsosceles (loookeNds) 1. 187: of numbers {=

even) I. 188: isosceles right-angled tri-
angle I. 352 : isosceles triangle of 1v. 10,
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construction of, due to Pythagoreans 1r.
97-9

Jacobi, C. F. A. 11. 188

Jakob b. Machir 1. 76

al-Jauhari, al- Abbis b. Sa'id 1. 85

al-Jayyani 1. go

Joannes Pediasimus 1. 72-3

Johannes of Palermo 111. 8

Junge, G., on attribution of theorem of 1. 47
and discovery of irrationals to Pythagoras
1. 351, III. 17, 523

Kistner, A. G. 1. 78, 97, 101

al-Karabisl 1. 85

Kityayana Sulba-Sitra 1. 360

Keill, John 1. 105, 110-11

Kepler 1. 193

al-Khazin, Abii Ja'far 1. 77, 85 :

Killing, W. 1. 194, 219, 225-06, 235, 242,
272, 1IL. 276

al-Kindi 1. 5., 86

Klamroth, M. 1. y5-84

Kligel, G. S. 1. 212

Kluge 111, 520

Knesa, Jakob 1. riz

Knoche 1. 32 7., 337., 73

Kroll, W. 1. 390~-400

al-Kahi 1. 88

Lachlan, R. II. 226, 227, 2456, 247, 256,
272

Lambert, J. H. 1. 212-3

Lardner, Dionysius L 112, 246, 250, 298,
404, 1I. 58, 259, 271

Lascaris, Constantinus 3

Leading theorems (as distinct from converse) I.
257: leading variety of conversion I. 2567

Least common multiple II. 33641

Leeke, John 1. 110

Lefévre, Jacques 1. 100

Legendre, Adrien Marie I. 112, 160, 213-0,
II. 30, III. 263, 264, 265, 266, 267, 268,
273, 275, 298, 309, 356, 436: proves VI. I
and similar propositions in two parts (1) for
commensurables, (2) for incommensurables
11, 193—4: proof of Eucl. XI. 4, II. 280,
of XI.. 6, 8, III. 284, 289, of XI. 15, IIL
299, of XI. 19, IIl. 305: definition of
planes at right angles 111, 303 : alternative
proofs of theorems relating to prisms I1I.
331—3: on equivalent parallelepipeds III.
335-0: proof of Eucl. Xif. 2, I 377-8:
propositions on volumes of pyramids 111
389—91, of cylinders and cones I11. 422-3

Leibniz 1. 145, 169, 176, 194

Leiden Ms. 399, 1 of al-Hajjaj and an-
Nairlzl 1. 22 .

Lemma 1. 114: meaning (=assumption) I.
133—4: lemmas interpolated 1. 59-6o,
especially from Pappus 1. 67: lemma
assumed in VI, 22, II. 242—3: alternative
propositions on duplicate ratios and ratios
of which they are duplicate (De Morgan
and others) II. 242-7: lemmas interpo-

H. E. IIL
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lated, (after X, ¢} 111, 30-1, (after X. 5¢) II1.
97, 131—2: lemmas suspected, (those added
to X. 18, 23) IIL 48, (that after XII. 2)
1I1. 375, (that after X111, 2) I1I. 444-3

Length, ufros (of numbers in one dimension)
11. 287: Plato restricts term to side of
complete square II. 287

Leodamas of Thasos 1. 36, 134

Leon 1. 116

Leonardo of Pisa 111. 8

Leotaud, Vincent 11. 42

Linderup, H. C. 1. 113

Line: Platonic definition 1. 158: objection
of Aristotle I. 158: ‘‘magnitude extended
one way” (Aristotle, ‘“Heromides”) 1.
158: ‘‘divisible or continuous one way”
(Aristotle) 1. 158-¢9: “‘flux of point” 1.
159: Apollonius on, I. 159: classification
of lines, Plato and Aristotle 1. 15060,
Heron 1. 159-60, Geminus, first classifica-
tion I. 16o-1, second I. 161: straight
(ed8etn), curved (xkaumihy), circular (reppe-
pts), spiral-shaped (éhucoetds), bent (kexapu-
uévy), broken (kexhacuéry), round (73
oTpoyyihor) 1. 159, composite {oUrferos),
incomposite (dovwferos), ‘ forming a figure
(oxmuaromrooloa), determinate (dpiouérm),
indeterminate (abpisTos) 1. 160: ‘“‘asym-
ptotic’® or non-secant (dourrwros), secant
(cvurrorés) 1. 161: simple, “mixed” 1.
161~2: homoeomeric (uniform) I. 161-2:
Proclus on lines without extremities 1. 165:
loci on lines 1. 329, 330

ZLinear, loci 1. 330: problems I. 330: num-
bers=(1) in one dimension I 287, (2)
prime I1. 285

Lionardo da Vinci, proof of 1. 47, 1. 365-6

Lippert 1. 88 7. :

Lobachewsky, N. I. 1. 174~5, 213, 219

Locus-theorems (rowucs Bewpipara) and locz
(rémo) : locus defined by Proclus I. 329:
loci likened by Chrysippus to Platonic
ideas 1. 330~-1: locus-theorems and loci
(1) om lines (a) plasee loci (straight lines and
circles) (b) solzd loci (conics), (2) o2z sur-
Jaces 1. 329 corresponding distinction be-
tween plane and solid problems, to which
Pappus adds Znear problems I. 330: fur-
ther distinction in Pappus between (1)
épexrinol (2) Biekodicol (3) drvagrpoguirol
Téror 1. 330: Proclus regards locus in
1. 38, I 21, 31 as an area which is locus
of area (parallelogram or triangle) 1. 330

Logical6conversion, distinct from geometrical
1. 25

Logical deductions 1. 256, 284—5, 300: not
made by Euclid 11. 22, 29: logical equi-
valents 1. 309, 314—5

Lorenz, J. ¥. 1. 109-8, I1I. 34

Loria, Gino 1. y#., 10%., 11%., [2%., III.
8, 9, 527

Luca Paciuolo 1. ¢8-9, 100, III. 8

Lucas, E. 111. 527

Lucian 11. 99

Lundgren, F. A. A, 1. 113

35
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Machir, Jakob b. 1. 76

Magni, Domenico I. 106

Magnitude: common definition vicious I. 148

al-M&hini 1. 85

Major (irrational) straight line: biquadratic
of which it is positive root 111. 7: defined
ul. 87-8: equivalent to square root of
fourth binomial 111. 84, 125—~7: uniquely
divided 111, ¢8: extension of meaning to
irrational straight line of #kresterms 111.258

al-Ma’'min, Caliph 1. ¢35

Mansion, P. 1. 219

al-Mangir, Caliph 1. 75

Manuscripts of Elements 1. 46~51

Martianus Capella 1. 91, 155

Martin, T. H. 1. 20, 29 7., 307.

Mas'id b. al-Qass al-Bagdadi 1. go

Maximus Planudes, scholia and lectures on
Elements 1. 72

Means: three kinds, arithmetic, geometric
and harmonic II. 292-3: geometric mean
is ““proportion gar excellence” {kuplws) II.
292—-3: one geometric mean between two
square numbers, two between two cube
numbers (Plato) II. 294, 363~5: one geo-
metric mean between similar plane num-
bers, two between similar solid numbers
II. 371-5: no numerical geometric mean
between 7 and %+ 1 (Archytas and Euclid)
1. 294~5

Medial (straight line): connected by Theae-
tetus with geometric mean 111. 3, 4 defined

III. 49, 50: medial area 111. 54-5: an un-

limited number of irrationals can be de-

rived from medial straight line, 111, 2545

Meguar=axis 1. 93

Mehler, F. G. 1. 404, III. 268, 284—5

Meier, Rudolf 1. 21#., III. 521, 522

Menaechmus: story of M. and Alexander I.
1: on elements 1. 1142 1. 1I7, 128, 133 7.

