






























































































































































































































































































































































































































































































































































































































































































































































































































































































XII. 17] PROPOSITION J7

Therefore the circle described with centre X and distance
one of the straight lines XB, XK will pass through P, S also,
and KBPS will be a quadrilateral in a circle.

N ow, since KB is greater than WV,
while WV is equal to SP,
therefore KB is greater than SP.

But KB is equal to each of the straight lines KS, BP;
therefore each of the straight lines KS, BP is greater than SP.

And, since KBPS is a quadrilateral in a circle,
and KB, BP, KS are equal, and PS less,
and BX is the radius of the circle,
therefore the square on KB is greater than double of the
square on BX.

Let KZ be drawn from K perpendicular to B V.
Then, since BD is less than double of DZ,

and, as BD is to DZ, so is the rectangle DB, BZ to the
rectangle DZ, ZB,
if a square be described upon BZ and the parallelogram On
ZD be completed,
then the rectangle DB, BZ is also less than double of the
rectangle DZ, ZB.

And, if KD be joined,
the rectangle DB, BZ is equal to the square on BK,
and the rectangle DZ, ZB equal to the square on KZ;

lIIl. 31, VI. 8 and Par.]
therefore the square on KB is less than double of the square
onKZ.

But the square on KB is greater than double of the square
onBX;
therefore the square on KZ is greater than the square on BX.

And, since BA is equal to KA,
the square on BA is equal to the square on AK.

And the squares on BX, XA are equal to the square on BA,
and the squares on KZ, ZA equal to the square on KA ;

[I. 47]
therefore the squares on BX, XA are equal to the squares on
KZ,ZA,
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and of thes~ the square on KZ is greater than the square
on BX;
therefore the remainder, the square on ZA, is less than the
square on XA.

Therefore AX is greater than AZ;
therefore AX is much greater than A G.

And AX is the perpendicular on one base of the poly­
hedron,
and A G on the surface of the lesser sphere;
hence the polyhedron will not touch the lesser sphere on its
surface.

Therefore, given two spheres about the same centre, a
polyhedral solid has been inscribed in the greater sphere
which does not touch the lesser sphere at its surface.

Q. E. F.

PORISM. But if in another sphere also a polyhedral solid
be inscribed similar to the solid in the sphere BCDE,

the polyhedral solid in the sphere BCDE has to the poly­
hedral solid in the other sphere the ratio triplicate of that
which the diameter of the sphere BCDE has to the diameter
of the other sphere.

For, the solids being divided into their pyramids similar
in multitude and arrangement, the pyramids will be similar.

. But similar pyramids are to one another in the triplicate
ratio of their corresponding sides; [XII. 8, Por.]

therefore the pyramid of which the quadrilateral KBPS is
the base, and the point A the vertex, has to the similarly
arranged pyramid in the other sphere the ratio triplicate of
that which the corresponding side has to the corresponding
side, that is, of that which the radius AB of the sphere about
A as centre has to the radius of the other sphere.

Similarly also each pyramid of those in the sphere about
A as centre has to each similarly arranged pyramid of those
in the other sphere the ratio triplicate of that which AB has
to the radius of the other sphere.

And, as one of the antecedents is to one of the conse­
quents, so are all the antecedents to all the consequents;

[v. I2]



PROPOSITION 17 43 1

hence the whole polyhedral solid in the sphere about A as
centre has to the whole polyhedral solid in the other sphere
the ratio triplicate of that which AB has to the radius of the
other sphere, that is, of that which the diameter BD has to
the diameter of the other sphere.

Q. E. D.

This proposition is of great length and therefore requires summarising in
order to make it easier to grasp. Moreover there are some assumptions in it
which require to be proved, and some omissions to be supplied. The figure
also is one of some complexity, and, in addition, the text and the figure treat
two points Z and V, which are really one and the same, as different.

The first thing needed is to know that all sections of a sphere by planes
through the centre are circles and equal to one another (great circles. or
"greatest circles" as Euclid calls them, more appropriately). Euclid uses his
definition of a sphere as the figure described by a semicircle revolving about
its diameter. This of course establishes that all planes through the particular
diameter make equal circular sections; but it is also assumed that the same
sphere is generated by any other semicircle of the same size and with its
centre at the same point.

o

E

The construction and argument of the proposition may be shortly given
as follows.

A plane through the centre of two concentric spheres cuts them in great
circles of which BE, GFare quadrants.

A regular polygon with an even number of sides is inscribed (exactly as in
Prop. 16) to the outer circle such that its sides do not touch the inner circle.
BK, KL, LM, ME are the sides in the quadrant BE.
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[1. 26]

BK> VW
>PS;

ther~fore in the quadrilateral BPSK three sides BK, BP, KS are equal, but
PS 1S less.

Consequently the angles about X are three equal angles and one smaller
angle;

A 0 is drawn at right angles to the plane ABE, and through A 0 are
drawn planes passing through B, K, L, M, E, etc., cutting the sphere in great
circles.

OB, OK are quadrants of two of these great circles.
As these quadrants are equal to the quadrant BE, they will be divisible

into arcs equal in number and magnitude to the arcs BK, KL, LM, ME.
Dividing the other quadrants of these circles, and also all the quadrants of

the other circles through OA, in this way we shall have in all the circles a
polygon equal to that in the circle of which BE is a quadrant.

BP, PQ, QR, RO and K.s~ ST, TU, VO are the sides of these polygons
in the quadrants BO, KO.

Joining PS, QI; R U, and making the same construction all round the
circles through A 0, we have a certain polyhedron inscribed in the outer
sphere.

.Draw P V perpendicular to AB and therefore (since the planes OAB,
BAE are at right angles) perpendicular to the plane BAE ; [Xl. Def. 4]
draw S W perpendicular to AK and therefore (for a like reason) perpendicular
to the plane B A E.

Draw KZ perpendicular to BA. (Since BK= BP, and DB. B V = BP2,
DB. BZ = BK2, it follows that B V = BZ, and Z, V coincide.)

Now, since L s PA V, SA W, being angles subtended at the centre by
equal arcs of equal circles, are equal,
and since L s P VA, S WA are right,
while AS=Ap,

,6. sPA V, SA Ware equal in all respects,
and AV=AW

Consequently AB : A V = AK: A W;
and VW, BX are parallel.

But P V, S Ware parallel (being both perpendicular to one plane) and
equal (by the equal ,6. s .PA V, SA W),
therefore Vw, PS are equal and parallel.

Therefore BK (being parallel to VW) is parallel to PS.
Consequently (1) BPSK is a quadrilateral in one plane.
Similarly the other quadrilaterals PQTS, QRUT are in one plane; and

the triangle OR U is in one plane. -

In order now to pro'lJe that the plane BPSK does not anywhere touch the
{nmr sphere we have to prove that the shortest dzstance .from A to the plane
is greater than AZ, whiclz by tIle construction in XII. 16 is greater than AG.

Draw AX perpendicular to the plane BPSK
Then AX2+ XB2 = AX2+XK2=AX2+XS2=AX2+Xp2=AB2,

whence XB = XK =XS = Xp,
or (2) the quadrilateral BPSKis inscribable in a circle with X as centre and
l;'adius XB.

Now
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therefore anyone of the equal angles is greater than a right angle, i.e. L BXK
is obtuse.

Therefore (3) EK" > 2EX". [rr. 12]
Next, consider the semicircle BKD with KZ drawn 'perpendicular to ED.
We have BD < 2DZ,

so that DB. BZ < 2DZ. ZB,
or EK" < 2KZ";
therefore, afortiori, [by (3) above]

(4) EX2 < KZ2.
Now AK2=AB2;

therefore AZ2 + ZK2 = AX" + XB2.
And EX2 < KZ2 ;

therefore A X2 > AZ2,
or (5) AX> AZ.

But, by the construction in XII. 16, A Z > A G; therefore, a forti{)rt~

AX>AG.
And, since the perpendicular AX is the shortest distance from A to the

plane BPSK,
(6) the plane BPSK does not anywhere meet the inner sphere.

Euclid omits to prove that, a fortiori, the other quadrilaterals PQTS,
QR UT, and the triangle R 0 U, do not anywhere meet the inner sphere.

For this purpose it is only necessary to show that the radii of the circles
circumscribing BPSK, PQTS, QR UT and ROU are in descending order of
magnitude.

We have therefore to prove that, if ABCD, A'B' C'D' are two quadrilaterals
inscribable in circles, and

AD = BC= A'D' =B' C',
while AB is not greater than AD, A'B' = CD, and AB> CD> C'D',
then the radius OA of the circle circumscribing the first quadrilateral is greater
than the radius 0'A' of the circle circumscribing the second.

Clavius, and Simson after him, prove this by reductio ad absurdum.

(1) If OA = O'A',
it follows that LS AOD, EOC, A'O'lY, B'O'C' are all equal.

Also LAOB>LA'O'B',
L COD> L CO'D',

whence the four angles about 0 are together greater than the four angles
about 0', i.e. greater than four right angles;
which is impossible.

H. E. III.
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(2) If O'A' > OA,
cut off from O'A', O'B', O'C', O'D' lengths equal to OA, and draw the inner
quadrilateral as shown in the figure (XYZW).

Then AB> A'B' > XY,
CD> C'D'>ZW,
AD=A'D'> WX,
BC=B'C'> yz.

Consequently the same absurdity as in (I) follows a fortiori.
Therefore, since OA is neither equal to nor less than O'A',

OA> O'A'.
The fact is also sufficiently clear if we draw MO, NO bisecting DA, DC

perpendicularly and therefore meeting in 0, the centre of the circumscribed
circle, and then suppose the side DA with the perpendicular MO to turn
inwards about D as centre. Then the intersection of MO and NO, as P, will
gradually move towards N. .

Simson gives his proof as "Lemma II." immediately before XII. 17.
He adds to the Porism some words explaining how we may construct a
similar polyhedron in another sphere and how we may prove that the
polyhedra are similar.

The Porism is of course of the essence of the matter because it is the
porism which as much as the construction is wanted in the next proposition.
It would therefore not have been amiss to include the Porism in the enuncia­
tion of XII. 17 so as to call attention to it.

PROPOSITION I8.

Spheres are to one anothe?' z"n the t?'ip!£cate ratz"o of thez"r
resjJectz"ve d£ameters.

Let the spheres ABC, DEFbe conceived,
and let Be, EF be their diameters;
I say that the sphere ABC has to the sphere DEF the ratio
triplicate of that which BC has to EF.

For, if the sphere ABC has not to the sphere DEF the
ratio triplicate of that which BC has to EF,
then the sphere ABC will have either to some less sphere
than the sphere D EF, or to a greater, the ratio triplicate of
that which BC has to EF.

First, let it have that ratio to a less sphere GHK,
let DEF be conceived about the same centre with GHK,
let there be inscribed in the greater sphere DEF a poly­
hedral solid.which does not touch the lesser sphere GHK at
its surface, [XII. 17]
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and let there also be inscribed in the sphere ABC .a poly­
hedral solid similar to the polyhedral solid in the sphere DEF;

therefore the polyhedral solid in ABC has to the polyhedral
solid in DEF the ratio triplicate of that which BC has to EF.

[XII. I7, Por.]

A

Bf-------jC

L

M N

But the sphere ABC also has to the sphere GHK the
ratio triplicate of that which BC has to EF;
therefore, as the sphere ABC is to the sphere GHK, so is
the polyhedral solid in the sphere ABC to the polyhedral
solid in the sphere DEF;
and, alternately, as the sphere ABC is to the polyhedron in
it, so is the sphere GHK to the polyhedral solid in the
sphere DEF [v. I6]

But the sphere ABC is greater than the polyhedron in it;

therefore the sphere. GHK is also greater than the polyhedron
in the sphere DEF.

But it is also less,

for it is enclosed by it.

Therefore the sphere ABC has not to a less sphere than
the sphere DEF the ratio triplicate of that which the diameter
BC has to EF

28-2
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Similarly we can prove that neither has the sphere DEF
to a less sphere than the sphere ABC the ratio triplicate of
that which EF has to Be. .

I say next that neither has the sphere ABC to any greater
sphere than the sphere DEF the ratio triplicate of that which
BChas to EF.

For, if possible, let it have that ratio to a greater, LMN;

therefore, inversely, the sphere LMN has to the sphere ABC
the ratio triplicate of that which the diameter EF has to the
diameter BC.

But, inasmuch as LMN is greater than DEF,
therefore, as the sphere LMN is to the sphere ABC, so is the
sphere DEF to some less sphere than the sphere ABC, as
was before proved. [XII. 2, Lemma]

Therefore the sphere DEF also has to some less sphere
than the sphere ABC the ratio triplicate of that which EF
has to BC:
which was proved impossible.

Therefore the sphere ABC has not to any sphere greater
than the sphere DEF the ratio triplicate of that which BC
has to EF.

But it was proved that neither has it that ratio to a less
sphere.

Therefore the sphere ABC has to the sphere DEF the
ratio triplicate of that which BC has to EF.

Q. E. D.

It is the method of this proposition which Legendre adopted for his proof
of XII. 2 (see note on that proposition).

The argument can be put very shortly. We will suppose S, Sf to be the
volumes of the spheres, and d, d' to be their diameters; and we will for brevity
express the triplicate ratio of d to d' by d 3: d'3.

If d 3
: d'3 * S: S,

then d 3 : d'3 = S : T,
where Tis the volume of some sphere either greater Or less than S'.

I. Suppose, if possible, that T < S.
Let T be supposed concentric with S.
As in XII. 17, inscribe a polyhedron in S such that its faces do not any­

where touch T;

and inscribe in S a polyhedron similar to that in S.
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[XII. 2, Lemma]

s: T==d3: d'3

== (polyhedron in S) : (polyhedron in S') ;
Then

or, alternately,
S: (polyhedron in S) == T: (polyhedron in S').

S> (polyhedron in S) ;
T> (polyhedron in S).
T < (polyhedron in S) :

And
therefore

But, by construction,
which is impossible.

Therefore T <j: S.

II. Suppose, if possible, that T> S'.
Now d 3 : d'3 == S: T

==X:S',
where j( is the volume of some sphere less than S,
or, inversely, d'3 : d 3== S' : X,
where X <So

This is proved impossible exactly as in Part 1.
Therefore T::j> S.
Hence T, not being greater or less than S', is equal to it, and

d 3 : d'3 =S: S.



BOOK XIII.

HISTORICAL NOTE.

I have already given, in the note to IV. 10, the evidence upon which the
construction of the five regular solids is attributed to the Pythagoreans. Some
of them, the cube, the tetrahedron (which is nothing but a pyramid), and the
octahedron (which is only a double pyramid with a square base), cannot but
have been known to the Egyptians. And it appears that dodecahedra have
been found, of bronze or other material, which may belong to periods earlier
than Pythagoras' time by some centuries (for references see Cantor's Geschichte
der Mathematik la, pp. 175-6).

It is true that the author of the scholium No. I to Eucl. XIII. says that the
Book is about "the five so-called Platonic figures, which however do not
belong to Plato, three of the aforesaid five figures being due to the Pythagoreans,
namely the cube, the pyramid and the dodecahedron, while the octahedron
and the icosahedron are due to Theaetetus." This statement (taken probably
from Geminus) may perhaps rest on the fact that Theaetetus was the first to
write at any length about the two last-mentioned solids. Weare told indeed
by Suidas (s. v. @m{rrrro<;) that Theaetetus "first wrote on the' five solids' as
they are called." This no doubt means that Theaetetus was the first to write
a complete and systematic treatise on all the regular solids; it does not
exclude the possibility that Hippasus or others had already written on the
dodecahedron. The fact that Theaetetus wrote upon the regular solids agrees
very well with the evidence which we possess of his contributions to the
theory of irrationals, the connexion between which and the investigation of
the regular solids is seen in Euclid's Book XIII.

Theaetetus flourished about 380 B.c., and his work on the regular solids
was soon followed by another, that of Aristaeus, an elder contemporary of
Euclid, who also wrote an important book on Solid Loa; i.e. on conics treated
as loci. This Aristaeus (known as "the elder") wrote in the period about
320 B.C. We hear of his Comparison of the jive regular solids from Hypsicles
(2nd cent. B.C.), the writer of the short book commonly included in the editions
of the Elements as Book XIV. Hypsicles gives in this Book some six proposi­
tions supplementing Eucl. XIII.. ; and he introduces the second of the
propositions (Heiberg's Euclid, Vol. v. p. 6) as follows:

" The same circle circztmscribes both the pentagon of the dodecahedron an~ the
triangle of the icosahedron when both are inscribed in the same sphere. This is
proved by Aristaeus in the book entitled Comparison of the jive jigures."
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Hypsicles proceeds (pp. 7 sqq.) to give a proof of this theorem. Allman
pointed out (Greek Geometry from Thales to Euclid, 1889, pp. 201-2) that this
proof depends on eight theorems, six of which appear in Euclid's Book XIII.
(in Propositions 8, 10, 12, IS, 16 with Por., q); two other propositions not
mentioned by Allman are also used, namely XIII. 4 and 9. This seems, as
Allman says, to confirm the inference of Bretschneider (p. 17 I) that, as
Aristaeus' work was the newest and latest in which, before Euclid's time, this
subject was treated, we have in Eucl. XIII. at least a partial recapitulation of
the contents of the treatise of Aristaeus.

After Euclid, Apollonius wrote on the comparison of the dodecahedron
and the icosahedron inscribed in one and the same sphere. This we also
learn from Hypsicles, who says in the next words following those about
Aristaeus above quoted: "But it is proved by Apollonius in the second
edition of his Compariso1l of tlu dodecahedron zlJith the icosahedron that, as the
surface of the dodecahedron is to the surface of the icosahedron [inscribed
in the same sphere], so is the dodecahedron itself [i.e. its volume] to the
icosahedron, because the perpendicular is the same from the centre of the
sphere to the pentagon of the dodecahedron and to the triangle of the
icosahedron."
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PROPOSITION I.

~_~ ~C_-,B

o A

E

[VI. I]

F

GK

I./ a straight line be cut £n extreme and mean ratio, the
square on the greater segment added to the haif 0./ the whole
is five times tlze square on the half.

For let the straight line AB be cut in extreme and mean
ratio at the point C,
and let A C be the greater segment;

L
let the straight line AD be pro­
duced in a straight line with CA,

and let AD be made half of AB;
I say that the square on CD is Pl--~---.l'-~--i.--~

five times the square on AD.
For let the squares AE, DF

be described on AB, DC,
and let the figure in D F be drawn;
let FC be carried through to G.

Now, since AB has been cut in
extreme and mean ratio at C,
therefore the rectangle AB, BC is
equal to the square on A e.

[VI. Def. 3, VI. 17]

And CE is the rectangle AB, BC, and FH the square
onAC;
therefore CE is equal to FH.

And, since BA is double of AD,
while BA is equal to KA, and AD to AH,
therefore KA is also double of AH.

But, as KA is to AH, so is CK to CH;
therefore CK is double of CH.

But LH, HC are also double of CH.
Therefore KC is equal to LH, He.
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But CE was also proved equal to HF;
therefore the whole square AE is equal to the gnomon MNO.

And, since BA is double of AD,
the square on BA is quadruple of the square on AD,
that is, AE is quadruple of DH.

But AE is equal to the gnomon MNO;
therefore the gnomon MNO is also quadruple of AP;
therefore the whole DF is five times AP.

And DFis the square on DC, and AP the square on DA;
therefore the square on CD is five times the square on DA.

Therefore etc.
Q. E. D.

Af-------t=C'----:>1B·

s,.------,

Also

The first five propositions are in the nature of lemmas, which are required
for later propositions but are not in themselves of much importance.

It will be observed that, while the method of the propositions is that of
Book II., being strictly geometrical and not algebraical, none of the results of
that Book are made use of (except indeed in the Lemma to XIII. 2, which is
probably not genuine). It would therefore appear as though these propositions
were taken from an earlier treatise without being revised or rewritten in the
light of Book II. It will be remembered that, according to Proclus (p. 67, 6),
Eudoxus "greatly added to the number of the theorems which originated with
Plato regarding the section" (i.e. presumably the "golden section"); and it is
therefore probable that the five theorems are due to Eudoxus.

That, if AB is divided at C in extreme and mean ratio, the rectangle
AB, BC is equal to the square on ACis inferred from VI. !7.

AD is made equal to half AB, and we have to prove that
(sq. on CD) = 5 (sq. on AD).

The figure shows at once that
OCH=OHL,

so that 0 CH+ 0 HL = 2 (0 CD)
=OAG.

sq. HF = (sq. on A C)
= rect. AB, BC
=CE.

By addition,
(gnomon MNO) = sq. on AB

= 4 (sq. on AD);
whence, adding the sq. on AD to each, we have

(sq. on CD) = 5 (sq. on AD).
The result here, and in the next propositions,

is really seen more readily by means of the figure
of II. I1.

In this figure SR =A C+! AB, by construction;
and we have therefore to prove that

(sq. on SR) = 5 (sq. on AR).

R

G E
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This is obvious, for

BC
I

A·
I

o
I

(sq. on SR) = (sq. on RB)
= sum of sqs. on AB, AR
= 5 (sq. on AR).

The 11188. contain a curious addition to XIII. 1-5 in the shape of analyses
and syntheses for each proposition prefaced by the heading:

"What is analysis and what is synthesis.
" Analysis is the assumption of that which is sought as if it were admitted

< and the arrival> by means of its consequences at something admitted to
be true.

"Synthesis is an assumption of that which is admitted < and the arrival>
by means of its consequences at something admitted to be true."

There must apparently be some corruption in the text j it does not, in the
case of synthesis, give what is wanted. B and V have, instead of "something
admitted to be true," the words "the end or attainment of what is sought."

The whole of this addition is evidently interpolated. To begin with, the
analyses and syntheses of the five propositions are placed all together in four
1I18S. j in P, q they corne after an alternative proof of XIII. 5 (which alternative
proof P gives after XIII. 6, while q give~ it instead of XIII. 6), in B (which has
not the alternative proof of XIII. 5) after XIII. 6, and in b (in which XIII. 6 is
wanting, and the alternative proof of XIII. 5 is in the margin, in the first hand)
after XIII. 5, while V has the analyses of 1-3 in the text after XIII. 6 and
those of 4-5 in the same place in the margin, by the second hand. Further,
the addition is altogether alien from the plan and manner of the ElelJZe1lts.
The interpolation took place before Theon's time, and the probability is that
it was originally in the margin, whence it crept into the text of P after XIII. 5.
Heiberg (after Bretschneider) suggested in his edition (Vol. v. p. lxxxiv.) that
it might be a relic of analytical investigations by Theaetetus or Eudoxus, and
he cited the remark of Pappus (v. p. 410) at the beginning of his
"comparisons of the five [regular solid] figures which have an equal surface,"
to the effect that he will not use "the so-called analytical investigation by
means of which some of the ancients effected their demonstrations." More
recently (Paralipomena zu Euklid in Hermes XXXVIII., 1903) Heiberg con­
jectures that the author is Heron, on the ground that the sort of analysis' and
synthesis recalls Heron's remarks on analysis and synthesis in his commentary
on the beginning of Book II. (quoted by an-NairlzI, ed. Curtze, p. 89) and his
quasi-algebraical alternative proofs of propositions in that Book.

To show the character of the interpolated matter I need only give the
analysis and synthesis of one proposition. In the case of XIII. I it is in
substance as follows. The figure is a mere
straight line.

Let AB be divided in extreme and mean
ratio at C, A C being the greater segment j

and let AD = ! AB.
I say that (sq. on CD) = 5 (sq. on AD).
(Analysis. )
"For, since (sq. on CD) = 5 (sq. on AD),"

and (sq. on CD) = (sq. on CA) + (sq. on AD) + 2 (rect. CA, AD),
therefore (sq. on CA) + 2 (rect. CA, AD) = 4 (sq. on AD).

But recto BA . A C = 2 (rect. CA. AD),
and (sq. on CA) = (rect. AB, BC).
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Therefore
(rect. BA, A G) + (rect. AB, BC) = 4 (sq. on AD),

(sq. on AB) = 4 (sq. on AD):
AD = tAB.

or
and this is true, since

(Synthesis. )
Since (sq. on AB) = 4 (sq. on AD),

and (sq. on AB) = (rect. BA, A G) + (rect. AB, BC),
therefore 4 (sq. on AD) = 2 (rect. DA, AC) + sq. on AG.

Adding to each the square on AD, we have
(sq. on CD) = 5 (sq. on AD).

M!/;/
1/

H .'
/

.-,,'
0

B 0
A C

G

[VI. I]

F

EK

L

PROPOSI:fION 2.

If the square on a stra£ght lz'ne be jive t£mes the square on
a segment oj' £t, then, when the double of the -sa£d segme1tt £s cut
in extreme and mean ratio, thegreater seglJtent is the remaining
part oj'the orig£nal stra£ght Nne.

For let the square on the straight line AB be five times
the square on the segment AC
of it,
and let CD be double of A C ;
I saythat, when CD is cut in extreme
and mean ratio, the greater segment
is CB.

Let the squares AF, CG be de­
scribed on AB, CD respectively,
let the figure in AF be drawn,
and let BE be drawn through.

N ow, since the square on BA is
five times the square on A C,
AFis five times AN.

Therefore the gnomon MNO is
quadruple of AH.

And, since DC is double of CA,
therefore the square on DC is quadruple of the square on CA,
that is, CG is quadruple of AH.

But the gnomon MNO was also proved quadruple of AH;
therefore the gnomon MNO is equal to CG.

And, since DC is double of CA,
while DC is equal to CK, and A C to Cll,
therefore KB is also double of EN.



444 BOOK XIII [XIII. Z

. But LH, H B are also double of H B ;
therefore KB is equal to LH, HB.

But the whole gnomon llfNO was also proved equal to
the whole CG;
therefore the remainder HF is equal to BG.

And BG is the rectangle CD, DB,
for CD is equal to DG;
and H F is the square on CB;
therefore the rectangle CD, DB is equal to the square on CB.

Therefore, as DC is to CB, so is CB to BD.
But DC is greater than CB;

therefore CB is al~o greater than BD.
Therefore, when the straight line CD'is cut in extreme and

mean ratio, CB is the greater segment.
Therefore etc.

Q. E. D.

LEMMA.

That the double of A C is greater than BC is to be proved
thus.

If not, let BC be, if possible, double of CA.
Therefore the square on BC is quadruple of the square

on CA;
therefore the squares on BC, CA are five times the square
on CA.

But, by hypothesis, the square on BA is also five times
the square on CA ;
therefore the square on BA is equal to the squares on BC, CA:
which is impossible. [n. 4]

Therefore CB is not double of A C.
Similarly we can prove that neither is a straight line less

than CB double of CA ;
for the absurdity is much greater.

Therefore the double of A C is greater than CB.
Q. E. D.

(rect. CD, DB) = (sq. on CB).

This proposition is the converse of Prop. 1. We have to prove that, if
AB be so divided at C that

(sq. on AB) = 5 (sq. on A C),
and if CD= zAC,
then
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A

Rr------,

B 0Cl-----+----"'"

Subtract from each side the sq. on A C;
then (gnomon MNO) = 4 (sq. on A C)

= (sq. on'CD).
Now, as in the last proposition,

OCE=z(oBH)

=OBH+OHL.
Subtracting these equals from the equals, the square on CD and the

gnomon MNO respectively, we have
o BG = (square H.F),

i.e. (rect. CD, DB) = (sq. on CB).
Here again the proposition can readily be proved by means of a figure

similar to that of II. 11.

Draw CA through C at right angles to CB and of length equal to CA in
the original figure; make CD double of CA;
produce A C to R so that CR = CE.

Complete the squares on CB and CD, and
join AD.

Now we are given the fact that
(sq. on AR) = 5 (sq. on CA).

But
5 (sq. on A C) = (sq. on A C) + (sq. on CD)

= (sq. on AD).
Therefore

(sq. on AR) = (sq. on AD),
or AR=AD.

Now
(rect. KR, RC) + (sq. on A C) = (sq. on AR) KEG

= (sq. on AD)
= (sq. on A C) + (sq. on CD).

Therefore (rect. KR. RC) = (sq. on CD).
That is, (rectangle RE) = (square CG).
Subtract the common part CE,

and (rect. EG) = (sq. RB),
or recto CD, DB = (sq. on CE).

Heiberg, with reason, doubts the genuineness of the Lemma following this
proposition.

PROPOSITION 3.

If a straight line be cut £n extreme and mean ratio, the
square on the lesser segment added to the half of the greater
segment £s five times the square O1Z the half of the greater
segment.
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For let any straight line AB be cut in extreme and mean
ratio at the point C,
let A C be the greater segment,
and let A C be bisected at .l? ;
I say that the square on BD is
five times the square on DC. -

G 0'/ ,p
For let the square AE be Rl------I-----=:..:-'---7I'---+-;-----1M

described on AB, ,(
and let the figure be drawn
double. HI---~K;---+.F=-----jN

Since A C is double of DC,
therefore the square on AC is
quadruple of the square on DC,
that is, RS is quadruple of FG.

And, since the rectangle AB, BC is equal to the square
onAC,
and CE is the rectangle AB, BC,
therefore CE is equal to R5.

But RS is quadruple of FG ;
therefore CE is also quadruple of FG.

Again, since AD is equal to DC,
HK is also equal to KF

Hence the square GF is also equal to the square HL.
Therefore GK is equal to KL, that is, MN to NE;

hence M F is also equal to FE.
But M F is equal to CG;

therefore CG is also equal to FE.
Let CN be added to each;

therefore the gnomon OPQ is equal to L1J.
But CE was proved quadruple of GF;

therefore the gnomon OPQ is also quadruple of the square FG.
Therefore the gnomon OPQ and the square FG are

five times FG.
But the gnomon OPQ and the square FG are the

square DN.
And DN is the square on DB, and GFthe square on DC.
Therefore the square on DB is five times the square

on DC. Q. E. D.
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A

In this case we have
(sq. on BD) = (sq. FC) + (reet. CC) + (rect. CN)

= (sq. FC) + (reet. FE) + (rect. CN)
= (sq. FC) + (rect. CE)
= (sq. FG) + (reet. AB, BC)
'" (sq. FC) + (sq. on A C), by hypothesis,
= 5 (sq. on DC).

The theorem is still more obvious if the figure 8 r-----,
of II. II be used. Let CF be divided in extreme
and mean ratio at E, by the method of II. 1 I.

Then, since
(reet. AB, BC) + (sq. on CD)

= sq. on BD
= sqs. on CD, CF,

(rect. AB, BC) = (sq. on CF)
= (sq. on CA),

and AB is divided at C in extreme and mean ratio.
And (sq. on BD) = (sq. on DF)

= 5 (sq. on CD). G

PROPOSITION 4.

EG

o B

/-'//' '\. M
L FI K

N/

A

o

H

And AK is the rectangle AB, BC,
onAC;
therefore AK is equal to HG.

If a straight line be cut in extreme and mean 'ratio, the
square on the whole and the square on the lesser segmmt together
are l7-iple of the square on the g'reater segment.

Let AB be a straight line,
let it be cut in extreme and mean ratio at C,
and let A C be the greater segment;
I say that the squares on AB, BC are
triple of the square on CA.

For let the square ADEB be de­
scribed on A B,
and let the figure be drawn.

Since then AB has been cut in extreme
and mean ratio at C,
and A C is the greater segment,
therefore the rectangle AB, BC is equal to the square on A C.

[VI, Def. 3, VI. 17]
and HG the square
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And, since AF is equal to FE,
let CK be added to each;
therefore the whole AK is equal to the whole CE;
therefore AK, CE are double of AK.

But AK, CE are the gnomon LMN and the square CK;
therefore the gnomon LMN and the square CK are double
of AK.

But, further, AK was also proved equal to HG;
therefore the gnomon LMN and the squares CK, FIG are
triple of the square HG.

And the gnomon LMN and the squares CK, HG are
the whole square AE and CK, which are the squares on
AB, Be,
while HG is the square on A C.

Therefore the squares on AB, BC are triple of the square
on AC.

Q. E. D.

Here, as in the preceding propositions, the results are proved de novo by
the method of Book II., without reference to that Book. Otherwise the proof
might have been shorter.

For, by II. 7,
(sq. on AB) + (sq. on BC) = 2 (rect. AB, BC) + (sq. on A C)

= 3 (sq. on A C).

BoAo

PROPOSITION S.

If a straight l£ne be cut £n extreme and mean rat£o, and
there be added to £t a straight l£ne equal to the greater segment,
the whole strazght line has been cut £n extreme and mean ratio,
and the original straight line is the greater segment.

For let the straight line AB be cut in extreme and mean
ratio at the point C,
let A C be the greater segment,
and let AD be equal to A C.

I say that the straight line
DB has been cut in extreme and !-L---H,..+----4,.-------1K

mean ratio at A, and the original
straight line AB is the greater
segment.

For let the square AE be described on AB,
and let the figure be drawn.
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Since AB has been cut in extreme and mean ratio at C,
therefore the rectangle AB, BC is equal to the square on AC

[VI. Def. 3, VI. 17]
BC, and CH the squareAnd CE is the rectangle AB,

on AC;
therefore CE is equal to HC

But HE is equal to CE,
and DH is equal to HC;
therefore DH is also equal to HE.

Therefore the whole DK is equal to the whole AE.
And DK is the rectangle BD, DA,

for AD is equal to DL;
and AE is the square on AB;
therefore the rectangle BD, DA IS equal to the square
on AB.

Therefore, as DB is to BA, so is BA to AD.
And DB is greater than BA ;

therefore BA is also greater than AD. [v. 14]
Therefore DB has been cut in extreme and mean ratio at

A, and A B is the greater segment.
Q. E. D.

BA : AC=AC: CB,
A C : AB = CB : A C.

(AB+AC) :AB=AB: AC,
DB:BA=BA : AD.

We have

or

(sq. DH) = (sq. HC)
= (rect. CE), by hypothesis,
= (rect. HE).

Add to each side the rectangle A K, and
(rect. DK) = (sq. AE),

(rect. BD, DA) = (sq. on AB).
The result is of course obvious from II. I I.

There is an alternative proof given in P after XIII. 6, which depends on
Book v.

By hypothesis,
or, inversely,

Componelldo,

or

PROPOSITION 6.

If a rational straight Nne be cut in extreme and mean ratio,
each of the segments is the irrational straight line called
apoto·me.

H. E. III.
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C
i

o

Let AB be a rational straight line,
let it be cut in extreme and mean
ratio at C,

. and let A C be the greater segment;
I say that each of the straight lines A C, CB is the irrational
straight line called apotome.

For let BA be produced, and let AD be made half of BA.
Since then the straight line AB has been cut in extreme

and mean ratio,
and to the greater segment A C is added AD which is half
of AB,
therefore the square on CD is five times the square on DA.

[XIII. I]
Therefore the square on CD has to the square on D A the

ratio which a number has to a number;
therefore the square on CD is commensurable with the square
on DA. [X. 6]

But the square on DA is rational,
for DA is rational, being half of AB which is rational;
therefore the square on CD is also rational; [x. Def. 4]

therefore CD is also rational.

And, since the square on CD has not to the square on
DA the ratio which a square number has to a square number,
therefore CD is incommensurable in length with DA; [x. 9]
therefore CD, DA are rational straight lines commensurable
in square only;
therefore A C is an apotome. [x. 73]

Again, since AB has been cut in extreme and mean ratio,
and A C is the greater segment,
therefore the rectangle AB, BC is equal to the square on A C.

[VI. Def. 3, VI. 17]

Therefore the square on the apotome A C, if applied to
the rational straight line AB, produces BC as breadth.

But the square on an apotome, if applied to a rational
straight line, produces as breadth a first apotome; [X. 97]

therefore CB is a first apotome.



And CA was also proved to be an apotome.
Therefore etc.

XIII. 6, 7J :PROPOSITIONS 6, 7

[1. 6}

Q. E. D.

It seems certain that this proposition is an interpolation. P has it, but the
copyist (or rather the copyist of its archetype) says that" this theorem is not
found in most copies of the new recension, but is found in those of the old."
In the first place, there is a scholium to XIII. 17 in P itself which proves the
same thing as XIII. 6, and which would therefore have been useless if XIII. 6
had preceded. Hence, when the scholium was written, this proposition had
not yet been interpolated. Secondly, P has it before the alternative proof of
XIII. 5; this proof is considered, on general grounds, to be interpolated, and
it would appear that it must have been a later interpolation (XIII. 6) which
divorced it from the proposition to which it belonged. Thirdly, there is cause
for suspicion in the proposition itself, for, while the enunciation states that
each segment of the straight line is an apotome, the proposition adds that the
lesser segment is a first apotome. The scholium in P referred to has not this
blot. What is actually wanted in XIII. 17 is the fact that the greater segment
is an apotome. It is probable that Euclid assumed this fact as evident enough
from XIII. 1 without further proof, and that he neither wrote XIII. 6 nor the
quotation of its enunciation in XIII. 17.

PROPOSITION 7.

if three allgles of an equilateralpentagolz, taken either in
o1'del' 01' 1Wt ill order, be equal, thepentagon will be equiangular.

For in the equilateral pentagon ABCDE let, first, three
angles taken in order, those at A, B, C,
be equal to one another;
I say that the pentagon ABCDE is
equiangular.

For let AC, BE, ED be joined.
N ow, since the two sides CB, BA

are equal to the two sides BA, AE
respectively,
and the angle CBA is equal to the
angle BAE,
therefore the base A C is equal to the base BE,
the triangle ABC is equal to the triangle ABE,
and the remaining angles will be equal to the remaining angles,
namely those which the equal sides subtend, [I. 4J
that is, the angle BCA to the angle BEA, and the angle
ABE to the angle CAB;
hence the side AF is also equal to the side BF.

29-2
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But thewhole ACwas also proved equal to the whole BE;
therefore the remainder FC is also equal to the remainder FE.

But CD is also equal to DE.
Therefore the two sides FC, CD are equal to the two

sides FE, ED;
and the base FD is common to them;
therefore the angle FCD is equal to the angle FED. [r. 8]

But the angle BCA was also proved equal to the angle
AEB;
therefore the whole angle BCD is also equal to the whole
angle AED.

But, by hypothesis, the angle BCD is equal to the angles
at A, B;
therefore the angle AED is also equal to the angles at A, B.

Similarly we can prove that the angle CDE is also equal
to the angles at A, B, C;
therefore the pentagon ABCDE is equiangular.

N ext, let the given equal angles not be angles taken III

order, but let the angles at the points A, C, D be equal;
. I say that in this case too the pentagon ABCDE is equiangular.

For let BD be joined.
Then, since the two sides BA, AE are equal to the two

sides BC, CD,
and they contain equal angles,
therefore the base BE is equal to the base BD,
the triangle ABE is equal to the triangle BCD,
and the remaining angles will be equal to the remaining angles,
namely those which the equal sides subtend ; [I. 4]
therefore the angle AEB is equal to the angle CDB.

But the angle BED is also equal to the angle BDE,
since the side BE is also equal to the side BD. [r. 5]

Therefore the whole angle AED is equal to the whole
angle CDE.

But the angle CDE is, by hypothesis, equal to the angles
at A, C; .
therefore the angle A ED is also equal to the angles at A, C.
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For the same reason
the angle ABC is also equal to the angles at A, C, D.

Therefore the pentagon ABCDE is equiangular.
Q. E. D.

This proposition is required in XIII. 17.
The steps of the proof may be shown thus.
1. Suppose that the angles at A, B, C are all equal.
Then the isosceles triangles BAE, ABC are equal in all respects;

thus BE=AC, LBCA=LBEA, L CAB=LEBA.
By the last equality, FA =FB,

so that, since BE=AC, FC=FE.
The DS FED, FCD are now equal in all respects, [1. 8, 41

and L FCD = L FED.
But L ACB = L AEB, from above,

whence, by addition, L BCD = L AED.
Similarly it may be proved that L CDE is also equal to anyone of the

angles at A, B, C.
II. Suppose the angles at A, C, D to be equal.
Then the isosceles triangles ABE, CBD are equal in all respects, and

hence BE = BD (so that L BDE = L BED),
and L CDB=LAEB.

By addition of the equal angles,
LCDE=LDEA.

Similarly it may be proved that L ABC is also equal to each of the angles
at A, C, D.

[IV. 14]

A

PROPOSITION 8.

f/ in an equilateral and equiangular pentagon straight
l£nes subtend two angles taken in order, they cut one another
in extreme and mean ratio, and theirgreater segments are equal
to the side o.f the pentagon.

For in the equilateral and equiangular pentagon ABCDE
let the straight lines A C, BE, cutting
one another at the point H, subtend
two angles taken in order, the angles
at A, B;
I say that each of them has been E

cut in extreme and mean ratio at
the point H, and their greater seg­
ments are equal to the side of the
pentagon.

For let the circle ABCDE be
circumscribed about the pentagon ABCDE.
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Then, since the two straight lines EA, AB are equal to
the two AB, BC,
and they contain equal angles,
therefore the base BE is equal to the base A C,
the triangle ABE is equal to the triangle ABC,
and the remaining angles will be equal to the remaining angles
respectively, namely those which the equal sides subtend. [1. 4]

Therefore the angle BAC is equal to the angle ABE;
therefore the angle AHE is double of the angle BAH. [I. 32]

But the angle EA C is also double of the angle BA C,
inasmuch as the circumference EDC is also double of the
circumference CB; [m. 28, VI. 33]

therefore the angle H A E is equal to the angle A HE ;
hence the straight line HE is also equal to EA, that is, to AB.

[I. 6]
And, since the straight line BA is equal to AE,

the angle ABE is also equal to the angle AEB. [I. 5]

But the angle ABE was proved equal to the angle BAH;
therefore the angle BEA is also equal to the angle BAH.

And the angle ABE is common to the two triangles ABE
and ABH;
therefore the remaining angle BAE is equal to the remaining
angle AHB; [I. 32]
therefore the triangle ABE is equiangular with the triangle
ABH;
therefore, proportionally, as EB is to BA, so is AB to BH.

[VI. 4]
But BA is equal to EH;

therefore, as BE is to EH, so is EH to HB.
And BE is greater than EH;

therefore EH is also greater than HB. [V. 14]
Therefore BE has been cut in extreme and mean ratio at

H, and the greater segment HE is equal to the side of the
pentagon.

Similarly we can prove that A C has also been cut in
extreme and mean ratio at H, and its greater seCTment CH
is equal to the side of the pentagon. b

Q. E. D.
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or

so that

whence
and

Therefore

o
decagon,

In order to prove this theorem we have to show (1) that the 6s AEB,
HA B are similar, and (2) that EH= EA (= AB).

To prove (2) we have
6s AEB, BAC equal in all respects,

EB=AC,
LBAC=LABE.
LAHE=z L BAC

=LEAC,
EH=EA

=AB.
To prove (1) we have, in the 6 s AEB, HAB,

LBAH=LEBA
=LAEB,

and L ABE is common;
therefore the third L s AHB, EAB are equal,
and 6s AEB, HAB are similar.

Now, since these triangles are similar,
EB:BA=BA:BH,

(rect. EE, EH) = (sq. on BA)
= (sq. on EH),

so that EE is divided in extreme and mean ratio at H.
Similarly its equal, CA, is divided in extreme and mean ratio at H.

PROPOSITION 9.

If tlu side of the Izexagon and that of the decago1z inscribed
in the same circle be added together, the whole si1-'aight line
has been cut in extreme and mean ratio, and itsgreater segment
is the side of the hexagon.

Let ABC be a circle;
of the figures inscribed in the circle ABC let Be be the side
of a decagon, CD that of a hexagon,
and let them be in a straight line;
I say that the whole straight line
BD has been cut in extreme and

B f.---.....;;.=--------1A
mean ratio, and CD is its greater
segment.

F or let the centre of the circle,
the point E, be taken,
let EB, EC, ED be joined,
and let BE be carried through to A.

Since BC is the side of an equilateral
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therefore the circumference A CB is five times the cIrcum­
ference BC;
therefore the circumference A C is quadruple of CB.

But, as the circumference A C is to CB, so is the angle
AEC to the angle CEB; [VI, 33]
therefore the angle AEC is quadruple of the angle CEB.

And, since the angle EBC is equal to the angle ECB, [I. S]
therefore the angle AEC is double of the angle ECB. [I. 32]

And, since the straight line EC is equal to CD,
for each of them is equal to the side of the hexagon inscribed
in the circle ABC, [IV. IS, Por.]

the angle CED is also equal to the angle CDE; [I. S]
therefore the angle ECB is double of the angle EDe. [r.32]

But the angle AECwas proved double of the angle ECB;
therefore the angle AEC is quadruple of the angle EDe.

But the angle AEC was also proved quadruple of the
angle BEC;
therefore the angle EDC is equal to the angle BEe.

But the angle EBD is common to the two triangles BEC
and BED;
therefore the remaining angle BED is also equal to the
remaining angle ECB; [1. 32]

therefore the triangle EBD is equiangular with the triangle
EBe.

Therefore, proportionally, as DB is to BE, so is EB to Be.
[VI. 4J

But EB is equal to CD.
Therefore, as BD is to DC, so is DC to CB.
And ED is greater than DC;

therefore DC is also greater than CB.
Therefore the straight line BD has been cut in extreme

and mean ratio, and DC is its greater segment.
Q. E. D.

BC is the side of a regular decagon inscribed in the circle; CD is the
side of the inscribed regular hexagon, and is therefore equal to the radius BE
orEC.

Therefore, in order to prove our theorem, we have only to show that the
triangles EBC, DBE are simzlar.
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so that
whence

But
Therefore
But, since CD == CE,

or

and
so that
and

Hence

Since B C is the side of a regular decagon,
(arc BCA) == 5 (arc BC),
(arc CFA) == 4 (arc BC),

L tEA == 4 L BEC.
L CEA== 2 LECB.
LECB== 2 LBEC (I).

LCDE==LCED,
so that L ECB == 2 L CDE.

It follows from (I) that LBEC==LCDE.
Now, in the 6S EBC, DBE,

LBEC==LBDE,
LEBC is common,
LECB==LDEB,

6s EBC, DBE are similar.
DB:BE==EB:BC,

(rect. DB, BC) == (sq. on EB)
== (sq. on CD),

and DB is divided at C in extreme and mean ratio.

To find the side of the decagon algebraically in terms of the radius we
have, if x be the side required,

whence

(r+ x)x==r,
r

x == - (.)5 - I).
2

PROPOSITION ro.

If an equilateral pentagon be inscribed in a circle, the
square on the side of the pentagon is equal to the squares on
the side of the hexagon and on that of the decagon inscribed in
the same circle.

Let ABCDE be a circle,
and let the equilateral pentagon ABCDE be inscribed in the
circle ABCDE.

I say that the square on the side of the pentagon ABCDE
is equal to the squares on the side of the hexagon and on
that of the decagon inscribed in the circle A BCDE.

For let the centre of the circle, the point F, be taken,
let AF be joined and carried through to the point G,
let FB be joined,
let FH be drawn from F perpendicular to AB and be carried
through to K,
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G

A

let AK, KB be joined,
let FL be again drawn from F perpendicular to AK, and be
carried through to M,
and let KN be joined.

Since the' circumference
ABCG is equal to the circum­
ference AEDG,
and in them ABC is equal to
AED,
therefore the remainder, the
circumference CG, is equal to
the remainder GD.

But CD belongs to a pen­
tagon;
therefore CG belongs to a
decagon.

And, since FA is equal to FB,
and F H is perpendicular,
therefore the angle AFK is also equal to the angle KFB.

[i. 5, I. 26J

Hence the circumference AK is also equal to KB; [m. 26J

therefore the circumference A..lj is double of the circumference
BK;
therefore the straight line AK is a side of a decagon.

F or the same reason
AK is also double of KM.

Now, since the circumference AB is double of the circum­
ference BK,
while the circumference CD is equal to the circumference AB,
therefore the circumference CD is also double of the circum­
ference BK.

But the circumference CD is also double of CG ;
therefore the circumference CG is equal to the circumference
BK

But BK is double of KM, since KA is so also;
therefore CG is also double of KM.
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But, further, the circumference CB is also double of the
circumference BK,
for the circumference CB is equal to BA.

Therefore the whole circumference GB IS also double
of BM;
hence the angle GFB is also double of the angle BFM. [VI. 33]

But the angle GFB is also double of the angle FAB,
for the angle FAB is equal to the angle ABF.

Therefore the angle BFN is also equal to the angle FAB.
But the angle ABF is common to the two triangles ABF

and BFN; .
therefore the remaining angle AFB is equal to the remaining
angle BNF; [I. 32]

therefore the triangle ABF is equiangular with the triangle
BFN.

Therefore, proportionally, as the straight line AB is to BF,
so is FB to BN; [VI. 4J
therefore the rectangle AB, BN is equal to the square on BF.

[VI. 171
Again, since AL is equal to LK,

while LN is common and at right angles,
therefore the base KN is equal to the base AN; [1.4J

therefore the angle LKN is also equal to the angle LAN.
But the angle LAN is equal to the angle KBN;

therefore the angle LKN is also equal to the angle KBN.
And the angle at A is common to the two triangles AKB

andAKN.
Therefore the remaining angle AKB is equal to the

remaining angle KNA; [I. 32]
therefore the triangle KBA is equiangular with the triangle
KNA.

Therefore, proportionally, as the straight line BA is to
AK, so is KA to AN; [VI, 4]
therefore the rectangle BA, AN is equal to the square on AK.

[VI. 17J
But the rectangle AB, BN was also proved equal to the

square on B F;
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therefore the rectangle AB, BN together with the rectangle
BA, AN, that is, the square on BA [II. 2J, is equal to the
square on BF together with the square on AK.

And BA is a side of the pentagon, BF of the hexagon
[IV. IS, Por.], and AK of the decagon.

Therefore etc.
Q. E. D.

ABCDE being a regular pentagon inscribed in a circle, and A G the
diameter through A, it follows that

(arc CG) = (arc GD),
and CG, GD are sides of an inscribed regular decagon.

FHK being drawn perpendicular to AB, it follows, by I. 26, that
L s AFK, BFK are equal, and BK, KA are sides of the regular decagon.

Similarly it may be proved that, FLM being perpendicular to AK,
AL=LK,

and (arc AM) = (arc MK).
The main facts to prove are that

(I) the triangles ABF, FBN are similar, and (2) the triangles ABK, AKN
are similar.

(I) 2 (arc CG) = (arc CD) ,
= (arc AB)
= 2 (arc BK),

or (arc CG) =(arc BK) =(arc AK)
= 2 (arc KM).

And (arc CB) = 2 (arc BK).
Therefore, by addition,

(arc BCG) = 2 (arc BKM).
Therefore L BFG = 2 L BFN.
But LBFG= 2 LFAB,

so that L FAB = L BFN.
Hence, in the LOos ABF, FBN,

LFAB=LBFN,
and :... ABF is common;
therefore :... AFB =:... BNF,
and f::, s ABF, FBN are similar.

(2) Since AL = LK, and the angles at L are right,
AN=NK,

and :...NKA =:...NAK
=:...KBA.

Hence, in the LOos ARK, AKN,
LABK=:...AKN,

and L KAN is common,
whence the third angles are equal;
therefore the triangles ABK, AKNare similar.
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so that

Now from the similarity of 6s ABF, FBNit follows that
AB:BF=BF:BN,

or (rect. AB, BN) = (sq. on BE).
And, from the similarity of ABK, AKN,

BA :AK=AK:AN,
or (rect. BA, AN) = (sq. on AK).

Therefore, by addition,
(rect. AB, BN) + (rect. BA, AN) = (sq. on BF) + (sq. on AK),

that is, (sq. on AB) = (sq. on BF) + (sq. on AK).

If r be the radius of the circle, we have seen (XIII. 9, note) that

AK=': (Js- I).
2

Therefore (side of pentagon? = r2 +~ (6 - z J5)
4r

=-(IO-ZJS),
4

(side of pentagon) = : J 10 - 2 J5·
2

PROPOSITION I I.

If in a circle which has its diameter rational an equilateral
pentagon be inscribed, the side of tIle pentagon is tile irrational
straight line called 1'llinor.

For in the circle ABCDE which has its diameter rational
let the equilateral pentagon ABCDE be inscribed;
I say that the side of the pentagon is the irrational straight
line called minor.

F or let the centre of the circle, the point F, be taken,
let AF, FB be joined and carried through to the points, G, H,
let A C be joined,
and let r1<: be made a fourth part of A F

N ow A F is rational;
therefore F K is also rational.

But BF is also rational;
therefore the whole BK is rational.

And, since the circumference A CG is equal to the circum­
ference ADG,
and in them ABC is equal to AED,
therefore the remainder CG is equal to the remainder CD.
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And, if we join AD, we conclude that the angles at L
are right,
and CD is double of CL.

F or the same reason
the angles at M are also right,
and A C is double of CM.

A

N

Since then the angle ALC is equal to the angle AMp,
and the angle LA C is common to the two triangles A CL
and AMp,
therefore the remaining angle A CL is equal to the remaining
angle MFA; (r.32J

therefore the triangle A CL is equiangular with the triangle
AMF;
therefore, proportionally, as LC is to CA, so is MF to FA.

And the doubles of the antecedents may be taken;
therefore, as the double of LC is to CA, so is the double of
MFtoFA.

But, as the double of MFis to FA, so is MFto the half·
of FA;
therefore also, as the double of LC is to CA, so is MF to the
half of FA.

And the halves of the consequents may be taken;
therefore, as the .double of LC is to the half of CA, so is MF
to the. fourth of FA.
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And DC is double of LC, Clf/I is half of CA, and FK a
fourth part of FA;
therefore, as DC is to CM, so is MFto FK.

Componendo also, as the sum of DC, CM is to CM, so is
MK to KF; [v. I8)

therefore also, as the square on the sum of DC, CM is to the
square on CM, so is the square on MK to the square on KF.

And since, when the straight line subtending two sides of
the pentagon, as A C, is cut in extreme and mean ratio, the
greater segment is equal to the side of the pentagon, that is,
to DC, [XIII. 8]

while the square on the greater segment added to the half
of the whole is five times the square on the half of the
whole, [XIII. I]
and CM is half of the whole A C,
therefore the square on DC, CM taken as one straight line is
five times the square on CM.

But it was proved that, as the square on DC, CM taken
as one straight line is to the square on CM, so is the square
on M K to the square on KF;
therefore the square on ~fK is five times the square on .KF.

But the square on KF is rational,
for the diameter is rational;
therefore the square on M K is also rational;
therefore M K is rational.

And, since EFis quadruple of FK,
therefore EK is five times KF;
therefore the square on EK is twenty-five times the square
on KF.

But the square on MK is five times the square on KF;
therefore the square on EK is five times the square on KM;
therefore the square on EK has not to the square on KM
the ratio which a square number has to a square number;
therefore BK is incommensurable in length with KM. [x. 9]

And each of them is rational.
Therefore EK, KM are rational straight lines commen­

surable in square only.
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[x. 15]

[x. 12]

the square

But, if from a rational straight line there be subtracted a
rational straight line which is commensurable with the whole
in square only, the remainder is irrational, namely an apotome;
therefore MB is an apotome and MK the annex to it. [x. 73]

I say next that MB is also a fourth apotome.
Let the square on N be equal to that by which the square

on BK is greater than the square on KM;
therefore the square on BK is greater than the square on KM
by the square on N.

And, since KF is commensurable with FB,
componendo also, KB is commensurable with FB.

But BF is commensurable with BH;
therefore BK is also commensurable with BH.

And, since the square on BK is five times
onKM,
therefore the square on BK has to the square on KM the
ratio which 5 has to I.

Therefore, convertendo, the square on BK has to the square
on N the ratio which 5 has to 4 [v. 19, POLJ, and this is not the
ratio which a square number has to a square number;
therefore BK is incommensurable with N; [x. 9]

therefore the square on BK is greater than the square on KM
by the square on a straight line incommensurable with BK.

Since then the square on the whole BK is greater than
the square on the annex .E(M by the square on a straight line
incommensurable with BK,
and the whole BK is commensurable with the rational straight
line, BH, set out,
therefore MB is a fourth apotome. [x. Deff. III. 4J

But the rectangle contained by a rational straight line and
a fourth apotome is irrational,
and its square root is irrational, and is called minor. [x. 94]

But the square on AB is equal to the rectangle HB, BM,
because, when AH is joined, the triangle ABH is equiangular
with the triangle ABM, and, as HB is to BA, so is AB
to BM.
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But
therefore

Therefore the side AB of the pentagon IS the irrational
straight line called minor.

Q. E. D.

Here we require certain definitions and propositions of Book x.
First we require the definition of an apotome [see x. 73], which is a straight

line of the form (p - .)k. p), where p is a "rational" straight line and k is any
integer or numerical fraction, the square root of which is not integral or
expressible in integers. The lesser of the straight lines p, .)k . p is the anmx.

Next we require the definition of the jourth apotomc lx. Deff. III. (after
x. 84)], which is a straight line of the form (x - y), where x, y (being both
rational and commensurable in square only) are also such that .)r - f is
incommensurable with x, while x is commensurable with a given rational
straight line p. As shown on x. 88 (note), thejourth apotome is of the form

( kp- kp ) .
.)1+A

Lastly the minor (straight line) is the irrational straight line defined in
x. 76. It is of the form (x - y), where x, yare incommensurable in square,
and (x" +f) is 'rational,' while xy is 'medial.' As shown in the note on
x. 76, the minor irrational straight line is of the form

p I k p / k
')2 V I + .)1 +k" - ')2 V 1- .)1 +k""

The proposition may be put as follows. A.ECDE being a regular
pentagon inscribed in a circle, A G, .EH the diameters through A, B meeting
CD in L and A C in M respectively, FK is made equal to iAR

Now, the radius AF (r) being rational, so are FK, BK.
The arcs CC, CD are equal;

hence L s at L are right, and CD = 2 CL.
Similarly L s at M are right, and A C = 2 CM.

We have to prove
(I) that BMis an apotome,
(2) that B!Vfis a fourth apotome,
(3) that BA is a minor irrational straight line.

Remembering that, if CA is divided in extreme and mean ratio, the
greater segment is equal to the side of the pentagon [XIII. 8J, and that accord··
ingly [XIII. 1] (CD + tCA)" = S (tCA)", we work towards a proportion con­
taining the ratio (CD + CM)" : CM", thus.

The L:;,. s A CL, AFlVI are equiangular and therefore similar.
Therefore LC: CA =MF: FA,

and accordingly 2LC: CA = MF: -lFA;
thus 2LC: ~CA = MF: iFA,
or DC:CM=MF:.FK;
whence, componendo, and squaring,

(DC+ CM)": CM"=MK": KF".
(DC+ CM)" = SCM";

MK"=SKF".

H. E. III.
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[This means that

therefore BK2 has not
number; .
therefore BK, il1"K are incommensurable in length.

They are therefore rational and commensurable in square only;
accordingly BM is an apotome.

[BK2 = SMK2 = Hr, and BK= fl'.

Consequently BK-MK=(~r- :Sr).]

(2) To prove that BlI£is a fourth apotome.
First, since KF, FB are commensurable,

BK, BF are commensurable, i.e. BK is commensurable with BH, a given
rational straight line.

Secondly, if N2 = BK2 - KM2,
smce BK2 : KM2= 5 : I,

it follows that BK2 : N2 =5 : 4,
whence BK, N are incommensurable.

Therefore BMis afourth ap%me.

(3) To prove that BA is a minor irrational straight line.
If a fourth apotome form a rectangle with a rational straight line, the side

of the square equivalent to the rectangle is mi1l0r [x. 94].
Now BA2 = HB. BM,

HB is rational, and BM is a fourth apotome ;
therefore BA is a minor irrational straight line.

[BA = 1'-/2.j~ - Js = ':. J10 - 2 .}S.
4 4 2

If this is separated into the difference between two straight lines, we have

MK2=-h YJ,

MK=JS 1'.]
4

It follows that, KFbeing rational, lrIK", and therefore MK, is rational.

(I) To prove that BM is an apotome and .MK its an1lex.
We have BF=4FK;

therefore BK= SFK,
BK2= 2SFK2

= SMK2, from above;
to MK2 the ratio of a square number to a square

or

PROPOSITION 12.

If an equilateral triangle be inscribed in a circle, the square
on the side of the triangle is triple of the square on the 1~ad-ius

of the ci"cle.
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A

E

B~~---j----Yl

Let ABC be a circle,
and let the equilateral triangle A Be be- inscribed in it ;
I say that the square on one side of
the triangle ABC is triple of the square
on the radius of the circle.

For let the centre D of the circle
ABC be taken,
let AD be joined and carried through
to E,
and let BE be joined.

Then,. since the triangle ABC is
equilateral,
therefore the circumference BEC is a third part of the circum­
ference of the circle ABC.

Therefore the circumference BE is a sixth part of the
circumference of the circle;
therefore the straight line BE belongs to a hexagon;
therefore it is equal to the radius DE. [IV. 15, Por_]

And, since A E is double of DE,
the square on AE is quadruple of the square on ED, that is,
of the square on BE.

But the square on AE is equal to the squares on AB, BE;
[III. 3 I, I. 47]

therefore the squares on AB, BE are quadruple of the square
on BE.

Therefore, separando, the square on AB is triple of the
square on BE.

But BE is equal to DE;
therefore the square on AB is triple of the square on DE.

Therefore the square on the side of the triangle is triple
of the square on the radius.

Q. E. D.

PROPOSITION 13.

To construct a pyramid, to comprehend it in a gzVC1t sphere,
and to prove that the squa-re on the diameter of the sphere is
one and a half times the square 01Z the side of the pyramid.

30 - 2
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Let the diamc:.tef A B of the given sphere be set out,
and let it be....c6t at the point C so that A C is double of CB ;
let the semicircle ADB be described on AB,
let CD be drawn from the point C at right angles to AB,

.. -a:fialet DA be joined;
let the circle EFG which has its radi~s equal to DC be
set out,
let the equilateral triangle EFG be inscribed in the circle EF'G,

[IV. 2]
let the centre of the circle, the point H, be taken, [III. I]

let EH, HF, HG be joined;
from the point H let H K be set up at right angles to the plane
of the circle EFG, [XI. 12]

let H K equal to the straight line A C be cut off from H K,
and let KE, KF, KG be joined.

~
A 0 B

E

Now, since KH is at right angles to the plane of the
circle EFG,
therefore it will also make right angles with all the straight
lines which meet it and are in the plane of the circle EFG.

[Xl. Def. 3]

But each of the straight lines HE, HF, HG meets it:
therefore H K is at right angles to each of the straight lines
HE,HF,HG.

And, since A C is equal to H K, and CD to HE,
and they contain right angles,
therefore the base DA is equal to the base KE. [I. 4]
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F or the same reason
each of the straight lines KF, KG is also equal to DA ;
therefore the three straight lines K E, KF, KG are equal to
one another.

And, since A C is double of CB,
therefore AB is triple of Be. .

But, as AB is to BC, so is the square on AD to the square
on DC, as will be proved afterwards.

Therefore the square on AD is triple of the square on De.
But the square on FE is also triple of the square on EH,

[XIII. 12]
and DC is equal to EH;
therefore DA is also equal to EF

But DA was proved equal to each of the straight lines
KE, KF, KG;
therefore each of the straight lines EF, FG, GE is also equal
to each of the straight lines KE, KF, KG;
therefore the four triangles EFG, KEF, KFG, KEG are
equilateral.

Therefore a pyramid has been constructed out of four
equilateral triangles, the triangle EFG being its base and the
point K its vertex.

I t is next required to comprehend it in the given sphere
and to prove that the square on the diameter of the sphere
is one and a half times the square on the side of the pyramid.

For let the straight line HL be produced in a straight
line with KH,
and let H L be made equal to CB.

N ow, since, as A C is to CD, so is CD to CB, [VI. 8, Por.]

while AC is equal to KH, CD to HE, and CB to HL,
therefore, as KH is to HE, so is EH to HL ;
therefore the rectangle KH, H L is equal to the square on
EH. [VI. 17]

And each of the angles KHE, EHL is right;
therefore the semicircle described on KL will pass through
E also. [cf. VI. 8, III. 3I]
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If then, K L remaining fixed, the semicircle be carried round
and restored to the same position from which it began to be
moved, it will also pass through the points F, G,
since, if FL, LG be joined, the angles at F, G similarly become
right anglc:s ;
and the pyramid will be comprehended in the given sphere.

For KL, the diameter of the sphere, is equal to the
diameter AB of the given sphere, inasmuch as KIf was
made equal to A C, and H L to CB.

I say next that the square on the diameter of the sphere
is one and a half times the square on the side of the
pyramid.

F or, since A C is double of CB,
therefore AB is triple of BC;
and, convertendo, BA is one and a half times A C.

But, as BA is to A C, so is the square on BA to the square
on AD.

Therefore the square on BA is also one and a half times
the square on AD.

And BA is the diameter of the given sphere, and AD is
equal to the side of the pyramid.

Therefore the square .on the diameter of the sphere is
one and a half times the square on the side of the pyramid.

Q. E. D.

F

to BC, so is the square

E

Ai"------~--~

LEMMA.

It is to be proved that, as AB is
on A D to the scfuare on DC.

For let the figure of the semi­
circle be set out,
let DB be joined,
let the square EC be described
on AC,
and let the parallelogram FB be
completed.-

Since then, because the tri­
angle DAB is equiangular with
the triangle D A C,
as BA is to AD, so is DA toAC,

[VI. 8, VI. 4J
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therefore the rectangle BA, A C is equal to the square on AD.
[VI. 17]

And since, as AB is to BC, so is BB to BF, [VI. 1]

and BB is the rectangle BA, A C, for EA is equal to A C,
and BF is the rectangle A C, CB,
therefore, as AB is to BC, so is the rectangle BA, AC to the
rectangle A C, CB.

And the rectangle BA, AC is equal to the square on AD,
and the rectangle A C, CB to the square on DC,
for the perpendicular D.C is a mean proportional between the
segments A C, CB of the base, because the angle ADB is
right. [VI. 8, Por.]

Therefore, as AB is to BC, so is the square on AD to
the square on DC.

Q. E. D.

The Lemma is with reason suspected. Euclid commonly takes more
difficult theorems for granted in the stereometrical Books. It is also clumsy
in itself, while, from a gloss in the proposition rejected as an interpolation, it
is clear that the interpolator of the gloss had not the Lemma. With the
Lemma should disappear the words" as will be proved afterwards" (p. 469).

and

therefore
(b) Since

and

In the figure of the proposition, ~he semicircle really represents half of
a section of the sphere through its centre and one edge of the inscribed
tetrahedron (AD being the length of that edge).

The proof is in three parts, the object of which is to prove
(1) that KEFG is a tetrahedron with all its edges equal to AD,
(2) that it is inscribable in a sphere of diameter equal to-AB,
(3) that AB2 = %AD2.

To prove (1) we have to show
(a) that KE=KF=KG = AD,
(b) !hat AD = EE.

(a) Since HE = HF=HG = CD,
KH=AC,

!... s A CD, KHE, KHF, KHG are right,
6S ACD, KHE, KHF, KHG are equal in all respects;

KE=KF=KG=AD.
AB= 3BC,

AB:BC=AB.AC:AC.CB
=AD2; CD2,

it follows that AD2 = 3CD 2.

But [XIII. 12] EP= 3EH2;
and EH= CD, by construction.
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(3)
therefore

And

Therefore AD = EF.
Thus EFGK is a regular tetrahedron.

(2) .We now observe the usefulness of Euclid's description of a sphere
[in XI. Def. 14].

Producing KH (= A C) to L so that HL = CB,
we have KL equal to AB;
thus KL is a diameter of the sphere which should circumscribe our tetra­
hedron,
and we have only to prove that E, F, G lie on semicircles described on KL
as diameter.

E.g. for the point E,
smce AC: CD= CD: CB,
while AC=KH, CD=HE, CB=HL,
we have KH: HE =HE: HL,
or KH. HL = HE 2,

whence, the angles KHE, EHL being right,
EKL is a triangle right-angled at E [cf. VI. 8].

Hence E lies on a semicircle on KL as diameter.
Similarly for F, G.
Thus a semicircle on KL as diameter revolving round KL passes

successively through E, F, G.

AB=3BC;
BA =%AC.

BA :AC=BA2:BA .AC
=BA2:AD2.

Therefore BA2 = iAD2.

If r be the radius of the circumscribed sphere,

(edge of tetrahedron) = 2

J
J2. r=jJ6. r.

3 .
It will be observed that, although in these cases Euclid's construction is

equivalent to inscribing the particular regular solid in a given sphere, he does
not actually construct the solid ill the sphere but constructs a solid which a
sphere equal to the given sphere will circumscribe. Pappus, on the 'Other
hand, in dealing with the same problems, actually constructs the respective
solids in the given spheres. His method is to find circular sections in the
given spheres containing a certain number of the angular points of the given
solids. His solutions are interesting, although they require a knowledge of
some properties of a sphere which are of course not found in the Elements
but belonged to treatises such as the Sphaen"ca of Theodosius.

Pappus' solution of the problem of Eucl. XIII. 13.

In order to inscribe a regular pyramid or tetrahedron in a given sphere,
Pappus (III. pp. 142-144) finds two circular sections equal and parallel to one
another, each of which contains one of two opposite edges as its diameter. In
this and the other similar problems he proceeds in the orthodox manner by
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analysis and synthesis. The following is a reproduction of his solution of
this case.

Analysis.

Suppose the problem solved, A, B, C, D being the angular points of the
required pyramid.

Through A draw EF parallel to CD; this will make equal angles with
AC, AD; and, since AB does so too, EF
is perpendicular to AB [Pappus has a lemma
for this, p. 140, 12-24], and is therefore a
tangent to the sphere (for EF is parallel to
CD, the base of the triangle A CD, and
therefore touches the circle circumscribing
it, while it also touches the circular section
AB made by the plane passing through AB
and EFperpendicular to it).

Similarly CD drawn through D parallel
to AB touches the sphere.

And the plane through CD, CD makes
a circular section equal and parallel to AB.

Through the centre K of that circular
section, and in the plane of the section, draw LM perpendicular to CD and
therefore parallel to AB. Join BL, BM.

BMis then perpendicular to AB, LM, and LB is a diameter of the sphere.
Join Me.
Then LM2= 2MC2,

and BC=AB=LM,
so that BC2 = 2MC 2

•

And BM, being perpendicular to the plane of the circle LM, is perpen­
dicular to CM,
whence B C2 = BM2 + MC2

,

so that BM= MC.
But BC=LM;

therefore LM2 = 2Bi112
•

And, since the angle LMB is right,
BD = LM2 + MB2 = ¥- LM".

Synthesis.
Draw. two parallel circular sections of the sphere with diameter d',

such that
d'2 = frd2,

where d is the diameter of the sphere.
[This is easily done by dividing BL, any diameter of the sphere, at P, so

that LP= 2PB, and then drawing PM at right angles to LB meeting the
great circle LMB of the sphere in.J/I£. Then LM2: LB2 = LP: LB = 2 : 3.]

Draw sections through M, B perpendicular to MB, and in these sections
respectively draw the parallel diameters LM, AB.

Lastly, in the section LM draw CD through the centreK perpendicular
toLM.

ABCD is then the required regular pyramid or tetrahedron.



474 BOOK XIII [XIII. 14

PROPOSITION 14.

To construct an octahedron and comprehend it in a sphere,
as £n the preced£ng case,. and to prove that the square on the
d£ameter of the sphere is double of the square on the side 0/ the
octahedron.

Let the diameter AB of the given sphere be set out,
and let it be bisected at C;
let the semicircle A DB be described on A B,
let CD be drawn from C at right angles to AB,
let DB be joined; .
let the square EFGH, having each of its sides equal to DB,
be set out,
let HF, EG be joined,
from the point K let the straight line KL be set up at right
angles to the plane of the square EFGH [XI. 12], and let it be
carried through to the other side of the plane, as KM;
from the straight lines K L, KM let KL, Ki/lf be respectively
cut off equal to one of the straight lines EK, FK, GK, HK,
and let LE, LF, LG, LH, ME, MF, MG, MH be joined.

L

A

o

c 8

Again, since LK is equal to KE,
and the angle LKE is right,
therefore the square on EL is double of the square on EK.

[ia'.J

Then, since KE is equal to KH,
and the angle EKH is right,
therefore the square on HE is double of the square on EK.

[I. 47J
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But the square on HE was also proved double of the
square on EK;
therefore the square on LE is equal to the square on EH;
therefore LE is equal to EH.

F or the same reason
LH is also equal to HE;
therefore the triangle LEH is equilateral.

Similarly we can prove that each of the remammg tri­
angles of which the sides of the square EFGH are the bases,
and the points L, ilf the vertices, is equilateral;
therefore an octahedron has been constr'ucted which is con­
tained by eight equilateral triangles.

It is next required to comprehend it in the given sphere,
and to prove that the square on the diameter of the sphere is
double of the square on the side of the octahedron,

For, since the three straight lines LK, KM, KE are equal
to one another,
therefore the semicircle described on LM will also pass
through E.

And for the same reason,
if, LM remaining fixed, the semicircle be carried round and
restored to the same position from which it began to be
moved,
it will. also pass through the points F, G, H,
and the octahedron will have been comprehended in a sphere..

I say next that it is also comprehended in the given sphere.
For, since LK is equal to KM,

while KE is common,
and they contain right angles,
therefore the base LE is equal to the base EM [I. 4]

And, since the angle LEM is right, for it is in a semicircle,
[m. 31]

therefore the square on LM is double of the square on LE.
[I. 47]

Again, since A C is equal to eB,
AB is double of Be.
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But, as AB is to Be, so is the square on AB to the square
onBD;
therefore the square on AB is double of the square on BD.

But the square on LM was also proved double of the
square on LE.

And the square on DB is equal to the square on LE, for
E H was made equal to DB.

Therefore the square on A B is also equal to the square
onLM;
therefore AB is equal to LM.

And AB is the diameter of the given sphere;
therefore LM is equal to the diameter of the given sphere.

Therefore the octahedron has been comprehended in the
given sphere, and it has been demonstrated at the same time
that the square on the diameter of the sphere is double of the
square on the side of the octahedron.

Q. E. D.

I think the accompanying figure will perhaps be clearer than that in
Euclid's text.

EFGH being a square with 'side equal to BD, it follows that KB, KF,
KG, KE are all equal to CB.

L

o

ffi
A C B

So are KL, KlVI, by construction;
hence LB, LF, LG, LH and lIfE, lIfF, MG, il1"H are all equal to EF or BD.

Thus (I) the figure is made up of eight equilateral triangles and is therefore
a regular octahedron.

(2) Since KE =KL =KM,
the semicircle on LM in the plane LKE passes through E.

Similarly F, G, H lie on semicircles on LM as diameter.
Thus all the vertices of the tetrahedron lie on the sphere of which LM is

a diameter.
(3)

therefore

or

LE=EM=BD;
LM2 = zED = zBD2

=AB2,
LM=AB.
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(4) AB2 == zBD"
==zEP.

.If r be the radius of the cIrcumscribed sphere,
(edge of octahedron) ==.)2. r.

Pappus' method.
Pappus (III. pp. 148-15°) finds the two equal and parallel sections of the

sphere which circumscribe two opposite faces of the octahedron thus.

Analysis.
Suppose the octahedron inscribed, A, B, C; D, E, F being the vertices.
Through ABC, DEF describe planes

making the circular sections ABC, DEE.
Since the straight lines DA, DB, DE, DF

are equal, the points A, E, F, B lie on a circle
of which D is the pole.
. Again, since A B, Eli, FE, EA are equal,
ABFE is a square inscribed in the said circle,
and AB, EF are paralleL

Similarly DE is parallel to BC, and DF
to AC.

Therefore the circles through D, E, F and
A, B, C are parallel; and they are also equal
because the equilateral triangles inscribed in
them are equal.

Now, ABC, DEFbeing equal and parallel circular sections, and AB, EF
equal and parallel chords" not on the same side of the centres,"

AFis a diameter of the sphere.
[Pappus has a lemma for this, pp. 136-138J.
And AE = EF, so that AF2 == 2.F'E".
But, if d' be the diameter of the circle DEF,

d'2 == '* EF". [cf. XIII. 12]

Ther~tore, if d be the diameter of the sphere,
d 2

: d'2 = 3: 2.

Now d is given, al).d therefore d' is given; hence the circles DEF, ABC
are given.

Synthesis.
Draw two equal and parallel circular sections with diameter d', such:that

d 2 =%d'2,
where d is the diameter of the sphere.

Inscribe an equilateral triangle ABCin either circle (ABC).
In the other circle draw EF equal and parallel to A B but on the opposite

side of the centre, and complete the inscribed equilateral triangle .DEF. .
ABCDEFis the octahedron required.
It will be observed that, whereas in the problem of XIII. 13 Euclid first

finds the circle circumscribing a face and Pappus first finds an edge, in this
problem Euclid finds the edge first and Pappus the circle .circumscribing
a face.
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PROPOSITION IS.

To construct iz cube and comprehend it in a sphere, like the
pyramid / and to prove that the square on the diameter of the
sphere is triple of the square on the side of the cube.

Let the diameter AB of the given sphere be set out,
and let it be cut at C so that A C is double of CB ;
let the semicircle ADB be described on AB,
let CD be drawn from C at right angles to AB,
and let DB be joined;
let the square EFGH having its side equal to DB be set out,
from E, F, G, H let EK, FL, GM, HN be drawn at right
angles to the plane of the square E.FGH,
from EK, FL, GM, HN let EK, FL, GM, HN respectively
be cut off equal to one of the straight lines EF, FG,
GH, HE,
and let KL, LM, MN, NK be joined;
therefore the cube FNhas been constructed which is contained
by six equal squares.

WB K~:
L M

It is then required to comprehend it in the given sphere,
and to prove that the square on the diameter of the sphere is
triple of the square on the side of the cube.

For let KG, EG be joined.
Then, since the angle KEG is right, because KE is also

at right angles to the plane EG and of course to the straight
line E G also, . [Xl. Def. 3]

therefore the semicircle described on KG will also pass through
the point E.

Again, since GF is at right angles to each of the straight
Jines FL, FE,
GF is also at right angles to the plane FK;
hence also, if we join FK, GF will be at right angles to FK;
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and for this reason again the semicircle described on GK will
also pass through F.

Similarly it will also pass through the remaining angular
points of the cube.

If then, KG remaining fixed, the semicircle be carried
round and restored to the same position from which it began
to be moved,
the cube will be comprehended in a sphere.

I say' next that it is also comprehended In the given
sphere.

For, since GF is equal to FE,
and the angle at F is right,
therefore the square on EG is double of the square on EF.

But EF is equal to EK;
therefore the square on EG is double of the square on EK;
hence the squares on GE, EK, that is the square on GK[!. 47],
is triple of the square on EK.

And, since AB is triple of BC,
while, as AB is to BC, so is the square on AB to the square
onBD,
therefore the square on AB is triple of the square on BD.

But tile square on GKwas also proved triple of the square
onKE.

And KE was made equal to DB;
therefore KG is also equal to AB.

And AB is the diameter of the given sphere;
therefore KG is also equal to the diameter of the given
sphere.

Therefore the cube has been comprehended in the given
sphere; and it has been demonstrated at the same time that
the square on the diameter of the sphere is triple of the square
on the side of the cube.

Q. E. D.

AB is divided so that A C = 2 CB; CD is drawn at right angles to AE,
and ED is joined.

KG is, by construction, a cube of side equal to BD.
To prove (I) that it is inscribable in a sphere.
Since KE is perpendicular to EH, EF,

KE is perpendicular to E G.
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Also
while

therefore
But

therefore

Thus, KEG being a right angle, E lies ona semicircle with diameter KG.
The same thing is proved in the same way of the other vertices

F, H, L, M, N.
Thus the cube is inscribed in the sphere of which KG is a diameter.

(z) KG2=KE2+EG2

=KE2+ zEF2

=3EK2.
AB=3BC,

AB:BC=AB2:AB .BC
=AB2:BD2;

AB2== 3BD2.

BD==EK;
KG==AB.

AB2== 3BD2
==3KE2.

If r be the radius of the circumscribed sphere,

(edge of cube) = ,)3' r== i J3· r.

o

F

H

·~========ti7

E '10'", ": .........
, ": .........
I "

10 ".. C
--------~------- -

Pappus' solution.
In this case too Pappus (Ill. pp. 144-148) gives the full analysis and

synthesis.