Menelaus 1. 21, 23: direct proof of I. 25,
1. 300

Middle term, or cause, in geometry, illus-
trated by Eucl. 111, 31, 1. 149

Mill, J. S. I. 144

Minor (irrational) straight line: biquadratic
of which it is root 111. 7: defined 1II.
163—4: uniquely formed IIL 172-3: equi-
valent to square root of fourth apotome
1I1. 203-6

«“Mixed” (lines) I. 161—~2: (surfaces) I. 162,
170: different meanings of “*mixed’ 1. 162

Mocenigo, Prince I. 97-8

Moderatus, a Pythagorean I1I. 280

Mollweide, C. B. 1. 108

Mondoré (Montaureus), Pierre 1. 1o2

Moses b. Tibbon I. 76

Motion, in mathematics 1. 2262 mofior with-
out deformatior considered by Helmholtz
necessary to geometry I. 226—7, but shown
by Veronese to be petitio principii 1. 226-4

Miiller, 7. H. T. 1. 189

Miiller, J. W. 1. 365

Muhammad (b.' Abdalbaqi)al-Bagdadi, trans-
lator of De divisionibus 1. 8 n., go, 110
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Muh. b. Ahmad Abt 'r-Raih@n al-Birfini 1.

)

Mgljl. b. Ashraf Shamsaddin as-Samarqandi
1. 8

Muh. %. ‘Isa Abi ‘Abdallzh al-Mihani 1. 83

Multinomial (straight line): an extension
from binomial, probably investigated by
Apollonius, I11I. 256

Multiplication, definition of, 11, 28%

Munich Mms. of enunciations (R) I. g4—3

Misa b. Muh. b. Mahmiid Qadizide ar-
Rimi 1. 572., go

Music, Elements of (Sectio Canonis), by
Euclid 1. 17, 1I. 205

Musici scriplores Graeci 1. 294

al-Musta'sim, Caliph 1. go

al-Mutawakkil, Caliph 1. 75

an-Nairizi, Abi 'l ‘Abbas al-Fadl b. Hatim,
1. 21-4, 85, 184, 190, 191, 195, 223, 232,
258, 270, 285, 299; 303, 320, 364, 367,
369, 373, 405, 408, 1I. 5, 16, 28, 34, 36,
44, 47, 302, 320, 383 '

Napoleon I. 103

Nasiraddin at-Tast 1. 4, 57, 77, 84, 89,
208~10, II. 28

Nazif b. Yumn (Yaman) al-Qass 1. 76, 77,8

Neide, J. G. C. I 103 )

Ness%lmann, G. H. F. 11. 287, 293, 11. 8,
52

Nicomachus I. g2, II. 116, 119, 131, 279,
280, 281, 282, 283, 284, 285, 286, 28%,
288, 289, 290, 291, 292, 293, 204, 300,
363, 111, 520, 527

Nicomedes 1. 42, 16o-1, 265-6

Nipsus, Marcus Junius I. 308

Nixon, R. C. J. 11. 16

Nominal and real definitions: see Definitions

Number: defined by Thales, Eudoxus,
Moderatus, Aristotle, Euclid 11. 280:
Nicomachus and Iamblichus on, 1I. 280:
represented by lines 11. 287, and by points
or dots 11. 288-9

Obyection (¥vorasts), technical term, in geo-
metry 1. 135, 257, 260, 265: in logic
(Aristotle) 1. 135

Oblong: (of geometrical figure) 1. 137, 188:
(of numbex% in Plato either mpowskys or
érepopnkns 11. 288 : but these terms denote
two distinct divisions of plane numbers in
Nicomachus, Theon of Smyrna and Iam-
blichus 11. 289-go

Octahedron 11. ¢8: definition of, 111. 262:
discovery of, attributed to Theaetetus 111,
438 : problem of inscribing in sphere,
Euclid’s solution I11. 474~7, Pappus’ solu-
tion 1II. 47%7

Odd (number): defs. of in Nicomachus I1.
281: Pythagorean definition 11. 281: def.
of odd and even by one another unscientific
(Aristotle) 1. 148~9, 1. 281 : Nicom. and
Tambl. distinguish three classes of odd
numbers (1) prime and incomposite,
(2) secondary and composite, as extremes,
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(3) secondary and composite in themselves
but prime and incomposite to one another,
which is intermediate 11. 287

Odid-times even (number) : definition in Eucl.
spurious 11. 283—4, and differs from defi-
nitions by Nicomachus etc. #6:d.

Odd-times odd (number) : defined in Eucl.
but not in Nicom. and Iambl 1I. 284:
Theon of Smyrna applies term to prime
numbers 1I. 284

Oenopides of Chios 1. 34, 36, 126, 271, 298,
371, 1. 525, 526

Ofterdinger, L. F. 1. gn., 10

Olympiodorus I. 29

Oppermann 1. 1571

Optics of Euclid 1. 17

“Ordered ”” proportion (rerayuérn dvaloyla),
interpolated definition of, 11. 137

Oresme, N. 1. ¢

Orontius Finaeus (Oronce Fine) I. 101, 104

Ozanam, Jaques I. 107, 108

Paciuolo, Luca 1. 98-9, 100, III. 8

Pamphile 1. 317, 319

Pappus: contrasts Euclid and Apollonius 1. 3:
on Euclid’s Porisms 1. 10~-14, Surface-loci
1. 15, 16, Date 1. 8: on Tyeasury of
Analysis 1. 8, 10, 11, 138: commentary
on Zlements 1. 24-7, partly preserved in
scholia 1. 66: evidence of scholia as to
Pappus’ text 1. 66-7: commentary on
Book x. survives in Arabic 111. 3: quota-
tions from it, 11I. 3-4, 255-g: lemmas in
Book Xx. interpolated from, I. 67: on

" Analysis and Synthesis 1. 138~9, 141-2:
additional axioms by, 1. 28, 223, 224, 232
on converse of Post. 4, 1.25,201: proof of
L 5 by, 1. 254: extension of I. 47, 1. 366:

- semi-algebraical methods in, 1. 373, 378:
on loci 1. 329, 330: on conchoids 1. 161,
266: on quadratrix 1. 266: on isoperime-
tric figures 1. 26, 27, 333: on paradoxes
of Erycinus 1. 27, 2go: lemma on Apollo-
nius’ Plare veboes 11. 64—5: problem from
same work II. 81: assumes case of VI. 3
where external angle bisected (Simson’s
VI Prop. A) 11. 197 : theorem from Apol-
lonius’ Plane Loci 11. 198: theorem that
ratio compounded of ratios of sides (of equi-
angular parallelograms) is equal to ratio of
rectangles contained by sides I1. 250: use of
Euclid’s irrationals 111. ¢, 10: methods of
inscribing regular solids in sphere, tetra-
hedron 111. 472-3, octahedron IIL 477, cube
1. 480, icosahedron 111. 489—91, dodeca-
hedron 11I. go1-3: I. 17, 39, 133#%., 137,
151,225, 388, 301, 4011 1.4, 27, 29, 67, 70,
81, 113, 133, 2FI, 250, 251, 202, I1I. 522