Analysis.
Suppose the problem solved, and let the vertices of the cube be

A, B, C, D, E, F, G, H.
Draw planes through A, B, C, D and

E, F, G, H respectively; these will produce
parallel circular sections, which ar~ also equal
since the inscribed squares are equal.

And CE will be a diameter of the sphere.
Join EG.
Now, since EG2== zEH2 '" zGC2,

and the angle CGE is right,
CE2 = GC2 + EG2== %EG2.

But CE2 is given;
therefore EG2 is given, so that the circles
E.FGH, ABCD, and the squares inscribed in them, are given.

Synthesis.
Draw two parallel circular sections with equal diameters d', such that

d 2==!d'2,
where d is the diameter of the given sphere.

Inscribe a square in one of the cirdes, as ABCD.
In the other circle draw.FG equal and parallel to BC, and complete the

square on .FG inscribed in the circle E.FGH.
The eight vertices of the required cube are thus determined.
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PROPOSITION 16•

.To construct an z"cosahedron and comprehend £t £n a sphere,
lz"ke the aforesaz"d figures; and to prove that the sz"de of the
z"cosahedron is the z"rrational stra£ght Nne called mi1zor.

Let the diameter A B of the given sphere be set out,
and ll?t it be cut at C so that A C is quadruple of CB,
let the semicircle A DB be described on A B,
let the straight line CD be drawn from C at right angles
to AB,
and let DB be joined;

A

Of------~D

let the circle EFGHK be set out and let its radius be equal
to DB,
let the equilateral and equiangular pentagon EFGHK be
inscribed in the circle EFGHK,
let the circumferences EF, FG, GH, HK, KE be bisected at
the points L, M, N, 0, P,
and let LM, MN, NO, OP, PL, EP be joined.

H. E. III.
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Therefore the pentagon LMNOP is also equilateral,
and the straight line EP belongs to a decagon.

N ow from the points E, F, G, H, K let the straight lines
EQ, FR, GS, HT, KU be set up at right angles to the plane
of the circle, and let them be equal to the radius of the circle
EFGHK,
let QR, RS, ST, TU, UQ, QL, LR, RM, MS, SN, NT,
TO, Ou, UP, PQ be joined.

Now, since each of the straight lines EQ, KU is at right
angles to the same plane,
therefore EQ is parallel to KU. [XI. 6]

But it is also equal to it;
and the straight lines joining those extremities of equal and
parallel straight lines which are in the same direction are equal
and parallel. [1. 33J

Therefore QU is equal and parallel to EK.
But EK belongs to an equilateral pentagon;

therefore QU also belongs to the equilateral pentagon inscribed
in the circle EFGH K.

F or the same reason
each of the straight lines QR, RS, ST, TU also belongs to
the equilateral pentagon inscribed in the circle EFGHl(;
therefore the pentagon QRSTU is equilateral.

And, since QE belongs to a hexagon,
and EP to ci'decagon,
and the angle QEP is right,
therefore QP belongs to a pentagon;
for the square on the side of the pentagon is equal to the
square Oh the side of the hexagon and the square on the side
of the decagon inscribed in the same circle. [XIII. IOJ

F or the same reason
PUis also a side of a pentagon.

But QU also belongs to a pentagon;
therefore the triangle QPU is equilateral.

F or the same reason
each of the triangles QLR, RMS, SNT, TOU is also eqm­
lateral.
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And, since each of the straight lines QL) QP was proved
to belong to a pentagon,
and LP also belongs to a pentagon,
therefore the triangle QLP is equilateral.

F or the same reason
each of the triangles LRM, MSN, NTO, 0 UP is also equi­
lateral.

Let the centre of the circle EFGHK, the point V, be
taken;
from V let VZ be set up at right angles to the plane of the
circle,
let it be produced in the other direction, as VX,
let there be cut off Vw, the side of a hexagon, and each of
the straight lines VX, WZ, being sides of a decagon,
and let QZ, Q W, UZ, E V, L V, LX, XM be joined.

N ow, since each of the straight lines Vw, QE is at right
angles to the plane of the circle,
therefore VW is parallel to QE. [Xl. 6J

But they are also equal;
therefore E V, QWare also equal and parallel. [I. 33J

But E V belongs to a hexagon;
therefore Q J/V also belongs to a hexagon.

And, since Q W belongs to a hexagon,
and U7Z to a decagon,
and the angle Q WZ is right,
therefore QZ belongs to a pentagon. [XIII. 10J

F or the same reason
UZ also belongs to a pentagon,
inasmuch as, if we join VK, Wu, they will be equal and
opposite, and VK, being a radius, belongs to a hexagon;

[IV. IS, Por.J
therefore WU also belongs to a hexagon.

But WZ belongs to a decagon,
and the angle U WZ is right;
therefore UZ belongs to a pentagon.

But Q U also belongs to a pentagon;
therefore the triangle Q UZ is equilateral.

[XIII. 10J
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For the same.reason
each of the remaining triangles of which the straight lines
QR, RS, ST, TU are the bases, and the point Z the vertex,
is also equilateral.

Again, since VL belongs to a hexagon,
and VX to a decagon,
and the angle L VX is right,
therefore LX belongs to a pentagon. [XIII. IO]

F or the same reason,
if we join MV, which belongs to a hexagon,
MX is also inferred to belong to a pentagon.

But LM also belongs to a pentagon;
therefore the triangle LMX is equilateral.

Similarly it can be proved that each of the remammg
triangles of which MN, NO, OP, PL are the bases, and the
point X the vertex, is also equilateral.

Therefore an icosahedron has been constructed which is
contained by twenty equilateral triangles.

It is next required to comprehend it in the given sphere,
and to prove that the side of the icosahedron is the irrational
straight line called minor.

For, since VWbelongs to a hexagon,
and WZ to~~. decagon,
therefore V2 has been cut in extreme and mean ratio at W,
and VW is its greater segment; [XIII. 9]
therefore, as Z V is to Vw, so is VW to WZ.

But VW is equal to VE, and WZ to VX;
therefore, as ZV is to VE, so is E V to VX.

And the angles Z VE, E VX are right;
therefore, if we join the straight line EZ, the angle XEZ
will be right because of the similarity of the triangles XEZ,
VEZ.

F or the same reason,
since, as Z V is to Vw, so is VW to WZ,
and Z V is equal to X W, and VW to WQ,
therefore, as X W is to vV:Q, so is QW to WZ.
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And for this reason again,
if we join QX, the angle at Q will be right; [VI. 8]
therefore the semicircle described on XZ will also pass
through Q. [m. 31]

And if, XZ remaining fixed, the semicircle be carried
round and restored to the same position from which it began
to be moved, it will also pass through Q and the remaining
angular points of the icosahedron,
and the icosahedron will have been comprehended in a
sphere.

I say next that it is also comprehended in the given sphere.
For let V W be bisected at A'.
Then, since the straight line VZ has been cut in extreme

and mean ratio at W,
and Z W is its lesser segment,
therefore the square on Z Wadded to the half of the greater
segment, that is WA', is five times the square on the half
of the greater segment ; [XIII. 3]

therefore the square on ZA' is five times the square on
A'W

And ZX is double of ZA', and VW double of A' W;
therefore the square on ZX is five times the square on
Wv.

And, since A C is quadruple of CB,
therefore AB is five times Be.

But, as AB is to Be, so is the square on AB to the square
on BD; [v!. 8, v. Def. 9]

therefore the square on AB is five times the square on BD.
But the square on ZX was also proved to be five times

the square on VW
And DB is equal to Vw,

for each of them is equal to the radius of the circle EFGHK;
therefore AB is also equal to XZ.

And AB is the diameter of the given sphere;
therefore XZ is also equal to the diameter of the given sphere.

Therefore the icosahedron has been comprehended in the
given sphere.
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I say next that the side of the icosahedron is the irrational
straight line called minor.

F or, since the diameter of the sphere is rational,
and the square on it is five times the square on the radius
of the circle EFGHK,
therefore the radius of the circle EFGHK is also rational;
hence its diameter is also rational.

But, if an equilateral pentagon be inscribed in a circle
which has its diameter rational, the side of the pentagon is
the irrational straight line called minor. [XIII. II]

And the side of the pentagon EFGHK is the side of the
icosahedron.

Therefore the side of the icosahedron IS the irrational
straight line called minor.

PORISM. From this it is manifest that the square on the
diameter of the sphere is five times the square on the radius
of the circle from which the icosahedron has been described,
and that the diameter of the sphere is composed of the side
of the hexagon and two of the sides of the decagon inscribed
in the same circle.

Q. E. D.

Euclid's method is
(I) to find the pentagons in the two parallel circular sections of the sphere,
the sides of which form ten (five in each circle) of the edges of the icosahedron,
(2) to find the"'two points which are the poles of the two circular sections,
(3) to prove that the triangles formed by joining the angular points of the
pentagons which are nearest to one another two and two are equilateral,
(4) to prove that the triangles of which the poles are the vertices and the
sides of the pentagons the bases are also equilateral,
(5) that all the angular points other than the poles lie on a sphere the
diameter of which is the straight line joining the poles,
(6) that this sphere is of the same size as the given sphere,

(7) that, if the diameter of the sphere is rational, the edge of the icosahedron
is the minor irrational straight line.

I have drawn another figure which will perhaps show the pentagons, and
the position of the poles with regard to them, more clearly than does Euclid's
figure.

(I) If AB is the diameter of the given sphere, divide AB at C so that
AC=4 CB ;

draw CD at right angles to AB meeting the semicircle on AB in D .
. Join BD.
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or

while
it follows that

BOis the radius ofthe circular sections containing the pmtagollS.
[If r is the radius of the sphere,

since AB:BC=AB2:AB.BC
=AB2: BD2,

AB=SBC,
AB2 =5BD2,

(radius of section)2 = {-r.

Thus [XIII. IO, noteJ (side of pentagon)2 =: (IO - 2""5)·J
5

z

x

A

Cf------""'77'iD

Inscribe the regular pentagon EFGHK in the circle EFGHK of radius
equal to BD.

Bisect the arcs EF, FG, ... , so forming a decagon in the circle.
Joining successive points of bisection, we obtain another regular pentagon

LMNOP.
LMNOP is one if the pentagolls containingjive edges oj the icosahedron.
The other circle and inscribed pentagon are obtained by drawing perpen­

diculars from E, F, G, H, K to the plane of the circle, as EQ, FR, GS,
HT, KU, and making each of these perpendiculars equal to the radius of the
circle, or, as Euclid says, the side of the regular hexagon in it.

QRSTU is the second pentagon (of course equal to the first) cO?ztaining jive
edges of the icosahedron. .

Joining each angular point of one of the two pentagons to the two nearest
angular points in the other pentagon, we complete ten triangles each of which
has for one side a side of one or other of the two pentagons.

V, Ware the centres of the two circles, and VW is of course perpen­
dicular to the planes of both.
(2) Produce VW in both directions, making VX and WZ both equal to
a side if the regular decagon in the cz'rcle (as EL).

Joining X, Z to the angular points of the corresponding pentagons, we
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have five more triangles formed with the sides of each pentagon as bases, ten
more triangles in all.

Now we come to the proof.
(3) Taking two adjacent perpendiculars, EQ, KU, to the plane of the circle
EFGHK, we see that they are parallel as well as equal;
therefore QU, EK are equal and parallel.

Similarly for QR, EFetc.
Thus the pentagons have their sides equal.
To prove that the triangles QPL etc., are equilateral, we have, e.g.

QD=LE2+EQ2
= (side of decagon)2 + (side of hexagon)2
= (side of pentagon)2, [XIll. 10J

I.e. QL = (side of pentagon in circle)
=LP.

Similarly QP = LP,
and D. QPL is equilateral.

So for the other triangles between the two pentagons.
(4) Since Vw, EQ are equal and parallel,

VE, WQ are equal and parallel.
Thus WQ is equal to the side of a regular hexagon in the circles.
Now the angle ZWQ is right;

therefore Z Q2 = Z W2 + WQ2
= (side of decagon)2 + (side of hexagon)2
= (side of pentagon)2. [XIII. 10J

Thus ZQ, ZR, ZS, ZT, ZU are all equal to QR, RS etc.; and the
triangles with Z as vertex and bases QR, RS etc. are equilateral.

Similarly for the triangles with X as vertex and LM, MN etc. as bases.
Hence the figure is an icosahedron, being contained by twenty equal

equilateral triangles.
(5) To prove that all the vertices of the icosahedron lie on the sphere

which has XZ for diameter.
VW being equal to the side of a regular hexagon, and WZ to the side of

a regular decagon inscribed in the same circle,
VZ is divided at W in extreme and mean ratio. [XlII. 9J

Therefore ZV: VW = VW: Wz,
or, smce VW = VE, WZ = VX,

ZV; VE= VE: Vx.
Thus E lies on the semicircle on ZX as diameter. lVI. 8J
Similarly for all the other vertices of the icosahedron.
Hence the sphere with diameter XZ circumscribes it.
(6) To prove XZ==::AB.
Since VZ is divided in extreme and mean ratio at W, and VW is

bisected at A',
A'Z2 = SA' W2.

Taking the doubles of A'Z, A' W, we have
XZ2 = 5 VW2

=SBD2
=AB2.

[XIII.3J

[see under (I) above]
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That is, XZ = AB.
fIf r is the radius of the sphere,

z
VW=BD= ..151',

VX = (side of decagon in circle of radius BD)

= BD (..Is - I) [XIII. 9, note]
2

= ;5 (J5 - I).

Consequently XZ = VW + 2 VX

=Js 1' + JS1'(JS-I)

'" 21'.]

(6) The radius of the circle EFGHK is equal to ]5 r, and is therefore

" rational" in Euclid's sense.
Hence the side of the inscribed pentagon is the irrational straight line

called minor. [XIII. II]
[The side of this pentagon is the edge of the icosahedron, and its value is

(note on XIII. 10)

BD J- 10-2..15
2

= ;5 JIO-ZJS

l'

= 5.../10 (5 - ..15)·]

Pappus' solution.

This solution (Pappus, III. pp. 150-6) differs considerably from that of
Euclid. Whereas Euclid uses two circular sections of the sphere (those
circumscribing the pentagons of his construction), Pappus finds.four parallel
circular sections each passing through three of the vertices of the icosahedron j

two of the circles are small circles circumscribing two opposite triangular
faces respectively, and the other two circles are between these two circles,
parallel to them and equal to one another.

Analysis.

Suppose the problem solved, the vertices of the icosahedron being A, B, Cj
D, E, Fj G, H, K; L, M, N.

Since the straight lines BA, BC, BF, BG, BE drawn from B to the
surface of the sphere are equal,

A, C, F, G, E are in one plane.
And A C, CF, FG, GE, EA are equal;

therefore A CFGE is an equilateral and equiangular pentagon.
So are the figures KEBCD, DHFBf/., AKLGB, AKNHC, and

CHMGB.
Join EF, KH
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Now AC will be parallel to EF (in the pentagon ACFGE) and to KH
(in the pentagon AKNHC), so that EF, KH are also parallel;
and further KHis parallel to LM (in the pentagon LKDHM).

And EF2+AC2=EF2+EK2=d2,

where d is the diameter of the sphere.
Thus FK, EF, A C are as the sides of the pentagon, hexagon and decagon

respectively inscribed in the same circle. [XIII. 10]
But FK, the diameter of the sphere, is given;

therefore EF, A C are given respectively;
thus the radii of the circles EFD, A CB are given (if r, r' are their radii,
r == !EP, r'2 == tAC2).

Similarly BC, ED, GH, LNare all parallel;
and likewise BA, FD, GK, MNare all parallel.

Since BC is equal and parallel to LN, and BA to MN, the circles ABC,
LMNare equal and parallel.

Similarly the circles DEF, KGH are equal and parallel; for the triangles
inscribed in them are equal (since each of the sides in both is the Ghord
subtending an angle of equal pentagons), and their sides are parallel re­
spectively.

Now in the equal and parallel circles DEF, KGH the chords EF, KH
are equal and parallel, and on opposite sides of the centres;
therefore FK is a diameter of the sphere [Pappus' lemma, pp. 136-8], and the
angle FEK is right [Pappus' lemma, p. r38, 20-26].

[The diameter FK is not actually drawn in the figure.]
In the pentagon GEA CF, if EF be divided in extreme and mean ratio,

the greater segment is equal to A C. [Eucl. XIII. 8]
Therefore EF: A C == (side of hexagon) : (side of decagon in same circle).

[XIII. 9]
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Hence the circles are given;
and so are the circles KHG, LMN which are equal and parallel to them
respectively.

Synthesis.
If d be the diameter of the sphere, set out two straight lines x, y, such

that d, x,.y are in the ratio of the sides of the pentagon, hexagon and decagon
respectively inscribed in one and the same circle.

Draw (I) two equal and parallel circular sections in the sphere, with radii
equal to 1", where r"" ix', as DEF, KGH,
and (2) two equal and parallel circular sections as ABC, LMN, with radius 1'"

such that 1"" "" !y'.
In the circles (r) draw EF, KHas sides of inscribed equilateral triangles,

parallel to one another, and on opposite sides of the centres;
and in the circles (2) draw A C, LM as sides of inscribed equilateral triangles
parallel to one another anci to EF, KH, and so that A C, EF are on opposite
sides of the centres, and likewise KH, LM.

Complete the figure.
The correctness of the construction is proved as in the analysis.
It follows also (says Pappus) that

(diam. of sphere)2 == 3 (side of pentagon in DEF)'.
For, by construction, KF; FE = j : h,

where j, h are the sides of the pentagon and hexagon inscribed in the same
circle DEE.

And FE ; h = the ratio of the side of an equilateral trianglt} to that of a
hexagon inscribed in the same circle;
that is, FE: h= J3 ; I,

whence KF: p = J3 ; I,

or KF'"" 3P'.

Another construction.
Mr H. M. Taylor has a neat construction for an icosahedron of edge a.
Let I be the length of the diagonal of a regular pentagon with side equal

to a.
Then (figure of XIII. 8), by Ptolemy's theorem,

P ==la+ a'.
Construct a cube with edge equal to I.
Let 0 be the centre of the cube.
From 0 draw OL, OM, ON perpendicular to three adjacent faces, and in

these draw PP', QQ', RR' parallel to AB, AD, AE respectively.
Make LP, LP', MQ, MQ', NR, NR' all equal to ~a.

Letj, p', q, q', 1", r' be the reflexes of P, P', Q, Q', R, R'respectively.
Then will P, P', Q, Q', R, R', p, 1", q, q', 1", 1'" be the vertices of a regular

icosahedron.
The projections of PQ on AB, AD, AE are equal to !(l- a), !a, it

respectively.
Therefore PQ' = i- (1- a)2 + i- a2 +ii'

= t (l2 - al + a2)
=a2

•
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Therefore PQ = a.
Similarly it may be proved that every other edge is equal to a.
All the angular points lie on a sphere with radius OP, and

OP2= 1: (a2+ 12).

B
,,--------;:;-.,-------------"7Ic

[XIII. 16

E

G

Each solid pentahedral angle is composed of five equal plane angles, each
of which is the angle of an equilateral triangle.

Therefore the icosahedron is regular.
[a2=40p2_P.

And, from the equation 12 = fa + a2
, we derive

1= ~ (Js + I).
2

Therefore, if r be the radius of the sphere,

a2 {I + (Js: I)2} = 4r ,

whence a = 4rjJIo + 2JS
="4r Jlo-2JS/JSO

= ;S VIO - 2,/S

=':-VIO(S-JS),s
as above.]
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PROPOSITION 17.

To. construct a dodecahedron and comprehend it in a sphere,
like the aforesaid figures, a'ltd to prove that the side of the
dodecahedron is the irrational sh'aight line called apotome.

Let ABCD, CBEF, two pla-nes of the aforesaid cube at
right angles to one another, be set out,
let the sides AB, Be, CD, DA, EF, BB, FC be bisected at
G, H, .K, L, M, Jll, 0 respectively,
let GK, HL, MH, NO be joined,
let the straight lines N P, PO, HQ be cut in extreme and
mean ratio at the points R, 5, T respectively,
and let RP, P5, TQ be their greater segments ;
from the points R, 5, T let R U, 5 V, TW be set up at right
angles to the planes of the cube towards the outside of the
cube,
let them be made equal to RP, P 5, TQ,
and let UB, BW, we, ev, VUbejoined.

w z

G~------;-----IK
Q

A L o

I say that the pentagon UB WCV is equilateral, and in
one plane, and is further equiangular.

F or let RB, SB, VB be joined.
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Then, since the straight line N P has been cut in extreme
and mean ratio at R,
and RP is the greater segment,
therefore the squares on PN, N R are triple of the square
on RP. [XIII.4J

But PNis equal to NB, and PR to RU;
therefore the squares on BN, N R are triple of the square
on RU.

But the square on BR is equal to the squares on BN, N R;
[Io 47J

therefore the square on BR is triple of the square on R U;
hence the squares on BR, R U are quadruple of the square
onRU.

But the square on BU is equal to the squares on BR, RU;
therefore the square on BUis quadruple of the square on RU;
therefore B U is double of R U.

But VU is also double of UR,
inasmuch as SR is also double of PR, that is, of R U ;
therefore B U is equal to Uv.

Similarly it can be proved that each of the straight lines
B W, we, ev is also equal to each of the straight lines
BU, Uv.

Therefore the pentagon B uveW is equilateral.

I say next that it is also in one plane.
For let PX be drawn from P parallel to each of the

straight lines R U, 5 V and towards the outside of the cube,
and let XH, HW be joined;
I say that XHW is a str:aight line.

For, since HQ has been cut in extreme and mean ratio at
T, and Q T is its greater segment,
therefore, as HQ is to QT, so is QT to TH.

But HQ is equal to HP, and QTto each of the straight
lines TW, PX;
therefore, as H P is to P X, so is WT to TH.

And H P is parallel to T W,
for each of them is at right angles to the plane BD ; [Xl. 6J
and THis parallel to PX,
for each of them is at right angles to the plane BF [id.J
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But if two triangles, as XPH, HTW, which have two
sides proportional to two sides be placed together at one
angle so that their corresponding sides are also parallel,
the remaining straight lines will be in a straight line; [VI. 32]

therefore XH is in a straight line with HW.
But every straight line is in one plane; [XI. I]

therefore the pentagon UB WC V is in one plane.

I say next that it is also equiangular.
For, since the straight line N P has been cut in extreme

and mean ratio at R, and P R is the greater segment,
while PR is equal to PS,
therefore NS has also been cut in extreme and mean ratio
at P,
and NP is the greater segment; [XIII. 5]

therefore the squares on NS, SP are triple. of the square
on N P. [XIII. 4]

But NP is equal to NB, and PS to SV;
. therefore the squares on NS, S V are triple of the square

on NB;
hence the squares on VS, SN, N B are quadruple of the square
onNB.

But the square on' SB is equal to the squares on SN, N B;
therefore the squares on BS, S V, that is, the square on B V
-for the angle VSB is right-is quadruple of the square
on NB;
therefore VB is double of BN.

But BC is also double of BN;
therefore B V is equal to BC.

And, since the two sides B U, UV are equal to the two
sides B W, WC,
and the base B V is equal to the base BC,
therefore the angle B UV is equal to the angle B We. [I. 8]

Similarly we can prove that the angle UVC is also equal
to the angle B WC ;
therefore the three angles B WC, BUV, UVC are equal to
one another.
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But if in an equilateral pentagon three angles are equal to
one another, the pentagon will be equiangular. [XIII.7J

therefore the pentagon B U VC W is equiangular.
And it was also proved equilateral;

therefore the pentagon B UVC W is equilateral and eqUl­
angular, and it is on one side BC of the cube.

Therefore, if we make the same construction in the case
of each of the twelve sides of the cube,
a solid figure will have been constructed which is contained
by twelve equilateral and equiangular pentagons, and which is
called a dodecahedron.

It is then required to comprehend it in the given sphere,
and to prove that the side of the dodecahedron is the irrational
straight line called apotome.

For let XP be produced, and let the produced straight
line be XZ;
therefore P Z meets the diameter of the cube, and they bisect
one another,
for this has been proved in the last theorem but one of the
eleventh book. [Xl. 38J

Let them cut at Z;
therefore Z is the centre of the sphere which comprehends
the cub~ ,
and ZP is half of the side of the cube.

Let UZ be joined.
Now, since the straight line NS has been cut in extreme

and mean ratio at P,
and N P is its greater segment,
therefore the squares on NS, SP are triple of the square

. on NP. [XIII. 4]

But NS is equal to XZ,
inasmuch as NP is also equal to PZ, and XP to PS.

But further PS is also equal to XU,
since it is also equal to RP;
therefore the squares on ZX, XU are triple of the square
on NP.

But the square on UZ is equal to the squares on ZX, XU;
therefore the square on UZ is triple of the square on N P.
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But the square ·on the radius of the sphere which compre­
hends the cube is also triple of the square on the half of the
side of the cube.
for it has previously been shown how to construct a cube and
comprehend it in a sphere, and to prove that the square on
the diameter of the sphere is triple of the square on the side
of the cube. [XIII. IS]

But, if whole is so related to whole, so is half to half also;
and N P is half of the side of the cube;
therefore UZ is equal to the radius of the sphere which com­
prehends the cube.

And Z is the centre of the sphere which comprehends the
cube;
therefore the point U is on the surface of the sphere.

Similarly we can prove that each of the remaining angles
of the dodecahedron is also on the surface of the sphere;
therefore the dodecahedron has been comprehended in the
given sphere.

I say next that the side of the dodecahedron is the irrational
straight line called apotome.

F or since, when N P has been cut in extreme and mean
ratio, RP is the greater segment,
and, when PO has been cut in extreme and mean ratio, PS
is the greater segment,
therefore, when the whole NO is cut in extreme and mean
ratio, RS is the greater segment.

[Thus, since, as N P is to P R, so is PR to RN,
the same is true of the doubles also,
for parts have the same ratio as their equimultiples ; [v. IS]

therefore as NO is to RS, so is RS to the sum of N R, SO.
But NO is greater than R5;

therefore RS is also greater than the sum of N R, 50;
therefore NO has been cut in extreme and mean ratio,
and R5 is its greater segment.]

But RS is equal to UV;
therefore, when NO is cut in extreme and mean ratio, U V is
the greater segment.

H. E. III.
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And, since the diameter of the sphere is rational,
and the sqllare on it is triple of the square on the side of the
cube,
therefore NO, being a side of the cube, is rational.

[But if a rational line be cut in extreme and mean ratio,
each of the segments is an irrational apotome.]

Therefore U V, being a side of the dodecahedron, is an
irrational apotome. [XIII. 6J

PORISM. From this it is manifest that, when the side of
the cube is cut in extreme and mean ratio, the greater segment
is the side of the dodecahedron.

Q. E. D.

In this proposition we find Euclid using two propositions which precede
but are used nowhere else, notably VI. 32, which some authors, in consequence
of their having overlooked its use here, have been hard put to it to explain.

Euclid's construction in this case is really identical with that given by
Mr H. M. Taylor, and also referred to by Henrici and Treutlein under" crystal­
formation."

Euclid starts from the cube inscribed in a sphere, as in XIII. I5, and then
finds the side of the regular pentagon in which the side of the cube is a
diagonal.

Mr Taylor takes I to be the diagonal of a regular pentagon of side a,
so that, by Ptolemy's theorem,

1'= al + a2
,

constructs a cube of which I is the edge, and gets the side of the pentagon
by drawing ZX from Z, the centre of the cube, perpendicular to the face BF
and equal to t (I + a), then drawing UV through X parallel to Be, and
making Ux, XV both equal to tao

Euclid finds U V thus.
Draw NO, .MH bisecting pairs of opposite sides in the square BF and

meeting in P.
Draw GK, HL bisecting pairs of opposite sides in the square BD and

meeting in Q.
Divide P N, PO, QH respectively in extreme and mean ratio at R, S, T

(PR, PS, QT being the greater segments); draw R U, Sv, TW outwards
perpendicular to the respective faces of the cube, and all equal in length
to PR, PS, TQ.

Join BU, Uv, ve, ew, WB.
Then B UVC W is one of the pentagonalfaces of the dodecahedron;

and the others can be constructed in the same way.

Euclid now proves
(I) that the pentagon B uveW is equilateral,
(2) that it is in one plane,
(3) that it is equiangular,
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(4) that the vertex U is on the sphere which circumscribes the cube, and
hence

(5) that all the other vertices lie on the same sphere,
and (6) that the side of the dodecahedron is an apoto711e.

(I) To prove that the pentagon B UVC W is equilateral.
We have BU2=BR2 + RU2

= (.BN2 + NR2) + RP2
= (PN2 + NR2) + Rp2

= 3Rp2 + Rr [XIII. 4J
=4R P2
= UV2.

Therefore B U = Uv.

a.

v

0.'

Similarly it may be proved that .B W, We, CV are all equal to UV
or BY.

[Mr Taylor proceeds in this way. With his notation, the projections of
BU on BA, BC, .BE are respectively ta, t (1- a), ~l.

Therefore BU2 = ia2+ i (1- a)2 + iP
= t (P - at + a2

)

=a2
•

Similarly for B W, WC etc.]

(2) To prove that the pentagon BUVC"VVis in one plane.
Draw PX parallel to R U or S V meeting UV in X.
Join XH, HW.

32 - 2
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ZU2=ZX;2 + XU 2

=NS2+PS2
=SPN2,

ZB2 = Zp2 + PB2

=Zp2 + PN2 + NB2
=SPN2.

ZU=ZB.

Consequently

or

Hence

Then we have to prove that XH, HWare in one straight line.
Now HF, WT, being both perpendicular to the face BD, are parallel.
For the same reason XP, HT are parallel.
Also, since QH is divided at T in extreme and mean ratio,

QH: QT= QT: TH.
And QH=HP, QT= WT=PX.
Therefore HP: PX = WT: TH.
Consequently the triangles HPX, WTH satisfy/he conditions o/vr. 32;

hence XHW is a straight line.
[Mr Taylor proves this as follows:
The projections of WH, WX on BE are ?Ia and ~ (a + I),

and the projections of WH, WX on BA are Hi-a) and ?II;
and a:(a+l)=(i-a):l,
smce at= P - a2

•

Therefore WHX is a straight line.]

(3) To prove that the pentagon BUVCWis equiangular.
We have BV2=BS2+SV2

= (BN2 + NS2) + Sp2
=PN2 + (NS2+ Sp2)
=PN2+ 3 PN2,

since NS is divided in extreme and mean ratio at P [XIII. 5], so that
NS2 + SP2= sPN2. [XIII. 4]

BV2=4PN2
= BC2,

BV=BC.
The 6.S UB V, lVBC are therefore equal in all respects,

and LBUV= LBWC.
Similarly L CVU = L B WC.
Therefore the pentagon is equiangular. [XIII. 7]

(4) To prove that the sphere which circumscribes the cube also circum-
scribes the dodecahedron we have only to prove that, if Z be the centre of
the sphere, ZU = ZB, for example.

Now, by XI. 38, XP produced meets the diagonal of the cube, and the
portion of'XP produced which is within the cube and the diagonal hi sect
one another.

And

as before.
Also (cf. XIII. IS)

(5) Similarly for Zv, ZWetc.
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(6) Since PNis divided in extreme and mean ratio at R,
NP: PR=PR :RN.

Doubling the terms, we have
NO :RS=RS: (NR+SO),

so that, if NO is divided in extreme and mean ratio, the greater segment
is equal to RS.

Now, since the diameter of the sphere is rational,
and (diam. of sphere)2 = 3 (edge of cube)2,
the edge of the cube (i.e. NO) is rational.

Consequently RS is an apotome.
[This is proved in the spurious XIII. 6 above; Euclid assumes it, and the

words purporting to quote the theorem are probably interpolated, like XIII. 6
itself. ]

As a matter of fact, with Mr Taylor's notation,
f2 = la + a2

,

../5 - 1and a=-- 1.
2

Since, if r is the radius of the circumscribing sphere, r=,,)3 . l,
z

a= ~ (../5 - r)=:' (J15 - ../3)·
",3 3

Pappus' solution.
Here too Pappus (m. pp. 156-162) finds four circular sections of the

sphere all parallel to one another and all passing through five of the vertices
of the dodecahedron.

Analyst's.
Suppose (he says) the problem solved, and let the vertices of the

dodecahedron be A, B, C, D, E; F, G, H, K, L; M, N, 0, P, Q;
R, S, T, U, V.

Then, as before, ED is parallel to FL, and AE to FC; therefore the
planes ABCDE, FGHKL are parallel.

But, since PA is parallel to BH, and BH to OC, PA is parallel to OC;
and they are equal; therefore PO, A 6 are parallel, so that ST, ED are also
parallel.

Similarly RS, DC are parallel, and likewise the pairs (TU, EA),
(UV, AB), (VR, BC).

Therefore the planes ABCDE, RSTUV are parallel; and the circles'
ABCDE, RSTUVare equal, since the inscribed pentagons are equal.

Similarly the circles FGHKL, MNOPQ are equal, since the pentagons
inscribed in them are equal.

Now CL, OU are parallel because each is parallel to KN;
therefore L, C, 0, U are in one plane.

And LC, CO, 0 U, UL are all equal, since they subtend angles of equal
pentagons.

Also L, C, 0, U are on a plane section, i.e. a circle;
therefore LCOUis a square.

Therefore OL2 = zLC2= zLF2
(for LC, LF subtend angles of equal pentagons).
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And the angle OLF is right; for PO, LF are equal and parallel chords
in two equal and parallel circular sections of a sphere [Pappus' lemma, p. 138,
20-26].

Therefore OF2 = 02 + F2 = 3F2. [from aboveJ
And OF is a diameter of the sphere; for PO, FL are on opposite sides

of the centres of the circles in which they are [Pappus' lemma, pp. 136-8].

y

x

Now suppose p, t, 1L to be the sides of an equilateral pentagon, triangle
and hexagon in the circle FGHKL, d the diameter of the sphere.

Then d: FL = ";3 : I • [from aboveJ
= t : h; [Eucl. XIII. 12J

and it follows a/ternando (since FL = p) that
d:t=p:h.

Now let d', p', h' be the sides of a~egular decagon, pentagon and hexagon
respectively inscribed in anyone circlEf.

Since, if FL be divided in extreme and mean ratio, the greater segment is
equal to ED, [XIII. 8J

FL: ED=h': d'. [VI. Def. 3, XIII. 9J
And FL : ED is the ratio of the sides of the regular pentagons inscribed

in the circles FGHKL, ABCDE, and is therefore equal to the ratio of the
sides of the equilateral triangles inscribed in the same circles.

Therefore t: (side of 6. in ABCDE) = Iz' : d'.
But d: t=p: h

=1' : h';
therefore, ex aequalz", d: (side of 6. in ABCDE) = p' : d'.

Now d is given;
therefore the sides of the equilateral triangles inscribed in the circles ABCDE,
FGHKL respectively are given, whence the radii of those circles are also
given.
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Thus the two circles are given, and so accordingly are the equal and
parallel circular sections.

Synthesis.
Set out two straight lines x, y such that d, x, yare in the ratio of the sides

of a regular pentagon, hexagon and decagon respectively inscribed in one and
the same circle.

. Find two circular sections of the sphere with radii r, r', where
r = tx2, r'2 = ty2.

Let these be the circles FGHKL, ABCDE respectively, and draw the
equal and parallel circles on the other side of the centre, namely MNOPQ,
RSTUV.

In the first two circles inscribe regular pentagons with their sides respec­
tively parallel, ED being parallel to FL.

Draw equal and parallel chords (on the other sides of the centres) in the
other two circles, namely ST equal and parallel to ED, and PO equal and
parallel to FL; and complete the regular pentagons on ST, PO inscribed in
the circles.

Thus all the vertices of the dodecahedron are determined.
The proof of the correctness of the construction is clear from the analysis.
Pappus adds that the construction shows that the circles containing five

vertices of the dodecahedron are the same respectively as those containing
three vertices of the icosahedron, and that the same circle circumscribes the
triangle of the icosahedron and the pentagonal face of the dodecahedron in
the same sphere.

PROPOSITION 18.

To set out the sides of the five figures and to conzjare them
with one another.

E

Let A B, the diameter of the given sphere, be set out,

and let it be cut at C so that
G

A C is equal to CB, and at lJ'
so that AD is double of DB;

let the semicircle AEB be de-
scribed on AB, .

from C, DIet CE,DFbe drawn
at right angles to AB,

and let AF, FB, EB be joined.

Then, since AD is double
of DB,
therefore AB is triple of BD.

Convertendo, therefore, BA is one and a half times AD.
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And AB is the diameter of the sphere;
therefore AF is equal to the side of the pyramid.

Again, since AD is double of DB,
therefore AB is triple of BD.

But, as AB is to BD, so is the square on AB to the square
on BF; [VI. 8, v. Def. 9J

therefore the square on AB is triple of the square on BF.
But the square on the diameter of the sphere is also triple

of the square on the side of the cube. [XIII. ISJ
And A B is the diameter of the sphere;

therefore BF is the side of the cube.

But, as BA is to AD, so is the square on BA to the
square on AF, [v. Def. 9, VI. 8]

for the triangle AFB is equiangular with the triangle AFD ;
therefore the square on BA is one and a half times the square
on AF.

But the square on the diameter of the sphere is also one
and a half times the square on the side of the pyramid.

[XIII. I3J

And, since A C is equal to CB,
therefore AB is double of Be.

But, as AB is to BC, so is the square on AB to the square
onBE;
therefore the square on AB is double of the square on BE.

But the square on the diameter of the sphere is also double
of the square on the side of the octahedron. [XIII. I4J

And AB is the diameter of the given sphere;
therefore BE is the side of the octahedron.

Next, let A G be drawn from the point A at right angles
to the straight line AB,
let A G be made equal to AB,
let GC be joined,
and from H let HK be drawn perpendicular to AB.

Then, since GA is double of A C,
for GA is equal to AB,
and, as GA is to AC, so is HKto KC,
therefore HK is also double of Xc.
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Therefore the square on H X is quadruple of the square
onKC;
therefore the squares on HK, KC, that is, the square on HC,
is five times the square on Xc.

But HC is equal to CB;
therefore the square on BC is five times the square on CX.

And, since AB is double of CB,
and, in them, AD is double of DB,
therefore the remainder BD is double of the remainder DC.

Therefore BC is triple of CD ;
therefore the square on BC is nine times the square on CD.

B~t the square on BC is five times the square on CX;
therefore the square on CK is greater than the square on CD;
therefore [1( is greater thqn CD.

Let CL be made equal to CK,
from L let LM be drawn at right angles to AB,
and let M B be joined.

N ow, since the square on BC is five times the square
on CX,
and AB is double of BC, and XL double of CX,
therefore the square on AB is five times the square on XL.

But the square on the diameter of the sphere is also five
times the square on the radius of the circle from which the
icosahedron has been described. [XIII. 16, Por.]

And AB is the diameter of the sphere;
therefore XL is the radius of th~ circle from which the icosa­
hedron has been described;
therefore XL is a side of the hexagon in the said circle.

[rv. IS, Por.J
And, since the diameter of the sphere is made up of the

side of the hexagon and two of the sides of the decagon
inscribed in the same circle, [XIII. 16, Por.]

and AB is the diameter of the sphere,
. while KL is a side of the hexagon,
and AK is equal to LB,
therefore each of the straight lines A X, LB is a side of the
decagon inscribed in the circle from which the icosahedron
has been described.
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with the
[VI. 8]
[VI. 4]

[XlII.IOJ
the side of the icosa­

[XIII. 16J

And, smce LB belongs to Cl; decagon, and M L to a
hexagon,
for ML is equal to KL, since it is also equal to HK, being
the same distance from the centre, and each of the straight
lines H K, KL is double of KC,
therefore ME belongs to a pentagon.

But the side of the pentagon is
hedron;
therefore ME belongs to the icosahedron.

Now, since FE is a side of the cube,
let it be cut in extreme and mean ratio at N,
and let N B be the greater segment;
therefore NE is a side of the dodecahedron. [XIII. 17, Por.J

And, since the square on the c;liameter of the sphere was
proved to be one and a half times the square on the side AF
of the pyramid, double of the square on the side BE of the
octahedron and triple of the side FE of the cube,
therefore, of parts of which the square on the diameter of the
sphere contains six, the square on the side of the pyramid
contains four, the square on the side of the octahedron three,
and the square on the side of the cube two.

Therefore the square on the side of the pyramid is four­
thirds of the square on the side of the octahedron, and double
of the square on the side of the cube;
and the square on the side of the octahedron is one and a half
times the square on the side of the cube. .

The.said sides, therefore, of the three figures, I mean the
pyramid, the octahedron and the cube, are to one another in
rational ratios.

But the remaining two, I mean the side of the icosa­
hedron and the side of the dodecahedron, are not in rational
ratios either to one another or to the aforesaid sides;
for they are irrational, the one being minor [XIII. 16J and the
other an apotome [XIII. 17].

That the side M B of the icosahedron is greater than the
side N B of the dodecahedron we can prove thus.

For, since the triangle FDE is equiangular
triangle "FAB,
proportionally, as DB is to BF, so is BF to EA.
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And, since the three straight lines are proportional,
as the first is to the third, so is the square on the first to the
square on the second; [v. Def. 9, VI. 20, Por.]

therefore, as DB is to BA, so is the square on DB to the
square on BF;
therefore, inversely, as AB is to BD, so is the square on FB
to the square on BD.

But AB is triple of BD;
therefore the square on FE is triple of the square on BD.

But the square on AD is also quadruple of the square
on DB,
for AD is double of DB;
therefore the square on AD is greater than the square on FB;
therefore AD is greater than FB;
therefore A L is by far greater than F B.

And, when A L is cut in extreme and mean ratio,
KL is the greater segment,
inasmuch as LK belongs to a hexagon, and KA to a decagon;

[XIII. 9]
and, when FB is cut in extreme and mean ratio, NB is the
greater segment;
therefore KL is greater than NB.

But KL is equal to LM;
therefore LM is greater than N B.

Therefore MB, which is a side of the icosahedron, is by
far greater than N B which is a side of the dodecahedron.

Q. E. D.

I say next that no other figure, besides the saidfive figures,
can be constructed which is contained by equilateral and equi­
angular figures equal to one another.

F or a solid angle cannot be constructed with two triangles,
or indeed planes.

With three triangles the angle of the pyramid is constructed,
with four the angle of the octahedron, and with five the angle
of the icosahedron;
but a solid angle cannot be formed by six equilateral and equi­
angular triangles placed together .at one point,



508 BOOK XIII [XIII. 18

for, the angle of the equilateral triangle being two-thirds of a
right angle, the six will be equal to four right angles:
which is impossible, for any solid angle is contained by angles
less than four right angles. [Xl. 2I]

F or the same reason, neither can a solid angle be con­
structed by more than six plane angles.

By three squares the angle of the cube is contained, but
by four it is impossible for a solid angle to be contained,
for they will again be four right angles.

By three equilateral and equiangular pentagons the angle
of the dodecahedron is contained;
but by four such it is impossible for any solid angle to be
contained,
for, the angle of the equilateral Q.,yntagon being a right angle
and a fifth, the four angles will'i;be greater than four right
angles:
which is impossible.

N either again will a solid angle be contained by other
polygonal figures by reason of the same absurdity.

Therefore etc.
Q. E. D.

LEMMA.

But that the angle 0.1 the equilateral and equiangular
pentagon is a right angle and a fifth we must prove thus.

Let ABCDE be an equilateral
pentagon,
let the circle A BCDE be cir­
cumscribed about· it,

<,;:','

let its centre F be taken,
and let FA, FB, FC, FD, FE
be joined.

Therefore they bisect the
angles of the pentagon at A,
B, C, D, E..

And, since the angles at F
are equal to four right angles
and are equal,

and equiangular
A

B
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therefore one of them, as the angle AFB, is one right angle
less a fifth;
therefore the remaining angles FAB, ABF consist of one
right angle and a fifth.

But the angle FAB is equal to the angle FBe;
therefore the whole angle ABC of the pentagon consists of
one right angle and a fifth.

Q. E. D.

We have seen in the preceding notes that, if l' be the radius of the sphere
circumscribing the five solid figures,

(edge of tetrahedron) = ~ J6. 1',

(edge of octahedron) = Jz . 1',

(edge of cube) = i J3. r,

(edge of icosah~dron) = ~ J 10 (s - JS),
!1,":'0(; S

';iIi>;~

(edge of dodeca~edron)= ~ (JI 5 - J3).
3

Euclid here exhibits the edges of all the five regular solids in one figure.

(I) Make AD equal to zDB.
Thus BA = iAD,

and BA: AD=BA2: AF2;
therefore BA2 =%AF2.

Thus AF= J%. zr= ~J6. r = (edge oftetrahetlron).

(z) AB": BP=AB: BD

GC, meeti.~g the
';"';' ,

Therefore

or

Again, since AB = z CB,
by subtraction,
or

=3:1.
BF2= }AB2,

z z
BF= -J .1'==- J3 .1'= (edge ofcube).

3 ~ 3
(3) AB2 = zBE2.
Therefore BE == J z . l' = (edge of octahedron).

(4) Draw AG perpendicular and equal to AB. Join
semicircle in H, and draw HK perpendicular to AB.

Then GA = zAC;
therefore, by similar triangles, HK = zKC.

Hence HK2 = 4KC2,
and therefore SKC2 = HK2 + KC2

=HC2
= CB2.

and AD= zDB,
BD=zDC,
BC==3DC.



[XIII. 18BOOK XIII

gDC2=BC2
=SKC2.

KC, draw LM at right angles to AB, and join

Also

Thus

Therefore

and
[More shortly,

whence
and

CB2=SKC2,

A.B2 =SKD.

It follows that KL (= J~. r) is the radius of, or the side of the regular
hexagon in, the circle containing the pentagonal sections of the icosahedron.

[XIII. 16]
And, since

zr = (side of hexagon) + z (side of decagon in same circle)
[XIII. 16, Por.]

AK = LB = (side of decagon in the said circle).
But LM= EK,:" KL = (side of hexagon in circle).
Therefore LM2 + LB2 (= BM2) = (side of pentagon in circle)2 [XIII. 10]

= (edge.of icosahedron)2,
BM= (edge of icosahedron).

HK=zKC,
HK2= 4K C2,

5KC2 = HC2 = r.

AK=r-CK=r(l- J5}

B~=HK2+AK2

49 9( 1)2=:51'"+1'" I--ys

Hence KC> CD.
Make CL equal to

AM, MB.
Since

SIO

and BM=!: J 10 (5 - J5) = (edge of icosahedron).]
5

(5) Cut BF (the edge of the cube) in extreme and mean ratio at N.
Then, if BN be the greater segment,

BN= (edge ofdodecahedron). [XIII. 17]
[Solving, we obtain

BN= ,)5- I .BF
z

Js - I Z '
=-z-·J3· r

=':.. (Jrs - J3)
3

= (edge ofdodecahedron).]
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(6) If t, 0, c are the edges of the tetrahedron, octahedron and cube
respectively,

4r = !t2 = 202 = 3r.
If each of these equals is put equal to X,

4r =X,
t2=%.X;
02=~.X,

c'l=l·X,
whence 4r : t 2

: 0
2

: c2 =6 :.4 : 3 : 2,

and the ratios between 2r, t, 0, c are all rational (in Euclid's sense).
The ratios between these and the edges of the icosahedron and the

dodecahedron are irrational.

AL>BF,
KL>BN,
LM>BN.
MB>BN.

To prove that
(edge of icosahedron) > (edge of dodecahedron),

MB>NB.

And therefore, a jortz'orz',
or

or

i.e. that
By similar .6s FDE, AFB,

DB :rBF= BF: BA,
DB: BA=D.Y: BF2.

But 3DB=BA;
therefore BF2 = 3DB2.

By hypothesis, AD" = 4DB2;
therefore AD> BF,
and, ajortiori, AL> BF

Now LK is the side of a hexagon, and AK the side of a decagon in the
same circle;
therefore, when AL is divided in extreme and mean ratio, KL is the greater
segment.

And, when BF is divided in extreme and mean ratio, BN is the greater
segment.

Therefore, since



APPENDIX.

I. THE CONTENTS OF THE SO-CALLED BOOK XIV.
BY HYPSICLES.

This supplement to Euclid's Book XIII. is worth reproducing for the sake
not only of the additional theorems proved in it but of the historical notices
contained in the preface and in one or two later passages. Where I translate
literally from the Greek text, I shall use inverted commas; except in such
passages I reproduce the contents in briefer form.

I have already quoted from the Preface (Vol. I. pp. 5-6), but I will
repeat it here.

"Basilides of Tyre, 0 Protarchus, when he came to Alexandria and met
my father, spent the greater part of his sojourn with him on account of the
bond between them due to their common interest in mathematics. And on
one occasion, when looking into the tract written by Apolloniu~ about the
comparison of the dodecahedron and icosahedron inscribed in dne and the
same sphere, that is to say, on the question what ratio they bear to one
another, they came to the conclusion that Apollonius' treatment of it in this
book was not correct; accordingly, as I understood from my father, they
proceeded to amend and rewrite it. But I myself afterwards came across
another book published by Apollonius, containing a demonstration of the
matter in question, and I was greatly attracted by his investigation of the
problem. Now the book published by Apollonius is accessible to all; for it
has a large circulaticrn in a form which seems to have beel} the result of later
careful elaboration.

"For my part, I determined to dedicate to you what I deem to be
necessary by way of commentary, partly because you will be able, by reason
of your proficiency in all mathematics and particularly in geometry, to pass an
expert judgment upon what I am about to write, and partly because, on
account of your intimacy with my father and your friendly feeling towards
myself, you will lend a kindly ear to my disqllisition. But it is time to have
done with the preamble and to begin my treatise itself.

[Prop. I.J "The perpendicular drawn from the centre of any circle to the
side of tIle pe1ltagon inscribed in the same circle is half the sum of the side of the
hexagon and of the side of the decagon znscribed in the same c£rcle."
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Let ABC be a circle, and B C the side of the inscribed regular pentagon.
Take D the centre of the circle, draw DE from D perpendicular to BC,

and produce DE both ways to meet the circle in F, A.
I say that DE is half the sum of the side of the hexagon and of the side

of the decagon inscribed in the same circle.
Let DC, CFbe joinedj make GE equal to EF, and join GC.
Since the circumference of the circle is five

times the arc BFC~ A
and half the circumference of the circle is the arc
ACF,
while the arc FC is half the arc BFC,
therefore (arc A CF) = 5 (arc FC)
or (arc A C) = 4 (arc CF).

Hence L ADC == 4 L CDF,
and therefore L AFC == 2 L CDF.

Thus L CGF=LAFC== 2 L CDFj
therefore [1. 32J L CDG == L DCG,
so that DG= GC= CF.

And GE==EFj
therefore DE == EF + FC.

Add DE to each;

therefore 2DE == DF+ FC.
And DFis the side of the regular hexagon, and FC the side of the regular

decagon, inscribed in the same circle.
Therefore etc.

" Next it is manifest from the theorem [12J in Book XIII. that the perpm­
dicular drawn from the cmtre of the circle to the side of tile equilateral triangle
[inscribed in itJ is halfof the radius of the circle.

[Prop. 2.J "The same circle circumscribes 60th the jJentagon of the dodeca­
hedron and the triangle of the icosahedron inscribed in the same sphere.

"This is proved by Aristaeus in his work entitled Comparisoll of the five
figures. But Apollonius proves in the second edition of his comparison of the
dodecahedron with the icosahedron that, as the surface of the dodecahedron
is to the surface of the icosahedron, so also is the dodecahedron itself to the
icosahedron, beca~e the perpendicular from the centre of the sphere to the
pentagon of the dodecahedron and to the triangle of the icosahedron is the
same.

" But it is ril{ht that I too should prove that

[Prop. 2] Tlte same circle circumscribes both the pentagon 0.1 the dodecahedron
and the triallgle of the icosahedron inscribed in the same sphere.

"For this I need the following

Lemma.

" If an eqltil,~teral and equiangular pmtagon be z'nscribed in a circle, the sum
of the squares on tIle straight line subtending two sides and on tIle side of the
pentagon is jive times tile square on the radius."

H. E. III. 33
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E

B

BA2 + A C2 = SDE2.
For, since BE == 2ED,

BE2==4ED2.
BP==BA2+AP;

BA2 + AE2 + ED2 == SED2.
AC2=DE2+ EA2;

[Eucl. XIII. 10]
BA2 + A C2 = SDE2.

And
therefore

But

therefore

Let ABC be a circle, A C the side of the pentagon, D the centre;
draw DFperpendicular to A C and produce it to
B,E;
join AB, AE.

I say that

"This being proved, it is required to prove that the same circle circum­
scribes both the pentagon of the dodecahedron and the triangle of the
icosahedron inscribed in the same sphere."

Let AB be the diameter of the sphere, and let a dodecahedron and an
icosahedron be inscribed.

c
A

M o N

B
K

Now SMN2== AB2== 3DC2.
But 3DC2: 3CC2= SMN2: SM02

(since, if DC is cut in extreme and mean ratio, the greater segment is equal
to CC, and, if two straight lines are cut in extreme and mean ratio, their
segments are in the same ratio: see lemma later, pp. 5I8-g).

Let CDEFC be one pentagon of the dodecahedron, and KLH one
triangle of the icosahedron.

I say that the radii of the circles circumscribing them are equal.
Join DC; then DC is the side of a cube inscribed in the sphere.

[Eucl. XIII. 17]
Take a straight line MN such that A B2 = SMN2.
Now the square on the diameter of the sphere is five times the square on

the radius of the.circle from which the icosahedron is described.
[XIII. 16, Por.]

Therefore MN is equal to the radius of the circle passing through the five
vertices ·of the icosahedron which form a pentagon.

Cut lVINin extreme and mean ratio at 0, MO being the greater segment.
Therefore MO is the side of the decagon in the circle with radius MN.

[XIII. 9 and 5, converse]
[XIII. IS]
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[XIII. 12]

SKD = 3CG2 + 3DG2.
SKD = IS (radius of circle about KLH)2,

3DG2 + 3CG2 = 15 (radius of circle about CDEFG)2.
[Lemma above]

Therefore the radii of the two circles are equal.

And SM02 + SMN2 = SKD.
[This follows from XIII. 10, since KL is, by the construction of XIII. 16, the
side of the regular pentagon in the circle with radius equal to MN, that is, the
circle in which MNis the side of the inscribed hexagon and MO the side of
the inscribed decagon.]

Therefore
But

and

Q. E. D.

[Prop. 3.] ".If there be an equilateral and equiangular pentagon and a
circle circumscribed about it, and if a perpendicular be drawn from the centre to
one side, thm

30 times the rectangle contained by the side and the perpendimlar is equal to
the szt7face if the dodecahedron."

Let ABCDE be the pentagon, F the centre of the circle, FG the
perpendicular on a side CD.

I say that A
30 G'D . FG = 12 (area of pentagon).

Let CF, FD be joined.
Then, since

CD.FG== 2 (6CDF),
SCD. FG == 10 (t:::.. CDF),

whence ,iloCD. FG = 12 (area of pentagon).

For
therefore

Similarly we can prove that,

[Prop. 4] l.f ABC be all equilateral triangle in a
circle, D the cmtre, and DE perpendicular to BC,

30BC. DE = (suiface if icosahedron).
DE.BC=2(t:::..DBC);

3DE. BC= 6 (t:::..DBC)
=2 (t:::..ABC),

whence 30DE. BC= 20 (t:::..ABC).

It follows that [Prop. 5J
(suiface if dodecahedron) : (suiface of icosahedron)

=: (side ifpentagon) . (its perpendicular) : (side of triangle) . (its perp.).

"This being clear, we have next to prove that,

[Prop. 6] As tile suiface of the dodecahedron is to the surface of the icosahedron,
so is the side of tIle cube to tile side of tIle icosahedron." .
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or
And, since

and
therefore

Let ABC be the circle circumscribing the pentagon of the dodecahedron
and the triangle of the icosahedron, and let CD
be the side of the triangle, A C that of the
pentagon.

Let E be the centre, and EF, EG perpen- H
diculars to CD, A C.

Produce EG to meet the circle in Band
join BC.

Set out H equal to the side of the cube in­
scribed in the same sphere.

I say that A

(surface of dodecahedron) : (surface of icosahedron)
=H: CD.

For, since the sum of EB, BC is divided at B in extreme and mean ratio,
and BE is the greater segment, [XIIl. 9]
and EG=~(EB+BC), [Prop. I]
while EF= ~BE, [see p. 513 above]
therefore, if EG is divided in extreme and mean ratio, the greater segment is
equal to EF [that is to say, since EB is the greater segment of EB + BC
divided in extreme and mean ratio, ?sEB is the greater segment of
t (EB + BC) similarly divided].

But, if H is also divided in extreme and mean ratio, the greater segment
is equal to CA. [XIII. 17, Por.]

Therefore H: CA = E G : EE,
FE.H= CA .EG.

H: CD=FE.H: FE. CD,
FE.H= CA .EG,

H: CD = CA . EG : FE. CD
= (surface of dodecahedron) : (surf. of icos.).

[Prop. 5]

A

E

Therefore
so that

Another proof of the same theorem.
Preliminary.
Let ABC be a circle and AB, A C sides of an inscribed regular pentagon.
Join BC; take D the centre of the circle, join AD and produce it to

meet the circle at E. Join BD.
Let DF be made equaI.to !AD, and CH equal

to kCG.
I say that

reet. AF. BH= (area of pentagon).
For, since AD = zDF,

AF=iAD.
And, since GC = 3HC,

GC=~GH.

FA : AD = CG : GH,
AF. GH=AD. CG

=AD.BG
= z (l::.ABD).
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SAF. HC= (area of pentagon),
AF. BH = (area of pentagon).

Therefore
SAF. GH= 10 (6ABD) = 2 (area of pentagon).

And GH=zHC;
therefore
or

Proof of theorem.

This being clear, let the circle be set out which circumscribes the pentagon
of the dodecahedron and the triangle of the icosahe-
dron inscribed in the same sphere. A

Let ABC be the circle, and AB, A C two sides of
the pentagon; join BC.

Take E the centre of the circle, join AE and
produce it to F.

Let AE = zEG, KC = 3 CH.
Through G draw DM at right angles to AF

meeting the circle at D, M;
DMe is then the side of the inscribed equilateral F
triangle.

Join AD, AM, which are equal to DM.
Now, since A G . BH = (area of pentagon),

and A G . GD = (area of triangle),
therefore BH: GD = (area of pentagon) : (area of triangle),
and IzBH: zoGD = (surface of dod.) : (surface of icos.).

But IzBH=IOBC, since BH=SHC, and BC=6HC;
and 20GD = IoDM;
therefore (surface of dodecahedron) : (surface of icosahedron)

= (side of cube) : (side of icosahedron).

A

H

E----­
F---­
G------

"Next we have to prove that,
[Prop. 7] If any straight lim wl/atever be cut in extreme aud mean ratio, theil,
as is (I) the straight line the square on 7~,hich is equal to the sum of the squares
on the whole line and on the greater segment to (2) the straight line the square on
which is equal to the sum of the squares on the 1i!Jhole and on the lesser segment,
so is (3) the side of the cube to (4) the side of the icosahedron."

Let AHB be the circle circumscribing both the pentagon of the dodeca­
hedron and the triangle of the icosahedron inscribed
in the same sphere, C the centre of the circle, and
CB any radius divided at D in extreme and mean
ratio, CD being the greater segment.

CD is then the side of the decagon inscribed in
the circle. [XIII. 9 and S' converse]

Let E be the side of the icosahedron, F that of
the dodecahedron, and G that of the cube, inscribed
in the sphere.

Then E, F are the sides of the equilateral triangle
and pentagon inscribed in the circle, and, if G is
divided in extreme and mean ratio, the greater
segment is equal to F. [XIII. 17, Par.]
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Thus
and

Therefore
or

E2 =:: 3BC2,
CB2 + BD2 =:: 3CD2.

E2 : CB2 = (CB2 +BD) : CD2,
E2: (CB2 + BD2) =:: CB2: CD2

=:: GJ: F2.

[XIII. 12]
[XIII. 4]

Therefore, alternately and inversely,
G2 : E J == F2 : (CEJ + BD2).

But F2 == B C2 + CD; for the square on the side of the pentagon is equal
to the sum of the squares on the sides of the hexagon and decagon inscribed
in the same circle. [XlII. 10]

Therefore G2 : P == (B C2 + CD2) : (CB2 + B 0),
which is the result required.

EFo

A....:- C:;:..;__-.:8AB:AC==DE:DR
AB. BC==AC2,
DE.EF=DF2,

AB. BC: AC2 == DE . EF: DF2,
4AB .BC: AC2=::4DE .EF: DF2.and

It has now to be proved that

[Prop. 8] (Side of cube) : (side of icosahedron)
=(content of dodecahedron) : (content of icosahedron).

Since equal circles circumscribe the pentagon of the dodecahedron and
the triangle of the icosahedron inscribed in the same sphere,
and in a sphere equal circular sections are equally distant from the centre,
the perpendiculars from the centre of the sphere to the faces of the two solids
are equal;
in other words, the pyramids with the centre as vertex and the pentagons of
the dodecahedron and the triangles of the icosahedron respectively as bases
are of equal height.

Therefore the pyramids are to one another as their bases.
Thus (IZ pentagons) : (20 triangles)

== (12 pyramids on pentagons): (20 pyramids on triangles),
or (surface of dodecahedron) : (surface of icosahedron)

=:: (content of dod.) : (c;:ontent of icos.).
Therefore

(content of dodecahedron) : (content of icosahedron)
== (side of cube) : (side of icosahedron). [Prop. 6]

Lemma.
.if two straight lines be cut in extreme and mean ratio, the segments of both

are in one and the same ratio.
Let AB be cut in extreme and mean ratio at C, A C being the greater

segment;
and let DE be cut in extreme and mean ratio at F, DF being the greater
segment.

I say that
Since

and



or
therefore

or'
that is,
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Componendo,

(4AB. BC + AC2) : AC2= (4DE. EF+ DF2) : DP,
(AB + BC?: AC2= (DE +EF)2: DP;

(/j.B + BC) : AC= (DE + EF) : DE.
Comjonendo,

(AB+BC+AC): AC=(DE+EF+DF): DE,
2AB: AC= 2DE: DF;
AB:AC=DE:DR

[II. 8)

Summary of results.

If AB be any straight line divided at C in extreme and mean ratio, A C
being the greater segment, and if we have a cube, a dodecahedron and an
icosahedron inscribed in one and the same sphere, then:
(I) (side of cube) ; (side of icosahedron) = J (AB2 + A C2) : J (A Bl + BC2) ;
(2) (surface of dod.) : (surface oficos.)

= (side of cube) : (side of icosahedron);
(3) (content of dod.) : (content oficos.)

= (surface of dod.) : (surface of icos.) ;
and (4) (content of dodecahedron) : (content of icos.)

= J(AB2+AC2): J(AB2+BC2).

II. NOTE ON THE SO-CALLED "BOOK XV."

The second of the two Books added to the genuine thirteen is also
supplementary to the discussion of the regular solids, but is much inferior
to the first, "Book XIV." Its contents are of less interest and the exposition
leaves much to be desired, being in some places obscure and in others
actually inaccurate. It consists of three portions unequal in length. The
first (Heiberg, Vol. v. pp. 40-48) shows how to inscribe certain of the
regular solids in certain others, (a) a tetrahedron (" pyramid") in a cube,
(b) an octahedron in a tetrahedron (" pyramid "), (c) an octahedron in a cube,
(d) a cube. in an octahedron and (e) a dodecahedron in an icosahedron.
The second portion (PP.48-50) explains how to calculate the number of
edges and the number of solid angles in the five solids respectively. The
third (pp. 50-66) shows how to determine the angle of inclination between
faces meeting. in an edge of anyone of the solids. The method is to con­
struct an isosceles triangle with vertical angle equal to the said angle of
inclination; from the middle point of any edge two perpendiculars are drawn
to it, one in each of the two faces intersecting in that edge; these perpen­
diculars (forming an angle which is the inclination of the two faces to one
another) are used to determine the two equal sides of an isosceles triangle,
and the base of the triangle is easily found from the known properties of the
particular solid. The rules for drawing the respective isosceles triangles are
first given all together in general terms (pp. 50-52); and the special interest
of the passage consists in the fact that the rules are attributed to "Isidorus
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our great teacher." This Isidorus is no doubt Isidorus of Miletus, the
architect of the Church of St Sophia at Constantinople (about 532 A.D.),
whose pupil Eutocius also was; he is often referred to by Eutocius (Comm.
on Archimedes) as b Mt.\~(no~ J1-YJxaVtKO, 'I(]'[8wpo~ ":;J1-tT€PO~ 8t8a.(],Ka.\o~. Thus
the third portion of the Book at all events was written by a pupil of Isidorus
in the sixth century. Kluge (De Euclidis elementorultl libris quiferuntur XIV
et Xv, Leipzig, 1891) has closely examined the language and style of the
three portions and conjectures that they may be the work of different authors;
the first portion may, he thinks, date from the end of the third century (the
time of Pappus), and the second portion too may be older than th~ third.
Hultsch however (art. "Eukleides" in Pauly-Wissowa's Real-Encyc/opiidie der
classischen Altertultlswissenschaft, 1907) does not think his arguments con­
vincing.

It may be worth while to set out the particulars of Isidorus' rules for
constructing isosceles triangles with vertical angles equal respectively to
the angles of inclination between faces meeting in an edge of the several
regular solids. A certain base is taken, and then with its extremities as
centres and a certain other straight line as radius two circles are drawn;
their point of intersection determines the vertex of the particular isosceles
triangle. In the case of the cube the triangle is of course right-ap.gled; in
the other cases the bases and the equal sides are as shown below.

For the tetrahedron

For the octahedron

For the icosahedron

For the dodecahedron

Base of isosceles triangle

the side of a triangular face

the diagonal of the square
on one side of a triangular
face

the chord joining two non­
consecutive angular points
of the regular pentagon on
an edge (the "pentagon of
the icosahedron ")

the chord joining two non­
consecutive angular points
of a pentagonal face [Be
in the figure of Eucl. XIIl.

17]

Equal sides if
isosceles triangle

the perpendicular from the
vertex of a triangular face
to its base

ditto

ditto

the perpendicular from the
middle point of the chord
joining two non-consecu­
tive angular points of a
face to the parallel side of
that face [HX in the figure
of Eucl. XIII. 17]



ADDENDA ET CORRIGENDA.

Frontispiece. This is a facsimile of a page (fol. 45 verso) of the famous
Bodleian MS. of the Elements, D'Orville 301 (formerly x. I info 2, 30), written
in the year 888. The scholium in the margin, not very difficult to decipher,
though some letters are almost rubbed out, is one of the scholia Vaticana
given by Heiberg (Vol. v. p. 263) as III. No. IS: ata TOll KtVTpOV OVUWV OUK VV
{;'1n]U£W' a~wv, Ei Uxa TEfLVOVCTtV &'\'\?j..\.a,· TO yap KEVTpOV aVTWV -r; StXOTop.La.
bfLOLW, Kal ~ Ei rij, f.Ttpa<; Sta. TOU KEvTpOV 0l)U7j<; 'ri (TEpa p.-? Sta TOU KEVTpOV £'1.'1,
on ou UXa Ttp.v£Tat 'ri Stu. TOU KtVTpOV. The 'ri before £1 in the last sentence
should be omitted. P FVat. read 'ri without £1. The marginal references lower
down are of course to propositions quoted, (I) St/X TO a' TOU "I', "by III. I," and
(2) 8ta TO y' TOU aiJTou, "by 3 of the same."

Vol. I. p. 20. I am aware that the assumption that the reference in the
Mechanics (I. 24, p. 62, ed. Nix and Schmidt) is to Posidonius of Rhodes is dis­
puted. It is pointed out that the context seems to show that the Posidonius
referred to lived before Archimedes. Hoppe considers that the reference is
to Posidonius of Alexandria, who was a pupil of Zeno the Stoic in the third
century B.C. (cf. Meier, De Herollts adate, pp. I9-2I). The passage of the
Mechanics in the German translation is as follows: "Posidonius, ein Stoiker,
hat den Schwer- und Neigungspunkt in einer natiirlichen (physikalischen?)
Definition bestimmt und gesagt: der Schwer- oder Neigungspunkt ist ein
soIcher Punkt, dass, wenn die Last in demselben aufgehangt wird, sie in zwei
gleiche Teile geteilt wird. Deshalb haben Archimedes und seine Anhanger
in der Mechanik diesen Satz spezialisiert und einen Unterschied gemacht
zwischen dem Aufhangepunkt und dem Schwerpunkt." This passage may
certainly indicate that Posidonius' definition "represents a more imperfect
standpoint than that of Archimedes" (Enestrom in Bibliotheca Jl,fathematica
VIlIs, p. 177). But I do not feel certain that" deshalb" necessarily means so
much as that it was the particular definition given by Posidonius personally
which suggested to Archimedes the necessity for a distinction between the
" Aufhangepunkt" and the "Schwerpunkt." I agree however with Meier
(p. 2 I) that the doubt as to the reference makes it impossible to build upon
the passage for the purpose of determining the date of Heron.

Vol. 1. PP.32-33. As bearing on the question whether Produs continued
his commentary beyond Book I., I should have referred to the scholium pub­
lished by Heiberg in Hermes XXXVIII., 1903, p. 341, No. 17. It begins with
the heading "Scholium on the scholium of Predus on the 9th proposition
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where he says ..." the words then quoted being taken from the last five lines
of the long scholium x. No. 62 (Heiberg, Vol. v. pp. 450-2), one of the
scholia Vaticana; and similar words lower down are accompanied by the
parenthetical remark, "as the scholium of the divine Proclus says." If Proclus
was really the author of the scholium, this is a point in favour of those who
maintain that Proclus did writecomrnentaries on the other Books (cf. Meier,
De HerO/lis aetate, pp. 27-28). Heiberg however points out that, while the
scholium shows that a Byzantine scholar took the collection of scholia
Vaticana to be the work of Produs, it does not prove more than this, and
certainly it is not conclusive evidence that Proclus' commentaries covered all
the Books. That this is possible cannot be denied; the scholia Vaticana to
the other Books may, like those to Book I., have been extracted from Proclus,
as also may the fragments which they contain of the commentary of Pappus,
though it is not easy to explain why Proclus should have included extracts
from Pappus which had already been put into the text by Theon. But it is
much more probable, Heiberg thinks, that a Byzantine mathematician who
had in his MS. of Euclid the collection of scholia Vaticana, and knew that
those on Book I. came from Proclus, himself attached the name of Proclus to
the rest of the collection; and this hypothesis seems to be confirmed by the
fact that none of the other, older, sources of the scholia Vaticana have
Proclus' name in x. No. 62.

Vol. I. pp. 64-66. Hultsch has some valuable remarks on the origin of
the scholia (Bibliotheca Mathematica VIIIs, pp. 225 sqq. and art. "Eukleides"
in Pauly-VVissowa's Real-Ellcyclopadie der classischen Altertumswissellschajt,
1907). Theodorus, Plato's teacher, is quoted in Plato's Theaetetus 147 D as
having proved the irrationality of ,,/3, J5 etc. up to Ji7; and the expres­
sions used to describe such square roots, evidently Theodorus' own, are
oVvap.t,> 7rOOtaLa, ovvap.tc; rpL7rOv'>, ovvap.tc; 7rEVTa7rOv,> etc., the "square root" or
" side" of "one, three, five etc. square feet." The same phraseology sur­
vives in the scholia x. Nos. 52, 94, 149, where we have the expressions
'Ij rpL7Tovc;, ,; rETpa:lI"OVC;, ,; 7rEVrcL7rOVC;, ,; £~a7rovc;, ,; £7TTU7rOVC;, ,; OKTa7rOVC;, 'Ij
EVVEQ.7rOVC; etc. Hultsch concludes that the sources go back as far as
Theodorus. As regards the extracts from Geminus, Hultsch observes
that the scholia to Book 1. contain a considerable portion of Geminus'
commentary on the definitions. They are specially valuable because they
contain extracts from Geminus only, whereas Proclus, though drawing mainly
upon him, quotes from others as well. On the postulates and axioms the
scholia give more than is found in Proclus. Hultsch considers it probable
that the scholium at the beginning of Book v. (No. 3) attributing the discovery
of the theorems to Eudoxus but their arrangement to Euclid represents the
tradition going back to Geminus; similarly he regards scholium XIII. No. I
as having the same origin.

Vol. I. p. 71. The scholium numbered 17 on page 341 in Hermes
XXXVIII. is taken from a MS. which was written in the 11th cent. Since the
Arabic figures in it are in the first hand, it follows that the acquaintance of
the Byzantines with these figures dates 100 years further back than the date
given (12th cent.).

Vol. I. p. 71. In the numerical illustrations of Euclid's proposItIOns
sexagesimal fractions are often used; e.g. approximations to the values of
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surds are expressed as so many units, so many of the fractions 1/60, so
many of the fractions 1/602 etc., going as far as "fourth-sixtieths" or the
fractions r/604

• Hultsch wrote a short paper on the sexagesimal fractions
in the scholia to Book x (Bibliotheca Mathematt'ca vs, pp. 225-233). He
shows that numbers expressed in these fractions are handled with skill and
sometimes include results of surprising accuracy, as when ..I27 is given
(allowing a slight correction of the last fraction by means of the context)
as 5° I I' 46" 10"', where ° represents units and dashes the successive
sexagesimal fractions, which gives for ..13 the approximation 1° 43' 55" 23''',
being the same result as that given by Hipparchus in his tables of chords
reproduced by Ptolemy and correct to the seventh decimal place. Similarly
..18 is given as 2° 49' 42" 20'" 10"", which is equivalept to ..12 = 1'4142135.
Hultsch gives instances of the various operations, addition, subtraction,
multiplication and division, carried out in these fractions, and shows how the
extraction of the square roots was effected, after the method which Theon of
Alexandria in his commentary on Ptolemy's (T1;VTa~LS applies to the evaluation
of ..I4500, and which evidently goes back to Hipparchus.

Vol. I. p. 101. In the Bibliotheca Mathematica IX:l> 1908, p. 76, A. Sturm
notes that the preface to Camerarius' Euclid was not by Rl<aeticus but by
Camerarius himself, since the printer of the Steinmetz edition, Joharm Stein­
mann, says, in a short preliminary notice, that Camerarius had written the
preface 28 years before" sub alieno nomine."

Vol. I. p. 116. The date given for Eudoxus is that arrived at by Susemihl,
"Die Lebenszeit des Eudoxos von Knidos" in Rheinisches Museum fiiY
Philologie, LIll., 1898, pp. 626-8. Hultsch however shows cause for rejecting
this conjecture and for adhering to the earlier determination of the date as
408-355 B.C.

Vol. I. pp. 249, 370. The statement that Euclid does not use the
expression ai BAr, "the straight lines BA C," for" the straight lines BA, A C"
is not accurate. Although I have not found it in the early Books, it is some­
what common in Books x, XI and XIII. Thus, e.g., in Book x "the rectangle
(contained) by BD, DC" is often written 70 {nrO nov B~r or TO iJ7rO B~r, and
in one place (x. 59) we find 7"0 erVYKE{fJ-EVOV i.K 7"WV &.11"0 7"WV MNE for" the sum
of the squares on MN, NO." In Book XI the contracted form is used in
expressions for the plane through two straight lines, e.g. TO BLa 7"WV B~A

i.1I"{1I"EBov, "the plane through BD, DA." In XIII. I I we have ITUvap.cf>6Tepos
1j .6.rM for" the sum of the two straight lines DC, CM," where DC, ClIf
form an angle.