Papyrus, Herculanensis No. 1061, I. 30,
184: Oxyrhynchus I. so: Fayim I. 31,
337, 338: Rhind 1. 304

Paradoxes, in geometry 1. 188: of Erycinus
I. 27, 290, 320: an ancient ‘‘Budget of
Paradoxes™ 1. 329

“Parallelepipedal ” =with parallel planes or
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faces: ‘“parallelepipedal solid” (not ““solid
parallelepiped”) or ‘‘parallelepiped” 111
326: generally has six faces but sometimes
more (**parallelepipedal prism™) 111. 401,
404: ‘“parallelepipedal” (solid) numbers
in Nicomachus have two of sides differing
by unity II. 290

Parallelogram (= parallelogrammic area),
first introduced 1. 325: rectangular paral-
lelogram I. 370

Parallels: Aristotle on, I. 190, 1g91—2: defi-
nitions, by “Aganis” 1. 191, Geminus
I. 191, Posidonius I. rgo, Simplicius I.
19o: as equi-distants I. 1go-1, 194: direc-
tion-theory of, 1. rg1—2, 194: definitions
classified 1. 192—4: Veronese’s definition
and postulate 1. 194: Parallel Postulate,
see Postulate 5: Legendre's attempt to
establish theory of, 1. 213-9: parallel
planes, definition of, 111. 260, 263

Paris Mss. of Elements, (p) 1. 49, (q) I. 50

Pasch, M. 1. 157, 228, 250

“Peacock’s tail,” name for Eucl. 111. 8, I. g9

Pediasimus, Joannes I. 72-3

Peithon 1. 203

Peletarius (Jacques Peletier) I- 103, 104, 249,
497, 1. 47, 56, 84, 146, 190: on angle of
contact and angle of semicircle 11 41

Pena 1. 104

Pentagon : decomposition of regular pentagon
into 3o elementary triangles 11. ¢8: rela-
tion to pentagram II. g9

Pentagonal numbers 1I. 289

sPerfect” (of a class of numbers) II. 293-4,
421-5, III. 526-7: Pythagoreans applied
term to Io, I1. 294: 3 also called * perfect”
1L 204

Perpendicular («dferos): definition 1. 181:
¢ plane” and ““solid” 1. 272: perpendicu-
lar and obliques 1. 291: perpendicular to
plane, TI1. 260, 263 : perpendicular to two
straight lines not in one plane I1I. 306-7

Perseus I. 42, 162-3

Perturbed proportion (rerapayuévy dvahoyin)
L 136, 176-7

Pesch, J. G. van, De Proci fontibus 1. 2359q.,

29 7.

Petx?us Montaureus (Pierre Mondoré) 1. 1oz

Peyrard and Vatican MS. 190 (P) 1. 46, 47,
ro3: I. 108

Pfleiderer, C. F. 1. 168, 298, 11. 2

Phaenomena of Euclid 1. 16, 17

Philippus of Mende 1. 1, 116

Phillips, George 1. 112

Philo of Byzantium I. 20, 23: proof of 1. 8,
1. 263—4

Philolaus, I. 34, 351, 371, 399, IL. 97, IIL. 525

Philoponus I. 45, I9I-2, II. 234, 282

Pirckenstein, A. E. Burkh. von, 1. 10%

Plane (or plane surface): Plato’s definition
of, 1. 171, 11l 272—3: Proclus’ and Sim-
plicius’ interpretation of Euclid’s def. 1.
171: possible origin of Euclid’s def. 1.
r71: Archimedes’ assumption I. 171, 1722
other ancient definitions of, in Proclus,
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Heron, Theon of Smyrna, an-Nairizl I.
171-2: “Simson’s” definition (“axiom of
the plane”) 1. 172~3, 1L 273, and Gauss
on, I. 172-3: Crelle’s tract on, 1. I72—4:
other definitions by Fourier 1. 173, Deahna
1. 174, J- K. Becker 1. 174, Leibniz 1. 176,
Beez 1. 176: evolution of, by Bolyai and
Lobachewsky I. 174-5: Enriques and
Amaldi, Ingrami, Veronese and Hilbert
on, 1. 175: plane at right angles to plane,
Euclid’s definition of, 111. 260, 263, and
alternative definition making it a particular
case of ‘“inclination” 111. 303—4 : parallel
planes defined 111. 260, 265

¢Plane loci” 1. 329-30: Plane Loci of Apol-
lonius I. 14, 259, 330, 1I. 198-200

Plane numbers, product of two factors
(*sides” or “length” and *breadth™)
11. 287-8 : in Plato either square or oblong
11. 287-8: similar plane numbers 11. 293 :
one mean proportional between similar
plane numbers II. 371-2

*“ Plane problems” 1. 329

Planudes, Maximus I. 72

Plato: 1. 1, 2, 3, 137, 155-6, 159, 184, 187,
203, 221, III. 1, 3 ; supposed invention of
Analysis by, 1. 134: def. of straight line
L. 165-6 : def. of plane surface I. x¥1: on
golden section 11. 99 : on art of stereometry
(length, breadth, and depth) as one of three
pabhuara, next to geometry but commonly
put after astronomy because little advanced
1. 262 : generation of cosmic figures by
putting together triangles, 1. 226, I1. g7-8,
I11. 207, 525 rule for rational right-angled
triangles 1. 356, 357, 359, 360, 385: “‘ra-
tional diameter of 5" 1. 399, gives 7[5 as
approximation to a/2, II. 11g: passage of
Theactetus on Suvduess (squareroots or seevds)
11. 288, 290, IIl. I-3, 524—5: On square
and oblong numbers 11. 288, 2go: theorem
that between square numbers one mean
suffices, between cube numbers two means
are necessary II. 204, 364

“Platonic” figures I. 2, IIL §25: scholium
on, I 438

Playfair, John 1. 103, rr1r: * Playfair’s o

Axiom I 220: used to prove Eucl. I. 29, I.
312, and Eucl. Post. 5, 1. 313 ¢ comparison
of Axivm with Post. 5, 1. 313-4: II. 2

Pliny 1. 20, 333

Platarch 1. 21, 29, 37, 177, 343, 351, 1I. g8,
254, I11. 368

Point : Pythagorean definition of, 1. 155 in-
terpretation of Euclid’s definition 1. 1853
Plato’s view of, and Aristotle’s criticism
1. 155-6: attributes of, according to Aris-
totle I. 156 : terms for {creypud, onueior) 1.
156 : other definitions by ¢ Herundes,”
Posidonius 1. 156, Simplicius 1. 157 : nega-
tive character of Euclid’s def. 1. 156 : is it
sufficient? 1. 156: motion of, produces
line 1. 157 : an-Nairizl on, 1. 157: modern
explanations by abstraction 1. 157

Polybius 1. 331
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Polygon: sum of interior angles (Proclus’
proof) 1. 322 : sum of exterior anglesI. 322

Polygonal numbers 11. 28¢

Polyhedral angles, extension of XI. 2r to,
III. 310-1

Porism : two senses I. 13: (1}=corollary I.
134, 278-9: as corollary to proposition
precedes ‘" Q.E.D.” or “ Q.E.F.” II. 8, 64:
Porism to 1v. 15 mentioned by Proclus
It 109: Porism to VI. 19, II. 234 inter-
polated Porisms (corollaries) 1. 6o~1, 381 :
(2) as used in Pordsms of Euclid, distin-
guished from theorems and problems I.
10, 11: account of the Porisms given by
Pappus I ro-13: modern restorations by
Simson and Chasles I. 14 : views of Hel-
berg I. 11, 14, and of Zeuthen 1. 15