Vol. I. pp. 343-4, 351; Vol. II. p. 97; Vol. III. pp. 1-3, etc. Heinrich
Vogt's paper" Die Geometrie des Pythagoras" in the Bibliotheca Mathematica
IX3 (September, 1908), pp. 14-54, unfortunately appeared too late to be
noticed in the proper places. I do not think it would have enabled me to
modify greatly what I have written regarding the supposed discoveries of
Pythagoras and the early Pythagoreans, because I have throughout endeavoured
to give the traditions on the subject for what they are worth and no more, and
not to build too much upon them. Vogt's paper is however a valuable piece of
criticism, deserving of careful study; and it requires notice here so far as con­
siderations of space allow. G. Junge had in his paper Wann haben die Grieclzen
das Irrationale entdecht7 mentioned above (VoL I. p. 35 I, Vol. III. p. I n.)
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tr~ed to prove that Pythagoras himself could not have discovered the irrational;
and the object of Vogt's paper is to go further on the same lines and to
maintain (I) that the theory of the irrational was first discovered by Theodorus,
to whom Plato refers, and (2) that neither could Pythagoras himself have been
the discoverer (a) of the theorem of Eud. 1. 47, or (b) of the construction of
the five regular solids in the sense in which they are respectively constructed
in Eucl. XIII., or (c) of the application of areas in its widest sense, equivalent
to the solution of a quadratic equation in its most general form. Vogt's main
argument as regards (a) the theorem of I. 47 is based on a new translation
which he givils of the well-known passage of Produs' note on the proposition
(p. 426, 6-9), Twv p.~v ta-Tope'Lv Td. apxatu {30vAoP.£VWV aKOVOVTae; TO (hwpwa
fOUTO de; IIv8ayopav ava7Hp.7rOVTWII Ea-TtV evpetV Kat {3oV8VTYJV AeyovTwv am-ov E7rL
Tfj evpia-el. Vogt translates this as follows: "Dnter denen, weIche das
Altertum erforschen wollen, kann man einige finden, weIche denen Gehor
geben, die dieses Theorem auf Pythagoras zuriickftihren und ihn als 5tier­
opferer bei dieser Gelegenheit bezeichnen," " Among those who have a taste
for research into antiquity, we can find some who give ear to those who refer
this theorem to Pythagoras and describe him as sacrificing an ox on the
strength of the discovery." According to this version the words TWV ...
{3ovAop.ivwv and the words avu7rep.7t'OVTwV ... KaL.. .AeyovTwv refer respectively to
two different sets of persons, in fact two different generations; the latter are
older authorities who are supposed to be cited by the former; the former are
a later generation, perhaps contemporaries of Proclus, some of whom accepted
the view of the older authorities while others did not. But this would have
required the article n;Jv before o..vu7rep.7rOVTWV, or some such expression as
aAAwv TtVWV ot o..va7rip.7rOva-L instead of o..va7t'ejJ-7rOVTwV. Vogt's interpretation is
therefore quite inadmissible. The persons denoted by o..lIa7HjJ-7t'OVTWV are some
of the persons denoted by TW" f3ovAojJ-ivwv; hence Tannery's translation, to
which mine (Vol. 1. p. 350) is equivalent, is the only possible one, namely
"5i l'on ecoute ceux qui veulent raconter l'histoire des anciens temps, on
peut en trouver qui attribuent ce theoreme a Pythagore et lui font sacrifier un
beeuf apres sa decouverte" (La Geometrie grecque, p. 103). dKovOV'Tae; agrees
with the assumed subject of rupeLv; ava7rep.7t'OVTWV and AeyovTwv should, strictly
speaking, have been ava7t'ijJ-7rOVTUe; and AiyovTae; agreeing with TLVd.c; (the direct
object of evpetv) understood, but are simply attracted into the case of {3ov­
AOjJ-illwv; the construction is quite intelligible. I agree with Vogt that
Eudemus' history contained nothing attributing the theorem to Pythagoras.
The words of Produs imply this; but I do not think that they imply (as
Vogt maintains) any pronouncement by ProcIus himself against such attribution.
In my opinion, ProcIus is simply determined not to commit himself to any
view; his way of evading a decision is the sentence following, Eyw Of 8avp.a~w

P.fV Kat Toi,e; 7rpWTOVe; E7t'La-TdVTU, TiJ Touae TOU 8ewpr7jJ-aToe; aAYj8e{q., p.eLt0vwc; Of /1.yajJ-aL
TOV CTTOLXeLwdv ... ; the J:lolural Toue; 7rpWTOVe; E7rLCTTtlVTaC; is, I hold, used for the
very purpose of making the statement as vague as possible; he will not even
allow it to be inferred that he attributed the discovery to any single person.
Returning to ~ TWV aAoywv 7rpaYjJ-aTe[u (Produs, p. 65, 19), we may concede
that the imperfect (arithmetical) theory of proportion would probably be
discovered earlier than the theory of the irrational; but we can hardly accept
the reading avaAoywv or dvaAoyLlnv (instead of o..>..6y wv) until it is confirmed by
further investigation of the MSS. I do not agree in Vogt's contention that
the theory of the irrational was first discovered by Theodorus. It seems to
me that we have evidence to the contrary in the very passage of Plato referred
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to. Plato (Theaetetus 147 D) mentions .)3, .)5, ... up to ";0 as dealt with by
Theodorus, but omits ')2. This fact, along with Plato's allusions elsewhere
to the irrationality of .)2, and to approximations to it, in the expressions ctpp1JTOe;
and P1JT~ (JU;'p..€TpOe; Tije; 1f'€p..1f'd(Joe;, as if those expressions had a well-known
signification, implies that the discovery of the irrationality of .j2 had been
made before the time of Theodorus. The words 1j TWV dA6ywv 7rpayp..an{a
might well be used even if the reference is only to ./2, because the first step
would be the most difficult, and 1f'payp..an{a need not mean the establishment of
a complete.theory or anything more than "investigation" of a subject. Coming
now to (b) the construction of the cosmic figures, 1j TWV KOcrf.LLKWV rTX1Jf.La.TWV
crvcrTaCTL<; (Produs, p. 65, 20), I agree with Vogt to the following extent. It is
unlikely that Pythagoras or even the early Pythagoreans "constructed" the five
regular solids in the sense of a complete theoretical construction such as we
find, say, in Eud. XIII.; and it is possible that Theaetetus was the first to
give these constructions, whether Eypao/€ in Suidas' notice, 1f'pWTOe; (J~ To' 7l'EVT€
KaAOVf.L€Jla crnp€a Eypao/€, means "constructed" or "wrote upon." But
crVcrTarTLe; in the above phrase of Produs may well mean something less than
the theoretical constructions and proofs of Eud. XIII.; it may mean, as Vogt
says, simply the "putting together" of the figures in the same way as Plato
puts them together in the 7't"maeus, i.e. by bringing a certain number of angles
of equilateral triangles and of regular pentagons together at one point. There
is no reason why the early Pythagoreans should not have" constructed" the
five' regular solids in this sense; in fact the supposition that they did so
agrees' well with what we know of their having put angles of certain regular
figures together round a point (in connexion with the theorem of Eucl. I. 32) and
shown that only three kinds of such angles would fill up the space in one plane
round the point. But I do not agree in the apparent refusal of Vogt to credit
the Pythagoreans with the knowledge of the theoretical construction of the
regular pentagon as we find it in Eucl. IV. 10, 11. I do not know of any
reason for rejecting the evidence of the Scholia IV. Nos. 2 and 4 which say
categorically that "this Book" (Book IV) and "the whole of the theorems"
in it (including therefore Props. 10, II) are discoveries of the Pythagoreans.
And the division of a straight line in extreme and mean ratio, on which the
construction of the regular pentagon depends, comes in Eud. Book II.
(Prop. I I), while we have sufficient grounds for regarding the whole of the
substance of Book II. as Pythagorean. I am sorry that, when I was writing on
the subject of the "five bodies of the sphere" in the fragment of Philolaus
(VoL II. p. 97), my attention had not been called to the version of the
passage in Diels' Fragmente der Vorsokratiker (Berlin 1903, p. 254, and

d d B 1, 6 )'" ~ A.' , "" ,2n e. er m 190 , p. 244 : Kat ra f.L€JI Tae; cr'fJatpae; (jwf.LaTa 7l"€JI'T( €VTl, Ta €V

TaL crepa{paL 1f'Vp <Kat>· VOwp Kat yii. Kat a:rjp, Kat ;) Tae; crepa{pae; oAKc!.e;, 1f'Ef.L1f'TOV,
"Und zwar gibt es flinf Elemente der Weltkugel: die in der Kugel befind­
lichen, Feuer, Wasser, Erde und Luft, und was der Kugel Lastschiff ist, das
fi.infte." If this version is right, there is (as Vogt points out) no al~usion here
to the five regular solids, and the fragment ceases to have any bearmg on ~he
present question. I will permit myself one more criticism out of many whIch
Vogt's paper is sure to evoke. I think he bases too much on the fact. that it
was left for Oenopides (in the period from, say, 470 to 450 B.C.) to dIscover
two elementary constructions (with ruler and compass ~nly), namely that of a
perpendicular to a straight line from an external pomt (Eud 1. 12), and
that of an angle equal to a given rectilineal angle (EucL I..23):. Vogt
infers that geometry must have been in a very rudimentary condItIon at
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the time. I do not think this follows; the explanation would seem to be
rather that, the restriction of the instruments used in constructions to the
ruler and compass not having been definitely established before the time
when Oenopides wrote, it had not previously occurred to anyone to substitute
new constructions based on that principle for others previously in vogue. In
the case of the perpendicular, for example, the construction would no doubt,
in earlier days, have been made by means of a set square.

Vol. II. pp. 189-19°. Hultsch (art. "Eukleides" in Pauly-Wissowa's
Real-Encyclopiidz'e der classz'schen Altertumswz'ssenschajt) thinks that the defini­
tion of compound ratio (v!. Def. 5) is genuine. His grounds are (1) that it stood
in the 'll"aAaLQ. ~KSO(Tt<; represented by P (though P only has it in the margin)
and (2) that some explanation on the subject must have been given by way of
preparation for vr. 23, while there is nothing in the definition which is in­
consistent with the mode of statement of vr. 23. If however the definition is
after all genuine, I should be inclined to regard it as a mere survival from
earlier text-books, like the first of the two alternative definitions of a solid
angle (XI. Def. II); for its form seems to suit the old theory of proportion
applicable to commensurable quantities only better than the generalised
theory due to Eudoxus.

Vol. II. pp. 424-5. I should have added to the note on "perfect
numbers" the following references. Nicomachus (r. 16, 2-7) observes that
perfect numbers are rare, there being only one among the units (6), one
among the tens (28), one among the hundreds (496) and one among the
thousands (8128), and that they end alternately in 6 and 8. Cf. Iamblichus,
p. 33, 15-2 5.

Nesselmann (Die Algebra der Grz'echen, p. 164, note) gives a reference to a
letter from Fermat to Mersenne (Varia opera mathematica Petn" de Fermat,
Tolosae, 1679, p. 177) in which Fermat enunciates three propositions which
much facilitate the investigation whether a number of the form 2" - 1 is prime
or not. If we write in one line the successive exponents I, 2, 3, 4 etc. of
the successive powers of 2 and underneath them respectively, in another line,
the numbers representing the corresponding powers of 2 diminished by I,

thus,
I 2 3 4 5 6 7 8 9 10 II 1l

1 3 7 15 31 63 12 7 255 511 1023 2°47 2"-1

the following relations are found to subsist between the numbers in the first
line and those directly below them in the second line.

r. If the exponent is not a prime number, the corresponding number is
not a prime number either (since aM - I is always divisible by aP- 1 as well
as by aq - I).

2. If the exponent is a prime number, the corresponding number

(
" "-1

diminished by I is divisible by twice the exponent. 2 - 2 = ~; so that
2n n

this is a special case of "Fermat's th~orem" that, if p is a prime number and

a is prime to p, then ap
- 1

_ I is divisible by p)
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3. If the exponent n is a prime number, the corresponding number is
only divisible by numbers of the form (2m?l + I). If therefore the corre­
sponding number in the second line has nO factor of this form, it has no
integral factor.

The first and third of these propositions are those which are specially useful
for the purpose in question. As usual, Fermat does not give his proofs but
merely adds: "Voila trois fort belles propositions que j'ay trouvees et
prouvees non sans peine. Je les puis appeller les fondements de l'invention
des nombres parfaits."

The 'trst four perfect numbers, those mentioned above as given by
Nicomachus, are

2(22 -1)=6, 22 (23 -1)=28, 24(25-1)=496, 26 (27 -1)=8128.

Hultsch investigated the next four, the fifth to the eighth (Nachr. d. Gesell­
schaft d. Wissensch. zu Gi/ttz'ngen, 1895, pp. 246 sqq.); the fifth is
212 (213

- 1)= 33,55°,336, the sixth 216 (217 - I), the seventh 218 (219 _ I), and the
eighth 2 30 (231 - I), which is greater than 2 trillions. The ninth, 2 60 (261 - I),

was discovered by P. Seelhoff (Zeitschrijt jiir Math. u. Physik XXXI., 1886,
pp. 174-8) and verified by Lucas (Mathesis VII. pp. 45-46); Hultsch also
wrote upon it (AbhandlUJlgen der Gesellschaft d. Wi"ssensch. zu GiHti'ngen, 1897,
pp. 47 sq.); it has 37 digits.

Loria (II periodo aureo della geometria greca, p. 39) gives further references.
He observes that the question of the existence of further prime numbers of
the form 2 n - 1 where n> 61 is not yet solved; it would be, however, if it
were found possible to prove the empirical theorem of Catalan that, if 2 n - I

is a prime number (='1), the numbers p' = 2 P- I, pff = 2 f ' - I etc. will also be
prime numbers (" Melanges mathematiques" in Memoires de la Societe de Lzege,
2· Serie, XII. p. 376). There have also been attempts, so far unsuccessful, to
solve the question whether there exist other" perfect numbers" than those of
Euclid and, in particular, perfect numbers which are odd (cf. several notes by
Sylvester in Comptes rendus CVI., 1888; Catalan, "Melanges mathematiques" in
Mbn. de la Soc. de Liege, 2· Sene, xv.,· 1888, pp. 205-7; C. Servais, in
Mathesis VII. pp. 228-230 and VIII. pp. 92-93, 135; E. Cesaro in MatMsis
VII. pp. 245-6; E. Lucas in Mathesis x. pp. 74-76).
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d:ywvlOv, angle-less (figure) I. 187
aouvarov: 7] els ro ao. a1ra')'wYJ7, 7] OLCL TOO aa.

aii~,s, 7} els TO aa. ii:youlTa a1r60e,~,s I. 136
aK'aoe'o'ljs, barb-like I. 188
IiKpOS, extreme (of numbers in a series) II.

328, 367: (eis) iixpov Kal fJohrov AD')'ov
TeTfJo7}ITl)a" "to be cut in extreme and
mean ratio" II. [89

a.Xo')'os, having no ratio, irrational II. I I 7-8 :
a relative term, resting on assumption or
convention (Pythagoreans) III. I, II: use
of term restricted in Euclid III. r 2

afJol3Xe'ia (')'wvla) , obtuse (angle) I. 181
afJo{3!1uywvlOs, obtuse-angled I. 187
afJoep'ljS, indivisible I. 41, 268
afJo¢IKo,Xos (of curvilineal angles) I. 178
afJo¢IKupros (of cnrvilineal angles) I. 178
ava')'pa¢e'v a".6, to describe on, contrasted

with to constntct (ITUIJT7]IJaITl)a,) I. 348:
peculiar use of active participle, al (lJa
rerpa')'wva ava')'pa¢ouIJa, = straight lines on
which equal squares are described III. 13

avaAo')'la, proportion: definitions of, inter­
polated II. II9

avaAoyov=o.VCL A6')'ov, proportional or in pro­
portion: used as indeclinable adj. and as
adv. II. 129, 165: p.eITTJ o.vaAo')'ov, mean
proportional (of straight line) II. 129,
similarly p.€IJOS avaXo')'ov of numbers II.
295, 363 etc.: rplr1J (rplros) o.vaAoyov,
third proportional II. 2lf, 407-8: r€Tap71J
(rerapros) o.vaAo')'ov, fourth proportional
II. 215, 409: e~i1s o.vaAoyoP, in continued
proportion II. 346

avaAu6p.evos (r61ros) , Treasury of Analysh,
r. 8, 10, II, 138

ava1raX,v (AD')'os), inverse (ratio), inversely II.
134

avaITrpe1J!avTL, convertendo, in proportions II.
135: analogous use otherwise than in
proportions III. 164

apaIJ7pO¢7] A6')'ou, "conversion" of a ratio II.

135
aVaITTpO¢'K6s (species of locus) I. 330

H. E. III.

aV'ITaK'S o.v'IJaK'S tITOS, unequal by unequal
by equal (of solid numbers) =scalme,
IT¢1JvIITKos, IT<!>1JKLIJKOS or I3wIJ-1IJKOS II. 290

avop.o,ofJoep7]S, non-uniforl1Z I. 40, 161-2 •
avop.olws TeTet')'fJoevwp rwv AD')'wv (of perturbed

p1"oportion) in Archimedes n. I36
aP7avalpelJ's, 7] avr7], definition of same 1"atio

in Aristotle (o.vl)u¢alpelT's Alexander) II.
I'20: terms explained II. 121

aVTL1re1ropI)6ra ITx7]p.ara, reciprocal (= recipro­
cally related) figures, interpolated def. of,
II. 189

dVTLIJrpo¢7], conversion I. 256-7: leading
variety, 7} 1rp01JYOUfJoevTJ or 7} Kuplws, ibz"d.

avv".apKros, non-existent 1. 129
a:~wv, axis III. 269
a6p'ITros, z"ndeterJJlz"lIate: (of lines or curves)

I. I60: (of problems) r. 1'29
a1ra')'wy7], reduction I. 135: els TO aOVvaTov

I. 136
li1re,pos, infinite: 1] br' 1i1r. hf3aAXofJoevTJ of

line or curve extending without limit and
not "forming a figure" I. 16o-I : e1r' 11.11". or
eis a.1I". adverbial I. I90: <11"' 11.11". OLa'peLIT8a,
I. 268: Aristotle on ro li1retpov 1.232-4

a1T"AaT'lls, breadthless: in definition of a line,
fJo7}KOS a1l"Xares, breadthless length I. 158:
(of prime numbers) If. 285

a1T"XoOs, simple: (of lines Or curves) I. 161-2:
(of surfaces) I. 170

a1T"6oe,~",proof (one of necessary divisions of
a proposition) I. 129, I30

a1T"OKaraITTar'K6s, reCU1"rent (= spherical) , of
numbers If. 291

a1rorofJo'lj, apotomc, a compound irrational,
difference of two terms III. 7: defined III.
158-9: fJoeIJ1Js a1T"or0fJo't} 1I"P';'7TJ (oeurepa),
first (second) apotome of a medial (straight
line) III. 7, defined III. 159-60

i1.1ruITl)a" to meet, occasionally to touch
(instead of <¢a.1T"TeIJ8aL) I. 57, II. 2: also
= to pass through, to He 01Z II. 79

ap,l)p.os, number, definitions of, II. '280
apP1JTOS, inexpressible, irrational: of AD-yOS
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I. 137: apprrros 5L1i./LeTPOS Ti]S 1rEp.7I"&'50s,
"irrational diameter of 5" (Plato) = J-So,
I. 399, III. 12, 525

a.pTta.KLS a.pTtoovJlap.oJl (Nicomachus) II. 282
a.pTta.KLS apTtOS, evelz-times even II. 281-2
a.pTtaKLS 1rEpLlrrTOs, even-times odd II. 282-4
a.pTt07repLTTOS even·odd (Nicomachus etc.) II.

282
lLpTtos (tlpLBp.os), even (number) II. 281
a.<nJp.~aTos, incompatible I. 129
a.rn5p.p.ETpOS, incommensurable: a.. P.1}KEL (p.ovov)

in~ommensurable in length (only), ovvap.EL
"m square" III. 1 I

a.UVP.1rTWTOS, not·meeting, non-secant, asym­
ptotic I. 40, 161, 2°3: (of parallel planes)
III. 265 .

a.UVVBETOS, incomposite: (of lines) I. 160, 161:
(of surfaces) I. 170: (prime and) incom­
posite (of numbers) II. 284

lLTaKTos, unordered: (of problems) I. 128:
(of irrationals) I. I IS, III. 10

dTOP.OL oypap.p.al, "indivisible lines" I. 268

~~Bos, depth 1. 158-9
~arJLS, base I. 248-9
~E~TJKEVaL, to stand (of angle standing on

circumference) II. 4
~WP.lUKOS, altar-shaped (of "scalene" solid

numbers) II. 290

OYEoyoveTw (in constructions), " let it be (have
been) made" II. '248

OYEOYOVOS av et,., TO f1rLTa.XBEV, "what was
enjoined will have been done" II. 80, 261

oyEoypa.epBw, "let it be (lit. lwve been) drawn"
1. 242

OYEVOP.EVOS, a il; a.UTWV, "their product" II.
316, 326 etc.: a iK TOU evas oyEVOP.EVOS
=" the square of the one" II. 327

oyvwp.wv, gnomon q.v.: Democritus 7rEpL 5La­
¢opi]s oyvwP.OJlOS ("Yvwp.TJS or "Ywv1TJs?) ~ 7rEpL
Y;a.VULOS KviAOV KaL uepa.lpTJs II. 40: (of
numbers) II. 289

oypap.p.f}, line (or curve) q.v.
"Ypap.p.LKOs, linear (of numbers in one dimen­

sion) II. 287: (of prime numbers) II. 285:
oypa.P.P.LKWS, graphically I. 400

"Yp&'epEuBaL, "to be proved" (Aristotle) II. 120

5EOOP.EVOS, given, different senses I. 132-3:
Euclid's OeOOP.EVa. or Data q.v.

5Elyp.a.Ta, illustrations, of Stoics I. 329
Mi of}, "thus it is required" (or "is neces­

sary"), introducing OLOPLUP.OS I. 293
OEVTEpOS, secondary (of numbers): in Nico­

machus and Iamblichus a subdivision of
odd II. 286, 287

OEXOP.EVOV, "admitting" (of segment of circle
admitting or containing an angle) II. 5

5La"Ypap.p.a=proposition (Aristotle) I. 252
oLaLpE£uBaL (used of "separation" of ratios) :

oLaLpE{)bTa, separando, opp. to uryKElp.Eva,
comp01l81Zda II. 168

!JLalpEuLs, point of division (Aristotle) I. 165,
,170,171: method of division (exhaustion)

I. 285: Euclid's 1rEpl OLaLpEUEWV, On divi·
sions (of figures) I. 8, 9, 18, 87, II0: 5Lal­
pEULS AOOYOV, separation, literally division,
of ratio II. 135

OLa.P.ETpOS, diameter: of a circle, parallelogram
etc. I. 185, 325: of sphere III. 270

OLaUTCI.UELS, almost = " dimensions" I. 157,
158, III. 262 : Aristotle speaks ofsix III. 263

c!LauTaTov, extended, €¢' gv one way, €7rl OVO
two ways, i7rL Tpla three ways (of lines,
surfaces and solids respectively) I. 158,
170, III. 263

OdWTTJJLa, distance 1.166,167,2°7: (of radius
of circle) I. 199: (of an angle) = divergence
I. 176-7

OL€!;Eryp.eVTJ (o.vaAooyla.), disjoined = discrete
(proportion) II. 293

!5LiMvTL, separando, literally dividendo (of
proportions) II. 135

!5LE~OOLKOS (of a class of loci) I. 330
OLTlPTJP.EvTJ (a.vaAD"Yla), discrete (proportion), Le.

in four terms, as distinct from continuous
(<TUVExf}s, <TVV7/p.p.evTJ) in th"ee terms II. 131,
293

OLf}X{)W, "let it be drawn through" (= pro­
duced) or "across" I. 280, II. 7

0< t<TOV, ex aequali (of ratios) II. 136: O£
tuov €V TETapa"Yp.EvTI a.vaAo"Yl{'L, "ex aequali
in perturbed proportion" II. 136

!5LKOAovpOS, twice-truncated (of pyramidal
numbers) II. 291

owpLup.6s = (I) particular statement or defini­
tion, one of the formal divisions of a pro­
position I. 129: (2) statement of condition
of possibility I. r28, 129, 130, 131, -234,
243, 293

5L1rAc1mos AOOYOS, double ratio: OL1rAaulwv AOOYOS,
duplicate ratio, contrasted with, II. 133

OVVa.P.LS, power: = actual value of a sub­
multiple in units (Nicomachus) II. '282:
=side of number not a complete square
(i_ e. root or surd) in Plato II. 288, 290,
III. 1, 2, 3: =square in Plato II. 294-5

ouvauBaL, "to be side of square equal to"
III. 13: a.! ouvap.Eva.L aUT<i, sides of squares
equal to them III. 13: 7) Br Ti]S A P.El!;O/1
ouvaTaL Tn AZ, "the square on BC is
greater than the square on A by the square
on DF," literally" BC is in power greater
than A by DF" III. 43

erOOS, figure II. 234: =form II. 154
Elua"Yw"Yl} app.ov£K-q, Introduction to Harmony,

by Cleonides I. 17
gKa<TTOS, each: curious use of, II. 79
eKaTepa eKaTEp{'L, meanillg "espectively I. 248,

350
€K~Ef3Af,<TRwua.v, use of, I. 244
€KE£VOS = Euclid I. 4°°
gK{)E<TLS, setting-out, one of formal divisions

of proposition I. 129: may sometimes be
omitted I. 130 -

EKT6s, KaTU TO (of an exterior angle in sense
of re-entrant) I. 263: 7) €/('TOS oywvla., the
exterior angle I. 280
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tAMa-WV, minor (irrational) straight line III.
7 etc.

fALKOELOf]S, spiral-shaped I. 159
O\A€LP.P.a., defect (in application ofareas) II. 262
tAAEl1l"ELv, "fall short" (in application of

areas) II. 262
~AA€L1/ILS, falling-short (in application of areas)

I. 36, 343-5, 383-4
fAAL1I"ES 1I"pof3A-t}jJ.a, a deficient (= indetermi­

nate) problem I. 129
fWrrl1rT€LV, fall in (= be interpolated) II. 358
fvaAM~, alternately or (adjectivally) alternate

I. 3°8: fvaAM~ M'Yos, alternate ratio,
alternando u. 134 .

~va 1rA€lw, "several ones" (def. of number)
II. 280

fvapjJ.0IELv, to fit in (active) Book IV. Def. 7
and Prop. I, u. 79,80,81

gvvoLa, notion, use of, I. 221
gva-Taa-Ls, obJection I. 135
tVTOS, within: (of internal contact of circles)

II. 13: KaT'" TO tVTOS or ~ EVTOS (')Iwvla), of
an interior angle I. 263, 28o: ~ ePTos Ka!
a1r€vavTlov ')!wvla, the interior and opposite
angle I. 280 .

f~7}S avaAo'Yov, in continued proportion (of
terms in geometrical progression) II. 346

f1r€IEvx8wa-av (t1rLIEV-yVVP.L, join) 1. 242
E1rLP.OpLOS M')IOS, superpa?·ticularis ratio = ratio

(n+ I) : n, II. 295
f1rI1rEoov, plane in Euclid, used for surface

also in Plato and Aristotle I. 169, III. 263
E1rI1rEOOS (apL8p.os), plane (number) II. 287-8
E1rL1rpoa-8EW, t1rl1rporr8€v ETvaL, to stand in

front of (hiding from view), in Plato's
definitions of straight line and plane I.
165, 166

E1rL¢aVELa, surface: in Euclid 1. 169: in
Aristotle III. 263

f1rop.eva, consequents (=" following" terms)
in a proportion II. 134, 238

fTepOP.iJK7}S, oblong: hepojJ.7}KES, oblong (figure)
I. 151, 188: (of numbers) in Plato=1rpo­
P.iJK7}S, which however is distinguished from
ETEPOP.f]K't)S by Nicomachus etc. II. 289-90,
293 .

€u8v, TO, the straight I. 159: EM€La (')Ipap.p.f]),
straight line I. 165-9

EMu'Ypap.p.LKos, rectilinear (term for prime
numbers) II. 285

€U8v'Ypap.p.os, rectilineal I. 187: neuter as
substantive I. 346

€U8VP.ETpLKOS, euthymetric (of prime numbers)
II. 285

E¢a1rTea-8aL, to touel, I. 57
t¢app.oIELP, to coincide, E¢app.OIEa-8aL, to be

applied to 1. 168, 224-5, 249
E¢EK"TLKOS (of a class of loci) I. 330
E¢€~7}S, "in order" I. 181: of aqjacent angles

I. 181,278

7)')Iovp.Eva, antecedents (" leading" terms) in
a proportion II. 134

ij1r€P, than: construction after OL1rAarrlwv etc.
II. 133

8€wp't)p.a, theorem, q.v.
BVpEOS (shield) = ellipse I. 165

IOLOp.f]K't)s, of square number (Iamblichus) II.
293

t1l"1rOV 1r€07} , hippopede (horse-fetter), name
for a certain curve 1. 162-3, 176

la-aKLs 1a-6.KLs la-OS, equal multiplied by equal
and again by equal (of a cube number) II.
290, 291

la-aKLs la-OS, equal multiplied by equal (or a
square number) II. 291

la-aKLs la-OS EArJ,TTOPa.KLS (P.€LIOVa/{LS), species of
solid numbers, =1rALv8Is (ooKls or <TT?]Als)
II. 291

la-op.hpwv <TX7}WJ.TWV, 1rEpl, On isometric
figures (Zenodorus) I. 26, '1.7, 333

Ka8ETOS (eiJBeLa -YPrJ,p.p.iJ) , perpendicular I.
181-2, 271: "plane" and "solid" per­
pendicula'r I. 27'1.

KaA€lrr8w, "let it be called," indicating
originality of a definition II. 129

Ka,LL1rVAOS, 'curved (of lines) I. 159
KaTap.ETpELV, measure II. Ir5: without re­

mainder," completely" (1rA7}POVVTWS) II. '1.80
KaTC1./TK€vaIW, construct: TOW aUTWV KaTa­

rrK€vaa-BEvTwV, "with the same construc­
tion" II. I I

KaTaa-K€vf], construction, or machinery, one
of the divisions of a proposition I. 129:
sometimes unnecessary I. 130

KaTaTop.7) Kav6vos, Sectio canonis of Euclid 1.
17, II. 295

Kela-8w, "let it be made" I. '1.69
K€Kap.p.€vT), bent (of lines) I. 159, 176
K€VTPOV, centre 1. 183, 184, 199: of sphere

III. 270: ~ EK TOU K€vTpov=radius I. 199,
II. 2

KEpaTOEL01]S (ywvla), horn-lz"ke (angle) I. 177,
178, 182, II. 4, 39, 40

KAiiv, to break off, defiect, or inflect: KEKAa.rr8aL,
def. of, alluded to by Aristotle I. rr8, IS0,
176, 178, u. 47: K€KAaa-fl.€v't) -ypap.p.f],
defined by Heron I. 150, 159: KEKArla-OW
01] 1raALV II. 47

KArla-LS, breaking (of lines) I. 176
KAlrrLs, inclination: (of line to line) I. 176:

(of straight line to plane or of plane to
plane) III. 263-+: op.olws K€KAI<T8rJ,L, to be
similarly inclined III. 265

KOLAO-yWVLOV, !tollow-angled (figure), in Zeno­
dorus I. 27, 188

KOLVrJ,! gvvoLaL, Common Notions (=axioms)
1. '1.21-2: called also Ta KOLva, KOLval o6~aL

. (Aristotle) 1. 120, 221 •
KOLVl] 1rpOa-Kela-OW, a¢7}pfJa-8w, "let there be

added to, subtracted from, each" I. 276
KOLVl] TOjJ.f], common section (of planes) III.

263
KOAOUpOS, truncated (of pyramidal number

minus vertex) II. 291
KOPV¢f], vertex: KaTa Kopv¢1}/I, vertical (angles)

I. 278
KplKos. ring (Heron) I. 163
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KVK~lL/{bs, cyclz"c, a particular species of square
number II. 29r

KV)\LVOpOS, cylinder III. 271
KWVOS, cone III. 270

"Afip.p.a, lemma (== something assumed, Aap.­
(3avbp.€vov) 1. 133-+

M')'os, ratio: meaning II. 117: definition of,
1.1. 116-9: original m,eaning (of something
expressed) accounts for use of IiAo')'os,
havz"ng no ratz"o, z"rratz"onal II. I 17

"AOt'1l"OS, remaining: AOt'1l"'l} ~ AA Aot'1l"fi rfi BH
!er"l] EerTLv I. 245

p.e[k'wv, major (irrational straight line) III. 7,
87-8 etc.

p.€p.ovwerBat, to be z"solated, of p.ovas, unit
(Theon of Smyrna) II. 279

P.EpOS, part: two meanings 1I. II5: generally
= submultiple II. 280: P.EP7/, pads (=proper
fraction) II. II 5, 28o: p.ep7/ (= direction)
I. 190, 308, 323: (==side) r. 271

p.eQ7/ <ivaAO")'O" (€Vlie'ia), p.eeros <ivaAO")'OV (<iptO­
p.bs), mean proportional (straight line or
number) II. 129, 29.:;, 363 etc.

p.eeros, "medial" (of a certain irrational
straight line or area) III. +9, 50: i] EK ovo
p.eerwv 7rPW7?,) (ilevTepa), "the first (second)
bimedial (straight line)" III. 7, 8+-6:
p.ecr7]s <i'1l"OTOP.i] '1l"pWT7] (ilevdpa), " first
(second) apotome of a medial (straight
line)" III. 7, 159-62: p7]TOV Ka, p.ecrov
ilvvap.h7/, "side of (square eqnal to) the
sum of a rational and a medial area"
III. 7, 88-9: ilvo p.eera ovvap.b7/, "side of
the sum of two medial areas" III. 7,
89-9°: i] P.€Ta P7/TOV (p.ecrov) p.eQOv TO o"Aov
7rotoiicra., "side of (square equal to) the
difference between a medial and a rational
(medial) area III. 7, 16+-7

p.€TeWpOS, elevated (above a plane) III. 272
p.7) ")'ap, "suppose it is not" II. 7
P.fiKOS, length I. 158-9: in Plato = side of

complete square or length commensurable
with unit of length II. 288, III. 3 : more
generally, of number z"n one di1llensz"on
II. 287-8

p."l]voetof}s, IUlle-!z"ke (of angle) I. '26, 201: TO
p.7]VOELO€s (crxfjp.a), lune I. 187

P.tKTbs, "mixed" (of lines or curves) I. 161,
162: (of surfaces) I. 170

p.ovas, unit, monad: supposed etymological
connexion with p.bvos, solitary, p.ov1), rest
II. 279: p.ovas 7rpocr"Aa[3oiiera Beerw, definition
of apoz"nt I. ISS

P.OVbcrTPO¢OS ~I\L~, "single-turn spiral" I. 122­
3 n., 164-5: in Pappus = cylindrical helix
I. 165

v€ver€", z"nclinatz"ons, a class of problems
I. ISO-I: "EV€W, to verge I. rr8, 150

~vcrTpoeLa1)s, scraper-Hke (of angle) I. I18

oP.OELo1)s, "of the same form" I. 250

bp.OLop.ep1}s, uniform (of lines or curves) I. 40,
161-2

OP.OLOS, similar: (of rectilineal figures) II. 188:
(of angles) = equal (Thales, Aristotle) I.
252: (of segments of circles) II. .5; (of
plane and solid numbers) r. 357, II. 293

OP.OtbT"l]S AO')'WV, "similarity of ratios" (inter­
polated def. of proportion) II. 1I9

OP.OAO')'OS, homologous, corresponding n. 13+:
exceptionally "in the same ratio with"
II. 238

ovop.a, name or term, in such expressions as
r, EK ovo OVOP.d.TWV, the binomial (straight
line) III. 7 etc.

6~e'ia (ywv[a) , acute (angle) I. 18 I
6~V")'wvtoS, acute-angled I. 187
07r€P gO€{ il€,~aL (or '1l"OLfjcrat) Q.E.D. (or F.) I. 57
opOO')'WVLOS, right-angled: as used of quadri-

laterals = rectangular I. 188-9
opurp.os, definition I. 143
opos, definition r. 143: original meaning of,

I. 143: = boundary, limit I. 182: =term
in a proportion II. 131

at/ItS, visual ray r. 166

'1l"aVT71 p.€TaAap.[3avop.evaL, "taken together in
any manner" I. 282

'1l"apa{3a"AAEtV, to apply (an area): 7rapa[3a"AA€LV
d.7r0 used, exceptionally, instead of '1l"apa­
(3aAA€tv '1l"apa or <iva')'pa¢€tv d.'1l"b II. 262

'1l"apa(3oAi] TWV xwplwJl, applicatz"on if areas
I. 36, 343-5: contrasted with U7rEp[30"A1}
(exceedz"ng) and £AAW!'tS (j"allhzg-short) 1.
343: 7rapa[3o"A1} contrasted with crUqTaerLS
(coJtstrztctz'on) I. 343 : application of terms
to conics by Apollonills I. 34+-5

'1l"a.pailo~os T07rOS, 6, The Treasury if Para­
doxes I. 329

'1l"apa"A"Aa.TTw, "fall beside," "sideways" or
"awry" I. 262, II. 5+

'1l"apaAA7]A€7rL7r€OOS (adj.), parallelepipedal=
"with parallel planes or faces": erT€p€ov
7l"apa"A"A7/A€'lrL'1l"€00V " parallelepipedal
solid," not" solid parallelepiped" III. 326

7rapa"AA7]AO")'pap.p.os, parallelogrammic (= pa­
rallel-lined): 7rapan7/M')'pap.p.ov xwplov
"parallelogrammic area," shortened to
7rapaA"A7/M')'pap.p.ov, parallelogram I. 325

7rapa'1l"A1}pwp.a, complement (of a parallelo­
gram) q.v.

7r€PTd.")'pUP.P.OV II. 99
7r€palvovf5a '1l"OO'bT"l]S, "limiting quantity"

(Thymaridas' definition of unit) II. 279
'1l"epas, extremity I. 165,182: 7repas crV')'KAEi:OV

(Posidonius' definition of figure) 1. 183
7r€PL€XOplV'l] (of angle), 7repL€x6p.evoJl (of rect­

angle), contained 1. 370; TO ills '1l"EpLEXO­
P.€VOV, twice the rectangle contained 1.380:
(of figure) contained or bounded I. r82,
r83, r84, 186, 187

7r€PLcrcra.Kts If.pnos, odd-tz"mes even II. 282-4
7rEptcrcra.KtS '1l"epLcrcrbs, odd-times odd II. ~84

'1l"€ptcrcrcipTLos, odd-eve1' (Nicomachus etc.)
II. 2tl3

'1l"epLcrcros, odd (number) II. 281
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7repL¢€pELa, circumference (includes arc) 1. 184­
7repL¢epl}s, circular I. 159
7repL¢epoypr"J1-J1-os, contained by a circum­

ference .of a circle or by arcs of circles
1. 182, 184-

7r7JAlKos, how great: refers to continuous
(geometrical) magnitude as 7rO(jos to discrete
(multitude) II. rr6-7

7r7JALKOT7JS, used in v. Def. 3 and VI. Def. 5 :
=size (not qua1ztuplicity as it is translated
by De Morgan) II. 116-7, 189-9°: sup­
posed multiplication of 7r7JA'KOT7JTeS (VI.
Def. 5) II. 132: distinction between
7r7J"/"KOT7JS and J1-€Y€OOS II. I 17

7rAaTOS, breadth I. 158-9: (ofnumbers) II. 288
7rAeova.\ov (7rpof1A7JJ1-a), "(problem) in excess"

I. 129
7rAeUpa, side: (of factors of " plane" and

"solid" numbers) II. 288
7rA1jBos wpLrrJ1-bov or 7re7reparrJ1-€vov, defined

or finite multitude (definition of number)
II. 28o: EK J1-ovaowv rruy«€Ip.EVov 7rA1jOOS
(Euclid's def.) II. 280

7rOAAa7rAaO"La.\eLv, multiply: defined II. 287
7rOAAa7rAarr,aO"J1-os, multiplication: KaO' 07rOL­

ovouv 7rOAAa7rAarrLarrp.ov," (arising) from any
multiple whatever" II. 120

7rOAAa7rAarrLOS, multiple: irraKLs 1I'OAAa7rAarrw.,
equimultiples II. T20 etc.

7rOAOS, a mathematical instrument 1. 370
7rOAV7rAeVpOV, multilateral, many-sided figure

I. r87: excludes UTpo'7rA€UPOV, quadri­
lateral II. 239

1I'0piO"aO"Oa" to "find" or "furnish" 1. 12 5,
II. 248

1I'OpLrrJ1-a, porism q.v.
1rocraKLs 1rOG'a.ICLS TrOtTot, "so many times so

many times so many" (of solid numbers,
in Aristotle) II. 286, 290

7rOrraK'S 1I'0rrol, "so many times so many" (of
plane numbers, in Aristotle) n. 286

7rorrov, quantity, in Aristotle II. 1T5 : refers
to multitude as 1I'7JAl«ov to maguitude II.
1r6-7

7rplrrJ1-a, prism III. 268
7rpof1A7JlJ.a, problem q. v.
7rp07JYOUJ1-EVOS, leading: (of conversion)=

complete I. 256-7: 1I'po7JYoup.evov (8eefJp7JlJ.a),
leading (theorem), contrasted with converse
I. 257

7rpoWq«7JS, oblong (of' numbers): in Plato
=h€P0J1-l}KT/S, but distinguished from it by
Nicomachus etc. II. 289-90, 293

7rpOS, in geometry, various meanings of, I. 277
7rporravaypaif!aL, to draw on to: (of a circle) to

complete, when segment is given II. 56
7rpoO"apJ1-o.\ourra (eMeta) ="annex," the straight

line which, when added to a compound ir­
rational straight line formed by subtraction,
makes up the greater "term," i.e. the
negative "term" III. 159

7rpOrreUpeLv, to find in addition (of finding
third and fourth proportionals) II. 214

7rpOTaIILS, enu1Zcia#on 1. 129-3°
7rpoulvw, to propound I. 128

7rpon8baL, to propose: i] 1I'POT€O€Lrra eOBeta.,
any assigned straight line III. II

7rpWTOL 1I'POS ciAAl}Aous, (numbers) prime to
one another II. 285-6

7rpWTOS, prime: two senses of,I. 14-6: II. 284--5
7rTWrrLS, case 1. 134
7rupaJ1-1s, pyramid III. 268

hTos, rational (liter"lly "expressible") 1.
137, II. JI7, lII. I: a relative term, un­
like cirrUP.P.€TPOS (incommensurable) which
is a natural kind (Pythagoreans) Ill. 1:
PT/T7] OLa.P.€TPOS T1jS 1I'€J1-1I'0'OOS, "rational
diameter of 5" (=7, as approximation to
-/50) I. 399, Ill. 12, 525 : P7JTOP Kal JJ.€rrov
ouvaJ1-€v7J (=side of square equal to sum of
a rational and a medial area) etc. Ill. 7

O"7Jp.etov, point I. 155-6
IJ'TdOp.7J, a mathematical instrument I. 371
O"Tepeos, solid III. 262-3: of solid numbers

II. 290-[ : rrup€Ct ywvla, solid angle Ill.
267-8 : I!fJ.OLa (J'T€peCt O"xl}J1-a.ra, similar
solid figures Ill. 265-7

ffTtYJ1-l), point I. IS6
rrTo,xeLov, element 1. II4--6
ffTpOyyUAOV, TO, the round (circular), in Plato

1. 159,184
O"TPoyyUAOT7JS, roundness I. 182
O"up.J1-erpOS, commen~urable: p.l}KeL, in length,

OvVaJ1-eL p.ovov, in square only III. I I
ffup.7rfparrp.a, conclusion (of a proposition)

I. 129, 130
iTUJI€UlnS, convergence I. 282
O'vJlex~S', continuous: (J'UV€X1JS uvaAo'}'ta,

"continuous proportion" (in three terms)
11. 131

rrvv7Jp.fJ.€P7J civaAoyla,connected (i.e. continuous)
proportion II. 131, 293: O"UVT/p.p.€VOS of
compound ratio in Archimedes II. ~33

rruvBbTL, componendo II. 134-5
rruvOeff'S AOYOU, "composition of a ratio,"

distinct from compounding of ratios 1I.