Porphyry 1. 17 : commentary on Euclid 1. 24 :
Symmikial. 24,34, 44: 1. 136,277,283,287

Poselger 111. 8 :

Posidonius of Alexandria ITI. s21

Posidonius, the Stoic L 20, 21, 27, 28%.,
189, 197, IIL. 521 : book directed against
the Epicurean Zeno I. 34, 43 = on parallels
1. 40, 1go: definition of figwre 1. 41, 183

Postulate, distinguished from axiom, by
Aristotle 1. t18-9, by Proclus (Geminus
and ‘“ others ) 1. 121-3 : from hypothesis,
by Aristotle I. 120-1, by Proclus 1. 121-2:
postulates in Archimedes 1. 120, 123:
Euclid’s view of, reconcileable with Aris-
totle’s 1. 119-20, 124: postulates do not
confine ns to rule and compass I. 124:
Postulates 1, 2, significance of, 1. 195-6:
famous “ Postulate” or ““ Axiom of Archi-
medes” 1. 234, IIT. 15~6

Postulate 4 : significance of, 1. 200: proofs
of, resting on other postulates 1. 200-1,
231: converse true only when angles recti-
lineal (Pappus) 1. 201

Postulate 5: probably due to Euclid himself
L 202 : Proclus on, 1. 202-3 : attempts to
prove, Ptolemy 1. 204—6, Proclus 1. 206-8,
Nagi-raddin at-Tasi 1. 208-10, Wallis 1
210-1, Saccheri 1. 211-2, Lambert 1. 212~
3 : substitutes for, * Playfair’s” axiom (in
Proclus) 1. 220, others by Proclus L. 207,
220, Posidonius and Geminus 1. 220, Le-
gendre I. 213, 214, 220, Wallis 1. 220,
Carnot, Laplace, Lorenz, W. Bolyal,
Gauss, Worpitzky, Clairaut, Veronese,
Ingrami I. 220: Post. 5 proved from, and
compared with, “ Playfair’s” Axiom 1, 313~
41 1. 30 1s logical equivalent of, 1. 220

Potts, Robert I. 112, 246

Prime (number): definitions of, i1. 284—5:
Aristotle on two senses of “prime ” 1. 146,
11. 285 : 2 admitted as prime by Eucl. and
Aristotle, but excluded by Nicomachus,
Theon of Smyrna and Iamblichus, who
make prime a subdivision of 0dd 11. 284-5:
“ prime and incomposite (devrferos)” 1.
284 : different names for prime, ‘“odd-
times odd” (Theon), “linear” (Theon),
“rectilinear” (Thymaridas), ¢ euthyme-
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tric” (Iamblichus) 11. 285: prime abso-

. lutely or in themselves as distinct from
prime to one another (Theon) 11. 285 : defi-
nitions of ‘“ prime to one another” 11. 2856

Principles, First, I. 117-24

Prism, definition of, by Euclid 1. 261,
by others 111. 268-9: * parallelepipedal
prisms ” III. 404 .

Problem, distinguished from theorem I. 124~
8: problems classified according to number
of solutions (@) one solution, ordered (re-
rayuéva) (8) a definite number, infermze-
diate (uéoa) (¢) an infinite number of solu-
tions, znordered (draxra) I. 128: in widest
sense anything propounded (possible or
not) but generally a construction which is
possible 1. 128-9: another classification
(1) problem 7z excess (mheovdfov), asking
“too much 1. 129, (2) deficient problem (EAhe-
wés wpéBAnua), giving too little I. 129

Proclus : details of career 1. 2g-30: remarks
on earlier commentators I. 19, 33, 45°:
commentary on Eucl. 1, sources of, 1. 29—
45, object and character of, I. 31~2: com-
mentary probably not continued, though
continuation intended I. 32-3, IIL. g21-2:
books quoted by name in, I. 34: famous
“summary’® 1. 37-8: list of writers quoted
1. 44: his own contributions I. 44=5:
character of ms. used by, 1. 62, 63: on
the nature of elements and things elemen-
Zary 1. 114=6: on advantages of Euclid’s
Elements, and their object I. 115-6: on
first principles, hypotheses, postulates,
axioms I. 121—4: on difficulties in three
distinctions between postulates and axioms
I. 123 : ontheorems and problems I. 124-9:
on formal divisions of proposition I 129-
31, 1I. 100 : attempt to prove Postulate 5,
1. 206-8: commentary on Plato’s Kepublic,
allusion in, to ‘side-”” and *diagonal-”
numbers in connexion with Eucl. 11. 9, 1o,
1. 399—400: on use of “‘ quindecagon® for
astronomy II. 11L: IL. 4, 39, 40, 193, 247,
269, 1L 1, 10, 264, 267, 273, 310, 441, 524,

525

Proof (drbdetis), necessary part of proposi-
tion I. r29-30 .

Proportion : complete theory applicable to
incommensurables as well as commensur-
ables is due to Eudoxus L. 137, 351, II. 112 ¢
old (Pythagorean) theory practically repre-
sented by arithmetical theory of Eucl. vi1.,
1. 113: in giving older theory as well
Euclid simply followed tradition 11. 113:
Aristotle on general proof (new in his
time) of theorem (alternands) in proportion
II. 113: X. § as connecting two theories
11. 113: De Morgan on extension of mean-
ing of #a#io to cover incommensurables I1.
118: power of expressing incommensurable
ratio is power of approximation withount
limit 11. r19: interpolated definitions of
proportion as ‘sameness’ or ‘‘ similarity
of ratios” 1I. 119 : definition in v. Def. 3
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substituted for that of vir. Def. 20 because
latter found inadequate, not wice versa II.
121 : De Morgan’s defence of v. Def. 5 as
necessary and sufficient II. 122-4: V. Def.
5 corresponds to Weierstrass’ conception
of number in general and to Dedekind’s
theory of irrationals I11. 124~6: alternatives
for v. Def. 5 by a geometer-friend of Sac-
cheri, by Faifofer, Ingrami, Veronese,
Enriques and Amaldi 11. 126: propor-
tionals of viI. Def. 20 (numbers) a par-
ticular case of those of v. Def. 5 (Simson’s
Props. C, D and notes) 11. 126~9, 1L 25:
proportion in three terms (Aristotle makes
it four) the ‘“*least” 11. 131 * continuous”
proportion {curexhs or cvrnuuéry draioyta,
in Euclid éfs avdloyor) II. 131, 203:
three *‘proportions™ 11. 292, but propor-
tion par excellence or primary is continuous
or geometric II. 2¢2-3: ‘‘discrete” or
“disjoined” (Beppnuérn, Siefevyuérn) 11131,
293 ¢+ *“‘ordered” proportion (rerayuéry),
interpolated definition of, 11. 137: “per-
turbed ” proportion (rerapayuérn) I1. 136
176-7: extensive use of proportions in
Greek geometry 11. 187 : proportions enable
any quadratic equation with real roots to
be solved 11. 187: supposed use of pro-
positions of Book V. in arithmetical Books
IL. 314, 320