134-5
".vvBeros, composite: (of lines or curves)

I. 160: (of surfaces) I. 170: (of numbers),
in Nicomachus and Iamblichus a sub­
division of odd II. 286

O"uvlrrTarrOaL, construct: special connotation
I. 259, 289: with <VTOS I. 289: contrasted
with 7rapaf1aAA€W (apply) I. 3+3 : OU ffurrTa.­
8fweTa" O"urrTa81}rrovTaL, "there cannot be
constructed" I. 259, II. 53

rrvvT187JJ1-L, rruyKeLp.a.L (of ratios) II. 135, 189­
90: ffuyKelJ1-eva and &aLpe8€vTa (com­
ponmdo and seja1·ando) llsed relatively to
one another II. 168, 170

O"UrrT7JlJ.a p.ovaowv, "collection of units" (def.
of number) II. 280

rrUrrT7JJ1-aTt«os, collective II. 279
O"¢aLpa, sphere ITl. 269
O"¢aLp'Kos, spherical (of a particular species of

cube number) ll. 29 I
O"¢7JKlrrKos or rr¢7JvlO"«os, of solid number with

all three sides unequal (= scalene) II. 290
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()"XErF!S, "relation": 7rO"" rrXEuLs, "a sort of
relation" (in def. of ratio) n. I16-7

rrX'Y]IJ.aTO"fparpe'iv, rrX'Y]fJ.aToyparp£a, representing
(numbers) by figures of like shape I. 359

rrX'Y]fJ.aT07rOLof)rra or rrxfjfJ.a 7rOLof)rra, "forming
a figure" (of a line or curve) I. I60-r

TaUT0fJ.l}/C'Y]S, of square number (Nicomachus)
II. 293

TauToT'Y]s hOYWV, "sameness of ratios" II. u9
TEhELOS, perfect (of a class of numbers) II.

'293-4
TETaYfJ.EVOS," ordered" : TETaYfJ.EvOv 7rpofJh'Y]fJ.a,

" ordered" problem I. r '28: TETaYp.fV'Y]
avahoyla; "ordered" proportion II. 137

TETapaYfJ.Ev'Y] avahO"fla, pertu,-bed p"oportion
II. 136

TETpaywvu1fJ.OS, squaring, definitions of, ], 149­
50, 410

TETPa.ywvov, square: sometimes (but not in
Euclid) any four-angled figure I. I88

TETp&'7rhEVPOV, quadrilateral ], 187: not a
"polygon" II. '239

TfJ.fjfJ.a KUKAOV, segment of a circle: TfJ.l}fJ.aTOS
ywv£a, angle of a segment II. 4: ev TfJ.l}fJ.an
ywv£a, angle in a segment II. 4

T0fJ.EUS (KU/cAOV), sector (of a circle): rrKVTOTO­
fJ.LKOS T0fJ.EUS, "shoemaker's knife" II. 5

TOfJ,r" section, = point of section I. I70, I 7I,
'278: KOLV'l) TOfJ,l}, "common section" III.
263

TOfJ,OELiJ~s (of figure), sector-like II. 5
T07r'/cOV OEWp'7]fJ,a, locus-theorem r. 329
T07rOS, locus I. 3'29-3 I: = room or space

I. 23 n.: place (where things may be
found), thus T07rOS aVahV0fJ.EVOS, Treasury
of A,wlysis I. 8, 10, 7rapa.iJo~os T67ros,
Treasury of Paradoxes, I. 3'29

TOpVOS, instrument for drawing a circle I. 37 r
TOrraVTa7rAa.rrLOv, "the same multiple" II. 14-6
TP£Ywvov, triangle: TO TpL7rhOUV, TO lit' aAA1)-

AWV, triple, interwoven triangle, =penta­
gram II. 99

TpL7rAarrLOS, triple, TpL7rAaulwv, triplicate (of
ratios) II. [33

TP£7rAEVPOV, three-sided figure I. 187
TVYXaVELv, happen: TVXOV rr'7]fJ.Elov, any point

at random I. '252: Tvxourra ywvla. "any
angle" II. 212: lI.Aha, ci ~TVXEV, Zrra.KLS7rOh­
ha7rha.uLa, "other, chance, equimultiples"
II. 143-4

V7rEPf30Al}, exceeding, with reference to method
of application of areas r. 36, 34-3-5,
386-7

V7rEPTEhryS or V7rEPTAELOS, "over-perfect" (of
a class of numbers) II. 293-4

v7r6, in expressions for an angle (7] V7rO BAr
ywv£a) I. '24-9, and a rectangle I. 370

U7roiJL7rACunOS, sub-duplicate, = half (Nico-
machus) II. 28o

u7ro/CElfJ,EVOS, laid down or assumed: TO U7rO­
KElfJ.EVOV E7rl7rl,iJov, the plane of reference
III. 272

U7rO/cELTaL, "is by hypothesis" I. 303, 312
u7ro7roMa7rMuLOS, submultiple (Nicomachus)

II. 280
U7rOTelVELV, mbtend, with ace. or U7rO and ace.

I. 249, '283, 350
lJ1f;os, height II. 189

xwp£OV, area II. 254-

WpLrrfJ,EV'Y] 'YpafJ.fJ.ry, determinate line (curve),
"forming a figure" I. 16o
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al-'Abbas b. Sa'id al-Jauhari I. 85
" Abthiniathus" (or "Anthisathus ") I. 203
Abu 'I 'Abbas al-Fa<;11 b. I;Iiitim, see an-

Nairizi
AbU 'Abdallah MuJ:!. b. Mu'adh al-Jayyani

I. 90
Abu 'Ali al-Basri I. 88
Abii 'Ali ai-Hasan b. ai-Hasan b. al-Haitham

I. 88, 89 . .
Abii Da'ud Sulaiman b. 'Uqba I. 85, 90
Abu Ja'far al-Khazin I. 77, 85
Abii Ja'far Mu!).. b. Mu~. b. al-J::Iasan

Na~iraddin at-Tusi, see Na~iraddin

Abu MuJ:!. b. Abdalbaqi al-Bagdadi al-Fara<;1I
I. 8n., 90

Abii Muh. ai-Hasan b. 'Ubaidallah b. Sulai-
man b: V{ahb I. 87

Abii N~r Gars al-Na'ma I. 90
Abu Na~r Mansur b. 'Ali b. 'Iraq I. 90
Abu Nasr Muh. b. Muh. b. Tarkhan b.

Uzlag 'al-Far~hi I. 88 .
Abu Sahl WIjan b. Rustam al-Kuhi I. 88
Abu Sa'id Sinan b. Thabit b. Qurra I. 88
Abu 'Uthman ad-Dimashqi I. 25, 77
Abu '1 Waia al-Buzjiini I. 77, 85, 86
Abu YusufYa'qiib b. Is~aq b. a~-~abba!). al-

KindI 1. 86
Abii Yusuf Ya'qiib b. Mu!).. ar-Razi I. 86
Aqjacent (eq,€~~s), meaning I. 181
Adrastus II. '292 .
Aenaeas (or Aigeias) of Hierapolis I. 28, 31 I
Aganis I. '27-8, I91
AJ:!mad b. al-J::Iusain al-Ahwazi al-Katib 1.89
A!).mad b. 'Umar al-Kariibisi I. 85
al-AhwazI I. 89 .
Aigeias (? Aenaeas) of Hierapolis I. 28, 3II
Alcinous II. 98
Alexander Aphrodisiensis I. 7n., '29, II. I20
Algebra, geometrical I. 372-4; classical

method was that of Eue!. II. (cf. Apol­
lonius) I. 373: preferable to semi-alge­
braical method I. 377-8: semi-algebraical
method due to Heron I. 373, and favoured
by Pappus 1.373 ; geometrical equivalents
ofalgebraicaloperations I. 37+: algebraical
equivalents of propositions in Book II., I.
37'2-3: equivalents in Book x. of pro­
positions in algebra, J j, -"j\ cannot be

equal to k', m. 58-60: if a±Jb=x±Jy,
then a=x, b=y, III. 93-+, 167-8

\Ali b. AJ:!mad Abu'l Qasim al-Antaki I. 86
Allman, G. J. I. I35 n., 318, 352, Ill. r8­

9,+39
Alternate: (of angles) I. 308; (of ratios),

alternately II. r 3+
Alternative proofs, interpolated I. 58, S9;

cr. III. 9 and following II. 22: that in
III. 10 claimed by Heron II. 23-4

Amaldi, Ugo r. 175, 179-80, 193, 201, 313,
328, II. 30, 126

A mbiguous case I. 306-7 : in VI. 7, II. 208-9
Amphinomus I. 125, 128, ISO n.
Amyclas of Heraclea I. 117
Analysis (and synthesis) I. 18: definitions

of, interpolaten, 1.138, III. 44'2: described
by Pappus I. r38-9: mystery of Greek
analysis III. 2{6: modern studies of Greek
analysis r. 139: theoretical and problem­
atical analysis I. 138: Treasury of A naty·
sis (T6'1l"o, a.v",Av6fL€VOS) I. 8, 10, II, 138:
method of analysis and precautioI;ls neces­
sary to, r. 139-40: analysis and synthesis
of problems I. 140-2: two parts of analysis
(a) transformation, (b) resolution, and two
parts of synthesis, (a) construction, (b)
demonstration I. 141: example from
Pappus I. Lfl-2: analysis should also
reveal (jLopuJ'1"6s (conditions of possibility)
I. 142: interpolated alternative proofs of
XIII. 1-5 by analysis and synthesis I. 137,
III. 44'2-3

Analytical method I. 36: supposed discovery
of, by Plato I. 134, 137

Anaximander I. 370, II. II I
Anaximenes II. 1 r1

Anchor-ring I. 163
Andron I. 126
Angle: curvilineal and rectilineal, Euclid's

definition of, r. 176 sq.: definition criti­
cised by Syrianus I. 176: Aristotle's notion
of angle as KI-.<£O'LS I. 176: ApoIIonius' view
of, as contraction I. 176, 177: Plutarch and
Carpus on, I. 177: to which category does
it belong? quantum, Plutarch, Carpus,
" Aganis" I. 177, Euclid I. 178; quale,
Aristotle and Endemus I. 177-8: relation,
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Euclid I. 178: Syrianus' compromise
1. 178: treatise ou the Angle by Eudemus
1. 34, 38, 177-8: classification of angles
(Geminus) 1. 178-9: curvilineal and
" mixed" angles I. 26, 178-9, horn-like
(KEpCl.TOELoo1s) I. 177, 178, 182, 265, II. 4,
39, 40, June-like (,u'1PO€<oo1s) 1. 26, 178-9,
scraper-like (~uO"TP0€L(jo1SYI. 178: angle ofa
segment I. 253, II. 4: angle if a semi­
circle I. 182, 253, II. 4: controversies about
"angle of semicircle" and hornlike angle
II. 39-42: definitions of angle classified
I. 179: recent Italian views 1. I79-8 I :
angle as cluster of straight lines or rays
I. 18o-I, defined by Veronese I. 18o: as
part of a plane (" angular sector") I. 179­
8o: flat angle (Veronese etc.) I. I80-I,
269: three kinds of angles, which is prior
(Aristotle)? I. 181-2: angles not less than
two right angles not recognised as angles
(cf. Heron, Proclus, Zenodorus) II. 47-9:
did Euclid extend "angle" to angles
greater than two right angles in VI. 33?
II. 275-6: a4Jacent angles I. 181 : alternate
I. 308: similar(=equal} I. I78, 182, 252:
vertical I. 278: exterior and interior
(to a figure) 1. 263, 28o: exterior when
re-entrant I. 263, in which case we have a
hollow-angled fignre I. 27, 188, II. 48:
interior and opposite I. 2S0: construction
by Apollonius of angle equal to angle
I. 296: angle in a semicircle, theorem of,
I. 317-9: trisection of angle, by con­
choid of Nicomedes 1.265-6, by quadratrix
of Hippias I. 266, by spiral of Archimedes
1. 267: dihedral angle III. 264-5: solid
angle III. 261, 267-8

Annex (7Tporrr:J.p,u6Soua-a) = the straight line
which, when added to a compound ir­
rational straight line formed by subtraction,
makes up the greater "terin," i.e. the
negative "term" III. 159

al-Antaki I. 86
A ntecedents (leading terms in pIoportion) II.

134
" Anthisathus" (or "Abthiniathus") I. 203
Antiparallels: may be used for construction

of VI. 12, II. 215
Antiphon I. 7n., 35
Apastamba-Sulba-Sutra I. 352: evidence in,

as to early discovery of Eucl. I. 47 and use
of gnomon 1. 360-4: BUrk's claim that
Indians had discovered the irrational I.

363-4: approximation to../2 and Thibaut's
explanation I. 361, 363-4: inaccurate
values of 7T in, I. 364

Apollodorus "Logisticus" I. 37, 319, 351
Apollonius: disparaged by Pappus in com­

parison wi~h Euclid 1. 3: supposed by
some ArabIans to be author of the Ele­
ments I. 5: a "carpenter" I. 5: on ele­
mentary geometry I. 42: on the line I.
~59: on 0e angle 1. 176: general defini­
tlo.n of dtameter I. 325: tried to prove
axIOms I. 42, 62, 222-3: his "general

treatise"· 1. 42: constructions by, for
bisection of straight line I. 268, for a
perpendicular I. 270, for an angle equal to
an angle I. 296: on parallel-axiom (?)
I. 42-3: adaptation to conics of theory ·of
application of areas I. 344-5: geometrical
algebra in, 1·373: Plane Lod, I. 14,259,33°,
theorem froin (arising out of Eucl. VI. 3),
also found in Aristotle II. Ig8-200: Plane
P€UtrE'S 1. 151, problem from, II. 81, lemma
by Pappus on, II. 64-5: comparison of do­
decahedron and icosahedron I. 6, III. 439,
512, 513: on the cochJias 1. 34, 42, T62:
on "unordered" irrationals I. 42, II5, III.
3, TO, 246, 255-9: general definition of ob­
lique (circular) cone Ill. 270: I. 138, 188,
221, 222, 246, 259, 370, 373, II. 75, IgO,
258, III. 264, 267 •

Apotome: compound irrational straight line
(difference between two" tenns ") III. 7:
defined III. 158-9: connected by Theae­
tetus with harmonic mean III. 3, +:
biqua.dratic from which it arises III. 7:
uniquely fomled III. 167-8: first, second,
tMrd, fourth, fifth and st'xth apotomes,
quadratics from which arising III. 5-6,
defined III. 177, and found respectively
(x. 85-90) III. 178-90: apotome equivalent
to square root of first apotome III. 19°-4:
first, second, third, fourth, fifth and sixth
apotomes equivalent to squares of apotome,
first apotome of a medial etc. III. 2 I2-29:
apotome cannot be binomial also III. 240-2 :
different from medial (straight line) and
from other irrationals of same series with
itself III. 242: used to rationalise binomial
with proportional terms III. 243-8, 252-4

Apotome of a medial (straight line): first and
second, and biquadratics of which they are
roots III. 7: first apotome of a medial
defined III. 159-60, uniquely formed III.
168-9, equivalent to square root of second
apotome III. 194-8: second apotome of a
medial, defined III. 161-2, uniquely fonned
III. 170-2, equivalent to square root of
third apotome III. 199-202

Application of areas I. 36, 343-5: contrasted
with exceeding and falLing-short I. 343:
complete method equivalent to geometrical
solution of mixed quadratic equation I.

3+4-5, 383-5, 386- 8, II. 187, 258-60,
263-5, 266-7: adaptation to conics (Apol­
lonius) I. 344-5: application contrasted
with construction (Proclus) I. 343

Approximations: 7! I> as approximation to ../2
(Pythagoreans and Plato) II. 119: approxi­
mations to ../3 in Archimedes and (in
sexagesimal fractions) in Ptolemy II. II9:
to 7T (Archimedes) II. JI9: to ../4500
(Theon of Alexandria) II. II9: remarkably
close approximations (stated in sexagesimal
fractions) in scholia to Book x., III. 523

" Aqa~on" I. 88
Arabian editors and commentators I. 75­

go
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Arabic numerals in scholia to Book x.,
IIth c., I. 71, III. 522

Archimedes: "postulates" in, I. 120, 123:
" porisms" in, I. II n., 13: on straight
line 1.166: on plane 1.171-2: Liber
assumptorum, proposition from, II. 65:
approximations to ,J3, square roots of large
numbers and to 71', II. 119:' extension of
a proportion between commensurables to
cover incommensurables II. 193: "Axiom"
of (called however" lemma," assumption,
by A. himself) I. 234: relation of."Axiom"
to x. I, III. 15-6: "Axiom" already
used by Eudoxus and mentioned by
Aristotle III. 16: proved by means of
Dedekind's Postulate (Stolz) III. 16: on
discovery by Eudoxus of method of ex­
haustion III. 365-6, 374: new fragment
of, "method (i<j>ooos) of Archimedes about
mechanical theorell).s," or ~<j>60LOP, dis­
covered by Heiberg and' published and
annotated by him and Zeuthen II. 40, III.
366-8, adds new .chapter to history of
integral calculus, which the method actually
is, III. 366-7: application to area of para­
bolic segment, ibid.: spiral Of Archimedes
I. 26, 2n7: 1. 116, 142,225, 370, II. 136,
190, III. 246, 27°,375,521

Archytas I. 20: proof that there is no
numerical geometric mean between nand
n+ I II. 295

Areskong, M. E. I. II3
Arethas, Bishop of Caesarea I. 48: owned

Bodleian MS. (B) I. 47-8: had famous
Plato MS. of Patmos (Cod. Clarkianus)
written I. 48

Argyrus, Isaak I. 74
Aristaeus 1. 138: on conics I. 3: Solid Loci

I. 16, 329: comparison of five (regular
solid) figures I. 6, III. 438-9, 513

Aristotelian Problems I. 166, 182, 187
Aristotle: on nature of elements I. rr6: on

first principles I. 177 sqq.: on definitions
I: II7, II9-20, 143-4, 146-.50: on disti~c­
tlOn' between hypotheses and definitions
I. II9, 120, between hypotheses and
postulates I. II8, II9, between hypotheses
and axioms I. 120: on axioms I. I19-2 I :
aJ:Cioms indemomtrable I. 12I: on defini­
tion by negation I. 156-7: on points I.
155-6, 165: on lines, definitions of, I.
158-9, classification of, I. 159-60: quotes
Plato's definition of st,-aight line 1. 166:
on definitions of suiface I. 170: definition
of " body" as that which has three
dimensions or as " depth" III. 262: body
"bounded by surfaces" (t!7I"7I'eoo,s) III.
263: speaks of six" dimensions" III. 263:
definition of sphere III. 269: on the angle
I. I 76':'S : on priority as between right and
acute angles I. IS 1-2: on jiglwe and
definition of, I. 182-3: definitions of
"squaring" I. 149-50, 4I0: on parallels
I. 190-2, 30S-9: on gnomoll 1.351, 355,
359: on attributes KtLTa. 7I'tLlIT6s and 7I'pWTOII

ICtL06Xov r. 319, 320, 325: on the objection
I. 135: on reduction I. 135: on reductio ad
absurdum I. 136: on the infinite I. 232-4:
supposed postulate or axiom about diver­
gent lines taken by Preclus from, I. 45,
207: gives pre-Euclidean proof of Eucl. I.
5, 1.252-3: on theorem of angle in a semi­
circle I. 149; has proof (pre-Euclidean)
that angle in semicircle is right II. 63:
on sum of angles of triangle I. 319-21:
on sum of exterior angles of polygon I.
322: on def. of same ratio (= same
aPTallalp.(TLs) II. 120-1 : on proportion as
"equality of ratios" II. II9: on theorem in
proportion (allemando) not provedgeneral(y
till his time II. 113: on proJ?ortion in three
terms ("'VP.X~s, continuous), and in four
terms (O'lIP1JP.ep1J, discrete) II. 131,293: on
alternate ratios II. 134: on inz'erse ratio II.
r34, f+9: on similar rectilineal figures II.
188: has locus-theorem (arising out of
Eucl. VI. 3) also given in Apollonius'
Plane Loci II. 198-200: on unit II. 279:
on number II. '280: on non-applicability of
arithmetical proofs to magnitudes if these
are not numbers n. II3: on definitions of
odd and even by one another II. 2S1 : on
prime numbers II. 284-5: on composite
numbers as plane and solid II. 286, 288,
290: on representation of numbers by
pebbles forming figures II. 288: gives
proof (no doubt Pythagorean) of incom­
mensurability of ,J2, III. 2: I. 38, 45, I 17.
150 n., 181, 184, IS5, 187, 188, 195, 202,
2°3, 22 [, 222, 223, 226, 259, 262-3. 2S3,
II. 2, 4,22,79, ll2, 135, 1f9, 159, 160,
165, I8.'!-, 188, 189, III. 4

Arithmetic, Elements of, anterior to Euclid
II. 295

al-Arjani, Ibn Rahawaihi I: 86
Ashkal at-ta'sis I. 5 n.
Ashraf Shamsaddin as-Samarqandi, Mul;1. b.

1.5 n., 89
Astaroff, I van I. rr 3
Asymptotic (non-secant): of lines I. 40, 16 I,

2°3: of parallel planes III. 265
Athelhard of Bath 1. 78, 93-6
Athenaeus of Cyzicus I. II 7
August, E. F. I. 103, II. 23, 25, 149, 238,

256, fI2, III. 2,48
Austin, W. 1.103, III, II. 172, 188, 2II, 259
Autolycus, On the moving sphere, I. 17
Avicenna, I. 77, 89
"Axiom of Archimedes" III. 1:;-6: already

used by Eudoxus, III. IS, and mentioned by
Aristotle, III. 16: relation of, to Eucl. x.
I, III. 15-6

Axioms, distinguished from postulates by
Aristotle I. I 18-9, by Produs (Geminus
and "others") I. 40, 121-3: Proclus on
difficulties in distinctions 1. 123-4: distin­
guished from hypotheses, by Aristotle r.
120-I, byProclus1. 121-2: indemonstrable
I. 12 I: attempt by Apollonius to prove I.
222-3: ="common (things)" or "common
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opinions" in Aristotle I. 1'20, '2'21: com­
mon to all sciences I. II9, 1'20: called
"common notions" in Euclid I. 12l, '2'21:
which are genuine? 1. '2'2l sqq.: Proclus
recognises five I. '2'2'2, Heron three I. '2'2'2:
interpolated axioms I. '2'24, '23'2: Pappus'
additions to axioms I. 25, '2'23. '224, '23'2:
axioms ofcongruence, ( I) Euclid's Common
Notion 4, 1. '2'24-7, ('2) modern systems
(Pasch, Veronese and Hilbert) I. '2'28-31:
"axiom" with Stoics = every simple
declaratory statement I. 4 I. '2 '2 I: axioms
tacitly assumed, in Book v., II. 137, in
Book VI., II. '294

Axis: of sphere III. '261, '269: of cone III.
'261, '271: of cylinder III. '262, '271

Babylonians: knowledge of triangle 3, 4, 5,
1.352: supposed discoverers of "harmonic
proportion" II. 11'2

Bacon, Roger I. 94
Baermann, G. F. II. '213
Balbus, de mensur£s I. 91
Baltzer, R. II. 30
Barbarin I. '2l9
Barlaam, arithmetical commentary on Eucl.

II., 1. 74
Barrow: on Eucl. v. Def. 3, II. II7: on

v.Def.5, II. 1'21: I. 103,105, IIO, III,

II. 56. 186, '238
Base: meaning I. '248-9: of cone III. 26'2:

of cylinder III. 26'2 .
Basel ed£tio princt'ps of EUcl" I. 100--1
Basilides of 1yre I. 5, 6, III. 51'2
Baudhayana Sulba-Slitra I. 360
Bayfius (Balf, Lazare) I. 100
Becker, J. K. I. 174
Beez I. 176
Beltrami, E. I. '219
Benjamin of Lesbos I. 113
Bergh, P. I. 400-1
Bernard, Edward I. 102
Besthorn and Heiberg, edition of al-I:Iajjaj's

translation and an-NaiIIzl's commentary
I. '2'2, '27 n., 79 n.

Bhiiskara I. 355
Billingsley, Sir Henry, I. 109-10, II. 56, '238,

III. 48 .
Bimed£al (straight line): first and second,

and biquadratic equations of which they
are roots III. 7: first bimedial defined III.
84-:-5, equivalent to square root of second
binomial III. 84. 1'20-3, uniquely divided'
III. 94-5: second bimedial defined III.
85-7, equivalent to square root of third
binomial III. 84, 1'24-5, uniquely divided
III. 95-7

Binomial (straight line): compound ir­
rational straight line (sum of two" terms")
III. 7: defined III. 83, 84: connected by
Theaetetus with arithmetic mean III. 3, 4 :
biquadr:atic of which binomial is a positive
root III. 7: first, seco1td, third, .four/It,
fifth and sixtli. binomials, quadratics from
which arising III. 5-6, defined Ill. 101-'2,

and found respectively (x. 48-53) III. 102':"
15, are equivalent to squares of binomial,
first bimedial etc. III. 13'2-45: binom£al
equivalent to square root of first binomial
III. I 16-'20: binomial uniquely divided,
and algebraical equivalent of this fact III.
9'2-4: cannot be apotome also III. '240-'2 :
different from medial (straight line) and
from other irrationals (first bimedial etc.)
of same series with itself III. '24'2: used to
rationalise apotome with proportional terms
III. '248-5'2, '25'2-4

al-BIroni I. 90
Bjornbo, Axel Anthon 1. 17 n., 93
Boccaccio I. 96
Bodleian MS. (B) I. 47, 48, III. 5'21
Boeckh I. 351, 371
Boethills I. 9'2, 95, 18+, II. '295
Bologna MS. (b) I. +9
Bolyai, T. I. '2l9
Bolyai, .W. 1. 174-5, '2I9, 3'28
Bolzano I. 167
Boncompagni I. 93 n., 104 n.
Bonola, R. 1. 202, '219, '237
Borelli, Giacomo Alfonso I. 106,194, II. 2, 84
Boundary (lipos) I. 18'2, 183
Brakenhjelm, P. R. I. II3
Breadth (of numbers) = second dimension or

factor II. 288
Breitkopf, Joh. Gottlieb Immanuel I. 97
Bretschneider I. 136 n., 137, 295, 304, 34+,

354, 358, III. 439, 442
Briconnet, Fran«ois I. 100
Briggs, Henry 1. 102, II. 143
Brit. Mus. palimpsest, 7th-8th c., I. 50
Bryson, 1. 8 n.
Bl\rk, A. 1. 352, 360-4
Bl\rklen 1. 179
Buteo (Borrel), Johannes T. 104.

Cabasilas. Nicolaus and Theodorus I. 72
Caiani, Angelo T. 101
Camerarius, Joachim I. 101, III. 523
Camerer, J. G. T. 103, 293, II. 2'2, '25, 28,

33, 34.4°,67, 121, 131, 189, 21 3,244
<;amorano, Rodrigo, I. I I '2
Campanus, Johannes I. 3, 78, 94-6, 1°4,

106, rro, 407, II. 28, 41,56,9°, 1I6, II9,
121, 146, 189. 2II, 234, 235, 253, '275,
320, 322, 328

Candalla, Franciscus Flussates (Fran«ois de
Foix. Comte de Candale) I. 3. 1°4, IIO,
II. 189

Cantor, Moritz T. 71t., '20, 272, 3°4-, 318,
3'20, 333.35'2, 355,357-8, 360,4°1, II. 5,
4°,97. III. 8, 15,438

. Cardano, Hieronimo II. +1, III. 8
Cardllchi, L. 1. rI'2
Carpus, on Astronomy, T. 34, 43: 45, 127,

128, 177
Case, technical tenn I. 134: cases inter­

polated T. 58, 59: Greeks did not inftr
limiting cases but proved them separately
II. 75

Casey, J. II. '227
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Casiri, I. 4 ft., 9 n.
Cassiodorius, Magnus Aurelius I. 92
Catalan III. 527
Cataldi, Pietro Antonio I. 106
Catop"'z'ca, attributed to Euclid, probably

Theon's I. 17: Catoptdca of Heron r. 21,
253

Cauchy III. ~67: proof of Euc!' XI. 4, III. 280
" Cause": consideration of, omitted by com­

mentators 1. 19, 45: definition should state
cause (Aristotle) r. 149: cause=middle
term (Aristotle) I. 149: question whether
geometry should investigate cause (Gemi­
nus), 1. 45, 150 n.

Censorinus r. 9 I

Centre, KEvrpov I. I84-S
Cerz'a Arz'stotelz'ca I. 35
Cesaro, E. III. 5~7

"Chance equimultiples" in phrase "other,
chance, equimultiples" II. 143-4

Chasles on PoriSlllS of Euclid I. 10, II, q., 15
Chinese, knowledge of triangle 3, 4, S,

I. 3S2: "Tcheou pei" I. 355
Christensen III. 8
Chrysippus r. 330
Chrystal, G. III. 19
Cicero I. 91, 3S I
Circle: definition of, r. 183-5: = "ound,

urp0"y"yuAOV (Plato), I. 184: = 7repuj>epo­
'Ypaflf1ov (Aristotle) 1. 184: a plane figure
I. 183-4: exceptionally in sense of "cir­
cumference" II. 23: centre of, I. 184--5:
pole of, 1. I8S: bisected by diameter
(Thales) I. r8s, (Saccheri) I. I8S-6: inter­
sections with straight line I. 237-8, ~72-4,

with another circle I. 238-+0, 24-2-3,
293-4: definition of " equal circles" II. 2:
circles touchz'ng, meaning of definition,
II. 3: circles intersecting and touching,
difficulties in Euclid's treatment of, II.
25-7, 28-9, modern treatment of, II. 30-2

Circumference, 7rep'¢~peta., I. 184­
Cissoid, I. 161, 164, 176, 330
Clairaut I. 328
Clavius (Christoph SchlUssel) I. 1°3, lOS, 194-,

232, 381, 391, 4°7, II. ~,4t, 42,47,49,
53, 56, 67, 70, 73, 130, 170, 190,231,238,
244,271, III. 273, 331, 34 T, 35°,359,433

Claymundus, Joan. I. 101
Cleonides, Introduction to Harmony, 1. 17
Cochlias or cochlion (cylindrical helix) I. 162
Codex Leidensis 399, I: I. 22, 27 n., 79 n.
Coets, Hendrik, I. 109
Commandinus I. 4, 102, 1°3, 104--5, 106,

rIO, III, 4-07, II. 47, 130, 190: scholia
included in translation of Elements I. 73:
edited (with Dee) De divisz'om'bus I. 8,
9, IrO

Commensurable: defined III. 10: com­
mensurable in lengt!" commensurable in
square, and commensurable in sqztartl"only
defined III. 10, I I: symbols used in notes
for these terms III. 34

Commentators on Eucl. criticised by Proclus
I. 19, 26, 45

Common Notions: =axioms I. 62, 120-1,
221-2: which are genuine? I. 22 I sq.:
meaning and appropriation of term I. 221 :
called" axioms" by Proclus I. 22 I

Complement, 7rU,pU,7rA-qp6Jf1U,: meaning of, I.

341: "about diameter" I. 34-1: not
necessarily parallelograms I. 34- I: use for
application of areas I. 342-3

Componendo (<J'uvO~vn), denoting" composi­
tion" of ratios q. v.: componendo and
separa>Zilo used relatively to each other
II. 168, 170

Composite, uuvOeTOS: (of lines) I. 160: (of
surfaces) I. 170: '(of numbers) II. 286:
with Eucl. and Theon of Smyrna composite
numbers may be even, but with Nicom.
and Iamblichus are a subdivision of odd II.
286, plane and solid numbers are species
of, II. 286

"Composite to one another" (of numbers)
II. 286-7

Composition of ratio (uuvOeuLs AOI'OU) , de­
noted by compo'undo (UlJllIUvn), distinct
from compounding ratios II. 134-5

Compound ratio: explanation of, II. 132-3:
(interpolated?) definition of, II. 189-9°, III.
526: compounded ratios in v. 20-3, II.

176- 8
Conchoids I. 160-1, 265-6, 330
Conclusion, <J'Uf17IfpaUf1a: necessary part of a

proposition I. 129-30: particular con­
clusion immediately made general I. 131:
definition merely stating conclusz"on I. 149

Cone: definitions of, by Euclid III. 262, ~70'
by Apollonius III. 270: distinction between
right-angled, obtuse-angled and acute­
angled cones a relic of old theory of
conics III. 270: similar cones, definition
of, III. 262, 27 I

Congruence-Axioms or Postulates: Common
Notion 4 in Euclid 1. 224-5: modern
systems of (Pasch, Veronese, Hilbert) I.

228-3 1
Congruence theorems for triangles, recapitula­

tion of, I. 305-6
Conics, of Euclid, I. 3, 16: of Aristaeus, I. 3,

16: of Apollonius r. 3, 16: fundamental
property as proved by Apollonius equi­
valentto Cartesian equation I.344-5: focus­
directrix property proved by Pappus I. 15

Consequents (II following" terms in a pro­
portion) II. 134-

Constantinus Lascaris I. 3
Comtruct (G"uvl<J'ru,<J'Ou,c) contrasted with

describe on I. 34-8, with apply to I. 343:
special connotation I. 259, 289

Construct£o12, Ka.ru,<J'Kev1], one of formal
divisions of a proposition 1. [29: some­
times unnecessary I. 130: turns nominal
into real definition 1. 146: mechanical
constructions I. '51, 387

Continuity, Principle of, 1. 234 sq., 24-2, 272,

294 (' ,
Continuous proportion uuveX7J~ or uuv7Jf1f1ev'1

aVu,Aorla) in three terms II. 131
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Conversion, geometrical: distinct from logical
I. 256: "leading" and partial varieties
of. I. 256-7, 337

Conversion of ratio (o.varTTpoif>~ AO-YOV), de­
noted by C01Zvertendo (o.varrTpE1f;CLvT') II.
135: convertmdo theorem not established
by v. 19, Por. II. 174-5, but proved by
Simson's Prop. E. II. 175, III. 38: Euclid's
roundabout substitute III. 38

Convertendo denoting" conversion" of ratios,
q.v.

Copernicus 1. rOI
Cordonis, Mattheus I. 97
Corresponding magnituaes II. 134­
Cossali III. 8
Cratistus I. r33
Crelle, on the plane I. 172-4, III. 263
Ctesibius I. 20, 21, 39 n.
Cube: defined III. 262: problem of in­

cribing in sphere, Euclid's solution III.
478-80, Pappus' solution 111.480: duplica­
tion of cube reduced by Hippocrates of
Chios to problem of two mean propor­
tionals r. 135, II. 133: cube number, de­
fined II. 291: two mean proportionals
between two cube numbers II. 294, 364-5

Cunn, Samuel I. I I I
Curtze, Maximilian, editor of an-NailizI

I. 22, 78, 92, 94, 96, 97 n.
Curves, classification of: see line
Cyclic, of a particular kind of square number

11.291
Cyclomathia of Leotaud II. 42
Cylinder: definition of, III. 262: similar

. cylinders defined III. 262
Cylindrical helix I. 161, 162, 329, 330
Czecha, Jo. I. 113

Dasypodius (Rauchfuss) Conrad I. 73, 102
Data. of Euclid: 1.8,132, Ifr, 385, 391:

Def. 2, II. 248: Prop. 8, II. 249-50:
Prop. 24, II. 246-7: Prop. 55, II. 254:
Props. 56 and 68, II. 249: Prop. 58, II.
263-5: Props. 59 and 84, II. 266-7:
Prop. 67 assumes part of converse of
Simson's Prop. B (Book VI.) II. 224:
Prop. 70, II. 250: Prop. 85, II. 264:
Prop. 87, II. 228: Prop. 93, II. 227

Deahna I. 174
Dechales, Claude Fran<;ois Milliet I. r06,

r07. r08, IIO, II. 259
Dedekind's theory of irrational numbers

corresponds exactly to Eucl. v. Def. 5,
II. 124-6; Dedekind's Postulate and
applications of, I. 235-40, III. 16

Dee, John I. 109, rro; discovered De
divisionibus I. 8, 9

Definition, in sense of "closer statement"
(oLOp'rTfJ-6s), one of formal divisions of a pro­
position I. 129: may be unnecessary I. 130

Definitions: Aristotle on, I. 117, rr9, 120,
143: a class of thesis (Aristotle) I. 120:
distinguished from hypotheses I. II9, but
confused therewith by Proclus I. 12 1-2 :
must be assumed I. II 7-9, but say nothing

about existmce (except in the case of a few
primary things) 1. Il9, 143: terms for, Bpos
and 6p'rTfJ.os I. 143: nal and nominal
definitions (real=nominal plus postulate
or proof), Mill anticipated by Aristotle,
Saccheri and Leibniz 1. 143-5: Aristotle's
requirements in, I. 146-50. exceptions
I. 148: should state cause or middle term
and be genetic I. 149-5°: Aristotle on un­
scientific definitions (EK fJ-~ 7rpOTEpWlJ) I.
r48-9: Euclid's definitions agree generally
with Aristotle's doctrine I. 146: inter­
polated definitions I. 61, 62: definitions
of technical terms in Aristotle and Heron,
not in Euclid I. 150

De levi e! ponderoso, tract I. 18
Demetrius Cydonius I. j2
Democritus I. 38: On dijference of gnomon

etc. (? on "angle of contact") II. 40: on
parallel and infinitely near sections of cone,
II. 40, III. 368: stated, without proving,
propositions abollt volumes of cone and
pyramid, II. 40, III. 366: was evidently
on the track of the infinitesimal calculus
II!. 368: treatise on irrationals (7rfp1 o.M-ywlJ
-ypafJ-p.wv Kat VarTrwv (3') III. 4

De Morgan, A.: I. 246, 260, 269, 284, 291,
298, 300, 309, 31 3, 314, 315, 369. 376,
II. 5, 7, 9-10, II, 15, 20, 22,29,56, 76-7,
83, lOr, 1°4, II 6-9, HO, 130, 139, r45,
197, 202,217-8, 232, 233, 234, 272,275:
on definition of ratio II. 116-7: on ex­
tension of meaning of ratio to cover
incommensurables II. 118: means of ex­
pressing ratios between incommensurables
by approximation to any extent II. II8-9 :
defence and explanation of v. Def. 5, II.
12 1-4: on necessity of proof that tests for
greater and less, or greater and equal,
ratios cannot coexist If. 130-I, 157: on
compound ratio II. 132-3, 234: sketch of
proof of existence of fourth proportional
(assumed in v. 18) II. 171; proposed
lemma abollt duplicate ratios as alternative
means of proving VI. 22, II. 246-7: on
Book x., III. 8

Dercyllides II. II I
Desargues I. 193
Describe on (alJa-ypa¢€llJ o.7r6) contrasted with

cOlZStntct I. 348
De Zolt I. 328
Diagonal (o,a-ywv,os) I. 185
" Diagonal" numbers: see "Side-" and

"diagonal-" numbers
Diameter (OLap.frpos), ofcircle or parallelogram

I. 185: of sphere II!. 261, 269, 270:
as applied to figures generally I. 325;
" rational" and "irrational" diameter of
5 (Plato) I. 399, taken from Pythagoreans
I. 399-400, III. 12, 525

Dihedral angle == inclination of plane to plane,
measured by a plane angle III. 264-5

Dimensions (cf. O,arTTarTm), I. 157, 158:
Aristotle's view of, I. 158-9, III. 262-3.
speaks of six III. 263



GENERAL INDEX

Dinostratus I. II7, 266
Diocles I. 164­
Diodorus I. 203
Diogenes Laertius I. 37, 305, 317, 351, III. 4­
Diophantus I. 86
Diorismus (OLOpLl,.,u6s) = (a) "definition" or

" specification," a formal division of a
proposition I. 129: (b) condition of possi­
bility I. 128, determines how far solution
possible and in how many ways I. 130-I,
24-3: diorismi said to have been discovered
by Leon I. lI6; revealed by analysis
I. 14-2: introduced by M, of] I. 293: first
instances in Elements I. 234-, 293: ,for
solution of quadratic II. 259

Dippe I. 108
Direction, as primary notion, discussed I.