Proposition, formal divisions of, I. 129-31

Protarchus 1. 5, 111. 512

Psellus, Michael, scholia by, 1. 70, 71, 1L

23+
Pseudaria of Buclid 1. 7: Pseudographemata
1. 7.
Pseudoboethius 1. g2
Ptolemy I.: 1. 1, 2:
Ptolemy I. 1
Ptolemy, Claudius 1. 3ox. : Harmonica of,
and commentary on, I. 17: on Parallel-
Postulate 1. 28., 34, 43, 45 attempt to
prove it I. 204-6: lemma about quadri-
lateral in circle (Simson’s vi. Prop. D)
1. 225-%: II. 11, 117, 11g, III. 523
Pyramid, definitions of, by Euclid ur. 261,
by others 111. 268
Pyramidal numbers 11. 2g0: pyramids trun-
cated, twice-truncated etc. II. 291
Pythagoras 1. 4., 36 : supposed discoverer
of the irrational 1. 351, III. 1—2, §24~35, of
applicalion of areas I. 343—4, 1IL 524, of
theorem of 1. 47, I. 343—4, 350—4, IIIL. §24,
of construction of five regular solids 11. g7,
1. 524-5: story of sacrifice I. 37, 343,
350: probable method of discovery of I. 47
and proof of, 1. 352-5: suggestions by Bret-
schneider and Hankel 1. 354, by Zeuthen L.
355-6: rule for forming right-angled tri-
angles in rational numbers 1. 351, 356-9,
385: construction of figure equal to one and
similar to another rectilineal figure 11. 254:
introduced *the most perfect proportion in
four terms and specially called “harmonic’”
into Greece II. 112

story of Euclid and

35—3
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Pythagoreans 1. 19, 36, 1535, 188, 279: term
for surface (xpod) 1. 169: angles of triangle
equal to two right angles, theorem and
proof 1. 317~20 : three polygons which in
contact fill space round point 1. 318, 1I.
98: method of application of areas (includ-
ing exceding and falling-shorl) 1. 343,
384, 403, II. 187, 258-60, 263-5, 266-7:
gnromon Pythagorean I. 351: “rational”
and “ irrational diameter of 5 I. 399400,
1IL 525 : story of Pythagorean who, having
divulged the irrational, perished by ship-
wreck I1L. 1: 7/ as approximation to /2,
1. 119! approximation to /2 by * side-”
and “ diagonal-” numbers 1. 398-400, TII.
2, 20: proof of incommensurability of \/z,
111, 2 : construction of isosceles triangle of
Eucl. 1v. 10, and of regular pentagon, II.
978, 111. 525: possible method of discovery
of latter 11. 97— : distinguished three sorts
of means, arithmetic, geometric and har-
monic 1. I12: had theory of proportion
applicable to commensurables only 11. 112
construction of dodecahedron in sphere 11.
97, and of other regular solids IIL. 438,
525 : definitions of unit 11. 279, of even and
odd 1. 281 : called 1o “ perfect”” I1. 204

Qadizade ar-Riimi 1. 57., go

QE.D. (or F.} L. 57

al-Qifti 1. 47., gq

Quadratic equations: solution assumed by
Hippocrates 1. 386-7: geometrical solu-
tion of particular quadratics 1. 383-3,
386-8: solution of general quadratic by
means of proportions I1. 187, 2635, 266-7:
Buopurubs or condition of possibility of solv-
ing equation of Eucl. vI. 28, I1. 259 : one
solution only given, for obvious reasons
1L 260, 264, 267: but method gives both
roots if real 11. 258 : exact correspondence
of geometrical to algebraical solution, I1.
263—4, 266—7: indication that Greeks
solved them numerically 111. 434

Quadratriz 1. 265-6, 330

Quadrature {rerpaywvicuds) definitions of,
1. 149

Quadrilateral : varieties of, 1. 188-go: in-
scribing in circle of quadrilateral equi-
angular to another 11. g1~2 : condition for
inscribing circle in, 11. g3, 95: quadri-
lateral in circle, Ptolemy’s lemma {Simson’s
VL. Prop. D) II. 225~7: quadrilateral not
a “polygon ” 11. 239

Quadrinomial (straight line), compound ir-
rational (extension from dinomial) 111. 256

“ Quindecagon ™ (fifteen-angled figure) : use-
ful for astronomy 11. r11

‘Quintilian 1. 333

Qustd b. Liqd al-Balabakki, translator of
“Books x1v, xv” 1. 46, 87, 88

‘Radius, no Greek word for, 1. 199, II. 2
Ramus, Petrus (Pierre de la Ramée?l. 104
Ratdolt, Erhard 1. 48, g7 )

Ratio : definition of, 11. 116-9, no sufficient

ground for regarding it as spurious II. 117,
Barrow’s defence of it 11. 117 : method of
transition from arithmetical to more general
sense covering incommensurables II. 118 :
means of expressing ratio of incommen-
surables is by approximation to any degree
of accuracy 11. 119: def. of greater ratio
only ome criterion (there are others) 1L
130: tests for greater, equal and less ratios
mutually exclusive I1I. 130-1: test for
greater ratio easier to apply than that for
equal ratio II. 129-30: arguments about
greater and less ratios unsafe unless they
go back to original definitions (Simson on
V. 10) I1. 156-7: compound ratio I1. 132—3,
189-go, 234 : operation of compounding
ratios IL. 234: ‘“‘ratio compounded of their
sides” (careless expression) IL. 248: dzpli-
cate, triplicate etc. ratio as distinct from
double, triple etc. 11. 133 allernate ratio,
alternando 11. 134 1 inverse xatio, inversely
1. 1341 composition of ratio, componendo,
different from compounding ratios 11. 134-5:
separation of ratio, separasdo (commonly
dividendo) 11. 135: conversion of ratio,
conpertende 11. 135 : ratio ex aeguali 11.
136, ex acquali in perturbed proportion 11.
136: diwision of ratios used in Data as
general method alternative to compounding
II. 249-50: names for particular arith-
metical ratios I1. 292

Rational (pnrés): (of ratios) 1. 137 : *‘rational

diameter of 5 1. 399—400: rational right-
angled triangles, see right-angled triangles:
any straight line may be taken as rational
and the rational is irrational in relation
thereto III. 10: rational straight line is
still rational if commensurable with rational
straight line #72 sqware only (extension of
meaning by Euclid) 111. 10, 11-12

Rationalisation of fractions with denominator

of form a= /B or \JA =,/B, I11. 24352

Rauchfuss, sez Dasypodius
Rausenberger, O. 1. 157, 175, 313, IIL 307,

309
ar-Razi, Abl Yisuf Ya'qib b. Muh. 1. 86
Recipeocal or reciprocally-related figures: de-

finition spurious II. 189

Rectangle: =rectangular parallelogram 1.

370 : “‘rectangle contained by ” 1. 370

Rectilineal angle: definitions classified 1.

179-81: rectilineal figure 1. 187 : “recti-
lineal segment™ 1. 196

Reductio ad absurdum 1. 134 : described by

Aristotle and Proclus 1. 136: synonyms
for, in Aristotle 1. r36: a variety of Analy-
sis 1. 140: by exhaustion I. 285, 293:
nominal avoidance of, I. 369: the only
possible method of proving Eucl. 111. 1,
II. 8

Reduction (draywy?h), technical term, ex-

plained by Axistotle and Proclus I. 135:
first “reduction® of a difficult construction

. due to Hippocrates I. 135, ‘11. 133
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Regiomontanus (Johannes Miiller of K6nigs-
berg) 1. 93, 96, 100

Reyher, Samuel 1. 107

Rhaeticus 1. 101, II1. 323

Rhomboid 1. 189

Rhombus, meaning and derivation 1. 189

Riccardi, P. 1. ¢6, 112, 202

Riemann, B. 1. 219, 273, 274, 280

Right angle: definition 1. 181: drawing
straight line at right angles to another,
Apollonius’ construction for, I. 270: con-
struction when drawn at extremity of second
line (Heron) 1. 270

Right-angled triangles, rational: rule for
finding, by Pythagoras 1. 356-9, by Plato
1. 356, 357, 359, 360, 385, by Euclid 11I.
3~4: discovery of rules by means of
gnomons I. 358-6o: connexion of rules
with Eucl. 11. 4, 8, 1. 360 rational right-
angled triangles in Apastamba 1. 361, 363

Réth 1. 357-8

Rouché and de Comberousse 1. 313

Rudd, Capt. Thos. 1. 110

Ruellius, Joan. (Jean Ruel) 1. 100

“‘Rule of three”: Eucl. vI. r2z equivalent to,
. 215 :

Russell, Bertrand 1. 227, 249

Saccheri, Gerolamo 1. 106, 144-5, 167-8,
185~6, 194, 197-8, 200-1, IL 126, 130:
proof of existence of fourth proportional by
Eucl. vi. 1, 2 and 12, II. 170

ga'id b. Mas'id b. al-Qass I. go
athapatha-Brihmana 1. 362

Savile, Henry 1. 105, 166, 245, 250, 262, 1I.

190

Sca?em (ckanyrés or oradywis) 1. 187-8: of
numbers (=odd) 1. 188: a class of solid
numbers IT. 2go: of cone (Apollonius) I.
188

Schessler, Chr. 1. 1oy

Scheubel, Joan. 1. 101, TOY

Schiaparelll, G. V. 1. 163

Schliissel, Christoph, see Clavius

Schmidt, Max C. P. 1. 304, 319

Schmidt, W., editor of Heron, on Heron’s
date 1. 20~-1 .

Scholia to Elements and MSS. of, I. 64-74:
historical information in, I. 64: evidence
in, as to text 1. 64—5, 66—7: sometimes in-
terpolated in text 1.67: classes of, ¢“Schol.
Vat.” 1. 65-9, “*Schol. Vind.” 1. 69-70,
miscellaneous 1. 71—4: *“ Schol. Vat.” partly
derived from Pappus’ commentary I. 66:
many scholia partly extracted from Proclus
on Bk.I.,1. 65 69, 72: many from Geminus
solely I11. 522: sources go back as far as
Theodorus I11. 522: numerical illustra-
tions in, in Greek and Arabic numerals 1.
71, 111 522 : scholia by Psellus 1. 70-1, by
Maximus Planudes 1. 72, Joannes Pediasi-
mus I. 72~3: scholia in Latin published by
G. Valla, Commandinus, Conrad Dasypo-
dius 1. 73: scholia on Eucl. 11. 13, I. 407:
Scholium 1v. No. 2 ascribes Book 1v. to

Pythagoreans’il. g7, I11. 525: Sch
No. 1 attributes Book v. to Eudoxus 113
Scholium X. No. 1 attributes discoverifz,
irrational and incommensurable to Pytha- ~
goreans IIl. 1: scholium published later
by Heiberg attributes Scholium x. No. 62
to Proclus 1. 521-2 :

Scholiast to Clouds of Aristophanes II. g9

Schooten, Franz van 1. 108

Schopenhauer 1. 227, 354

Schotten, H. 1. 167, 174, 179, 192—3, 202

Schultze, A. and Sevenoak, F. L. 111. 284,
303, 331

Schumacher 1. 321

Schur, F. 1. 328

Schweikart, ¥. K. 1. 219

Scipio Vegius 1. g9

Sectio Canonis by Euclid 1. 17, 1. 204-5,
III. 33

Section (Tow) :=point of section 1. r%0, 171,
383: “#hesection” =*golden section” g.2.

Sector (of circle): explanation of name: two
kinds (1) with vertex at centre, (2) with
vertex at circumference II. 5

Sector-like (figure) 11. 5 bisection of such a
figure by straight line 1I. 3

Seelhoff, P. 111. 527 .

Segment of circle: angle of, 1. 253. II. 4:
similar segments I1. 51 segment less than
semicircle called ayis 1. 187

Semicircle: 1. 186: centre of, 1. 186: angle
of, 1. 182, 253, Il. 4, 30—41I (se¢ Angle):
angle in semicircle a right angle, pre-
Euclidean proof 11. 63

Separation of ratio, BSalpecis Nbyov, and
separando (S1eNévry) 11. 135 1 separands and
componendo used relatively to one another,
not to original ratio II. 168, 170

Segt 1. 304

Serenus of Antinoeia 1. 203

Serle, George 1. 110

Servais, C. Iil. 527

Setting-out (¥xfeois), one of formal divisions
of a proposition 1. 129: may be omitted 1.

130

Sexagesimal fractions in scholia II1. 523

Sextus Empiricus 1. 62, 63, 184

Shamsaddin as-Samarqandi 1. 5#., 89

“¢Side~" and ‘‘diagonal-” numbers, described
1. 398-400: due to Pythagoreans 1. 400,
IIl. 2, 20: connexion with Eucl IIL 9, ro,
1. 398—400: use for approximation to A/2,

I. 3

“Sideggf a medial minus a medial area” (in
Euclid ¢ that which produces with a medial
area a medial whole”), a compound ir-
rational straight line: biquadratic of which
it is a root IIL 4: defined 111. 165-6:
uniquely formed III. ¥74~7: equivalent to
square root of séxth apolome 111. 209-11

¢Sijde of a medial minus a rational area” {in
Euclid ¢ that which produces with a rational
area a medial whole”), a compound ir-
rational straight line: biquadratic of which
it is a root IIL. 7: defined 111, 164:
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. uniquely formed III. 173—4: equivalent to
square root of fifth apotome 11I. 206-8
“Side of a rational plus a medial area,” a
compound irrational straight line: biquad-
ratic equation of which it is a root IIL 7:
defined 111. 88-9: uniquely divided 111. 993
equivalent to square root of fif2h binomial
111, 84, 128—9

““Side of the sum of two medial areas,” a
compound irrational straight line: biquad-
ratic of which it is a root 111. 7: defined
1. 89-91: uniquely divided 11I. gg9~r01:
equivalent to square root of séxzk binomial
1II. 84, 130-I

““Side” used in translation of Book X. for %
Suvauéry (10 xwplor), “*side of a square
equal to (the area)”’ 1I. 13, II9

Sides of plane and solid numbers, 11. 2878

Sigboto 1. 94

¢“Similar” (=equal) angles 1. 182, 252

¢ Similarly inclined” {of planes) 1i1. 260, 265

Similar plane and solid numbers 1. 357, IL
293: one mean between two similar plane
numbers 11. 204, 3712, two means between
two similar solid numbers II. 294, 373-§

Similar rectilineal figures: def. of, given in
Aristotle 11. 188: def. gives at once too
little and too much 11. 188: similar figures
on straight lines which are proportional
are themselves proportional and conversely
(vi. 22), altexnatives for proposition 1I.
242