179: direction-theory of parallels I. 19r-2
Discrete proportion, OLTlPTJ,uivTJ or OL€I€uy,uEvTJ

o.vb.Xoyla., in four terms, II. 131, 293
"Dissimilarly ordered" proportion (ci.vo,uolws

T€Ta.y,uivwv TWV Mywv) in Archimedes
= "perturbed proportion" II. 136

Distance, 'OU!.U'TTJ,u<J.: = radius I. 199: in
Aristotle has usual general sense and
= dimension I. 199

Dividendo (of ratios): see Separation,
separando

Division (methqd of), Plato's 1. 134
Divisions '(oj' jiguns) , treatise by Euclid, I.

8,9: translated by MuJ:1ammad al-Bagdadi
1.8: found by Woepcke in Arabic I. 9,
and by Dee in Latin translation I. 8, 9:
I. IIO: proposition from, II. 5

Dodecahedron: decomposition of faces into
elementary triangles II. 98: definition of,
Ill. 262: dodecahedra found, apparently
dating from centuries before Pythagoras
III. 438, though said to have been dis­
covered by Pythagoreans ibid.: problem
of inscribing ill sphere, Euclid's solution
Ill. 4-93, Pappus' solution Ill. 501-3

Dodgson, C. L.I. 194-,254,2610313, 1l'48, 275
Dou, Jan Pieterszoon I. 108
Duhamel, J. M. C. I. 139, 328
Duplicate ratio II. 133; OL7rAarr[wv, duplicate,

distinct from OL7rMU'LOS, double (= ratio
2 : I), though use of terms not uniform
II. 133: "duplicate" of given ratio found
by VI. II, II. 214: lemma on duplicate
ratio as alternative to method of VI. 22
(De Morgan and others) II. 242-7

Duplication of cube; reduction of, 'by Hippo­
crates, to problem of finding two mean
proportionals 1. 135,11.133: wrongly sup­
posed to be alluded to in Timaeus 32 A, B,

II. 294--5 n.

Egyptians II. I 12: knowledge of right-angled
triangles I. 352: view of number II. 280

Elements: pre-Euclidean Elements, by Hip­
pocrates of Chios, Leon I. 116, Theudius
I. lI7: contributions to, by Eudoxus I. I,
37, II. lI2, III. 1~, 365-6, 374-, 441, The­
aetetus I. 1,37, Ill. 3, 438, Hermotimus of

Colophon I. lI7; Euclid's Elements, ulti·
mate aims of, 1. 2, lIs-iS; commentators
on, I. 19-45, Proclus I. 19, 29-45 and
passim, Heron 1.20-24, an-Nairizi I. 21­
4, Porphyry 1. 24, Pappus I. 24--7,
Simplicius 1. 28, Aenaeas (Aigeias) I. 28:
MSS. of, I. 46-5 I: Theon's changes in text
I. 54-8: means ofcomparing Theonine with
ante-Theonine text I. 51-3: interpolations
before Theon's time I. 58-63: scholia I.
64--74-, III. 52[-3: external sources
throwing light on text, Heron, Taurus,
Sextus Empiricus, Proclus, Iamblichus I.
62-3: Arabic translations (I) by al-l;Iajjaj
I. 75, 76, 79, 80, 83-4, (2) by I~hiiq and
Thiibit b. Qurra I. 75-80, 83-4-> (3) N~irad­
din aV]'."iisi I. 77-80, 84: Hebrew transla­
tion by Moses b. Tibhon or Jakob b.
Machir I. 76: Arabian versions compared
with Greek text I. 79-83, with one another
I. 83, 84: translation by Boethius I. 92:
old translation of lOth c. I. 92 ; translations
by Athelhard I. 93-6, Gherard of Cremona
1. 93-4, Campanus I. 94--6, 97-100 etc.,
Zamberti 1. 98-100, Commandinus I. 104­
5: introduction into England, loth c.,
1.95: translation by Billingsley I. 1°9-10:
Greek texts, editio princeps I. 100-1,
Gregory's I. 102-3, Peyrard's I. 1°3,
August's I. 103, H eiberg's passim: trans·
lations and editions generally I. 97-1I3:
writers on Book x., I II. 8-9: on the nature
of elements (Proelus) I. 114-6, (Menaech­
mus) I. r 14, (Aristotle) I. r 16: Proclus on
advantages of Euclid's Elements .1. lIS:
immediate recognition of, 1. 116: first
principles of, definitions, postulates, com­
mon notions (axioms) I. II 7-24 : technical
terms in connexion with, 1. I25-.P: no
definitions of such technical terms I. IS0:
sections of Book I., I. 308

Elinuam I. 95
Enestrom, G. Ill. SH
Engel and Stackel 1. 219, 321
Enriques, F. 1.157, 175, r93, r95, 20r, 3r3,

II. 30, 126
Enunciation (7rp6T(J.(JLs) , one of formal di.

visions of a proposition I. 129-30
Epicureans, objection to Eucl. I. 20, I. 41,

287: Savile on, r. 287
Eqnality, in sense different from that of

congruence (=" equivalent," Legendre) I.
327-8: two senses of equal (f) .. divisibly­
equal" (Hilbert) or "equivalent by ·sum"
(Amaldi), (2) "equal in content" (Hilbert)
or "equivalent by difference" (Amaldi)
I. 328: modem definition of, I. 228

Eqnimultiples: "any equimulti~les what·
ever," IlTci.KLs 7rOAAa.7rAci.U'Let KetO 01rOLOVOUV
7rOAAet7rAa.U'La.U',u6v II. 120: stereotyped
phrase "other, chance, equimultiples"
II. 14-3-4: should include o,zce each magni­
tude II. f4-5

Eratosthenes: I. I, 162: contemporary with
Archimedes I. I, 2 : Archimedes' " Method"



GENERAL INDEX

addressed to, III. 366: measurement of
obliquity of ecliptic (230 5I' 20") II. I I I

Errard, Jean, de Bar-Ie-Due I. 108
EryCinus I. 27, 290, 329
Escribed circles of triangle II. 85, 86-7
Euclid: account of, in Proclus'summary I. I :

dat'e I. 1-2: allusions to, in Archimedes
I. I: (according to Proclus) a Platonist
I. 2: taught at Alexandria I. '2: Pappus
on personality of, I. 3: story of (in
Stobaeus) I. 3: not" of Megara" I. 3, 4 :
supposed to have been bom at Gela I. 4:
Arabian traditions about, I. 4, 5: "of Tyre"
I. 4--6: "of Tus" I. 4, 5 It.: Arabian
derivation of name (" key of geometry")
1.6: Elements, ultimate aim of, 1.2, II5-6 :
other works, Conics I. 16, Pseudaria I. 7,
Data I. 8, 132, 141,385,391, Oil divisions
(of figures) I. 8, 9, Porisms I. 10-15,
Surface-lod I. 15, 16, Phaenomena I. 16,
17, Optics I. 17, Elements of Music or
Seclio Canollis I. 17, II. 294-5: on "three·
and four-line locus" I. 3: Arabian list of
works I. 17, 18: bibliography I. 9'-113

Eudemus 1. 29: On lite Angle I. 34, 38,
177-8: History o.f Geometry I. 34, 35-8,

. '278,295,3°4,317,320, 387, II. 99, III,
nI. 3, 366, 524

Eudoxus I. I, 37, 116, n. 40, 99, 280, 295:
~ discoverer of theory of proportion covering
incommensurables as expounded generally
in Bks. v., VI., I. 137. 351, II. I12: on the

.golden secti01z I. 137: discoverer of method
of exhaustion I. 234, Ill. 365-6, 374: used
"Axiom of Archimedes" III. 15: first to
prove theorems about volume of pyramid
(Eucl. XII. 7 Por.) and cone (EncI. XII. 10),
also theorem of Eucl. xn. 2, III. 15:
theorems of Eucl. XIII. 1-5 probably due
to, Ill. 441: inventor of a certain curve,
the hippopede, horse-fetter I. 163: possibly
wrote ,Spltaerica I. 17: In. 442, 522,523,526

Euler, Leonhard I. 401
Entocius: 1.25,' 35,39, 142, ,61, 164, 259,

317,329, 330, 373: on" VI. Def. 5" and
meaning of ""'!JAtK6T'!JS II. 116, '32, 189-9°:

_gives locus-theorem from Apollonius' Plane
Loci II. 198-200

Even (number): definitions by Pythagoreans
and in Nicomachus II. 281: definitions of
odd and even by one. another unscientific
(Aristotle) I. 148-9, II. 28 I: Nicom.

.divides even into three classes (I) even·
times even and (2) wen-times odd as ex­
tremes, and (3) odd-times evm as interme·
diate II. 282-3

Even·times even: Euclid's use differs from
use by Nicomachus, Theon of Smyrna and
Iamblichus II. 281-2

Even-tinus odd in Euclid different from even·
odd of Nicomachus and the rest II. 282-4

E,,:. aequali, of ratios, II. 136: ex aequal£ pro·
positions (v. 20, 22), and ex aequali "in
pertnr.bed proportion" (v. H, 23) II. 176-8

Exhaustion, method of: discovered by

Eudoxus I. 234, II I. 365--6: evidence of
Archimedes III. 365-6: III. 374-7

Exterior and interior (of angles) I. 263, 280
Extreme and mean ratio (line cut in) : defined.

n. 188: known to Pythagoreans I. 403,
II. 99, III. 19, 525: irrationality of seg­
ments of (apolomes) Ill. 19, 449-51

Extremity, 7repas, I. 182, 183

Faifofer II. 126
Falk, H. I. II3
al·FarasJ.i I. 8 n., 90
Fermat Ill. 5'26-7
Figure, as viewed by Plato I. 182, by

Aristotle I. 182-3, by Euclid I. 183:
according to Posidonius is confining
boundary only 1. 41, 183: figures bounded
by two lines classified I. 187: angle-less
(ci'YwvLOv) figure I. 187

Figures, printing of, I. 97
Finrist I. 412., 5n., 17, 21,2+, 25, 27; list

of Euclid's works in, I. 17, 18
Finaeus, Orontius (Oronce Fine) I. 101, 104
Flauti, Vincenzo I. 107
Florence MS. Laurent. XXVIII. 3 (F) I. 47
Flussates, see Candalla
F orcadel, Pierre I. 108
Fourier: definition of plane based on Ellcl.

XI. 4, l. '73-4, III. 263
F.ourth proportional: assumption of existence

of, in v. 18, and alternative methods for
avoiding (Saccheri, De Morgan, Simson,
Smith and Bryant) I I. 17°-4: Clavius made
the assumption an axiom II. 170: sketch of
proof of assumption by De Morgan II. 171 :
condition for existence of number which
is a fourth proportional to three numbers
II. 409-rr

Frankland, W. B. I.. 173, 199
Frischauf, J. I. 174

Galileo Galilei: on angle o.f contact II. 42
Gartz I. 9n.
Gauss I. 172, 193, 194, 202. 219, 3'21
Geminlls: name not Latin I. 38-9: title of

work (¢LAoKaA£a) quoted from by Proelus
I. 39. and by Schol., III. 522: elements
of astronomy I. 38: conlin. on Posidonius
I. 39: Proclus' obligations to, I. 39-42:
on postulates and axioms 1. 122-3, III.
522: on theorems and problems I. 128:
two classifications of lines (or curves) I •
160-2: on homoeomeric (uniform) lines
I. 162: on "mixed" lines (curves) and
surfaces I. 162: classification of surfaces
I. 170, of angles I. 1.78-9: on parallels
I. 191: on Postulate 4, I. 200: on stages
of proof of theorem of I. 32, I. 317-20:
1.21,27-8,37,4+,45,13312.,203,265,33°

Geometrical algebra I. 372-4: Euclid's
method in Book II. evidently the classical
method I. 373: preferable to semi·alge­
braical method I. 377-8

Geometrical progression II. 346 sqq. : summa·
tion of n terms of (IX. 35) II. 420-1
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Geometric means II. 357 sqq.: one mean
between square numbers II. 294, 363, or be­
tween similar plane numbers H. 371-2: two
means between cube numbers II. 294, 364-5,
or between similar solid numbers H. 373-5

Gherard of Cremona, translator of Elemmts
I. 93-4: of an-Nairizi's commentary I. 22,
94, II. 47: of tract De divisionibus 1. 9

Giordano, Vitale I. 106, 176
Givm, oeoop.€VOS, different senses, I. 132-3
Gnomon: literally" that enabling (something)
. to be known" 1.64,37°: Ruccessive senses

of, ([) upright marker of sundial, I. [81,
185, 271-2, introduced into Greece by
Anaximander 1.370, (2) carpenter's square

. for drawing right angles 1. 37[, (3) figure
placed round square to make larger square
1.35[,371, Indian use of gnomon in this
sense 1. 362, (4) use extended by Euclid to
parallelograms I. 371, (5) by Heron and
Theon to any figures I. 371-2: Euclid's
method of denoting in figure I. 383: arith­
metical use of, I. 358-60, 37 [, II. 289

" Gnomon-wise" (KaTa. "'ypwp.ova) , old name
for perpendicular (Ka8eTos) I. 36, 181, 272

Giidand, A. I. 233, 234
Golden sect£on (section in extreme and mean

ratio), discovered by Pythagoreans I. 137,
403, II. 99: connexion with theory of irra­
tionals I. 137, IH.I9: theory carried further
by Plato and Eudoxus II. 99: theorems of
Eucl. XIII. 1-5 on, probably due to Eu­
doxus III. 44 I

" Goose's foot" (pes anseris) , name for Eucl.
. III. 7, I. 99

Gow, James I. 135 n.
Gracilis, Stephanus 1. 101-2
Grandi, Guido I. 107
Greater ratio: Euclid's criterion not the only

one II. 130: arguments from greater to less
ratios etc. unsafe unless they go back to
original definitions (Simson on V. 10) II.
156-7: test for, cannot coexist with test
for equal or less ratio II. [30-1

Greatest common measure: Euclid's method
of finding corresponds exactly to ours H.
Il8, 299, III. 18, 21-2: Nicomachus gives
the same method II. 3°°: method used to
prove incommensurability II1. 18-9; for

. this purpose often unnecessary to carry it
farJcases of extreme and mean ratio and
of 2) III. 18-9

Gregory, David I. 102-3, II. 116, 143, Ill. 32
Gregory of St Vincent I. 401, 40+
Gromatiei I. 91 n., 95
Grynaells I. 100-[

I-Iiibler, Th. II. 294 n.
al-Haitham I. 88, 89
al-I;Iajjaj b. Yiisuf b. Matar, translator of the

Elements I. 22, 75, 76, 79, 80,83,84
Halifax, William I. 108, 110
Halliwell (-Phillips) I. 95 n.
Hankel, H. 1.139, 141,232, 234, 344, 354,

II..1I6, Il7, III. 8

I:larmonica of Ptolemy, Comm. on,' I. 17
Harmony, Introduction/o, not by Euclid,!. 17
Hariin ar-Rashid 1. 75
aI-Hasan b. 'Ubaidalliih b. Sulaiman b.

Wahb 1. 87
Hauber, C. F. II. 244
Hauff, J. K. F. I. 108 .
"Heavy and Light," tract on, I. 18
Heiberg, J. L. passim
Helix, cylindrical I. 16[, 162, 329, 330
Helmholtz, 1. 226, 2'27
Henrici and Treutlein I. 313, 404, H. 30
Henrion, Denis 1. 108
Herigone, Pierre I. 108
Hedin, Christian I. 100

Hermotimus of Colophon I. 1

Herodotus I. 37 n., 370
., Heromides" I. 158
Heron of Alexandria, mecha1Zicus, date of,

I. 20-I, III. 521: Heron and Vitruvius
r. 20-I; commentary on Euclid's Elements

· I. 20-4: direct proof of 1.25, 1. 3°1: com­
parison of areas of triangles in 1. 24, 1.334­
5: addition to I. 47, I. 366-8: apparently
originated semi·algebraical method of
proving theorems of Book II., I. 373,378:
Eucl. I II. 12 interpolated from, H. 28:
extends III. 20, 21 to angles in segments
less than semicircles II. 47-8: does not
recognise angles equal to or greater than two
right angles II. 47-8: proof of formula for
area of triangle, A =.Js(s - a) (s- b) (s - c),
II. 87-8: I. 137n., 159, 163, 168, 170,
171-2, 176, 183,184, 185, 188, 189, 222,
223, 243, 253, 285, 287, 299, 35 1, 369,

· 371, 405, 407, 408, II. 5, 16-7, 24' 28,
· 33, 34, 36,44, 47,48, 116, 189, 302, 320,

383, 395, III. 24, 263, 265, 267, 268, 269,.
270, 366, 4°4' 442

Heron, Proclus' instructor 1. 29
" Herundes" I. 156
Hieronymus of Rhodes I. 305
Hilbert, D. I. 157, 193, 20[, 228-3[, 2+9,

313,328
Hipparchus I. 4 ?z., 30 n., III. 523
Hippasus II. 97, III. 438
Hippias of Ells I. 42, 265-6
Hippocrates of Chios I. 811., 29,35, 38, rr6,

135, 136 n., 386-7, II. 133: first proved
that circles (and similar segments of circles)
are to one another as the squares on their
diameters Ill. 366, 374

Htppopede (Z7r7rOV 1I'E(7)), a certain curve used
by Eudoxus I. 162-3, 176 .

Hoffmann, Heinrich I. 107
Hoffmann, Joh. Jos. Ign. I. 108, 365
Holgate, T. F. III. 284, 3°3, 331
Holtzmann, Wilhelm (Xylander) I. 107
Homoeomeric (uniform) lines I. 40,' 161, 162
Hoppe, E. I. 21, III. 52! .
Hornlike angle (KeparoeLo-rys "'ywvla) I. 177,

178, 182, 265, II. 39, 40: hornlike angle
and angle 0/ semicircle, controversies on,

. II. 39-42: Preclus on, II. 39-40: Demo·
critus may have written on 'fl01-nlike angle
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II. 40: view of CampaI\us (" not angles in
same sense") II. 41: of Cardano (quantities
of different orders or kinds): of Peletier
(flomlike angle no angle, no quantity,
nothing; angles of all semicircles right
angles and equal) II. 41: of Clavius II. f2:
of Vieta and Galileo (" angle of contact no
angle") II. f2: of Wallis (angle of contact
not incHnation at all but degree ofmrvature)
II. f2

Horsley, Samuel I. 106
HOliel, J. I. 219
Hudson, John I. 102
Hultsch, F. I. 20, 329, foo, II. 133, III. f,

522, 523, 526, 527
l;!unain b. IsJ:1aq al-'Ibiidi I. 75 .
Hypotheses, in Plato I. 122: in Anstotle

I. II 8--20 : confused by Proclus with
definitions I. 12 [-2: geometer's hypo­
theses not false (Aristotle) I. 119

Hypothetical construction I. 199
Hypsicles I. 5: author of Book XIV. I. 5, 6,

III. 438-9, 512

Iamblichus I. 63, 83, II. 97, 116, 279, 280,
281,283, 28f, 285,286, 287,288, 289, 290,
291, 292, 293, fI9, III. 526

Ibn al-'Amid I. 86
Ibn al-Haitham I. 88, 89
Ibn al-Lubftdi I. 90
Ibn Rahawaihi al-ArjaniI. 86
Ibn Sina (Avicenna) I. 77, 89
Icosahedron II. 98: defined III. 262: dis­

covery of, attributed to Theaetetus Ill.
f38: problem of inscribing in sphere,
Euclid's solution III. 481-9, Pappus' solu­
tion III. f89-9I: Mr H. M. Taylor's ,con­
struction III. f9I-2

" Iflaton" I. 88
Inclination (KXllTLS) of straight line to plane,

defined III. 260, 263-f: of plane to plane
(=dihedral angle) III. 260, 264

Incommensurables: discovered by Pythagoras
or Pythagoreans III. I, 2, 3, and with
reference to ,/2, I. 351, III. I, 2, 19: in­
commensurable a natural kind, unlike ir­
1'ational which depends on conventioll or
assumption (Pythagoreans) III. I: proof
of incommensurability of ,j2 no doubt
Pythagorean III. 2, proof in Chrystal's
Algebra Ill. 19-20: incommensurable in
lmrrth and incommensurable in square
defined III. 10, I I: symbols for, used in
notes III. 3f: method of testing incom­
mensurability (process of finding G.C.M.)
II. lI8, Ill. 18-9: means of expression
consist in power of approximation. wit~out
limit (De Morgan) II. II9: approxImatIons
to ,j2 by means of side- and diagonal­
numbers I. 399-fOI, II. II9, by means of
sexagesimal fractions III. 523, to ,j3 II.
119, III. 523: to ,j4000 by means of sexa­
gesimal fractions II. 119: to "., II. 119

Incomposite: (oflines) 1.160-1, (of surfaces)­
1.170: (of number) = prime II. 28+

Indivisibl~ lines «(f,TOP.OL ",/pa.p.p.a.l), theory of,
rebutted I. 268

Infinite, Aristotle on the, I. 232-4: infinite
division not assumed, but proved, by geo­
meters I. 268

Infinity, parallels meeting at, I. 192-3
Ingrami, G. I. 175, 193, 195, 201, 227-8,

II. 30, 126 .
Integral calculus, in new fragment of ArchI-

medes 111. 366-7 '
Interior and exterior (of angles) I. 263, 280 :

interior and opposite angle I. 280
Interpolations in the Elements before Theon's

time I. 58-63: by Theon I. f6, 55-6: Eucl.
I. 40 interpolated I. 338: other proposi­
tions interpolated, (III. 12) II. 28, (propo­
sition after XI. 37) III. 360, (XIII. 6) III.
4f9-5I: cases' in XI. 23, III. 319-2£:
defs. of analysis and synthesis, and proofs
of XIII. 1-5 by, III. 4-+2-3

Inverse (ratio), inversely (avci1ra.AW) II. 13+:
inversion is subject of v. f, Por. (Theon)
II. Iff, and of v. 7, Por. II. 149, but is
not properly put in either place II. If9:
Simson's Prop. B on, directly deducible
from v. DeL 5, II. Iff

Irrational: discovered by Pythagoras or Py­
thagoreans I. 351, Ill. 1-2, 3, and with
reference to ..j2, I. 351, III. 1.2, 19, cf. Ill.
524-5: depends on assumption or conven­
tion, unlike incommensurable which is a
natural kind (Pythagoreans) Ill. -I: claim
of India to priority of discovery I. 363-4;
"irrational diameter of 5" (Pythagoreans
and Plato) 1.399-4°0, Ill. 12: approxima­
tion to ,j2 by means of "side-" and
"diagonal-" numbers I. 399-fOI, II. 119:
Indian approximation to ,j2, I. 361, 363-4:
unonured irrationals (Apollonius) I. f2,
II 5, Ill: 3, 10, 246, 255-9: irrational
ratio (fJ.PP'1lTOS AD"'/OS) I. 137: an irrational
straight line is so relatively to any straight
line taken as rational Ill. 10, I I: irrational
area incommensurable with rational area
or square on rational straight line Ill. 10,
12: Euclid's irrationals, object of classifi­
cation of, Ill. f, 5: Book x. a repository
of results of solution of different types of
quadratic and biquadratic equations Ill. 5:
types of equations of which Euclid's irra­
tionals are positive roots Ill. 5-7: actual
use of Euclid's irrationals in Greek geo­
metry Ill. 9-10: compound irrationals in
Book x. all different III. 242-3

Isaacus Monachus (or Argyrus) I. 73-4, 407
Isl;aq b. Ifunain b. Isl;aq al-'Ibiidi, Abu

Yaqub, translation of Elemmts by, I. 75­
80, 83-f

" Isidorus of Miletus Ill. 520
Isma~il b. Bulbul 1. 88
lsoperillletric (or isometric) figures: Pappus

and Zenodorus on, I. 26, 27, 333
, Isosceles (llToo'KeX7js) I. 187: of numbers (=

even) I. 188: isosceles right-angled tri­
angle I. 352: isosceles triangle of IV. 10,
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construction of, due to Pythagoreans II.

97-9

Jacobi, C. F. A. II. 188
Jakob b. Machir I. 76
al-Jauhari, al-' Abbas b. Sa'id I. 85
al-Jayyani I. 90
Joannes Pediasimus I. 72-3
Johannes of Palermo III. 8
Junge, G., on attribution of theorem of I. +7

and discovery of irrationals to Pythagoras
I. 351, III. In., 523

Kastner, A. G. I. 78, 97, IOI
al-Karabisl I. 85
Katyayana Sulba-Sutra I. 360
Keill, John I. 105, nO-II
Kepler I. 193
al-Khazin, Abu Ja'far I. 77,85
Killing, W. I. 19+, '2I9, 225-6, 235, 2+2,

272, III. 276
al-Kindi I. 5 n., 86
Klamroth, M. I. 75-8+
KIUgel, G. S. I. 212
Kluge III. 520
Knesa, Jakob I. LI2
Knoche I. 32 n., 33 n., 73
Kroll, W. I. 399-+00
al-Kuhi I. 88

Lachlan, R. II. 226, 227, 2+5-6, 2+7, 256,
272

Lambert, J. H. I. 212-3
Lardner, Dionysius I. 112, 246, 250, 298,

+0+, II. 58, 259, 271
Lascaris, Constantinus 3
Leading theorems (as distinct from converse) I.

257: leading variety of conversion I. 256-7
Least common multiple II. 336-+1
Leekej J olm I. no
Lefevre, Jacques I. 100
Legendre, Adrien Marie I. II2, 169, 213-9,

II. 30, III. 263, 26+, 265, 266, 267, 268,
273, 275, 298, 309, 356, +36: proves VI. I
and similar propositions in two parts (I) for
commensurables, (2) for incommensurables
II. 193-+: proof of Eucl. XI. +, III. 280,
of XI.. 6, 8, III. 28+, 289, of XI. IS, III.
299, of XI. 19, III. 3°5: definition of
planes at right angles III. 3°3: alternative
proofs of theorems relating to prisms Ill.
331-3: on equivalent parallelepipeds III.
335-6: proof of Eucl. XII. 2, III. 377-8:
propositions on volumes of pyramids III.
389-91, of cylinders and cones III. +22-3

Leibniz I. 1+5, 169, 176, 19+
Leiden MS. 399, I of al-I:Iajjaj and an­

Nairizi I. 22
Lemma I. !I+: meaning (=assumption) I.

133-4: lemmas interpolated I. 59-60,
especially from Pappus I. 67: lemma
assumed in VI. 22, II. 2+2-3: alternative
propositions on duplicate ratios and ratios
of which they are duplicate (De Morgan
and others) Il. 2+2-7: lemmas interpo-

H. E. III.

lated, (after x. 9) III. 30-1, (after x. 59) III.
97, 131-2: lemmas suspected, (those added
to x. 18, 23) III. 48, (that after XII. 2)
III. 375, (that after XIII. 2) III. +++-5

Length, P.7}KOS (of numbers in one dimension)
II. 287: Plato restricts term to side of
complete square II. 287

Leodamas of Thasos I. 36, 13+
Leon 1. II6
Leonardo of Pisa III. 8
Leotaud, Vincent II. +2
Linderup, H. C_ I. I 13
Line: Platonic definition I. 158: objection

of Aristotle I. 158: "magnitude extended
one way" (Aristotle, "Heromides") I.
158: "divisible or continuous one way"
(Aristotle) I. 158-9: "flux of point" I.
159: Apollonius on, I. 159: classification
of lines, Plato and Aristotle I. 159-60,
Heron I. 159-60, Geminus, first classifica­
tion I. 160-1, second I. 161: straight
(dJ8€7a), curved (Kap.1r(/J\rJ), circular (1repupe­
p1)s), spiral-shaped (€ALKoeLo1)s), bent (K€Kap.­
p.£vrJ), broken (K€KACLlfP.£PrJ) , round (TO
<TTpoyyUAOV) I. 159, composite (cruv8eTos),
incomposite (a<TUP8€TOS), "forming a figure"
(<TXTJp.aT07rOwucra), determinate (WPLcrP.£VrJ) ,
indeterminate (&.0PLcrTOS) I. 16o: "asym­
ptotic" or non-secant (Ct<T6P.1I"TWTOS), secant
(crup.1r7"W7"Os) I. 161: simple, "mixed" I.
161-2: hOllloeomeric (uniform) I. 161-2:
ProcIus on lines without extremities 1. 165 :
loci on lines I. 329, 330

Linear, loci I. 330: problems I. 330: num­
bers=(I} in one dimension II. 287, (2)
prime II. 285

Lionardo da Vinci, proof of I. 47, I. 365-6
Lippert I. 88 n.
Lobachewsky, N. 1. I. 17+-5, 213, 219
Locus-theorems (7"07rLKa 8ewp1)p.aTa) and loci

(T01l"0L): locus defined by Proclu~ 1. 329:
loci likened by Chrysippus to Platonic
ideas I. 330-I: locus-theorems and loci
(r) on lines (a) plmu loci (straight lines and
circles) (b) solid loci (conics), (2) 01. SIt?"-

.faces I. 329: corresponding distinction be­
tween plane and solid problems, to which
Pappus adds linear problems 1. 330: fur­
ther distinction in Pappus between (I)
e¢eKTLKol (2) Ote!;OOLKOl (3) aVa<TTpO¢LKOl
7"01r0L I. 330: Proclus regards locus in
1. 35, III. 2I, 3 I as an area which is locus
of area (parallelogram or triangle) I. 330

Logical conversion, distinct from geometrical
I. 256

Logical deductions I. 256, 28+-5, 300: not
made by Euclid II. 22, 29: logical equi­
valents 1. 309, 314--5

Lorenz, J. F. I. r07-8, III. 3+
Loria, Gino I. 7"., Ion., II n., C21l., III.

8, 9, 52 7
Luca Paciuolo I. 98-9, 100, III. 8
Lucas, E. III. 527
Lucian II. 99
Lundgren, F. A. A. I. I I3

35
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Machir, Jakob b. I. 76
Magni, Domenico I. 106
Magnitude: common definition vicious I. 148
al-Mahani I. 85
Major (irrational) straight line: biquadratic

of which it is positive root III. 7: defined
III. 87-8: equivalent to square root of
fourth binomial III. 84, 125-7: uniquely
divided III. 98: extension of meaning to
irrational straight line of tl/ree terms I II. 258

al-Ma'mun, Caliph I. 75
Mansion, P. I. 219
al-Man§iir, Caliph I. 75
Manuscripts of Elements I. 46-51
Martianus Capella I. 9I, 155
Martin, T. H. I. 20, 29 n., 30 'I.
Mas\id b. al-Qass al-Bagdadi I. 90
Maximus Planudes, scholia and lectures on

Elements I. 72
Means: three kinds, arithmetic, geometric

and harmonic II. 292-3: geometric mean
is "proportion par excellence" (Kvplws) II.
292-3: one geometric mean between two
square numbers, two between two cube
numbers (Plato) II. 294, 363-5: one geo­
metric mean between similar plane num­
bers, two between similar solid numbers
II. 37I-5: no numerical geometric mean
between nand n + I (Archytas and Euclid)
II. 294-5

Medial (straight line): connected by Theae­
tetus with geometric mean III. 3, 4: defined
III. 49, 50: medial area III. 54-5: an un­
limited number of irrationals can be de­
rived from medial straight line, III. 254-5

Meguar= axis I. 93
Mehler, F. G. I. 4°4, III. 268, 284-5
Meier, Rudolf I. '21 n., III. 52I, 5'22
Menaechmus: story of M. and Alexander I.

I: on elements I. II4: I. II7, I25, I33 n.
Menelaus I. 21, 23: direct proof of I. '25,

I. 300
Middle term, or cause, in geometry, illus·

trated by Eucl. III. 31, I. 149
Mill, J. S. I. 14'1'
Minor (irrational) straight line: biquadratic

of which it is root III. 7: defined III.
163-4: uniquely formed III. 172-3 : equi·
valent to square root of fourth apotome
III. 2°3-6

"Mixed" (lines) I. 161-2: (surfaces) I. I62,
170: different meanings of "mixed" I. 162

Mocenigo, Prince I. 97-8
Moderatus, a Pythagorean II. 28o
Mollweide, C. B. I. 108
Mondore (Montaureus), Pierre I. 102
Moses b. Tibbon I. 76
Motion, in mathematics I. 226: motion with­

out diformation considered by Helmholtz
necessary to geometry I. 226-7, but shown
by Veronese to be petitio principii I. '226-7

Muller, J. H. T. I. 189
Muller, J. W. 1. 365
Mu9.ammad (b.' Abdalbaqi) al.Bagdadi, trans­

lator of De divisionibus I. 8 n., 90, IIO

Mul). b. Al)mad Abi.i'r-Rail)an al-Biriini I.

9°
Mul). b. Ashraf Shamsaddin as-Samarqandi

I.89 _
Mul). b. 'Isa Abu 'Abdallah al-Mahani I. 85
Multinomial (straight line): an extension

from binomial, probably investigated by
Apollonius, III. 256

Multiplication, definition of, II. 287
Munich MS. of enunciations (R) I. 94-5
Mflsa b. Mu9.. b. Mal)miid Qa~iziide ar-

Rumi I. 5 n., 90
Music, Elements of (Sectio Canonis), by

Euclid I. I7, II. 295
Musici script01'es Graeci II. '294
al-Musta'~im, Caliph I. 90
al-Mutawakkil, Caliph I. 75

an-Nairizi, Abu '1 'Abbas al-Fa~l b. ljatim,
I. 21-4,85, 184, I90, 191, 195, 223, 232,
258, 270, 285, 299; 303, 326, 364, 367,
369, 373, 405, 408, II. 5, 16, 28, 34, 36,
44, 47, 302, 320, 383

Napoleon I. 103
Na~iraddin aVfflsi I. 4, 5 n., 77, 84, 89,

208-10, II. 28
Na#b. Yumn (Yaman) al-Qass I. 76, 77,87
Neide, J. G. C. I. 103
Nesselmann, G. H. F. II. '287, 293, III. 8,

5'26
Nicomachus I. 92, II. II6, II9, I3I, 279,

28o, 281, '282, 283, 284, 285, '286, 287,
288, 289, 290, 291, 292, 293, 294, 300,
363, III. 526, 5~7

Nicomedes I. 42, 160-I, 265-6
Nipsus, Marcus Junius I. 305
Nixon, R. C. J. II. 16
Nominal and real definitions: see Definitions
Number; defined by Thales, Eudoxus,

Moderatus, Aristotle, Euclicl II. 280;
Nicomachus and Iamblichus on, II. ~80:

represented by lines II. 287, and by points
or dots II. 288-9

Objection (I!vlfralns), technical term, in geo­
metry I. 135, 257, 26o, 265: in logic
(Aristotle) I. 135

Oblong: (of ~eometrical figure) I. 15 r, 188:
(of number) in Plato either 7rpoP.1)K7JS or
€Tepop.i}K7JS II. 288: but these terms denote
two distinct divisions of plane numbers in
Nicomachus, Theon of Smyrna and hm­
blichus II. 289-90

Octahedron II. 98: definition of, III. 262:
discovery of, attributed to Theaetetus III.
438; problem of inscribing in sphere,
Euclid's solution III. 474-7, Papp1.1.s' solu­
tion III. 477

Odd (number): defs. of in Nicomachus II.
28I: Pythagorean definition II. 28I: def.
of odd and even by one another unscientific
(Aristotle) I. I48-9, II. 281: Nicom. and
Iamb!' distinguish three classes of odd
numbers (I) prime and incomposite,
(2) secondary and composite, as extremes,
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(3) secondary and composite in themselves
but prime and incomposite to one another,
which is intermediate II. 287

Odd-times even (number) : definition in Eucl.
spurious II. 283-4, and differs from defi­
nitions by Nicomachus etc. ibid.

Odd-times odd (number): defined in Euc!.
but not in Nicom. and Iamb!. II. 284:
Theon of Smyrna applies term to prime
numbers II. 284

Oenopides of Chios I. 34, 36, 126, 27 I, 29S,
371, III. 525, S26

Ofterdinger, L. F. I. 9 n., 10
Olympiodorus I. 29
Oppermann I. 151
Optics of Euclid I. 17
"Ordered" proportion (T€Ta'YJI.€V7] &'vaXo'Yla),

interpolated definition of, II. 137
Oresme, N. I. 97
Orontius Finaeus (Oronce Fine) I. 101, 104
Ozanam, Jaques I. 107, 108

Paciuolo, Luca I. 98-9, 100, III. 8
Pamphile I. 317, 319
Pappus: contrasts Euclid and Apollonius I. 3 :

on Euclid's Ponsms I. 10-14, SUI:face-Iocz'
I. IS, 16, Data I. 8: on Tnaslwy qf
Analysis I. 8, 10, II, 138: commentary
on Elements I. 24-7, partly preserved in
scholia I. 66: evidence of scholia as to
Pappus' text I. 66-7: commentary on
Book x. slirvives in Arabic III_ 3: quota­
tions from it, III. 3-4, 2SS-9: lemmas in
Book x. interpolated from, I. 67: on

, Analysis and Synthesis I. 138-9, 141-2:
additional axioms by, I. 2S, 223, 224, 232:
on converse of Post. 4, I. 2S, 20 I: proof of
I. 5 by, I. 2S+: extension of I. 47, I. 366:
semi-algebraical methods in, 1.373, 378:
on loci I. 329, 330: on conchoids I. 161,
266: on quadratrix I. 266: on isoperime­
tric figures I. 26, 27, 333: on paradoxes
of Erycinus 1.27,29°: lemma on Apollo­
nius' Plane V€VcTfLS II. 64-5: problem from
same work II. 81: assumes case of VI. 3
where external angle bisected (Simson's
VI. Prop. A) II. 197: theorem from Apol­
lonius' Plane Loci II. 198: theorem that
ratio compounded of ratios of sides (of equi­
angular parallelograms) is equal to ratio of
rectangles contained by sides II. 2So: use of
Euclid's irrationals III. 9, 10: methods of
'inscribing regular solids in sphere, tetra­
hedron III. 472-3, octahedron III. 477, cube
Ill. +80, icosahedron Ill. 489-91, dodeca­
hedron III. SOI-3: I. 17,39, I33n., 137,
151, 22S, 388, 391,401: II. 4, 27,29,67,79,
81, II3, 133, 2JI, 2S0, 2SI, 292, III. 522

Papyrus, Herculanensis No. 1061, I. SO,
184: Oxyrhynchus I. 50: Fayum I. 5r,
337, 338: Rhind 1. 304

Paradoxes, in geometry r. 188: of Erycinus
I. 27, 290, 329: an ancient "Budget of
Paradoxes" I. 329

" Parallelepipedal" == with parallel planes or

faces: "parallelepipedal solid" (not" solid
parallelepiped") or "parallelepiped" III.
326: generally has six faces but sometimes
more (" parallelepipedal prism") III. 401,
40+: "parallelepipedal" (solid) numbers
in Nicomachus have two of sides differing
by unity II. 290

Parallelogram (== parallelogrammic area),
first introduced 1.325: rectangular paral­
lelogram I. 370

Parallels: Aristotle on, I. 190, 191-2: defi­
nitions, by "Aganis" I. 191, Geminus
I. 191, Posidonius I. 190, Simplicins I.
190: as equi-distants I. 19°-1,194: direc­
tion-theory of, I. r9I-2, 19+: definitions
classified I. 192-4: Veronese's definition
and postulate I. 194: Parallel Postulate,
see Postulate 5: Legendre's attempt to
establish theory of, I. 213-9: parallel
planes, definition of, III. 260, 265

Paris MSS. of Elements, (p) I. 49, (q) I. 50
Pasch, M. I. 157, 228, 2S0
"Peacock's tail," name for Eucl. III. 8, I. 99
Pediasimus, Joannes I. 72-3
Peithon I. 203
Peletarius (Jacques Peletier) 1_ 103, 1°4, 249,

407, II. +7, 56, 84, 146, 190: on angle qf
contact and angle qf semicircle II. 4 I

Pena 1.1°4
Pentagon: decomposition ofregular pentagon

into 30 elementary triangles II. 98: rela­
tion to pentagram II. 99

Pentagonal numbers II. 289
"Perfect" (of a class of numbers) II. 293-4,

+21-5, III. 526-7: Pythagoreans applied
term to io, II. 294: 3 also called" perfect"
II. 294

Perpendicular (Kc£8€TOS): definition I. 181:
"plane" and "solid" 1. '1.72: perpelldicu­
lar and obliques I. 291: perpendicular to
plane, 'Ill. 260, 263: perpendicular to two
straight lines not in one plane III. 306-7

Perseus I. 42, 162-3
Perturbed proportion (T€Tapa'Y/LEV'l} dva.Xo'Y1a.)

II. 136, I 76-7
Pesch, J. G. van, De ProclifontibusI. 23sqq.,

29 n.
Petrus Montaureus (Pierre Mondort~) I. r02
Peyrard and Vatican MS. 190 (P) I. 46,47,

r03: I. 108
Pfleiderer, C. F. I. r68, 298, II. Z

Phaenomena of Euclid I. r6, 17
Philippus of Mende 1. I, n6
Phillips, George I. r I2
Philo of Byzantium I. 20, 23: proof of I. 8,

I. 263-4
Philolaus, I. 3+,351,371,399, II. 97, III. S25
Philoponus I. 45, 191-2, II. 234, 282
Pirckenstein, A. E. Burkh. von, I. 107
Plane (or plane surface): Plato's definition

of, I. 171, III. 272-3: Proclus' and Sim­
plicius' interpretation of Enclid's def. I.
171: possible origin of Euclid's def. I.
171: Archimedes' assumption 1.171, 172:
other ancient definitions of, in Proclus,
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Heron, Theon of Smyrna, an-Nairlzi I.
171-70: "Simson's" definition ("axiom of
the plane") r. 1770-3, III. 7073, and Gauss
on, I. 1770-3: Crelle's tract on, I. 1770-+:
other definitions by Fourier I. 173, Deahna
I. 17+, J. K. Becker I. 174, Leibniz r. 176,
Beez I. 176; evolution of, by Bolyai and
Lobachewsky 1. 174-5: Enriques and
Amaldi, Ingrami, Veronese and Hilbert
on, I. 175; plane at right angles to plane,
Euclid's definition of, III. 706o, 263, and
alternative definition making it a particular
case of "inclination" III. 303-+: parallel
planes defined III. 260, 265

"Plane loci" I. 3709-3°; Plane Loci of Apol.
lonius r. f+, 7059, 330, II. 198-7000

Plane numbers, product of two factors
(" sides" or "length" and "breadth")
II. 7087-8: in Plato either square or oblong
II. 287-8: similar plane numbers II. 293 :
one mean proportional between similar
plane numbers II. 371-70

" Plane problems" 1. 3709
Planudes, Maximus 1. 770
Plato: I. 1,70,3,137,155-6,159, 18+,187,

7003, 7021, III. I, 3; supposed invention of
Analysis by, r. 13+: def. of straight line
I. 165-6: def. of plane surface I. 171: on
goldm section II. 99; on art of stereometry
(length, breadth, and depth) as one of three
p.aeT}/J.ara, next to geometry but commonly
put after astronomy because little advanced
III. 262: generation of cosmic figures by
putting together triangles, I. 7026, II. 97-8,
III. 7067, 5705: rule for rational right·angled
triangles I. 356, 357, 359, 360, 385: "ra­
tional diameter of 5" I. 399, gives 7/5 as
approximation to ,jz, II. 1I9: passage of
Theaetttuson owdp.€GS (square roots or surds)
II. 7088, 290, III. 1-3, 5704-5: on square
and oblong numbers II. 288,290; theorem
that between square numbers one mean
suffices, between cube numbers two means
are necessary II. 7094, 36+

"Platonic" figures I. 70, III. 525: scholium
on, III. 438

Playfair, John I. 103, III: "Playfair's"
Axiom r. 220: used to prove Eucl. I. 709, I.
312, and Eucl. Post. 5, I. 313: comparison
ofAxium with Post. 5, 1. 313-+: II. 2

Pliny I. 20, 333
Plutarch r. 21, 709, 37, 177, 343, 351, II. 98,

25+, III. 368
Point: Pythagorean definition of, I. ISS: in­

terpretation of Euclid's definition 1. 155:
Plato's view of, and Aristotle's criticism
1.155-6: attributes of, according to Aris­
totle T. 156: terms for (rrnyp.1}, (f'lJp.eLov) r.
156: other definitions by "Herundes,"
Posidonius I. 156, Simplicius I. 157: nega­
tive character of Euclid's def. I. 156: is it
sufficient? I. 156: motion of, produces
line I. 157 : an-Nairlzi on, 1. 157: modem
explanations by abstraction I. 157

Polybius 1. 33 I

Polygon: sum of interior angles (ProcIus'
proof) I. 322: sum of exterior angles 1. 322

Polygonal numbers II. 289
Polyhedral angles, extension of XI. 2I to,

III. 310-1
Porism: two senses I. 13: (I) =:corollary I.

134, 7078-9: as corollary to proposition
precedes" Q.E.D." or "Q.E.F." II. 8, 64:
Porism to IV. IS mentioned by ProcIus
II. 1°9: Porism to VI. 19, II. 23+: inter·
polated Porisms (corollaries) I. 60-I, 381 :
(2) as used in Porisms of Euclid, distin·
guished from theorems and problems 1.
10, II: account of the Porisms given by
Pappus r. 10-13: modern restorations by
Simson and Chasles 1. 14: views of Hei·
berg I. II, 14, and of Zeuthen I. 15

Porphyry I. 17: commentary on Euclid r. 24:
SymmiktaI.z4,34, 44: I. 136,277,283,287

Poselger III. 8
Posidonins of Alexandria III. 5701
Posidonius, the Stoic I. 20, 21, 27, 28n.,

I89, 197, Ill. 5zI : book directed against
the Epicurean Zeno I. 34, 43: on parallels
1.4°, 190: definition of figure I. 4I, 183

Postulate, distinguished from axiom, by
Aristotle I. I 18-9, by Proclus (Geminus
and" others") 1. 1701-3: from hypothesis,
by Aristotle I. IZO-I, by Proclus I. 121-70 :
postulates in Archimedes I. I20, IZ3:
Enclid's view of, I"econcileable with Aris­
totle's I. I I9-700, 124: postulates do not
confine 11S to rule and compass I. IZ4:
Postulates I, 70, significance of, I. 195-6:
famous" Postulate" or "Axiom of Archi·
medes" I. 234, Ill. 15-6

Postulate 4: significance of, 1. 200: proofs
of, resting on other postulates I. 200-I,
Z3I: converse true only when angles recti­
lineal (Pappus) I. 20I

Postulate 5: probably due to Euclid himself
I. 2070 : Proclus on, 1. 2070-3 : attempts to
prove, Ptolemy I. 204-6, Proclus 1. 206-8,
N~i·raddin aVfiisi I. 208-10, Wallis I.
UO-I, Saccheri I. ZII-2, Lambert I. 212­
3 : substitntes for, "Playfair's" axiom (in
Proclus) I. 220, others by Proclus I. 207,
220, Posidonius and Geminus I. 220, Le·
gendre I. 2I3, 214, 220, Wallis I. 220,
Carnot, Laplace, Lorenz, W. Bolyai,
Gauss, Worpitzky, Clairaut, Veronese,
Ingrami I. 220: Post. 5 proved from, and
compared with," Playfair's" Axiom r. 313­
4: I. 30 is logical equivalent of, I. 220

Potts, Robert I. H2, 2+6
Prime (number): definitions of, II. 284-5:

Aristotle on two senses of" prime" I. I 46,
II. 7085: 70 admitted as prime by Eucl. and
Aristotle, but excluded by Nicomachus,
Theon of Smyrna and lamblichus, who
make prime a subdivision of odd II. 708+-5 :
"prime and incomposite (<irruv8eros)" II.
708+: different names for prime, "odd­
times odd" (Theon), "linear" (Theon),
"rectilinear" (Thymaridas), "euthyme-
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tric" (Iamblichus) II. 285: prime abso­
lutely or in themselves as distinct from
prime to one another (Theon) II. 285: defi·
nitions of" prime to one another" II. 285-6

Principles, First, I. II7-2+
Prism, definition of, by Euclid III. 261,

by others III. 268-9: "parallelepipedal
prisms" III. 404

Problem, distinguished from theorem I. 124­
8: problems classified according to number
of solutions (a) one solution, ordered (T€­
TO:yp.EV<t) (b) a definite number, inte1"1JZe­
diate (,ufO'<t) (c) an infinite number of solu­
tions, unordered (&T<tKTa) I. 128: in widest
sense anything propounded (possible or
not) but generally a comtruction which is
possible I. 128-9: another classification
(I) problem in excess (?rA€ovC£fov), asking
too much I. 129, (2) dijicient problem (eAAL­
?res ?rp6fJA1],u<t), giving too little I. I29

Proclus: details of career I. 29-3°: remarks
on earlier commentators I. 19, 33, 45:
commentary on Eucl. I, sources of, I. 2'f­
45, object and character of, I. 31-2: com·
mentary prohably not continued, though
continuation intended I. 32-3, III. 521-2:
books quoted by name in, I. 34: famous
"summary" I. 37-8: list of writers quoted
I. 44: his own contributions I. 44~5:

character of MS. used by. I. 62, 63: on
the nature of elements and things elemen­
tmy I. II4-6: on advantages of Euclid's
Elements, and their object I. I 15-6: on
first principles, hypotheses, postulates,
axioms I. 121-4: on difficulties in three
distinctions between postulates and axioms
I. 123: on theorems and prohlems I. 124-9:
on formal divisions of proposition I. 129­
3[, II. 1oo: attempt to prove Postulate 5,
I. 206-8: commentary on Plato's Republic,
allusion in, to "side-" and "diagonal·"
numbers in connexion with Eucl. II. 9, 10,
1. 399-400: on use of" quindecagon " for
astronomy II. 1 I I: II. 4, 39, 40, 193, 247,
269, III. I, la, 264,267,273,310,441, 524,
52 5

Proof (ci,?r60€L!;LS), necessary part of proposi-
tion 1. 129-30 .

Proportion: complete theory applicable to
incommensurables as well as commensur­
ables is due to Eudoxus I. 137,351, II. 1I2:
old (Pythagorean) theory practically repre­
sented by arithmetical theory of Euc]. VII.,
II. 113: in giving older theory as well
Euclid simply followed tradition II. 113:
Aristotle on general proof (new in his
time) of theorem (alternando) in proportion
II. I 13: x. .~ as connecting two theories
II. I 13: De Morgan on extension of mean­
ing of ratio to cover incommensurables II.
118: power ofexpressillgincornmensurable
ratio is power of approximation without
limit II. 119: interpolated definitions of
proportion as "sameness" or "similarity
of ratios" II. 119: definition in v. Def. 5

substituted for that of VII. De£. 20 because
latter found inadequate, not vice versa II.
HI: De Morgan's defence of v. Def. ~ as
necessary and sufficient II. 122-4: v. Def.
5 corresponds to Weierstrass' conception
of number in general and to Dedekind's
theory of irrationals II. 124-6: alternatives
for v. Def. 5 by a geometer-friend of Sac­
cheri, by Faifofer, Ingrami, Veronese,
Enriques and Amaldi II. 126: propor­
tionals of VII. Def. 20 (numbers) a par­
ticular case of those of v. Def. 5 (Simson's
Props. C, D and notes) II. 126-9, III. 25:
proportion in three terms (Aristotle makes
it four) the" least" II. 13 I: "continuous"
proportion (O'VV€X1JS or O'lJV1],u,uev1] dVltAOy£<t,
in Euclid f~1js c:ivC£AOYOV) II. 131, 293:
three "proportions" II. 292, but propor­
tionpar excellent'e or primary is continuous
or geometric II. 292-3: "discrete" or
"disjoined" (OLTJP1]p.£v1], oL€f€V'Y,ueV1J) II.13I,
293: "ordered." proportion (T€T<tYiLev1]) ,
interpolated definition of, II. 137: "per­
turbed" proportion (T€T<tp<ty,uev1]) II. 136
176-7: extensive use of proportions in
Greek geometry II. 187: proportions enable
any quadratic equation with real roots to
be solved II. 187: supposed use of pro­
positions of Book v. in arithmetical Books
II. 314, 320

Proposition, formal divisions of, I. 129-3 I
Protarchus I. 5, III. 512
Psellus, Michael, scholia by, I. 70, 71, Il.

23+
Psettdaria of Euclid I. 7: Pseudographemata

I. 7'"
Pseudoboethius I. 92
Ptolemy 1.: I. I, 2: story of Euclid and

Ptolemy I. I
Ptolemy, Claudius I. 30n. : Harmonica of,

and commentary on, r. 17: on Parallel­
Postulate I. 28 n., 34, 43, 45: attempt to
prove it I. 2°4-6: lemma about quadri·
lateral in circle (Simson's VI. Prop. D)
II. 225-7: II. III, II7, IIg, III. 523

Pyramid, definitions of, by Euclid III. 26r,
by otheIs III. 268

Pyramidal numbers II. 290: pyramids trun­
cated, twice-truncated etc. II. 2gI

Pythagoras I. 4 n., 36: supposed discoverer
of the irrational I. 351, III. 1-2, 524-5, of
application of areas r. 343-4, III. 524, of
theorem of 1. 47, 1·343-4, 35<r-4, III. 524,
of construction of five regular solids II. 97,
III. 524-5: story of sacrifice I. 37, 343,
350: probable method of discovery of I. 47
and proof of, I. 352-5: suggestions by Bret­
schneider and Hankel I. 354, by Zeuthen I.
355-6: rule for forming right-angled tri­
angles in rational numbers r. 351, 356-9,
385: construction of figure equal to one and
similar to another rectilineal figure Il. 254:
introduced" the most perfect proportion in
four terms and specially called' harmonic' "
into Greece II. II 2
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Pythagoreans I. 19, 36, 155, 188,279: term
for suiface (XpOLa.) I. 169: angles of triangle
equal to two right angles, theorem and
proof I. 317-20: three polygons which in
contact fill space round point I. 318, II.
98: method of application ofareas (includ­
ing exceeding and fall£ng-sh01·t) I. 343,
38,j·, 403, II. 187, 258-60, 263-5, ~66-7:
gnomon Pythagorean I. 3~I: "rational"
and" irrational diameter of 5" I. 399-400,
III. 525: story ofPythagorean who, having
divulged the irrational, perished by ship­
wreck III. J: 7/5 as approximation to ,.12,
II. 119: approximation to ,.12 by "side-"
and" diagonal-" numbers I. 398-400, III.
2, 20: proof of incommensurability of ,.12,
III. 2: construction of isosceles triangle of
Eucl. IV. 10, and of regular pentagon, II.
97-8, III. 525: possible method of discovery
of latter II. 97-9: distinguished three sorts
of means, arithmetic, geometric and har­
monic I I. II ~ : had theory of proportion
applicable to commensurables only n. I 12:
construction of dodecahedron in sphere II.
97, and of other regular solids III. 438,
5~.'i: definitions of unit II. 279, of even and
odd II. 281 : called 10 "perfect" II. 294

Qaqiziide ar-Rumi I. 5 n., 90
Q.E.D. (or F.) I. 57
al-Qifti I. 4 n., 94
Quadratic equations: solution assumed by

Hippocrates I. 386-7: geometrical solu­
tion of particular quadratics I. 383-5,
386-8: solution of general quadratic by
means ofproportions II. 187,263-5,266-7:
OLOpLlJ'p.6s or condition of possibility of solv­
ing equation of Euc!. VI. 28, II. 259: one
solution only given, for obvious reasons
II. 26o, 264, ~67: but method gives both
roots if real II. 258: exact correspondence
of geometrical to algebraical solution, II.
263-4, ~66-7: indication that Greeks
solved them numerically III. 43-4

Quadratrix I. 265-6, 330
Quadrature (rETpaywvuJ'p.6s) definitions of,

l. 149
Quadrilateral: varieties of,' I. 188-9°: in­

scribing in circle of quadrilateral equi­
angular to another II. 91-2: condition for
inscribing circle in, II. 93, 95: quadri­
lateral in circle, Ptolemy's lemma (Simson's
VI. Prop. D) II. 225-7: quadrilateral not
a "polygon" II. 239

Quadrinomial (straight line), compound ir­
rational (extension from binomial) III. 256

"Quindecagon" (fifteen-angled figure): use­
ful for astronomy II. II I

'Quintilian I. 333
Qusta b. Luqa al-Ba'labakki, translator of

"Books XIV, XV" I. 76, 87, 88

'Radius, no Greek word for, I. 199, II. 2
Ramus, Petrus (Pierre de la Ramee) I. '104
Ratdolt, Erhard I. 78, 97 '

Ratio: definition of, II. rr6-9, no sufficient
ground for regarding it as spurious II. II7,
Barrow's defence of it II. I 17 : method of
transition from arithmetical to more general
sense covering incommensurables II. I 18 :
means of expressin,r ratio of incommen­
surables is by approximation to any degree
of accuracy II. II9: def. of greater ratio
only one criterion (there are others) II.
130: tests for greater, equal and less ratios
mutually exclusive II. 130-I: test for
greater ratio easier to apply than that for
equal ratio II. 129-3°: arguments about
greater and less ratios unsafe unless they
go back to original definitions (Simson on
V. 10) II. 156-7: compozmdratio II. 132-3,
189-90, 234: operation of compounding
ratios II. 234: "ratio compounde,d of their
sides" (careless expression) II. 248: dupli­
cate, triplicate etc. ratio as distinct from
double, triple etc. II. 133: alternate ratio,
altenzando II. 134: inverse ratio, inversely
II. 134: compositz'on of ratio, componmdo,
different from compounding' ratios II. 134-5:
separation of ratio, separmzdo (commonly
dividendo) II. 135: conversion of ratio,
con7Jertendo II. 135: ratio ex aequali II.
136, ex aequali in pe,·turbed propo,-tion II.
136: divisio,z of ratios usee! in Data as
general method alternative to compounding
II. 249-50: names for partic)llar arith­
metical ratios II. 292

Rational (p7Jr6s): (of ratios) I. 137: "rational
diameter of 5 " I. 399-4°0: rational right­
angled triangles, see right-angled triangles:
any straight line may be taken as rational
and the irratz'onal is irrational in relation
thereto III. 10: rational !'itraight line is
still rational if commensurable with rational
straight line in squm'e only (extension of
meaning by Euclid) III. 10, 1[-12

Rationalisation of fractions with denominator
of form ad:.,jB or .jA±,jB, III. 243-5~

Rauchfuss, see Dasypodius
Rausenberger, O. I. 157, 175, 313, III. 307,

30 9
ar.Razi, Abii YiisufYa'qllb b. Mul,. I. 86
Recip-oral or reciprocally-related figures: de­

finition spurious II. 189
Rectangle: =rectangular parallelogram I.

370: "rectangle contained by" I. 370
Rectilineal angle: definitions classified I.

179-81: rectilineal figure I. 187: "recti­
lineal segment" I. 196

Reductio ad absurdum I. 134 : described by
Aristotle and Produs I. 136: synonyms
for, in Aristotle I. 136: a variety of Analy­
sis I. 140: by exhaustion 1. 285, '293:
nominal avoidance of, I. 369: the only
possible method of proving Eucl. III. I,
II. 8

Reduction (,[,raywy?\), technical term, ex­
plained by Aristotle and Proclns 1. 135:
first" reduction" of a difficult construction
due to Hippocrates I. 135, 'II. 133
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Regiomontanus (Johannes Muller of Konigs-
berg) I. 93, 96, roo

Reyher, Samuel I. 107
Rhaeticus I. 101, III. 523
Rhomboid I. 189
Rhombus, meaning and derivation I. 189
Riccardi, P. I. 96, II2, 202
Riemann, B. I. 219, 273, 274, 28o
Right angle: definition I. 181: drawing

straight line at right angles to another,
Apollonius' construction for, I. 270: con­
struction when dmwn at extremity ofsecond
line (Heron) 1. 270

Right-angled triangles, rational: rule for
finding, by Pythagoras I. 356-9, by Plato
I. 356, 357, 359, 360, 385, by Euclid m.
63-4: discovery of rules by means of
gnomons I. 358--60: connexion of rules
with Eucl. II. 4, 8, I. 36o: rational right­
angled triangles inApastamba I. 361, 363

Roth I. 357-8
Rouche and de Comberousse 1. 313
Rudd, Capt. Thos. I. IIO
Ruellius, Joan. (Jean Ruel) I. 100
"Rule of three": Euc!. VI. r2 equivalent to,

II. 215 .
Russell, Bertrand I. 227, 249

Saccheri, Gerolamo I. 106, 14+-5, 167-8,
185-6, 194-, 197-8, 200-1, II. 126, 130:
proof of existence of fourth proportional by
Eucl. VI. I, 2 and 12, II. 170

Sa'id b. Mas'fld b. al-Qass I. 90
8athapatha-Bro.hmaI).a I. 362
Savile, Henry I. 105, 166, 24-5, 250, 262, II.

19°
Scalene ((jKrJ.Ar}p6s Or (jKrLA7Jvf]S) I. 187-8: of

numbers (= odd) I. 188: a class of solid
numbers II. 290: of cone (Apollonius) I.
188

Schessler, Chr. I. 107
Scheubel, Joan. I. 101, 107
Schiaparelli, G. V. I. r63
Schllissel, Christoph, see Clavius
Schmidt, Max C. P. I. 304, 319
Schmidt, W., editor of Heron, on Heron's

date I. 20-r
Scholia to Elements and MSS. of, I. 64-74:

historical information in, I. 64: evidence
in, as to text I. 64-5, 66-7: sometimes in­
terpolated in text I. 67: classes of, "Schol.
Vat." I. 65-9, "Schor. Vind." I. 69-70,
miscellaneous I. 71-4: "Schol. Vat." partly
derived from Pappus' commentary 1. 66:
many scholia partly extracted from Pro::lus
on Bk. I., I. 66,69,72: many from Gemmus
solely III. 522: sources go back as far as
Theodorus III. 522: numerical illustra­
tions in, in Greek and Arabic numerals I.
7r, III. 522: scholia by Psellus I. 70-T, by
Maximus Planudes I. 72, J oannes Pediasi­
mus I. 72-3: scholia in Latin published by
G. Valla, Commandinus, Conrad Dasypo­
dius I. 73: scholia on Eucl. II. 13, I. 407:
Scholium IV. No.2 ascribes Book IV. to

Pythagoreans'll. 97, III. 525: Sch
No. I attributes Book v. (0 Eudoxus I

Scholium x. No. I attributes discover "~

irrational and incommensurable to Pytha··
goreans III. I: scholium published later
by Heiberg attributes Scholium x. No. 62
to Proclus III. 521-2

Scholiast to Clouds of Aristophanes II. 99
Schooten, Franz van I. 108
Schopenhauer I. 227, 354-
Schotten, H. I. 167, T7+, 179, 192-3, 202
Schultze, A. and Sevenoak, F. L. III. 284,

3°3, 33 1
Schumacher I. 3'21
Schur, F. 1. 328
Schweikart, F. K. I. 219
Scipio Vegius I. 99
Sectio Canonis by Euclid 1. 17, II. 29+-5,

III. 33
Section (ToJJ.~):=point of section 1.17°.171,

383: "tlte section"="golden section" q.v.
Sector (of circle): explanation of name: two

kinds (I) with vertex at centre, (2) with
vertex at circumference II. 5

Sector· like (figure) II. 5: bisection of such a
figure by straight line II. 5

Seelhoff, P. m. 527
Segment of circle: angle of, I. 253, II. 4:

simila?' segments II. 5: segment less than
semicircle called ?1.'./Jis I. 187

Semicircle: I. 186: centre of, I. 186: angle
of,' I. 182, 253, II. 4, 39-41 (see Angle):
angle in semicircle a right angle, pre­
Euclidean proof II. 63

SejJaration of ratio, oLalp€(jLs M-yov, and
separando (oL€Mvn) II. 135: separalldo and
conzpolundo used relatively to one another,
not to original ratio II. 168, 170

Seqt I. 304
Serenus of Antinoeia I. 2°3
Serle, George 1. rIO
Servais, C. III. 527
Setting-out (gK/h(j's), one of formal divisions

of a p~oposition I. 129: may be omitted I.
13°

Sexagesimal fractions in scholia III. 523
Sextus Empiricus I. 62, 63, r84­
Shamsaddin as-Samarqandi I. 5 n., 89
"Side-" and "diagonal-" numbers, described

I. 398-4°0: due to Pythagoreans I. 400,
III. 2, 20: connexion with Euc!. II. 9, IO,

I. 398-4°0: use for approximation to ,j2,

"~id~~f a medial minus a medial area" (in
Euclid" that which produces with a medial
area a medial whole"), a compound ir­
rational straight line: biquadratic of which
it is a root Ill. 7: defined III. 165-6:
uniquely formed III. 174-7: equivalent to
square root of sixth apotome nI. 209-II

"Side of a medial minus a rational area" (in
Euclid" that which produces with a rational
area a medial whole"), a compound ir­
rational straight line: biquadratic of which
it is a root III. 7: defined III. r64-:
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uniquely formed III. 173-4: equivalent to
square root of fifth apotolile ni. 206-8

"Side of a rational plus a medial area," a
compound irrational straight line: biquad­
ratic equation of which it is a root III. 7 :
defined III. 88-9: uniquely divided III. 99:
equivalent to square root of fift!, binomial
III. 84, 128-9

"Side of the sum of two medial areas," a
compound irrational straight line: biquad­
ratic of which it is a root III. 7: defined
III. 89-91: uniquely divided Ill. 99-101 :
equivalent to square root of sixth binomial
III. 84, 130-1

"Side" used in translation of Book x. for 1]
5UVUf.!EP'Y) (TO xwplop) , "side of a square
equal to (the area)" III. 13, II9

Sides of plane and solid numbers, II. 287-8
Sigboto I. 94
" Similar" (= equal) angles I. 182, 252
"Similarly inclined" (of planes) III. 260, 265
Similar plane and solid numbers I. 357, II.

293: one mean between two similar plane
numbers II. 294,371-2, two means between
two similar solid numbers II. 294, 373-5

Similar rectilineal figures: def. of, given in
Aristotle II. 188: def. gives at once too
little and too much II. 188: similar figures
on straight lines which are proportional
are themselves proportional and conversely
(VI. 22), alternatives for proposition II.
242-7

Similar segments of circles II. 5
Similar solids: definitions of, III. 261, 265-7
Simon, Max I. 108, 155, 157-8, 167, 202,

328, II. 124, 134-
Simplicius: commentary on Euclid I. 27-8:

on lunes of Hippocrates I. 29, 35, 386-7:
on Eudemus' style I. 35, 38: on paraIlels
1.19°-1: I. 22, 167,171, 184, 185, 197,
2°3, 223, 224, III. 366

Simpson, Thomas, II. 121, III. 274
Simson, Robert: on Euclid's Poris1lls I. 14:

on "vitiations" in Elements due to Theon
I. 46, 103, 104, 106, I I I, 148: definition
of plane I. 172-3: Props. C, D (Bk. v.)
connecting proportionals of VII. Def. 20 as
particular case with those of v. Def. 5, II.
126-9, III. 25: Axioms to Bk. v., II. 137:
Prop. B (inversion) II. 144: Prop. E (con­
vertendo) II. 175: shortens v. 8 by com­
pressing two cases into one II. 152-3:
important note showing flaw in V. 10 and
giving alternative II. 156-7: Bk. VI.
Prop. A extending VI. 3 to case where
external angle bisected II. 197: Props. B,
C, D II. 222-7: remarks on VI. 27-9, II.
258-9: Prop. D, Book XI., III. 345 ; 1.185,
186, 255, 259, 287, 293, 296, 322, 328,
384, 387, 403, II. 2, 3, 8, 22, 23, 33, 34,
37, 43, 49, 53, 70, 73, 79, 90, 117, 131,
132, 140, 143-4, 145, 146, 1+8, 154, 161,
162, 163, 165, 170-2, 177, 179,180, 182,
183,18+, 185, 186, 189,193, 195,209, 2II,
212, 230-1,238,252,269,27°,272-3, III.

265,266,273-4,275,276,286-7,289,295,
301, 309, 314, 321 , 324, 327, 331, 334,
3+°,341,3+9,351,359,362,375,433, +34

Sind b. 'Ali AbU '~-Taiyib I. 86
Size, proper translation 6f 1r'Y)')uK6T'Y)S in v.

Def., 3, II. II6-7, 189-90
Smith and Bryant, alternative proofs of v. 16,

17, 18 by means of VI. 1, where magnitudes
are straight lines or rectilineal areas II.

165-6, 169, 173-4: I. 404, III. 268, 275,
28+0 303, 307

Solid: definition of, III. 260, 262-3: similar
solids, definitions of, III. 261, 265-7:
equal and similar solids, ibid.

Solid angle: definitions of, III. 261, 267-8:
solid "angle" of "quarter of sphere," of
cone, or of half-cone III. 268

"Solid loci" I. 329, 330: Solid Loci of
Aristaeus I. 16, 329

Solid numbers, three varieties according to
relative lengths of sides II. 290- I

"Solid problems" I. 329, 330
Speusippus I. 125
Sphaerica, early treatise on, I. 17
Sphere: definitions of, by Euclid III. 261,

269, by others III. 269
SpJ,el'icalnumber, a particular species of cube

number II. 291
Spiral, "single-turn," 1.122-3 n., 16+-5: in

Pappus = cylindrical helix I. 165
Spiral of Archimedes I. 26, 267
Spire (tore) or Sp;I'ic suiface 1. 163, 170;

varieties of, I. 163
Spiric curves or sections, discovered by

Perseus I. 161, 162-4
Square number, product of equal numbers

II. 289, 291: one mean between square
numbers II. 294, 363-4

Staudt, Ch. von III. 276
Steenstra, Pybo I. r09
Steiner, Jakob I. 193
Steinmann, Johann III. 523
Steinmetz, Moritz r. lor, III. 523
Steinschneicler, M. I. 811., 76 sqq.
Stephanus Gracilis I. 10[-2
Stephen Clericus I. 47
Stevin, Simon III. 8
Stifel, Michael III. 8
Stobaeus I. 3, II. 280
Stoic" axioms" I. 41,22 I: illustrations (5.l,,/-

f.!UTU) I. 329
Stolz, O. I. 328, III. r6
Stone, E. I. [05
Straight line: pre-Euclidean (Platonic) de­

finition I. 165-6: Archimedes' assumption
respecting, I. 166: Euclid's definition, inter­
preted by Proclus and Simplicius I. 166-7:
language and construction of, r. 167, and
conjecture as to origin I. 168: other defi­
nitions I. 168-9, in Heron I. 168, by Leib­
niz I. r69, by Legendre I. 169: two straight
lines cannot enclose a space I. r95-6, can­
not have a common segment I. 196-9, III.
273: one or two cannot make a figure I.

169, 183: division of straight line into any
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number of equal parts (an-Nainzi) l. 326:
straight line at right angles to plane, defi­
nition of, II I. 26o, alternative constructions
for, III. 293-4

Stromer, Marten 1. II3
Studemund, W. I. 92 n.
St Vincent, Gregory of, I. 401, 404
Subduplicate of any ratio found by Eucl. VI.

13, II. 216
Subtend, meaning and construction I. 24-9,

283, 35°
Suidas 1. 370, IJI. 366, 438, 525
Sulaiman b. 'U~ma (or 'Uqba) I. 85, 90
Superposition: Euclid's dislike of method

of, 1. 225, 249: apparently assumed by
Aristotle as legitimate I. 226: used by
Archimedes 1. 225: objected to by Pele­
tarius I. 249: no use theoretically, but
merely furnishes practical test of equality I.
227: Bertrand Russell on, 1.227, 249

Surface: Pythagorean term for, XPOLrl (=co­
lour, or skin)"I. 169: terms for, in Plato and
Aristotle I. 169: €'rru/>«VeLa. in Euclid (not
e,rl".eoov) I. 169: alternative definition of,
in Aristotle I. 170: produced by motion of
line I. 170: divisions or sections of solids
are surfaces I. 17o, 171: classifications' of
surfaces by Heron and Geminus I. 170:
composite, incomposite, simple, mixed I.
17o: spi1'ie surfaces I. 163, 170: komoeo­
merle (uniform) surfaces 1. 170: spheroids
I. 170: plane surface, see plane: loci on
surfaces I. 329, 330

Suiface-loci of Euclid I. IS, 16,33°: Pappus'
lemmas on, I. IS, 16

Susemihl, F. III. 523
Suter, H. 1. 8n., 9n., 171Z., I8n" 25n.,

781Z., 85-90, III. 3
Suvoroff, Pro I. II 3
Swinden, J. H. van I. 169, II. 188
Sylvester, J. III. 527
Synthesis, see Analysis and Synthesis
Syrianus 1. 30, 4+, 176, 178

Tacquet, Andre I. 103, 105, III, II. 121,
258

Taittiriya-Sarp.hita I. 362
Tannery, P. I. in., 37-4°,44, 160, 163,221,

223, 224,225,232,3°5,353, II. 112, II3,
III. I, 5, 524

Ta'rfkk al-Ifukama I. 4 n.
Tartaglia, Niccolo I. 3, 1°3, 106, II. 2, 4-7
Taurinus, F. A. I. ZI9
Taurus I. 62, 184
Taylor, H. M. I. 248, 377-8, 404, II. 16, 22,

29, 56, 75, 102, 227, 244, 247, 272, III.
268, 275,3°3,491-2,498

Taylor, Th. I. 259
Tetrahedron, regular: II. 98: problem of

inscribing in given sphere, Euclid's solu­
tion III. 467-72, Pappus' solution III. 472-3

Thiibit b. Qurra, translator of Elements 1.

9 n., 42, 75-80, 82, 84, 87, 94: proof of I.
47, I. 364-5

Thales I. 36, 37, 185, 252, 253, 278, 317,

318, 319, II. III, 280: on distance of ship
from shore I. 304-5

Theaetetus I. I, 37: contributions to theory
of incommensurables III. 3: Eucl. x. 9
attributed to, III. 3, 30: supposed to have
discovered octahedron and icosahedron III.
438: was the first to write a treatise on
regular solids III. 438, 525: III. 442

Theodorus Antiochita I. 71
Theodorus Cabasilas I. 72
Theodorus of Cyrene: proved incommen-

surability of '/3, ./5 etc. up to ,Jry, III.
I, 2, 522, 52+-5

Theodorus Metochita, I. 3
Theodosius II. 37, III. 269, 366, 472
1'heognis I. 37 I
Theon of Alexandria: edition of Elements I.

46: changes made hy, I. 46: Simson on
"vitiations" by, I. 46: principles for detect­
ing his alterations, by comparison of P,
ancient papyri and "Theonine" MSS. I.
51-3: character of changes by, I. 54-8:
interpolation in v. 13 and Porism II. 144:
interpolated Porism to VI. 20, II. 239: ad­
ditions to VI. 33 (about sectors) II. 274-6:
II. 43, log, II7, IIg, 149, 152, 161, 186,
190, 234, 235, 240, 242, 256, 262, 3II,
322, 412, III. 523

Theon of Smyrna: I. 172, 357, 358, 37 I,

398, II. III, II9, 279, 280, 281. 284, 285,
286, 288, 28g, 290, 291, 292, 293, 294,
III. 2, 263, 273

Theorem and problem, distinguished by
Speusippus I. 125, Amphinomus I. !Z5,
128, Menaechmus r. !Z5, Zenodotus, Posi­
donins I. 126, Euclid r. 126, Carpns I. 127,
128: views of Proclns I. 127-8, and of
Geminus I. 128: "general" and "not­
general" (or partial) theorems (Proclus) I.
32 5

Theudius of Magnesia I. 117
Thibaut, B. F. I.,32r
Thibaut, C.: On Sulvasiitras I. 360, 363-4
Thompson, Thomas Perronet I. I 12
Thrasyllus II. 292
Thucydides I. 333
Thymaridas II. 279, 285
Tibbon, Moses b. I. 76
Timaeus of Plato II. 97-8, 294-5, 363, III.

52 5
Tiraboschi I. 94 n.

.Tittel, K. I. 39
Todhunter, I. I. 112, r89' 246, 258, 277,

283, 293, 298, 307, II. 3, 7, 22,49, 51, 52,
67, 73, 90, 99, 172, 195, 202, 2°4, 208,
259, 271, 272, 300

Tonstall, Cuthbert 1. 100
Tore I. 163
Transformation of areas I. 346-7, 410
Trapezium: Euclid's definition his own I.

189: further division into trapezia and
trapezoids (Posidonius, Heron) 1. 189-9°:
a theorem on area of parallel-trapezium I.
338-9: name applied to truncated pyramidal
numbers (Theon of Smyrna) II. 291
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Treasury if Analysis (&'V<tAVO,uEVOS T07l"OS) I.
8, 10, II, 138

Trendelenburg, F. A. 1. 14671., 1+8, 149
Treutlein, P. I. 358-60
Triangle: seven species of, 1. 188: "four·

sided" triangle, called also "barb·like"
(&'KLOOELOlfs) and (by Zenodorus) KOLAO-yWVLOV
I. 27, 188: construction of isosceles and
scalene triangles I. 243: Heron's proof
of expression for area in terms of sides,
Js (s-a) (s-b)(s-c), II. 87-8: right­
angled triangle which is half of equilateral
triangle used for construction oftetrahedron,
octahedron and icosahedron (Timaeus of
Plato) II. 98

Triangular numbers II. 289
Trihedral angles: conditions of equality III.

3rr-2: symmetrical trihedral angles III.
312

Trimedial (straight line), first and second,
corresponding to bimedial III. 257-8

Trinomial (straight line), extension from
binomial III. 256

Triplicate, distinct from triple, ratio II. 133
Trisection of an angle I. 265-7
aV!,iisi, see Nfl9iraddin

Unger, E. S. I. 108, 169
Unit: definitions of, by Thymaridas, "some

Pythagoreans," Chrysippus, Aristotle and
others II. 279: Euclid's definition that of
the "more recent" writers II. 279: /Lovds
connected etymologically by Theon of
Smyrna and Nicomachus with /LOVDS (soli·
tary) or jJ.ov1} (rest) II. 279

Vachtchenko·Zakhartchenko I. II3
Vailati, G. I. 144-12., 145 n.
Valerius Maximus I. 3
Valla, G., De expetendis et fugiendis rebus I.

. 73, 98
Van Swinden, J. H. I. 169, II. 188
Vatican MS. 190 (P) I. 46, 47
Vaux, Carra de, 1. 20
Verona palimpsest I. 91
Veronese, G. I. 157, 168, 175, 180, 193-4,

195, 201, 226-7, 228, 249,328, II. 30, 126
Vertical (angles) I. 278

Vettius Valens III. 3
Viennese MS. (V) 1. 48, 49
Vieta: on angle if contact II. 42
Vinci, Lionardo da I. 365-6
Vitruvius I. 352: Vitnwius and Heron I. 20,

21
Viviani, Vincenzo I. 107, 401
Vogt, Heinrich, 1. 360, 364, III. 523-6
Vooght, C. J. I. 108

Wachsmuth, C. I. 3271 ., 73
Walker, John II. 204, 208, 259
Wallis, John I. 1°3: edited Comm. on Pto­

lemy's Harmonica I. 17: attempt to prove
Post. 5, I. 210-11: on angle ofcontact ("de.
gree of curvature") II. 42

Weber (H.) and Wellstein (J.) I. 157
Weierstrass II. 124
Weissenborn, H. I. 78 1t., 92 71., 94 12., 95,

96,97 12.
Whiston, W. I. II I
Williamson, James I. III, 293
Witt, H. A. I. II3
Woepcke, F., discovered De divisionibus in

Arabic and published translation I. 9: on
Pappus' commentary on Elements I. 25,
66, 77: I. 8512., 86, 87, II. 5, III. 3, 255,
256, 258, 259

Xenocrates I. 268
Ximenes, Leonardo I. 107
Xylander I. 107

Ya!).ya b. Khalid b. Barmak I. 75
Ya!).ya b. Mu!).. b. 'Abdan b. Abdalwa!).id

(Ibn al-Lubiidi) r. 90
Yrinus=Heron I. 22
Yiihanna b. Yusuf b. al·Harith b. al.Bitriq

al-Qass I. 76, 87 .

Zamberti, Bartolomeo I. 98-100, 101, 104,
106

Zeno the Epicurean I. 34, 196, 197, 199,
242

Zenodorus 1. 26, 27, r88, 333, II. 276
Zenodotus I. 126
Zeuthen, H. G. I. 15,139,141, 14612., 151,

355-6, 360, 363, 387, 398, 399, III. 4, 366
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