Similar segments of circles 11. 5

Similar solids: definitions of, 111. 261, 265~7

Simon, Max 1. 08, 1585, 157-8, 167, 202,
328, II. 124, I34

Simplicius: commentary on Euclid 1. 27-8:
on lunes of Hippocrates 1. 29, 35, 386-%:
on Eudemus’ style 1. 35, 38: on parallels
I 190-1: I. 22, 167, 141, 184, 185, 197,
203, 223, 224, I11. 366

Simpson, Thomas, 1I. 121, ITL. 274

Simson, Robert: on Euclid’s Pordsmis 1. 141
on ‘‘vitiations™ in Zlements due to Theon
1. 46, 103, 104, 106, 111, 148: definition
of plane 1. r72-3: Props. C, D (Bk. v.)
connecting proportionals of vil. Def. 20 as
particular case with those of v. Def. 5, 11
126-g, I11. 251 Axioms to Bk. v, IL. 137:
Prop. B (inversion) 11. 144 : Prop. E (con-
vertendo) 11. 175: shortens V. § by com-
pressing two cases into one IL 152-3:
important note showing flaw in v. 10 and
giving alternative 1. 156-7: Bk. v
Prop. A extending V1. 3 to case where
external angle bisected 11. x97: Props. B,
C, D 11. 222-7: remarks on VI. 27~9, I
258-g: Prop. D, Book XI., 111.345: 1.183,
186, 258, 259, 287, 293, 2961 322, 328,
384, 387, 403, IL. 2, 3, 8, 22, 23, 33, 34,
37, 43, 49s 53, 79 73, 79, 90, X17, 13T,
132, 140, I43~4, 145, 140, 148, 154, 161,
162, 163, 165, 170-2, 177, 179, 180, 182,
183, 184, 185, 186, 189, 193, 193, 209, 211,
212, 230-1, 238, 252, 269, 270, 272-3, III.
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2635, 266, 273-4, 275, 276, 286-7, 289, 295,
301, 309, 314, 32I, 324, 327, 33I, 334»
349, 341, 340, 351, 359, 362, 375, 433 434

Sind b. "All AbG ’t-Taiyib 1. 86

Size, proper translation of wrnhuérys in V.
Def. 3, 11. 116~7, 189~go

Smith and Bryant, alternative proofs of v. 16,
17, 18 by means of vI. 1, where magnitudes
are straight lines or rectilineal areas Ir.
1656, 169, 173—4: I. 404, IIL. 268, 275,
284, 303, 307

Solid: definition of, 111. 260, 2623 : similar
solids, definitions of, 1I1. 261, 265-7:
equal and similar solids, zbzd.

Solid angle: definitions of, 111, 261, 267-8:
solid “‘angle” of “quarter of sphere,” of
cone, or of half-cone 11I. 268

¢ Solid loci” 1. 329, 330: Solid Loci of
Aristaeus 1. 16, 329

Solid numbers, three varieties according to
relative lengths of sides 11. 290~1

“Solid problems” 1. 329, 330

Speusippus I. 123

Sphaerica, early treatise on, I. 17

Sphere: definitions of, by Euclid 111, 261,
269, by others 111. 269

Spherical number, a particular species of cube
number IL. 291

Spiral, “single-turn,” 1.122-3 2., 164-5: in
Pappus=cylindrical helix 1. 165

Spiral of Archimedes 1. 26, 267

Spire (tore) or Spiric surface 1. 163, 170;
varieties of, 1. 103

Spiric curves or sections,
Perseus 1. 161, 162—4

Square number, product of equal numbers
II. 289, 291: one mean between square
numbers It. 204, 363—4

Staudt, Ch. von IIL. 276

Steenstra, Pybo 1. rog

Steiner, Jakob 1. 193

Steinmann, Johann 111 523

Steinmetz, Moritz 1. 1or1, IIL. 523

Steinschneider, M. 1. 8 #., 765qq.

Stephanus Gracilis 1. ro1-2

Stephen Clericus 1. 47

Stevin, Simon 11I. 8

Stifel, Michael 111, 8

Stobaeus I. 3, II. 280

Stoic “axioms” 1. 41, 221: illustrations (ely-
pate) 1. 329

Stolz, O. 1. 328, IIL 16

Stone, E. I. 105

Straight line: pre-Euclidean (Platonic) de-
finition 1. 165-6: Archimedes’ assumption
respecting, 1. 166: Euclid’s definition, inter-
preted by Proclus and Simplicius 1. x66-7:
language and construction of, I. 167, and
conjecture as to origin I. 168: other defi-
nitions I. 168~9, in Heron 1. 168, by Leib-
niz 1. 169, by Legendre I. 169: two straight
lines cannot enclose a space I. 195-0, can-
not have a common segment I. 1g6~g, IIL
2731 one or two cannot make a figure I.
169, 183: division of straight line into any

discovered by
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number of equal parts (an-Nairizi) 1. 326:
straight line at right angles to plane, defi-
nition of, I11. 260, alternative constructions
for, 111. 2934

Strémer, Marten 1. 113

Studemund, W. 1. g27.

St Vincent, Gregory of, I. 401, 404

Subduplicate of any ratio found by Eucl. vi.
13, IL 216

Subtend, meaning and construction I. 249,
283, 350

Suidas I. 370, III. 366, 438, 523

Sulaiman b. *Usma (or ‘Ugba) 1. 85, 9o

Superposition: Euclid’s dislike of method
of, 1. 225, 249: apparently assumed by
Aristotle as legitimate 1. 226: used by
Axchimedes 1. 225: objected to by Pele-
tarius I 249: no use theoretically, but
merely furnishes practical test of equality I.
227 : Bertrand Russell on, I. 227, 24

Surface: Pythagorean term for, xpoiud ?:co‘
lour, orskin) 1. 169: terms for, in Plato and
Aristotle 1. 169 : émgpdreia in Euclid (not
érlmwedov) 1. 169: alternative definition of,
in Aristotle 1. 170: produced by motion of
line I. 170: divisions or sections of solids
are surfaces 1. 170, 171: classifications of
surfaces by Heron and Geminus I. 170:
composite, incomposite, simple, mixed 1.
170 spiric surfaces 1. 163, 170: Aomozo-
meric (zniform) surfaces I. 170: spheroids
I. 170: plane surface, see plane: loci on
surfaces I. 329, 330

Surface-loci of Buclid 1. 135, 16, 330: Pappus’
lemmas on, I. 15, 16

Susemihl, F. 111, 523

Suter, H. 1. 8#., gn., 17%., 182, 252,
78#., 85-go, Il 3

Suvoroff, Pr. 1. 113

Swinden, J. H. van I. 169, 11. 188

Sylvester, J. 111 527

Synthesis, se¢ Analysis and Synthesis

Syrianus I. 30, 44, 176, 178

Tacquet, André 1. ro3, 103, 1r1, IL 121,
258

Taittiriya-Samhita 1. 362

Tannery, P. 1. 77., 37~40, 44, 160, 163, 221,
223, 224, 225, 232, 3085, 353, I1. 112, 113,
L. 1, 5, 524

Ta’rikk al-Hukama 1. 4n.

Tartaglia, Niccold 1. 3, 103, 106, IL 2, 47

Taurinus, F. A. 1. 219

Taurus 1. 62, 184

Taylor, H. M. L. 248, 377-8, 404, 1I. 16, 22,
29, 50, 75, 102, 227, 244, 247, 242, 1L
268, 273, 303, 491-2, 498

Taylor, Th. 1. 259

Tetrahedron, regular: 11. ¢8: problem of
inscribing in given sphere, Euclid’s solu-
tion I11. 467~72, Pappus’ solution II1. 472~3

Thabit b. Qurra, translator of Zlemenss 1.
9 7., 42, 75-80, 82, 84, 87, 94: proof of I.
47, 1. 364~5

Thales 1. 36, 37, 185, 252, 253, 278, 317,
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318, 319, II. 111, 280! on distance of ship
from shore I. 304~3

Theaetetus 1. 1, 37: contributions to theory
of incommensurables 111, 3: Eucl. X. ¢
attributed to, III. 3, 30: supposed to have
discovered octahedron and icosahedron 111
438: was the first to write a treatise on
regular solids I11. 438, 525: IIl. 442

Theodorus Antiochita I. 71

Theodorus Cabasilas 1. 72

Theodorus of Cyrene: proved incommen-

surability of 4/3, A/5 etc. up to NETAR
I, 2, 522, 5245

Theodorus Metochita, 1. 3

Theodosius I1. 37, III. 269, 366, 172

Theognis 1. 371

Theon of Alexandria: edition of Zlements 1.
46: changes made by, I. 46: Simson on
“‘vitiations” by, I. 46 principles for detect-
ing his alterations, by comparison of P,
ancient papyri and “Theonine” wMss. I.
51-3: character of changes by, 1. 54-8:
interpolation in v. 13 and Porism II. 144:
interpolated Porism to VI. 20, II. 239: ad-
ditions to VI. 33 (about sectors) II. 274-6:
L 43, 109, 117, I19, 149, I52, 161, 186,
100, 234, 235, 240, 242, 256, 262, 311,
322, 412, III. 323

Theon of Smyrna: I. 1%2, 357, 358, 391,
398, II. 111, 119, 279, 280, 281, 284, 285,
286, 288, 289, 290, 29I, 292, 293, 294,
1L 2, 263, 273

Theorem and problem, distinguished by
Speusippus 1. 125, Amphinomus I. 125,
128, Menaechmus 1. 125, Zenodotus, Posi-
donius 1. 126, Enclid 1. 126, Carpus 1. 127,
128: views of Proclus I. 127-8, and of
Geminus I. 128: ‘‘general” and “not-
general ” (or partial) theorems (Proclus) 1.

325
Theudius of Magnesia L 11%
Thibaut, B. F. 1. 321
Thibaut, C.: On Sulvasiitras 1. 360, 363-4
Thompson, Thomas Perronet I. 112
Thrasyllus 11. 292
Thucydides 1. 333
Thymaridas 11. 279, 285
Tibbon, Moses b. 1. 76
Timaens of Plato 11. 97-8, 204—5, 363, IIL

525
Tiraboschi 1. g47.

-Tittel, K. 1. 3

Todhunter, I. ? 112, 189, 246, 258, 277,
283, 293, 298, 307, IL. 3, 7> 22, 49, 51, 52,
67, 73, 90, 99, 172, 195, 202, 204, 208,
250, 271, 272, 300

Tonstall, Cuthbert 1. 100

Zore 1. 163

Transformation of areas I. 346-7, 410

Trapezium: Euclid’s definition his own I.
189 : further division into trapezia and
trapezoids (Posidonius, Heron) 1. 18¢-go:
a theorem on area of parallel-trapezium 1.
338-9: nameapplied to truncated pyramidal
numbers (Theon of Smyrna) 11. 291
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Treasury of Analysis {avadvbuevos Témos) 1.
8, 10, 11, 138

Trendelenburg, F. A. 1. 1467., 148, 149

Treutlein, P. 1. 358-60

Triangle: seven species of, 1. 188: four-
sided” triangle, called also ‘“barb-like”
(dxdoerdés) and (by Zenodorus) xothoyuwwior
1. 27, 188: construction of isosceles and
scalene triangles 1. 243: Heron’s proof
of expression for area in terms of sides,
Ji(5=a) (s—8) (s —2), 11 87-8: right-
angled triangle which is half of equilateral
triangle used for construction of tetrahedron,
octahedron and icosahedron (Zt¢maens of
Plato) 11. 98

Triangular numbers 11. 289

Trihedral angles: conditions of equality 111.
311-2: symmetrical trihedral angles 111
312

Trimedial (straight line), first and second,
corresponding to bimedial 111. 257~8

Trinomial (straight line), extension from
binomial I11. 256

Triplicate, distinet from ##iple, ratio 1I. 133

Trisection of an angle 1. 265—7

at-Tisl, se¢e Nagiraddin

Unger, E. S. 1. 108, 169

Unit: definitions of, by Thymaridas, ‘‘some
Pythagoreans,” Chrysippus, Aristotle and
others 11. 279: Euclid’s definition that of
the “more recent’ writers II. 279: movds
connected etymologically by Theon of
Smyrna and Nicomachus with pévos (soli-
tary) or mows (rest) II. 279

Vachtchenko-Zakhartchenko 1. 113

Vailati, G. 1. 144%., 1457,

Valerius Maximus I.

Valla, G., De expetendis et fugiendis rebus 1.

T 73, 98

Van Swinden, J. H. 1. 169, 11. 188

Vatican Ms. 1go (P) 1. 46, 47

Vaunx, Carra de, 1. 20

Verona palimpsest 1. 91

Veronese, G. 1. 157, 168, 175, 180, 193~4,
195, 201, 2267, 228, 249, 328, II. 30, 126

Vertical (angles) 1. 2%8
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Vettius Valens 111. 3

Viennese Ms. (V) 1. 48, 49

Vieta: on amgle of contact 11. 42

Vinci, Lionardo da 1. 365-6

Vitruvius I. 352: Vitruvius and Heron 1. 20,
21

Viviani, Vincenzo I. 107, 4o0I

Vogt, Heinrich, 1. 360, 364, HI. 523-6

Vooght, C. J. 1. 108

Wachsmuth, C. 1. 322., 73

Walker, John 1I. 204, 208, 259

Wallis, John 1 ro3: edited Comm. on Pto-
lemy’s Harmonica 1. 17 : attempt to prove
Post. 5, 1. 210-11: onangle of contact (*de-
gree of curvature”) 11. 42

Weber (H.) and Wellstein (J.) 1. 157

Weierstrass II. 124

Weissenborn, H. 1. 8., 92 n., g4 7., 95,
96, 97 7.

Whiston, W. I. 111

Williamson, James I. 111, 293

Witt, H. A. 1. 113

Woepcke, F., discovered De divisionibus in
Arabic and published translation 1. g: on
Pappus’ commentary on Zlements 1. 25,
66, 77: 1. 85n., 86, 87, II. 5, III, 3, 255,
256, 258, 259

Xenocrates 1. 268
Ximenes, Leonardo 1. 1o7
Kylander 1. 10%

Vahyd b. Khalid b. Barmak 1. 75

Yahyi b. Muh. b. "Abdan b. Abdalwihid
(Ibn al-Lubtdi) 1. go

Yrinus=Heron 1. 22

Vihannd b. YVisuf b. al-Harith b. al-Bitriq
al-Qass 1. 46, 87

Zam%erti, Bartolomeo 1. ¢8-100, ror, 104,

10

Zeno the Epicurean 1. 34, 196, 197, 199,
242

Zenodorus I. 26, 27, 188, 333, 1I. 276

Zenodotus 1. 126

Zeuthen, H. G. 1. 15, 139, 141, 146 7., 151,
355-6, 360, 363, 387, 308, 399, 111. 4, 366
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